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Description of accelerated expansion

Scalar-tensor theory

« Gravity + scalar field

- Lagrangian D ddg,VVg

« Screening mechanism: recover GR on small scales
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Theories with 2nd order EL eq

Most general theories that yield 2nd order Euler-
Lagrange equations:

Gravity
v" Lovelock gravity (= GR in 4D)

Scalar-tensor theory
v Horndeski theory
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Scalar-tensor theories

Ostrogradsky Ghost

Horndeski theory
Dark energy

Inflation £(é, X)R

GHVr. v
Brans-Dicke a v

XOg¢
K(¢, X)




Ostrogradsky ghost

Ghost associated with
higher derivatives.

ABEA.
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1 .. 1 DOF = 2 ini conds
Simple example: L = - X X2

* 4th order EL eq

X =0
requires 4 initial conditions = 2 DOF.

Z_x+y W_x—y
 Hamiltonian is unbounded V2 V2
| =i 1, o1
1 y 213’ 1 y 23’

— _ . D - ) = _ 2
zr’ 212 41(W 2)
=Py —5p; + g W —2)°

2 DOF = 1 healthy + 1 ghos}\ Problematic when coupled

to a normal system



Ostrogradsky theorem for L(¢, ¢, ¢)
For Lagrangian L(¢, ¢, ) with ¢ = ¢(t), '/oodard 1506.02210
K = d%L/d¢p? # 0 = H is unbounded.

‘L Is nondegenerate’.

« ELeq
K°(}5°+ qu = (terms up to gﬁ)
K # 0 = 4th order system = 2 DOF
 Hamiltonian is unbounded



Ostrogradsky theorem for L(¢, ¢, ¢)

For Lagrangian L(¢, ¢, ¢) with ¢ = ¢(t),
K = d%L/d¢p? # 0 = H is unbounded.

Degeneracy condition

v Removes ¢ and ¢
v EL eq from EOM

K'(}b"+ qu = (terms up to gB)
K = 0 = 2nd order system = 1 DOF
v Hamiltonian is bounded

Let us impose K =0

v' The most ger).era! ghost-freg Lagrangign IS
L=¢f(,¢)+9(d¢) =64 )

— detailed model-dependent analysis



Eliminating Ostrogradsky ghost
v L($, b, 9) = L($, b) ¢ = p(t)



Eliminating Ostrogradsky ghost
v L($, b, 9) = L($, b) ¢ = p(t)

e L(¢% p% ) HM, Suyama, 1411.3721



Ostrogradsky ghost for L(¢%, 2, p%)

For L(¢%, ¢%, %) with ¢ = p%(t) anda = 1,---n,
det K # 0 = H is unbounded,

2L
where K, = 355950 -
‘kinetic matrix’
M., = 2L B 2L
. EL eq W 0geagt  agbage

K., dP + (Kab + Mab)égb = (terms up to qba)
det K #+ 0 = 4th order system.

* H is unbounded.
n healthy + n ghost DOF.



Eliminating Ostrogradsky ghost

For L(¢%, ¢%, %) with ¢ = p%(t) anda = 1,---n,
det K # 0 = H is unbounded,
%L

dpaopb -

where K,; =

_ HM, Suyama, 1411.3721
Let us impose K, ;, =0

M., = 0°L  9°L
. EL eq W 0geagt  agbage

Ko ®? + (Kqp + Mgy, )P = (terms up to ¢¢)
Clearly, imposing K,;, = 0 is no more sufficient.
K., =0, detM # 0 (n:even) = 3rd order system
* H Is unbounded. 3n ini. conds. are required.



Eliminating Ostrogradsky ghost

For L(¢%, ¢%, %) with ¢ = p%(t) anda = 1,---n,
detK # (0 or_detﬁM 7 0 — H is unbounded,
0°L 0°L 0°L

a('i)aa(;bb and Mab R4 a('baa(bb B a('l')bad)a ;

where K, =

Letus impose K,, =0 and M,, =0

v EL eq is 2nd order system v Removes ¢*
v H is bounded. v Removes ¢

v The most general ghost-free Lagrangian: L = G(¢$%, ¢)
v It is possible to generalize the same logic to

L(d)a(m), qba(m—l), . ¢a)



Eliminating Ostrogradsky ghost

v L(. ¢, ¢) = L($,¢)
v L(¢p% %, %) = L(¢%, %) HM, Suyama, 1411.3721

* Sofar,
Higher-order EL eq = Ostrogradsky ghost

* The most general scalar-tensor theory that yields
2nd order EL eq: Horndeski theory
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Scalar-tensor theories

Ostrogradsky Ghost

Dark energy
Horndeski theory
with 2nd order EL eq

f(é,X)R

Brans-Dicke




Scalar-tensor theories

Ostrogradsky Ghost

2014

Healthy theories
with 3 DOF

L(N’hij'KijiRij' Vi;t) .
Extended Galileon

Dark energy
Horndeski theory
with 2nd order EL eq

f(é,X)R

Brans-Dicke




Scalar-tensor theories

Ostrogradsky Ghost

2015

Healthy theories

with 3 DOF

DHOST / EST
L(N’hij'KijiRij' Vi;t) .
Extended Galileon

Dark energy
Horndeski theory
with 2nd order EL eq

f(é,X)R

Brans-Dicke




Eliminating Ostrogradsky ghost

v L(. ¢, ¢) = L($,¢)
v L(¢p% %, %) = L(¢%, %) HM, Suyama, 1411.3721

* For L with mixed order of derivatives ( o ST theory ),
the situation is crucially different.

 If a set of higher-order EL eqgs can be reduced to
2nd order system, the system does not suffer from
Ostrogradsky ghost.

—> There exists a healthy class of scalar-tensor
theory beyond Horndeski



Example: L =~ (& — )2+

v EL eq is a priori 4th order
2

da . e
ZE@—YY—Q az@—y}ff—o

but can be rearranged to 2nd order system
X =0, y=0
v Invertible transformation
X=x—y, Y=y
(x=X+Y, y=Y)
leads Lagrangian to

1., 1.
L=>X2+=V?
2% T2

v General invertible transformation in field theory
Takahashi, HM, Suyama, Kobayashi, 1702.01849



2
1 x 1. 2 Gabadadze, Hinterbichler, Khoury,

Example: L = EE + Ey Pirtskhalava, Trodden, 1208.5773

v EL eq is a priori 4th order

d(x)_o d? X2 =
a\1+y) 7 dez\a+yz) 7T

but can be rearranged to 2nd order system

=0, §=0

* |s it equivalent to L = %XZ + %Yz?

At least, X = x + ay, Y = y cannot transform it.

* |s there some other transformation?
Not clear.



Eliminating Ostrogradsky ghost

v L(. ¢, ¢) = L($,¢)
v L(¢p% %, %) = L(¢%, %) HM, Suyama, 1411.3721

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355
v L($, b, b5 4, 9)
VL($ ;459D ~ ¢+ gy
v L(9% 9% 0% 4 q) ~ ¢+ gy



L(¢, 9, 9;9,9)
HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355
¢ (t), g(t) have different orders of derivatives.

Equivalent form
L(Q,Q,¢:9.9) + A(p — Q).
Canonical momenta for ¢ and A N
. . 8 inl. conds.
— 2 primary constraints

FromP =Lsandp =L; (Lx =0JL/0X)

(ap) B (LQQ LC-IQ) (5(’2)
6p Lig Lgg)\6q)
Kinetic matrix K

If det K # 0 = No further primary constraints.
We thus impose detK = 0.



L($ b, 654 @)

Several cases are possible. Let us consider the case
qu + 0, and LQQ = LZQQ/qu =

as g-system is nondegenerate and we focus on how

the degeneracy cures ¢-system.

Diagonalization

L% ./Lss L. 0 0
K= 90/ 719 ~q¢ =0—1( 2 12 )0

Lgo ad
Thus,
LqQ . .
OP = E5p, op = L330Q + L4409

= P=F(p,q0Q,¢)



L(o, ¢, ¢;9,9)
The condition
qu + O; and LQQ - L%IQ/qu =
is equivalent to 1 primary constraint P = F(p,q, 0, ¢)

—> Additional 1 secondary constraint
= (8—-2-2)/2 =2DOF.

v' 2 DOF, H is bounded.
v EL eq can be reducible to 2nd order system.



L(p, b, 0;4,9) ~ L(Q,Q,$;4,9)

v EL eq
L dL O ) oo
L, | 003
— dL — . .
Lo ——2 =) 1
°odr 7 - 1=V —F
1 Le=4 = T
. $ =0, Lyg(@d + FQ) =v

= (Lag—LoG+F0) =w

€1 = Lggw — (Lgg — Log)v =0 !

From £, = 0 we can express pin = 2= 0

terms of 1st order derivatives 2nd order egs



Eliminating Ostrogradsky ghost

v L(. ¢, ¢) = L($,¢)
v L(¢p% %, %) = L(¢%, %) HM, Suyama, 1411.3721

o HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355
vV L(p . $:4,9)
VL) b 945D ~ D+ g
v L(9% 9% %450 ~ 9%+ g

. e HM, Suyama, Yamaguchi, in progress
VLW, %54, 9)
L@, ¥4 qY)



Summary

* We derived the degeneracy condition for various
types of Lagrangians to eliminate Ostrogradsky
ghost.

* They allow us to construct healthy scalar-tensor
theories, and proceed to detailed model-dependent
analysis.

It may be also possible to construct more general
healthy theories e.g. with V'VV¢.



