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Curvaton	scenario
Linde and	Mukhanov (1997),	Moroi and	Takahashi	(2001),
Lyth	and	Wands	(2001),	Enqvist and	Sloth	(2001),	…

Inflaton +	another	scalar	field	(curvaton)

oscillating	scalar	field	(curvaton)	in	radiation-dominated	Universe

radiation-dominated Universe after reheating

We, in this paper, discuss above issues in detail by making use of both analytical and
numerical methods. Then we point out that dilute plasma from the curvaton decay would
be important in evaluating isocurvature fluctuations and show that isocurvature fluctuations
would not be so problematic for the curvaton model than previously considered, which would
give an interesting implication when we pursue the origin of density fluctuations.

The organization of this paper is as follows. In the next section, we discuss DM isocurvature
perturbations in the curvaton scenario for thermally decoupled DM such as WIMP. First, we
derive an analytic formula for DM isocurvature perturbations based on the sudden freeze-out
approximation and compare it with the numerical result. There we point out that we need to
take account of the dilute plasma from the curvaton decay to well describe the perturbations.
As another example, we also consider the axion DM isocurvature perturbation in section 3,
where the mass of the axion depends on the temperature of the Universe. Then, the final
section is devoted to the summary of this paper.

2 Isocurvature fluctuations for thermally decoupled CDM

Here we discuss isocurvature fluctuations for the case of thermally decoupled CDM in the cur-
vaton model. As discussed in many papers (e.g., [6–10]), large CDM isocurvature perturbation
would be generated when CDM is created (or its number density freezes out) before the cur-
vaton decay and no CDM isocurvature perturbation remains when CDM is created after the
curvaton decay. Here we discuss this issue in detail by making use of the sudden “freeze-out”
approximation.

The system of equations we need to solve is:

H2 =
1

3M2
pl

(ρr + ρσ + ρCDM) ≃
1

3M2
pl

(ρr + ρσ) , (1)

dρr
dt

+ 4Hρr = Γρσ, (2)

dρσ
dt

+ 3Hρσ = −Γρσ, (3)

dnCDM

dt
+ 3HnCDM = −λ

(
n2
CDM −

(
n(eq)
CDM

)2)
, (4)

where ρr, ρσ and ρCDM are respectively the energy densities of the radiation, the curvaton and
the CDM, and Γ is the decay rate of the curvaton. Here we assume that the curvaton behaves
as a non-relativistic matter and ρCDM is negligible in the total energy density. For CDM, we
consider the equation for the number density nCDM, and in Eq. (4), λ represents the thermally-
averaged annihilation cross section of CDM, which, in fact, is written as λ = ⟨σv⟩ with σ and

v being the cross section and relative velocity, respectively. n(eq)
CDM is the number density for the
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give an interesting implication when we pursue the origin of density fluctuations.
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;	thermally	averaged	annihilation	cross	sectionequilibrium distribution. When CDM particles are non-relativistic, n(eq)
CDM is given by

n(eq)
CDM = g∗

(
mT

2π

)3/2

e−m/T , (5)

where m is the mass of a CDM particle and g∗ is the internal degrees of freedom. It should
be noted here that, when the temperature is high enough, CDM particles can be regarded as
relativistic particles. Therefore, to treat the system from the epoch when T ≫ m to T ≪ m,
we need to evaluate n(eq)

CDM using the general form:

n(eq) =
g∗
2π2

∫ ∞

m

√
E2 −m2

EdE

eE/T ± 1
=

g∗
2π2

T 3

∫ ∞

m̃

√
x2 − m̃2

xdx

ex ± 1
, (6)

where we have defined x ≡ E/T and m̃ = m/T in the last equality. In the relativistic limit, we
have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (boson)

3ζ(3)

π2
g∗T

3 (fermion),

(7)

where ζ(3) ≃ 1.20206 is the zeta function of 3.
We rewrite above set of equation by introducing the new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (8)

dY

dN
= − Γ

H
Y, (9)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (10)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (11)

where the new variables X, Y and Z are respectively defined as

X ≡ e4Nρr, Y ≡ e3Nρσ, Z ≡ e3NnCDM. (12)

We can easily find that X, Y, and Z are conserved when Γ and λ are negligible. CDM isocur-
vature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ). (13)

3
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If we choose a log-constant prior on ⇠⇤ we find

⇠⇤  2.2 (95 % CL). (118)

For both cases the results are insensitive to the upper limit cho-
sen for the prior on ⇠⇤ since the likelihood quickly goes to zero
for ⇠⇤ > 3. As the likelihood for ⇠⇤ is fairly flat, the tighter con-
straint seen for the log-constant case is mildly prior-driven. The
constraints from the bispectrum are consistent with and slightly
worse than the result from the power spectrum alone.

Using a similar procedure and Eq. (109) one can also obtain
a constraint on ↵/ f . Adopting a log-constant prior 2  ↵/ f 
10016 and uniform priors 50  N⇤  70 and 1.5 ⇥ 10�9  P⇤ 
3.0 ⇥ 10�9 we obtain the 95 % CL constraints

↵/ f  48 M�1
Pl for p = 1, ↵/ f  35 M�1

Pl for p = 2,
(119)

and
↵/ f  42 M�1

Pl for p = 4/3 . (120)

For example, for a linear potential, p = 1, if ↵ = O(1) as sug-
gested by effective field theory, then the axion decay constant f
is constrained to be

f � 0.020 MPl (95 % CL) , (121)

while for a potential with p = 4/3

f � 0.023 MPl (95 % CL). (122)

These limits are complementary to those derived in Sect. 10.3
where a gauge coupling of the axion field is taken into account.

11. Constraints on isocurvature modes

In PCI13, we presented constraints on a number of simple mod-
els featuring a mixture of the adiabatic (ADI) mode and one
type of isocurvature mode. We covered the cases of CDM den-
sity isocurvature (CDI), neutrino density isocurvature (NDI),
and neutrino velocity isocurvature (NVI) modes (Bucher et al.,
2000), with different assumptions concerning the correlation
(Langlois, 1999; Amendola et al., 2002) between the primordial
adiabatic and isocurvature perturbations. Isocurvature modes,
possibly correlated among themselves and with the adiabatic
mode, can be generated in multi-field models of inflation; how-
ever, at present a mechanism for exciting the neutrino velocity
isocurvature mode is lacking. Section 11.2 shows how these con-
straints have evolved with the new Planck TT+lowP likelihoods,
how much including the Planck lensing likelihood changes the
results, and what extra information the Planck high-` polariza-
tion contributes. A pure isocurvature mode as a sole source of
perturbations has been ruled out (Enqvist et al., 2002), since, as
can be seen from Fig. 42, any of the isocurvature modes leads
to an acoustic peak structure for the temperature angular power
very different from the adiabatic mode, which fits the data very
well. The different phases and tilts of the various modes also
occur in the polarization spectra, as shown in Fig. 42 for the E
mode.17

16 We give only the results for a log-constant prior on ↵/ f , which is
well-motivated since it corresponds to a log-constant prior on the axion
decay constant for some fixed ↵.

17 The transfer function mapping the primordial CDI mode to CTT
` is

suppressed by a factor (k/keq)�2 ⇠ (`/`eq)�2 relative to the ADI mode,
where keq is the wavenumber of matter-radiation equality. As seen in
Fig. 42, there is a similar damping for the E mode in the CDI versus
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Fig. 42. Angular power spectra for the scale invariant (i.e., nRR =
1) pure adiabatic mode (ADI, green dashed curves) and for the
scale invariant (nII = 1) pure isocurvature (CDI, NDI, or NVI)
modes, with equal primordial perturbation amplitudes. The thick
lines represent the temperature auto-correlation (TT ), and the
thin lines the E mode polarization auto-correlation (EE).

In Sect. 11.4 we add one extra degree of freedom to the
generally-correlated ADI+CDI model by allowing primordial
tensor perturbations (assuming the inflationary consistency re-
lation for the tilt of the tensor power spectrum and its running).
Our main goal is to explore a possible degeneracy between ten-
sor modes and negatively correlated CDI modes, tending to tilt
the large-scale temperature spectrum in opposite directions. In
Sect. 11.5, we update the constraints on three special cases mo-
tivated by axion or curvaton scenarios.

The goal of this analysis is to test the hypothesis of adi-
abaticity, and establish the robustness of the base ⇤CDM
model against different assumptions concerning initial condi-
tions (Sect. 11.3). Adiabaticity is also an important probe of the
inflationary paradigm, since any significant detection of isocur-
vature modes would exclude the possibility that all perturbations
in the Universe emerged from quantum fluctuations of a single
inflaton field, which can excite only one degree of freedom, the
curvature (i.e., adiabatic) perturbation.18

the ADI case. Therefore, to be observable at high `, a CDI mode should
be (highly) blue tilted. So, if the data favoured as small as possible a
disturbance by CDI over all scales, then the CDI should have a spectral
index, nII, of roughly three. In practice, the lowest-` part of the data
has very little weight due to cosmic variance, and thus we expect that
the data should favour nII less than three, but significantly larger than
one. This should be kept in mind when interpreting the results in the
CDI case, i.e., one cannot expect strong constraints on the primordial
CDI fraction at small scales, even if the data are purely adiabatic. The
imprint of the baryon density isocurvature (BDI) mode, at least at linear
order, in the CMB is indistinguishable from the CDI case, and hence
we do not consider it separately as it can be described by Ie↵ective

CDI =
ICDI+ (⌦b/⌦c)IBDI. The trispectrum, however, can in principle be used
to distinguish the BDI and CDI modes (Grin et al., 2014).

18 However, conversely, if no isocurvature was detected, the fluctua-
tions could have been seeded either by single- or multi-field inflation,
since later processes easily wash out inflationary isocurvature pertur-

ADI;%adiabatic%pert.%
CDI;%CDM%isocurvature%pert.%
NDI;%neutrino%density%isoI.%
NVI;%neutrino%velocity%isoI. 

CMB%temperature%anisotropies%
%and%EIpolarization 

where we have defined x ≡ E/T and m̃ = m/T in the last equality.
In the relativistic limit, we have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (BOSE)

3ζ(3)

π2
g∗T

3 (FERMI).

(30)

As we did in the previous section, we rewrite above set of equation by introducing the
new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (31)

dY

dN
= − Γ

H
Y, (32)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (33)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (34)

where we have introduced the variable Z as

Z ≡ e3NnCDM. (35)

CDM isocurvature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ), (36)

where ζCDM is defined by its number density, and, with Z variable, it is given by

ζCDM =
1

3
ln

(
Z(Nf , x⃗)

Z̄(Nf )

)
, (37)

By evaluating ζCDM at N = Nf on the hypersurface with δN = 0, then we obtain the
expression at linear order as

ζCDM =
1

3

∂ lnZ(Nf , x⃗)

∂ lnYi

δYi

Yi
. (38)

In Eq. (36), ζ is the final curvature perturbation generated from the curvaton, which
can be given by ζ = rs/3×Si

#1, and Si = δYi/Yi as shown in previous section. From this
expression, we get

SCDM/ζ = 3

[
1

rs

∂ lnZ(Nf , x⃗)

∂ lnYi
− 1

]
. (39)

#1In the previous section, we have also considered the case where the decay rate of the curvaton depends
on the temperature. However, here, for simplicity, we assume the temperature-independent decay rate
of the curvaton. In such case, the sudden decay formalism has been known to be valid for the adiabatic
curvature perturbation and it is given by Eq. (16) with α = 0.
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In this section, theoretical predictions were obtained with
a modified version of the camb code (version Jul14) while
parameter exploration was performed with the MultiNest
nested sampling algorithm.

11.1. Parameterization and notation

A general mixture of the adiabatic mode and one isocurva-
ture mode is described by the three functions PRR(k), PII(k),
and PRI(k), describing the curvature, isocurvature, and cross-
correlation power spectra, respectively. Our sign conventions are
such that positive values for PRI correspond to a positive contri-
bution of the cross-correlation term to the Sachs-Wolfe compo-
nent of the total temperature spectrum.

As in PCI13, we specify the amplitudes at two scales k1 < k2
and assume power-law behaviour, so that

Pab(k) = exp
" 

ln(k) � ln(k2)
ln(k1) � ln(k2)

!

ln
⇣

P(1)
ab

⌘

+

 

ln(k) � ln(k1)
ln(k2) � ln(k1)

!

ln
⇣

P(2)
ab

⌘

#

,

(123)

where a, b = I,R and I = ICDI, INDI, or INVI. We set
k1 = 0.002 Mpc�1 and k2 = 0.100 Mpc�1, so that [k1, k2] spans
most of the range constrained by the Planck data. The positive
definiteness of the initial condition matrix imposes a constraint
on its elements at any value of k:

[Pab(k)]2  Paa(k)Pbb(k) . (124)
We take uniform priors on the positive amplitudes,

P(1)
RR,P(2)

RR 2 (10�9, 10�8) , (125)

P(1)
II,P(2)

II 2 (0, 10�8) . (126)
The correlation spectrum can be positive or negative. For a , b
we apply a uniform prior at large scales (at k1),

P(1)
ab 2 (�10�8, 10�8) , (127)

but reject all parameter combinations violating the constraint in
Eq. (124). To ensure that Eq. (124) holds for all k, we restrict
ourselves to a scale-independent correlation fraction

cos�ab =
Pab

(PaaPbb)1/2 2 (�1, 1) . (128)

Thus P(2)
ab is a derived parameter19 given by

P(2)
ab = P(1)

ab

⇣

P(2)
aa P(2)

bb

⌘1/2

⇣

P(1)
aa P(1)

bb

⌘1/2 , (129)

bations (Mollerach, 1990; Weinberg, 2004; Beltrán et al., 2005). An
example is the curvaton model, in which perturbations can be purely
isocurvature at Hubble exit during inflation, but are later converted to
ADI if the curvaton or curvaton particles (Linde & Mukhanov, 2006)
dominate the energy density at the curvaton’s decay. For a summary of
various curvaton scenarios, see, e.g., Gordon & Lewis (2003).

19 Given our ansatz of power-law primordial spectra, if we treatedP(2)
ab

as an independent parameter as we do withP(1)
ab , Eq. (124) would always

be violated somewhere outside [k1, k2]. In PCI13, we dealt with this by
assuming that when maximal (anti-)correlation is reached at some scale,
the correlation remains at (�)100 % beyond this scale. This introduced a
kink in the cross-correlation spectrum, located at a different wavenum-
ber for each model. Even though the range [k1, k2] was chosen to span
most of the observable scales, this kink tended to impact the smallest
(or largest) multipole values used in the analysis. In particular, the kink
helped fit the dip in the temperature angular power in the multipole
range ` ⇡ 10–40.

which, in terms of spectral indices, is equivalent to

nab =
1
2

(naa + nbb) . (130)

The conservative baseline likelihood is Planck TT+lowP.
The results obtained with Planck TT,TE,EE+lowP should be in-
terpreted with caution because the data used in the 2015 release
are known to contain some low level systematics, in particular
arising from T ! E leakage, and it is possible that such system-
atics may be fit by the isocurvature auto-correlation and cross-
correlation templates. (See Planck Collaboration XIII (2015) for
a detailed discussion.)

In what follows, we quote our results in terms of derived
parameters identical to those in PCI13. We define the primordial
isocurvature fraction as

�iso(k) =
PII(k)

PRR(k) + PII(k)
. (131)

Unlike the primordial correlation fraction cos� defined in
Eq. (128), �iso is scale-dependent in the general case. We present
bounds on this quantity at klow = k1, kmid = 0.050 Mpc�1, and
khigh = k2.

We report constraints on the relative adiabatic (ab = RR),
isocurvature (ab = II), and correlation (ab = RI) according to
their contribution to the observed CMB temperature variance in
various multipole ranges:

↵ab(`min, `max) =
(�T )2

ab(`min, `max)
(�T )2

tot(`min, `max)
, (132)

where

(�T )2
ab(`min, `max) =

`max
X

`=`min

(2` + 1)CTT
ab,`. (133)

The ranges considered are (`min, `max) = (2, 20), (21, 200),
(201, 2500), and (2, 2500), where the last range describes the
total contribution to the observed CMB temperature variance.
Here ↵RR measures the adiabaticity of the temperature angular
power spectrum, a value of unity meaning “fully adiabatic initial
conditions.” Values less than unity mean that some of the ob-
served power comes from the isocurvature or correlation spec-
trum, while values larger than unity mean that some of the power
is “cancelled” by a negatively correlated isocurvature contribu-
tion. The relative non-adiabatic contribution can be expressed as
↵non-adi = 1 � ↵RR = ↵II + ↵RI.

11.2. Results for generally-correlated adiabatic and one
isocurvature mode (CDI, NDI, or NVI)

Results are reported as 2D and 1D marginalized posterior prob-
ability distributions. Numerical 95 % CL intervals or upper
bounds are tabulated in Table 15.

Figure 43 shows the Planck 68 % and 95 % CL contours for
various 2D combinations of the primordial adiabatic and isocur-
vature amplitude parameters at large scales (k1 = 0.002 Mpc�1)
and small scales (k2 = 0.100 Mpc�1), for (a) the generally-
correlated ADI+CDI, (b) ADI+NDI, and (c) ADI+NVI mod-
els. Overall, the results using Planck TT+lowP are consistent
with the nominal mission results in PCI13, but slightly tighter.
In the first panels of Figs. 43 (a), (b), and (c), we also show
the constraints on the curvature perturbation power in the pure
adiabatic case. Comparing the generally-correlated isocurvature
case to the pure adiabatic case with the same data combination
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If we choose a log-constant prior on ⇠⇤ we find

⇠⇤  2.2 (95 % CL). (118)

For both cases the results are insensitive to the upper limit cho-
sen for the prior on ⇠⇤ since the likelihood quickly goes to zero
for ⇠⇤ > 3. As the likelihood for ⇠⇤ is fairly flat, the tighter con-
straint seen for the log-constant case is mildly prior-driven. The
constraints from the bispectrum are consistent with and slightly
worse than the result from the power spectrum alone.

Using a similar procedure and Eq. (109) one can also obtain
a constraint on ↵/ f . Adopting a log-constant prior 2  ↵/ f 
10016 and uniform priors 50  N⇤  70 and 1.5 ⇥ 10�9  P⇤ 
3.0 ⇥ 10�9 we obtain the 95 % CL constraints

↵/ f  48 M�1
Pl for p = 1, ↵/ f  35 M�1

Pl for p = 2,
(119)

and
↵/ f  42 M�1

Pl for p = 4/3 . (120)

For example, for a linear potential, p = 1, if ↵ = O(1) as sug-
gested by effective field theory, then the axion decay constant f
is constrained to be

f � 0.020 MPl (95 % CL) , (121)

while for a potential with p = 4/3

f � 0.023 MPl (95 % CL). (122)

These limits are complementary to those derived in Sect. 10.3
where a gauge coupling of the axion field is taken into account.

11. Constraints on isocurvature modes

In PCI13, we presented constraints on a number of simple mod-
els featuring a mixture of the adiabatic (ADI) mode and one
type of isocurvature mode. We covered the cases of CDM den-
sity isocurvature (CDI), neutrino density isocurvature (NDI),
and neutrino velocity isocurvature (NVI) modes (Bucher et al.,
2000), with different assumptions concerning the correlation
(Langlois, 1999; Amendola et al., 2002) between the primordial
adiabatic and isocurvature perturbations. Isocurvature modes,
possibly correlated among themselves and with the adiabatic
mode, can be generated in multi-field models of inflation; how-
ever, at present a mechanism for exciting the neutrino velocity
isocurvature mode is lacking. Section 11.2 shows how these con-
straints have evolved with the new Planck TT+lowP likelihoods,
how much including the Planck lensing likelihood changes the
results, and what extra information the Planck high-` polariza-
tion contributes. A pure isocurvature mode as a sole source of
perturbations has been ruled out (Enqvist et al., 2002), since, as
can be seen from Fig. 42, any of the isocurvature modes leads
to an acoustic peak structure for the temperature angular power
very different from the adiabatic mode, which fits the data very
well. The different phases and tilts of the various modes also
occur in the polarization spectra, as shown in Fig. 42 for the E
mode.17

16 We give only the results for a log-constant prior on ↵/ f , which is
well-motivated since it corresponds to a log-constant prior on the axion
decay constant for some fixed ↵.

17 The transfer function mapping the primordial CDI mode to CTT
` is

suppressed by a factor (k/keq)�2 ⇠ (`/`eq)�2 relative to the ADI mode,
where keq is the wavenumber of matter-radiation equality. As seen in
Fig. 42, there is a similar damping for the E mode in the CDI versus
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Fig. 42. Angular power spectra for the scale invariant (i.e., nRR =
1) pure adiabatic mode (ADI, green dashed curves) and for the
scale invariant (nII = 1) pure isocurvature (CDI, NDI, or NVI)
modes, with equal primordial perturbation amplitudes. The thick
lines represent the temperature auto-correlation (TT ), and the
thin lines the E mode polarization auto-correlation (EE).

In Sect. 11.4 we add one extra degree of freedom to the
generally-correlated ADI+CDI model by allowing primordial
tensor perturbations (assuming the inflationary consistency re-
lation for the tilt of the tensor power spectrum and its running).
Our main goal is to explore a possible degeneracy between ten-
sor modes and negatively correlated CDI modes, tending to tilt
the large-scale temperature spectrum in opposite directions. In
Sect. 11.5, we update the constraints on three special cases mo-
tivated by axion or curvaton scenarios.

The goal of this analysis is to test the hypothesis of adi-
abaticity, and establish the robustness of the base ⇤CDM
model against different assumptions concerning initial condi-
tions (Sect. 11.3). Adiabaticity is also an important probe of the
inflationary paradigm, since any significant detection of isocur-
vature modes would exclude the possibility that all perturbations
in the Universe emerged from quantum fluctuations of a single
inflaton field, which can excite only one degree of freedom, the
curvature (i.e., adiabatic) perturbation.18

the ADI case. Therefore, to be observable at high `, a CDI mode should
be (highly) blue tilted. So, if the data favoured as small as possible a
disturbance by CDI over all scales, then the CDI should have a spectral
index, nII, of roughly three. In practice, the lowest-` part of the data
has very little weight due to cosmic variance, and thus we expect that
the data should favour nII less than three, but significantly larger than
one. This should be kept in mind when interpreting the results in the
CDI case, i.e., one cannot expect strong constraints on the primordial
CDI fraction at small scales, even if the data are purely adiabatic. The
imprint of the baryon density isocurvature (BDI) mode, at least at linear
order, in the CMB is indistinguishable from the CDI case, and hence
we do not consider it separately as it can be described by Ie↵ective

CDI =
ICDI+ (⌦b/⌦c)IBDI. The trispectrum, however, can in principle be used
to distinguish the BDI and CDI modes (Grin et al., 2014).

18 However, conversely, if no isocurvature was detected, the fluctua-
tions could have been seeded either by single- or multi-field inflation,
since later processes easily wash out inflationary isocurvature pertur-

ADI;%adiabatic%pert.%
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NVI;%neutrino%velocity%isoI. 

CMB%temperature%anisotropies%
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where we have defined x ≡ E/T and m̃ = m/T in the last equality.
In the relativistic limit, we have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (BOSE)

3ζ(3)

π2
g∗T

3 (FERMI).

(30)

As we did in the previous section, we rewrite above set of equation by introducing the
new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (31)

dY

dN
= − Γ

H
Y, (32)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (33)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (34)

where we have introduced the variable Z as

Z ≡ e3NnCDM. (35)

CDM isocurvature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ), (36)

where ζCDM is defined by its number density, and, with Z variable, it is given by

ζCDM =
1

3
ln

(
Z(Nf , x⃗)

Z̄(Nf )

)
, (37)

By evaluating ζCDM at N = Nf on the hypersurface with δN = 0, then we obtain the
expression at linear order as

ζCDM =
1

3

∂ lnZ(Nf , x⃗)

∂ lnYi

δYi

Yi
. (38)

In Eq. (36), ζ is the final curvature perturbation generated from the curvaton, which
can be given by ζ = rs/3×Si

#1, and Si = δYi/Yi as shown in previous section. From this
expression, we get

SCDM/ζ = 3

[
1

rs

∂ lnZ(Nf , x⃗)

∂ lnYi
− 1

]
. (39)

#1In the previous section, we have also considered the case where the decay rate of the curvaton depends
on the temperature. However, here, for simplicity, we assume the temperature-independent decay rate
of the curvaton. In such case, the sudden decay formalism has been known to be valid for the adiabatic
curvature perturbation and it is given by Eq. (16) with α = 0.
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In this section, theoretical predictions were obtained with
a modified version of the camb code (version Jul14) while
parameter exploration was performed with the MultiNest
nested sampling algorithm.

11.1. Parameterization and notation

A general mixture of the adiabatic mode and one isocurva-
ture mode is described by the three functions PRR(k), PII(k),
and PRI(k), describing the curvature, isocurvature, and cross-
correlation power spectra, respectively. Our sign conventions are
such that positive values for PRI correspond to a positive contri-
bution of the cross-correlation term to the Sachs-Wolfe compo-
nent of the total temperature spectrum.

As in PCI13, we specify the amplitudes at two scales k1 < k2
and assume power-law behaviour, so that

Pab(k) = exp
" 

ln(k) � ln(k2)
ln(k1) � ln(k2)

!

ln
⇣

P(1)
ab

⌘

+

 

ln(k) � ln(k1)
ln(k2) � ln(k1)

!

ln
⇣

P(2)
ab

⌘

#

,

(123)

where a, b = I,R and I = ICDI, INDI, or INVI. We set
k1 = 0.002 Mpc�1 and k2 = 0.100 Mpc�1, so that [k1, k2] spans
most of the range constrained by the Planck data. The positive
definiteness of the initial condition matrix imposes a constraint
on its elements at any value of k:

[Pab(k)]2  Paa(k)Pbb(k) . (124)
We take uniform priors on the positive amplitudes,

P(1)
RR,P(2)

RR 2 (10�9, 10�8) , (125)

P(1)
II,P(2)

II 2 (0, 10�8) . (126)
The correlation spectrum can be positive or negative. For a , b
we apply a uniform prior at large scales (at k1),

P(1)
ab 2 (�10�8, 10�8) , (127)

but reject all parameter combinations violating the constraint in
Eq. (124). To ensure that Eq. (124) holds for all k, we restrict
ourselves to a scale-independent correlation fraction

cos�ab =
Pab

(PaaPbb)1/2 2 (�1, 1) . (128)

Thus P(2)
ab is a derived parameter19 given by

P(2)
ab = P(1)

ab

⇣

P(2)
aa P(2)

bb

⌘1/2

⇣

P(1)
aa P(1)

bb

⌘1/2 , (129)

bations (Mollerach, 1990; Weinberg, 2004; Beltrán et al., 2005). An
example is the curvaton model, in which perturbations can be purely
isocurvature at Hubble exit during inflation, but are later converted to
ADI if the curvaton or curvaton particles (Linde & Mukhanov, 2006)
dominate the energy density at the curvaton’s decay. For a summary of
various curvaton scenarios, see, e.g., Gordon & Lewis (2003).

19 Given our ansatz of power-law primordial spectra, if we treatedP(2)
ab

as an independent parameter as we do withP(1)
ab , Eq. (124) would always

be violated somewhere outside [k1, k2]. In PCI13, we dealt with this by
assuming that when maximal (anti-)correlation is reached at some scale,
the correlation remains at (�)100 % beyond this scale. This introduced a
kink in the cross-correlation spectrum, located at a different wavenum-
ber for each model. Even though the range [k1, k2] was chosen to span
most of the observable scales, this kink tended to impact the smallest
(or largest) multipole values used in the analysis. In particular, the kink
helped fit the dip in the temperature angular power in the multipole
range ` ⇡ 10–40.

which, in terms of spectral indices, is equivalent to

nab =
1
2

(naa + nbb) . (130)

The conservative baseline likelihood is Planck TT+lowP.
The results obtained with Planck TT,TE,EE+lowP should be in-
terpreted with caution because the data used in the 2015 release
are known to contain some low level systematics, in particular
arising from T ! E leakage, and it is possible that such system-
atics may be fit by the isocurvature auto-correlation and cross-
correlation templates. (See Planck Collaboration XIII (2015) for
a detailed discussion.)

In what follows, we quote our results in terms of derived
parameters identical to those in PCI13. We define the primordial
isocurvature fraction as

�iso(k) =
PII(k)

PRR(k) + PII(k)
. (131)

Unlike the primordial correlation fraction cos� defined in
Eq. (128), �iso is scale-dependent in the general case. We present
bounds on this quantity at klow = k1, kmid = 0.050 Mpc�1, and
khigh = k2.

We report constraints on the relative adiabatic (ab = RR),
isocurvature (ab = II), and correlation (ab = RI) according to
their contribution to the observed CMB temperature variance in
various multipole ranges:

↵ab(`min, `max) =
(�T )2

ab(`min, `max)
(�T )2

tot(`min, `max)
, (132)

where

(�T )2
ab(`min, `max) =

`max
X

`=`min

(2` + 1)CTT
ab,`. (133)

The ranges considered are (`min, `max) = (2, 20), (21, 200),
(201, 2500), and (2, 2500), where the last range describes the
total contribution to the observed CMB temperature variance.
Here ↵RR measures the adiabaticity of the temperature angular
power spectrum, a value of unity meaning “fully adiabatic initial
conditions.” Values less than unity mean that some of the ob-
served power comes from the isocurvature or correlation spec-
trum, while values larger than unity mean that some of the power
is “cancelled” by a negatively correlated isocurvature contribu-
tion. The relative non-adiabatic contribution can be expressed as
↵non-adi = 1 � ↵RR = ↵II + ↵RI.

11.2. Results for generally-correlated adiabatic and one
isocurvature mode (CDI, NDI, or NVI)

Results are reported as 2D and 1D marginalized posterior prob-
ability distributions. Numerical 95 % CL intervals or upper
bounds are tabulated in Table 15.

Figure 43 shows the Planck 68 % and 95 % CL contours for
various 2D combinations of the primordial adiabatic and isocur-
vature amplitude parameters at large scales (k1 = 0.002 Mpc�1)
and small scales (k2 = 0.100 Mpc�1), for (a) the generally-
correlated ADI+CDI, (b) ADI+NDI, and (c) ADI+NVI mod-
els. Overall, the results using Planck TT+lowP are consistent
with the nominal mission results in PCI13, but slightly tighter.
In the first panels of Figs. 43 (a), (b), and (c), we also show
the constraints on the curvature perturbation power in the pure
adiabatic case. Comparing the generally-correlated isocurvature
case to the pure adiabatic case with the same data combination
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where we have defined x ≡ E/T and m̃ = m/T in the last equality.
In the relativistic limit, we have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (BOSE)

3ζ(3)

π2
g∗T

3 (FERMI).

(30)

As we did in the previous section, we rewrite above set of equation by introducing the
new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (31)

dY

dN
= − Γ

H
Y, (32)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (33)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (34)

where we have introduced the variable Z as

Z ≡ e3NnCDM. (35)

CDM isocurvature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ), (36)

where ζCDM is defined by its number density, and, with Z variable, it is given by

ζCDM =
1

3
ln

(
Z(Nf , x⃗)

Z̄(Nf )

)
, (37)

By evaluating ζCDM at N = Nf on the hypersurface with δN = 0, then we obtain the
expression at linear order as

ζCDM =
1

3

∂ lnZ(Nf , x⃗)

∂ lnYi

δYi

Yi
. (38)

In Eq. (36), ζ is the final curvature perturbation generated from the curvaton, which
can be given by ζ = rs/3×Si

#1, and Si = δYi/Yi as shown in previous section. From this
expression, we get

SCDM/ζ = 3

[
1

rs

∂ lnZ(Nf , x⃗)

∂ lnYi
− 1

]
. (39)

#1In the previous section, we have also considered the case where the decay rate of the curvaton depends
on the temperature. However, here, for simplicity, we assume the temperature-independent decay rate
of the curvaton. In such case, the sudden decay formalism has been known to be valid for the adiabatic
curvature perturbation and it is given by Eq. (16) with α = 0.
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where we have defined x ≡ E/T and m̃ = m/T in the last equality.
In the relativistic limit, we have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (BOSE)

3ζ(3)

π2
g∗T

3 (FERMI).

(30)

As we did in the previous section, we rewrite above set of equation by introducing the
new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (31)

dY

dN
= − Γ

H
Y, (32)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (33)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (34)

where we have introduced the variable Z as

Z ≡ e3NnCDM. (35)

CDM isocurvature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ), (36)

where ζCDM is defined by its number density, and, with Z variable, it is given by

ζCDM =
1

3
ln

(
Z(Nf , x⃗)

Z̄(Nf )

)
, (37)

By evaluating ζCDM at N = Nf on the hypersurface with δN = 0, then we obtain the
expression at linear order as

ζCDM =
1

3

∂ lnZ(Nf , x⃗)

∂ lnYi

δYi

Yi
. (38)

In Eq. (36), ζ is the final curvature perturbation generated from the curvaton, which
can be given by ζ = rs/3×Si

#1, and Si = δYi/Yi as shown in previous section. From this
expression, we get

SCDM/ζ = 3

[
1

rs

∂ lnZ(Nf , x⃗)

∂ lnYi
− 1

]
. (39)

#1In the previous section, we have also considered the case where the decay rate of the curvaton depends
on the temperature. However, here, for simplicity, we assume the temperature-independent decay rate
of the curvaton. In such case, the sudden decay formalism has been known to be valid for the adiabatic
curvature perturbation and it is given by Eq. (16) with α = 0.
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If we choose a log-constant prior on ⇠⇤ we find

⇠⇤  2.2 (95 % CL). (118)

For both cases the results are insensitive to the upper limit cho-
sen for the prior on ⇠⇤ since the likelihood quickly goes to zero
for ⇠⇤ > 3. As the likelihood for ⇠⇤ is fairly flat, the tighter con-
straint seen for the log-constant case is mildly prior-driven. The
constraints from the bispectrum are consistent with and slightly
worse than the result from the power spectrum alone.

Using a similar procedure and Eq. (109) one can also obtain
a constraint on ↵/ f . Adopting a log-constant prior 2  ↵/ f 
10016 and uniform priors 50  N⇤  70 and 1.5 ⇥ 10�9  P⇤ 
3.0 ⇥ 10�9 we obtain the 95 % CL constraints

↵/ f  48 M�1
Pl for p = 1, ↵/ f  35 M�1

Pl for p = 2,
(119)

and
↵/ f  42 M�1

Pl for p = 4/3 . (120)

For example, for a linear potential, p = 1, if ↵ = O(1) as sug-
gested by effective field theory, then the axion decay constant f
is constrained to be

f � 0.020 MPl (95 % CL) , (121)

while for a potential with p = 4/3

f � 0.023 MPl (95 % CL). (122)

These limits are complementary to those derived in Sect. 10.3
where a gauge coupling of the axion field is taken into account.

11. Constraints on isocurvature modes

In PCI13, we presented constraints on a number of simple mod-
els featuring a mixture of the adiabatic (ADI) mode and one
type of isocurvature mode. We covered the cases of CDM den-
sity isocurvature (CDI), neutrino density isocurvature (NDI),
and neutrino velocity isocurvature (NVI) modes (Bucher et al.,
2000), with different assumptions concerning the correlation
(Langlois, 1999; Amendola et al., 2002) between the primordial
adiabatic and isocurvature perturbations. Isocurvature modes,
possibly correlated among themselves and with the adiabatic
mode, can be generated in multi-field models of inflation; how-
ever, at present a mechanism for exciting the neutrino velocity
isocurvature mode is lacking. Section 11.2 shows how these con-
straints have evolved with the new Planck TT+lowP likelihoods,
how much including the Planck lensing likelihood changes the
results, and what extra information the Planck high-` polariza-
tion contributes. A pure isocurvature mode as a sole source of
perturbations has been ruled out (Enqvist et al., 2002), since, as
can be seen from Fig. 42, any of the isocurvature modes leads
to an acoustic peak structure for the temperature angular power
very different from the adiabatic mode, which fits the data very
well. The different phases and tilts of the various modes also
occur in the polarization spectra, as shown in Fig. 42 for the E
mode.17

16 We give only the results for a log-constant prior on ↵/ f , which is
well-motivated since it corresponds to a log-constant prior on the axion
decay constant for some fixed ↵.

17 The transfer function mapping the primordial CDI mode to CTT
` is

suppressed by a factor (k/keq)�2 ⇠ (`/`eq)�2 relative to the ADI mode,
where keq is the wavenumber of matter-radiation equality. As seen in
Fig. 42, there is a similar damping for the E mode in the CDI versus
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Fig. 42. Angular power spectra for the scale invariant (i.e., nRR =
1) pure adiabatic mode (ADI, green dashed curves) and for the
scale invariant (nII = 1) pure isocurvature (CDI, NDI, or NVI)
modes, with equal primordial perturbation amplitudes. The thick
lines represent the temperature auto-correlation (TT ), and the
thin lines the E mode polarization auto-correlation (EE).

In Sect. 11.4 we add one extra degree of freedom to the
generally-correlated ADI+CDI model by allowing primordial
tensor perturbations (assuming the inflationary consistency re-
lation for the tilt of the tensor power spectrum and its running).
Our main goal is to explore a possible degeneracy between ten-
sor modes and negatively correlated CDI modes, tending to tilt
the large-scale temperature spectrum in opposite directions. In
Sect. 11.5, we update the constraints on three special cases mo-
tivated by axion or curvaton scenarios.

The goal of this analysis is to test the hypothesis of adi-
abaticity, and establish the robustness of the base ⇤CDM
model against different assumptions concerning initial condi-
tions (Sect. 11.3). Adiabaticity is also an important probe of the
inflationary paradigm, since any significant detection of isocur-
vature modes would exclude the possibility that all perturbations
in the Universe emerged from quantum fluctuations of a single
inflaton field, which can excite only one degree of freedom, the
curvature (i.e., adiabatic) perturbation.18

the ADI case. Therefore, to be observable at high `, a CDI mode should
be (highly) blue tilted. So, if the data favoured as small as possible a
disturbance by CDI over all scales, then the CDI should have a spectral
index, nII, of roughly three. In practice, the lowest-` part of the data
has very little weight due to cosmic variance, and thus we expect that
the data should favour nII less than three, but significantly larger than
one. This should be kept in mind when interpreting the results in the
CDI case, i.e., one cannot expect strong constraints on the primordial
CDI fraction at small scales, even if the data are purely adiabatic. The
imprint of the baryon density isocurvature (BDI) mode, at least at linear
order, in the CMB is indistinguishable from the CDI case, and hence
we do not consider it separately as it can be described by Ie↵ective

CDI =
ICDI+ (⌦b/⌦c)IBDI. The trispectrum, however, can in principle be used
to distinguish the BDI and CDI modes (Grin et al., 2014).

18 However, conversely, if no isocurvature was detected, the fluctua-
tions could have been seeded either by single- or multi-field inflation,
since later processes easily wash out inflationary isocurvature pertur-
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where we have defined x ≡ E/T and m̃ = m/T in the last equality.
In the relativistic limit, we have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (BOSE)

3ζ(3)

π2
g∗T

3 (FERMI).

(30)

As we did in the previous section, we rewrite above set of equation by introducing the
new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (31)

dY

dN
= − Γ

H
Y, (32)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (33)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (34)

where we have introduced the variable Z as

Z ≡ e3NnCDM. (35)

CDM isocurvature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ), (36)

where ζCDM is defined by its number density, and, with Z variable, it is given by

ζCDM =
1

3
ln

(
Z(Nf , x⃗)

Z̄(Nf )

)
, (37)

By evaluating ζCDM at N = Nf on the hypersurface with δN = 0, then we obtain the
expression at linear order as

ζCDM =
1

3

∂ lnZ(Nf , x⃗)

∂ lnYi

δYi

Yi
. (38)

In Eq. (36), ζ is the final curvature perturbation generated from the curvaton, which
can be given by ζ = rs/3×Si

#1, and Si = δYi/Yi as shown in previous section. From this
expression, we get

SCDM/ζ = 3

[
1

rs

∂ lnZ(Nf , x⃗)

∂ lnYi
− 1

]
. (39)

#1In the previous section, we have also considered the case where the decay rate of the curvaton depends
on the temperature. However, here, for simplicity, we assume the temperature-independent decay rate
of the curvaton. In such case, the sudden decay formalism has been known to be valid for the adiabatic
curvature perturbation and it is given by Eq. (16) with α = 0.
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In this section, theoretical predictions were obtained with
a modified version of the camb code (version Jul14) while
parameter exploration was performed with the MultiNest
nested sampling algorithm.

11.1. Parameterization and notation

A general mixture of the adiabatic mode and one isocurva-
ture mode is described by the three functions PRR(k), PII(k),
and PRI(k), describing the curvature, isocurvature, and cross-
correlation power spectra, respectively. Our sign conventions are
such that positive values for PRI correspond to a positive contri-
bution of the cross-correlation term to the Sachs-Wolfe compo-
nent of the total temperature spectrum.

As in PCI13, we specify the amplitudes at two scales k1 < k2
and assume power-law behaviour, so that

Pab(k) = exp
" 

ln(k) � ln(k2)
ln(k1) � ln(k2)

!

ln
⇣

P(1)
ab

⌘

+

 

ln(k) � ln(k1)
ln(k2) � ln(k1)

!

ln
⇣

P(2)
ab

⌘

#

,

(123)

where a, b = I,R and I = ICDI, INDI, or INVI. We set
k1 = 0.002 Mpc�1 and k2 = 0.100 Mpc�1, so that [k1, k2] spans
most of the range constrained by the Planck data. The positive
definiteness of the initial condition matrix imposes a constraint
on its elements at any value of k:

[Pab(k)]2  Paa(k)Pbb(k) . (124)
We take uniform priors on the positive amplitudes,

P(1)
RR,P(2)

RR 2 (10�9, 10�8) , (125)

P(1)
II,P(2)

II 2 (0, 10�8) . (126)
The correlation spectrum can be positive or negative. For a , b
we apply a uniform prior at large scales (at k1),

P(1)
ab 2 (�10�8, 10�8) , (127)

but reject all parameter combinations violating the constraint in
Eq. (124). To ensure that Eq. (124) holds for all k, we restrict
ourselves to a scale-independent correlation fraction

cos�ab =
Pab

(PaaPbb)1/2 2 (�1, 1) . (128)

Thus P(2)
ab is a derived parameter19 given by

P(2)
ab = P(1)

ab

⇣

P(2)
aa P(2)

bb

⌘1/2

⇣

P(1)
aa P(1)

bb

⌘1/2 , (129)

bations (Mollerach, 1990; Weinberg, 2004; Beltrán et al., 2005). An
example is the curvaton model, in which perturbations can be purely
isocurvature at Hubble exit during inflation, but are later converted to
ADI if the curvaton or curvaton particles (Linde & Mukhanov, 2006)
dominate the energy density at the curvaton’s decay. For a summary of
various curvaton scenarios, see, e.g., Gordon & Lewis (2003).

19 Given our ansatz of power-law primordial spectra, if we treatedP(2)
ab

as an independent parameter as we do withP(1)
ab , Eq. (124) would always

be violated somewhere outside [k1, k2]. In PCI13, we dealt with this by
assuming that when maximal (anti-)correlation is reached at some scale,
the correlation remains at (�)100 % beyond this scale. This introduced a
kink in the cross-correlation spectrum, located at a different wavenum-
ber for each model. Even though the range [k1, k2] was chosen to span
most of the observable scales, this kink tended to impact the smallest
(or largest) multipole values used in the analysis. In particular, the kink
helped fit the dip in the temperature angular power in the multipole
range ` ⇡ 10–40.

which, in terms of spectral indices, is equivalent to

nab =
1
2

(naa + nbb) . (130)

The conservative baseline likelihood is Planck TT+lowP.
The results obtained with Planck TT,TE,EE+lowP should be in-
terpreted with caution because the data used in the 2015 release
are known to contain some low level systematics, in particular
arising from T ! E leakage, and it is possible that such system-
atics may be fit by the isocurvature auto-correlation and cross-
correlation templates. (See Planck Collaboration XIII (2015) for
a detailed discussion.)

In what follows, we quote our results in terms of derived
parameters identical to those in PCI13. We define the primordial
isocurvature fraction as

�iso(k) =
PII(k)

PRR(k) + PII(k)
. (131)

Unlike the primordial correlation fraction cos� defined in
Eq. (128), �iso is scale-dependent in the general case. We present
bounds on this quantity at klow = k1, kmid = 0.050 Mpc�1, and
khigh = k2.

We report constraints on the relative adiabatic (ab = RR),
isocurvature (ab = II), and correlation (ab = RI) according to
their contribution to the observed CMB temperature variance in
various multipole ranges:

↵ab(`min, `max) =
(�T )2

ab(`min, `max)
(�T )2

tot(`min, `max)
, (132)

where

(�T )2
ab(`min, `max) =

`max
X

`=`min

(2` + 1)CTT
ab,`. (133)

The ranges considered are (`min, `max) = (2, 20), (21, 200),
(201, 2500), and (2, 2500), where the last range describes the
total contribution to the observed CMB temperature variance.
Here ↵RR measures the adiabaticity of the temperature angular
power spectrum, a value of unity meaning “fully adiabatic initial
conditions.” Values less than unity mean that some of the ob-
served power comes from the isocurvature or correlation spec-
trum, while values larger than unity mean that some of the power
is “cancelled” by a negatively correlated isocurvature contribu-
tion. The relative non-adiabatic contribution can be expressed as
↵non-adi = 1 � ↵RR = ↵II + ↵RI.

11.2. Results for generally-correlated adiabatic and one
isocurvature mode (CDI, NDI, or NVI)

Results are reported as 2D and 1D marginalized posterior prob-
ability distributions. Numerical 95 % CL intervals or upper
bounds are tabulated in Table 15.

Figure 43 shows the Planck 68 % and 95 % CL contours for
various 2D combinations of the primordial adiabatic and isocur-
vature amplitude parameters at large scales (k1 = 0.002 Mpc�1)
and small scales (k2 = 0.100 Mpc�1), for (a) the generally-
correlated ADI+CDI, (b) ADI+NDI, and (c) ADI+NVI mod-
els. Overall, the results using Planck TT+lowP are consistent
with the nominal mission results in PCI13, but slightly tighter.
In the first panels of Figs. 43 (a), (b), and (c), we also show
the constraints on the curvature perturbation power in the pure
adiabatic case. Comparing the generally-correlated isocurvature
case to the pure adiabatic case with the same data combination

;uncorrelated 
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;correlated 
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If we choose a log-constant prior on ⇠⇤ we find

⇠⇤  2.2 (95 % CL). (118)

For both cases the results are insensitive to the upper limit cho-
sen for the prior on ⇠⇤ since the likelihood quickly goes to zero
for ⇠⇤ > 3. As the likelihood for ⇠⇤ is fairly flat, the tighter con-
straint seen for the log-constant case is mildly prior-driven. The
constraints from the bispectrum are consistent with and slightly
worse than the result from the power spectrum alone.

Using a similar procedure and Eq. (109) one can also obtain
a constraint on ↵/ f . Adopting a log-constant prior 2  ↵/ f 
10016 and uniform priors 50  N⇤  70 and 1.5 ⇥ 10�9  P⇤ 
3.0 ⇥ 10�9 we obtain the 95 % CL constraints

↵/ f  48 M�1
Pl for p = 1, ↵/ f  35 M�1

Pl for p = 2,
(119)

and
↵/ f  42 M�1

Pl for p = 4/3 . (120)

For example, for a linear potential, p = 1, if ↵ = O(1) as sug-
gested by effective field theory, then the axion decay constant f
is constrained to be

f � 0.020 MPl (95 % CL) , (121)

while for a potential with p = 4/3

f � 0.023 MPl (95 % CL). (122)

These limits are complementary to those derived in Sect. 10.3
where a gauge coupling of the axion field is taken into account.

11. Constraints on isocurvature modes

In PCI13, we presented constraints on a number of simple mod-
els featuring a mixture of the adiabatic (ADI) mode and one
type of isocurvature mode. We covered the cases of CDM den-
sity isocurvature (CDI), neutrino density isocurvature (NDI),
and neutrino velocity isocurvature (NVI) modes (Bucher et al.,
2000), with different assumptions concerning the correlation
(Langlois, 1999; Amendola et al., 2002) between the primordial
adiabatic and isocurvature perturbations. Isocurvature modes,
possibly correlated among themselves and with the adiabatic
mode, can be generated in multi-field models of inflation; how-
ever, at present a mechanism for exciting the neutrino velocity
isocurvature mode is lacking. Section 11.2 shows how these con-
straints have evolved with the new Planck TT+lowP likelihoods,
how much including the Planck lensing likelihood changes the
results, and what extra information the Planck high-` polariza-
tion contributes. A pure isocurvature mode as a sole source of
perturbations has been ruled out (Enqvist et al., 2002), since, as
can be seen from Fig. 42, any of the isocurvature modes leads
to an acoustic peak structure for the temperature angular power
very different from the adiabatic mode, which fits the data very
well. The different phases and tilts of the various modes also
occur in the polarization spectra, as shown in Fig. 42 for the E
mode.17

16 We give only the results for a log-constant prior on ↵/ f , which is
well-motivated since it corresponds to a log-constant prior on the axion
decay constant for some fixed ↵.

17 The transfer function mapping the primordial CDI mode to CTT
` is

suppressed by a factor (k/keq)�2 ⇠ (`/`eq)�2 relative to the ADI mode,
where keq is the wavenumber of matter-radiation equality. As seen in
Fig. 42, there is a similar damping for the E mode in the CDI versus
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Fig. 42. Angular power spectra for the scale invariant (i.e., nRR =
1) pure adiabatic mode (ADI, green dashed curves) and for the
scale invariant (nII = 1) pure isocurvature (CDI, NDI, or NVI)
modes, with equal primordial perturbation amplitudes. The thick
lines represent the temperature auto-correlation (TT ), and the
thin lines the E mode polarization auto-correlation (EE).

In Sect. 11.4 we add one extra degree of freedom to the
generally-correlated ADI+CDI model by allowing primordial
tensor perturbations (assuming the inflationary consistency re-
lation for the tilt of the tensor power spectrum and its running).
Our main goal is to explore a possible degeneracy between ten-
sor modes and negatively correlated CDI modes, tending to tilt
the large-scale temperature spectrum in opposite directions. In
Sect. 11.5, we update the constraints on three special cases mo-
tivated by axion or curvaton scenarios.

The goal of this analysis is to test the hypothesis of adi-
abaticity, and establish the robustness of the base ⇤CDM
model against different assumptions concerning initial condi-
tions (Sect. 11.3). Adiabaticity is also an important probe of the
inflationary paradigm, since any significant detection of isocur-
vature modes would exclude the possibility that all perturbations
in the Universe emerged from quantum fluctuations of a single
inflaton field, which can excite only one degree of freedom, the
curvature (i.e., adiabatic) perturbation.18

the ADI case. Therefore, to be observable at high `, a CDI mode should
be (highly) blue tilted. So, if the data favoured as small as possible a
disturbance by CDI over all scales, then the CDI should have a spectral
index, nII, of roughly three. In practice, the lowest-` part of the data
has very little weight due to cosmic variance, and thus we expect that
the data should favour nII less than three, but significantly larger than
one. This should be kept in mind when interpreting the results in the
CDI case, i.e., one cannot expect strong constraints on the primordial
CDI fraction at small scales, even if the data are purely adiabatic. The
imprint of the baryon density isocurvature (BDI) mode, at least at linear
order, in the CMB is indistinguishable from the CDI case, and hence
we do not consider it separately as it can be described by Ie↵ective

CDI =
ICDI+ (⌦b/⌦c)IBDI. The trispectrum, however, can in principle be used
to distinguish the BDI and CDI modes (Grin et al., 2014).

18 However, conversely, if no isocurvature was detected, the fluctua-
tions could have been seeded either by single- or multi-field inflation,
since later processes easily wash out inflationary isocurvature pertur-
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where we have defined x ≡ E/T and m̃ = m/T in the last equality.
In the relativistic limit, we have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (BOSE)

3ζ(3)

π2
g∗T

3 (FERMI).

(30)

As we did in the previous section, we rewrite above set of equation by introducing the
new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (31)

dY

dN
= − Γ

H
Y, (32)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (33)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (34)

where we have introduced the variable Z as

Z ≡ e3NnCDM. (35)

CDM isocurvature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ), (36)

where ζCDM is defined by its number density, and, with Z variable, it is given by

ζCDM =
1

3
ln

(
Z(Nf , x⃗)

Z̄(Nf )

)
, (37)

By evaluating ζCDM at N = Nf on the hypersurface with δN = 0, then we obtain the
expression at linear order as

ζCDM =
1

3

∂ lnZ(Nf , x⃗)

∂ lnYi

δYi

Yi
. (38)

In Eq. (36), ζ is the final curvature perturbation generated from the curvaton, which
can be given by ζ = rs/3×Si

#1, and Si = δYi/Yi as shown in previous section. From this
expression, we get

SCDM/ζ = 3

[
1

rs

∂ lnZ(Nf , x⃗)

∂ lnYi
− 1

]
. (39)

#1In the previous section, we have also considered the case where the decay rate of the curvaton depends
on the temperature. However, here, for simplicity, we assume the temperature-independent decay rate
of the curvaton. In such case, the sudden decay formalism has been known to be valid for the adiabatic
curvature perturbation and it is given by Eq. (16) with α = 0.
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In this section, theoretical predictions were obtained with
a modified version of the camb code (version Jul14) while
parameter exploration was performed with the MultiNest
nested sampling algorithm.

11.1. Parameterization and notation

A general mixture of the adiabatic mode and one isocurva-
ture mode is described by the three functions PRR(k), PII(k),
and PRI(k), describing the curvature, isocurvature, and cross-
correlation power spectra, respectively. Our sign conventions are
such that positive values for PRI correspond to a positive contri-
bution of the cross-correlation term to the Sachs-Wolfe compo-
nent of the total temperature spectrum.

As in PCI13, we specify the amplitudes at two scales k1 < k2
and assume power-law behaviour, so that

Pab(k) = exp
" 

ln(k) � ln(k2)
ln(k1) � ln(k2)

!

ln
⇣

P(1)
ab

⌘

+

 

ln(k) � ln(k1)
ln(k2) � ln(k1)

!

ln
⇣

P(2)
ab

⌘

#

,

(123)

where a, b = I,R and I = ICDI, INDI, or INVI. We set
k1 = 0.002 Mpc�1 and k2 = 0.100 Mpc�1, so that [k1, k2] spans
most of the range constrained by the Planck data. The positive
definiteness of the initial condition matrix imposes a constraint
on its elements at any value of k:

[Pab(k)]2  Paa(k)Pbb(k) . (124)
We take uniform priors on the positive amplitudes,

P(1)
RR,P(2)

RR 2 (10�9, 10�8) , (125)

P(1)
II,P(2)

II 2 (0, 10�8) . (126)
The correlation spectrum can be positive or negative. For a , b
we apply a uniform prior at large scales (at k1),

P(1)
ab 2 (�10�8, 10�8) , (127)

but reject all parameter combinations violating the constraint in
Eq. (124). To ensure that Eq. (124) holds for all k, we restrict
ourselves to a scale-independent correlation fraction

cos�ab =
Pab

(PaaPbb)1/2 2 (�1, 1) . (128)

Thus P(2)
ab is a derived parameter19 given by

P(2)
ab = P(1)

ab

⇣

P(2)
aa P(2)

bb

⌘1/2

⇣

P(1)
aa P(1)

bb

⌘1/2 , (129)

bations (Mollerach, 1990; Weinberg, 2004; Beltrán et al., 2005). An
example is the curvaton model, in which perturbations can be purely
isocurvature at Hubble exit during inflation, but are later converted to
ADI if the curvaton or curvaton particles (Linde & Mukhanov, 2006)
dominate the energy density at the curvaton’s decay. For a summary of
various curvaton scenarios, see, e.g., Gordon & Lewis (2003).

19 Given our ansatz of power-law primordial spectra, if we treatedP(2)
ab

as an independent parameter as we do withP(1)
ab , Eq. (124) would always

be violated somewhere outside [k1, k2]. In PCI13, we dealt with this by
assuming that when maximal (anti-)correlation is reached at some scale,
the correlation remains at (�)100 % beyond this scale. This introduced a
kink in the cross-correlation spectrum, located at a different wavenum-
ber for each model. Even though the range [k1, k2] was chosen to span
most of the observable scales, this kink tended to impact the smallest
(or largest) multipole values used in the analysis. In particular, the kink
helped fit the dip in the temperature angular power in the multipole
range ` ⇡ 10–40.

which, in terms of spectral indices, is equivalent to

nab =
1
2

(naa + nbb) . (130)

The conservative baseline likelihood is Planck TT+lowP.
The results obtained with Planck TT,TE,EE+lowP should be in-
terpreted with caution because the data used in the 2015 release
are known to contain some low level systematics, in particular
arising from T ! E leakage, and it is possible that such system-
atics may be fit by the isocurvature auto-correlation and cross-
correlation templates. (See Planck Collaboration XIII (2015) for
a detailed discussion.)

In what follows, we quote our results in terms of derived
parameters identical to those in PCI13. We define the primordial
isocurvature fraction as

�iso(k) =
PII(k)

PRR(k) + PII(k)
. (131)

Unlike the primordial correlation fraction cos� defined in
Eq. (128), �iso is scale-dependent in the general case. We present
bounds on this quantity at klow = k1, kmid = 0.050 Mpc�1, and
khigh = k2.

We report constraints on the relative adiabatic (ab = RR),
isocurvature (ab = II), and correlation (ab = RI) according to
their contribution to the observed CMB temperature variance in
various multipole ranges:

↵ab(`min, `max) =
(�T )2

ab(`min, `max)
(�T )2

tot(`min, `max)
, (132)

where

(�T )2
ab(`min, `max) =

`max
X

`=`min

(2` + 1)CTT
ab,`. (133)

The ranges considered are (`min, `max) = (2, 20), (21, 200),
(201, 2500), and (2, 2500), where the last range describes the
total contribution to the observed CMB temperature variance.
Here ↵RR measures the adiabaticity of the temperature angular
power spectrum, a value of unity meaning “fully adiabatic initial
conditions.” Values less than unity mean that some of the ob-
served power comes from the isocurvature or correlation spec-
trum, while values larger than unity mean that some of the power
is “cancelled” by a negatively correlated isocurvature contribu-
tion. The relative non-adiabatic contribution can be expressed as
↵non-adi = 1 � ↵RR = ↵II + ↵RI.

11.2. Results for generally-correlated adiabatic and one
isocurvature mode (CDI, NDI, or NVI)

Results are reported as 2D and 1D marginalized posterior prob-
ability distributions. Numerical 95 % CL intervals or upper
bounds are tabulated in Table 15.

Figure 43 shows the Planck 68 % and 95 % CL contours for
various 2D combinations of the primordial adiabatic and isocur-
vature amplitude parameters at large scales (k1 = 0.002 Mpc�1)
and small scales (k2 = 0.100 Mpc�1), for (a) the generally-
correlated ADI+CDI, (b) ADI+NDI, and (c) ADI+NVI mod-
els. Overall, the results using Planck TT+lowP are consistent
with the nominal mission results in PCI13, but slightly tighter.
In the first panels of Figs. 43 (a), (b), and (c), we also show
the constraints on the curvature perturbation power in the pure
adiabatic case. Comparing the generally-correlated isocurvature
case to the pure adiabatic case with the same data combination
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If we choose a log-constant prior on ⇠⇤ we find

⇠⇤  2.2 (95 % CL). (118)

For both cases the results are insensitive to the upper limit cho-
sen for the prior on ⇠⇤ since the likelihood quickly goes to zero
for ⇠⇤ > 3. As the likelihood for ⇠⇤ is fairly flat, the tighter con-
straint seen for the log-constant case is mildly prior-driven. The
constraints from the bispectrum are consistent with and slightly
worse than the result from the power spectrum alone.

Using a similar procedure and Eq. (109) one can also obtain
a constraint on ↵/ f . Adopting a log-constant prior 2  ↵/ f 
10016 and uniform priors 50  N⇤  70 and 1.5 ⇥ 10�9  P⇤ 
3.0 ⇥ 10�9 we obtain the 95 % CL constraints

↵/ f  48 M�1
Pl for p = 1, ↵/ f  35 M�1

Pl for p = 2,
(119)

and
↵/ f  42 M�1

Pl for p = 4/3 . (120)

For example, for a linear potential, p = 1, if ↵ = O(1) as sug-
gested by effective field theory, then the axion decay constant f
is constrained to be

f � 0.020 MPl (95 % CL) , (121)

while for a potential with p = 4/3

f � 0.023 MPl (95 % CL). (122)

These limits are complementary to those derived in Sect. 10.3
where a gauge coupling of the axion field is taken into account.

11. Constraints on isocurvature modes

In PCI13, we presented constraints on a number of simple mod-
els featuring a mixture of the adiabatic (ADI) mode and one
type of isocurvature mode. We covered the cases of CDM den-
sity isocurvature (CDI), neutrino density isocurvature (NDI),
and neutrino velocity isocurvature (NVI) modes (Bucher et al.,
2000), with different assumptions concerning the correlation
(Langlois, 1999; Amendola et al., 2002) between the primordial
adiabatic and isocurvature perturbations. Isocurvature modes,
possibly correlated among themselves and with the adiabatic
mode, can be generated in multi-field models of inflation; how-
ever, at present a mechanism for exciting the neutrino velocity
isocurvature mode is lacking. Section 11.2 shows how these con-
straints have evolved with the new Planck TT+lowP likelihoods,
how much including the Planck lensing likelihood changes the
results, and what extra information the Planck high-` polariza-
tion contributes. A pure isocurvature mode as a sole source of
perturbations has been ruled out (Enqvist et al., 2002), since, as
can be seen from Fig. 42, any of the isocurvature modes leads
to an acoustic peak structure for the temperature angular power
very different from the adiabatic mode, which fits the data very
well. The different phases and tilts of the various modes also
occur in the polarization spectra, as shown in Fig. 42 for the E
mode.17

16 We give only the results for a log-constant prior on ↵/ f , which is
well-motivated since it corresponds to a log-constant prior on the axion
decay constant for some fixed ↵.

17 The transfer function mapping the primordial CDI mode to CTT
` is

suppressed by a factor (k/keq)�2 ⇠ (`/`eq)�2 relative to the ADI mode,
where keq is the wavenumber of matter-radiation equality. As seen in
Fig. 42, there is a similar damping for the E mode in the CDI versus
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Fig. 42. Angular power spectra for the scale invariant (i.e., nRR =
1) pure adiabatic mode (ADI, green dashed curves) and for the
scale invariant (nII = 1) pure isocurvature (CDI, NDI, or NVI)
modes, with equal primordial perturbation amplitudes. The thick
lines represent the temperature auto-correlation (TT ), and the
thin lines the E mode polarization auto-correlation (EE).

In Sect. 11.4 we add one extra degree of freedom to the
generally-correlated ADI+CDI model by allowing primordial
tensor perturbations (assuming the inflationary consistency re-
lation for the tilt of the tensor power spectrum and its running).
Our main goal is to explore a possible degeneracy between ten-
sor modes and negatively correlated CDI modes, tending to tilt
the large-scale temperature spectrum in opposite directions. In
Sect. 11.5, we update the constraints on three special cases mo-
tivated by axion or curvaton scenarios.

The goal of this analysis is to test the hypothesis of adi-
abaticity, and establish the robustness of the base ⇤CDM
model against different assumptions concerning initial condi-
tions (Sect. 11.3). Adiabaticity is also an important probe of the
inflationary paradigm, since any significant detection of isocur-
vature modes would exclude the possibility that all perturbations
in the Universe emerged from quantum fluctuations of a single
inflaton field, which can excite only one degree of freedom, the
curvature (i.e., adiabatic) perturbation.18

the ADI case. Therefore, to be observable at high `, a CDI mode should
be (highly) blue tilted. So, if the data favoured as small as possible a
disturbance by CDI over all scales, then the CDI should have a spectral
index, nII, of roughly three. In practice, the lowest-` part of the data
has very little weight due to cosmic variance, and thus we expect that
the data should favour nII less than three, but significantly larger than
one. This should be kept in mind when interpreting the results in the
CDI case, i.e., one cannot expect strong constraints on the primordial
CDI fraction at small scales, even if the data are purely adiabatic. The
imprint of the baryon density isocurvature (BDI) mode, at least at linear
order, in the CMB is indistinguishable from the CDI case, and hence
we do not consider it separately as it can be described by Ie↵ective

CDI =
ICDI+ (⌦b/⌦c)IBDI. The trispectrum, however, can in principle be used
to distinguish the BDI and CDI modes (Grin et al., 2014).

18 However, conversely, if no isocurvature was detected, the fluctua-
tions could have been seeded either by single- or multi-field inflation,
since later processes easily wash out inflationary isocurvature pertur-
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where we have defined x ≡ E/T and m̃ = m/T in the last equality.
In the relativistic limit, we have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (BOSE)

3ζ(3)

π2
g∗T

3 (FERMI).

(30)

As we did in the previous section, we rewrite above set of equation by introducing the
new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (31)

dY

dN
= − Γ

H
Y, (32)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (33)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (34)

where we have introduced the variable Z as

Z ≡ e3NnCDM. (35)

CDM isocurvature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ), (36)

where ζCDM is defined by its number density, and, with Z variable, it is given by

ζCDM =
1

3
ln

(
Z(Nf , x⃗)

Z̄(Nf )

)
, (37)

By evaluating ζCDM at N = Nf on the hypersurface with δN = 0, then we obtain the
expression at linear order as

ζCDM =
1

3

∂ lnZ(Nf , x⃗)

∂ lnYi

δYi

Yi
. (38)

In Eq. (36), ζ is the final curvature perturbation generated from the curvaton, which
can be given by ζ = rs/3×Si

#1, and Si = δYi/Yi as shown in previous section. From this
expression, we get

SCDM/ζ = 3

[
1

rs

∂ lnZ(Nf , x⃗)

∂ lnYi
− 1

]
. (39)

#1In the previous section, we have also considered the case where the decay rate of the curvaton depends
on the temperature. However, here, for simplicity, we assume the temperature-independent decay rate
of the curvaton. In such case, the sudden decay formalism has been known to be valid for the adiabatic
curvature perturbation and it is given by Eq. (16) with α = 0.
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In this section, theoretical predictions were obtained with
a modified version of the camb code (version Jul14) while
parameter exploration was performed with the MultiNest
nested sampling algorithm.

11.1. Parameterization and notation

A general mixture of the adiabatic mode and one isocurva-
ture mode is described by the three functions PRR(k), PII(k),
and PRI(k), describing the curvature, isocurvature, and cross-
correlation power spectra, respectively. Our sign conventions are
such that positive values for PRI correspond to a positive contri-
bution of the cross-correlation term to the Sachs-Wolfe compo-
nent of the total temperature spectrum.

As in PCI13, we specify the amplitudes at two scales k1 < k2
and assume power-law behaviour, so that

Pab(k) = exp
" 

ln(k) � ln(k2)
ln(k1) � ln(k2)

!

ln
⇣

P(1)
ab

⌘

+

 

ln(k) � ln(k1)
ln(k2) � ln(k1)

!

ln
⇣

P(2)
ab

⌘

#

,

(123)

where a, b = I,R and I = ICDI, INDI, or INVI. We set
k1 = 0.002 Mpc�1 and k2 = 0.100 Mpc�1, so that [k1, k2] spans
most of the range constrained by the Planck data. The positive
definiteness of the initial condition matrix imposes a constraint
on its elements at any value of k:

[Pab(k)]2  Paa(k)Pbb(k) . (124)
We take uniform priors on the positive amplitudes,

P(1)
RR,P(2)

RR 2 (10�9, 10�8) , (125)

P(1)
II,P(2)

II 2 (0, 10�8) . (126)
The correlation spectrum can be positive or negative. For a , b
we apply a uniform prior at large scales (at k1),

P(1)
ab 2 (�10�8, 10�8) , (127)

but reject all parameter combinations violating the constraint in
Eq. (124). To ensure that Eq. (124) holds for all k, we restrict
ourselves to a scale-independent correlation fraction

cos�ab =
Pab

(PaaPbb)1/2 2 (�1, 1) . (128)

Thus P(2)
ab is a derived parameter19 given by

P(2)
ab = P(1)

ab

⇣

P(2)
aa P(2)

bb

⌘1/2

⇣

P(1)
aa P(1)

bb

⌘1/2 , (129)

bations (Mollerach, 1990; Weinberg, 2004; Beltrán et al., 2005). An
example is the curvaton model, in which perturbations can be purely
isocurvature at Hubble exit during inflation, but are later converted to
ADI if the curvaton or curvaton particles (Linde & Mukhanov, 2006)
dominate the energy density at the curvaton’s decay. For a summary of
various curvaton scenarios, see, e.g., Gordon & Lewis (2003).

19 Given our ansatz of power-law primordial spectra, if we treatedP(2)
ab

as an independent parameter as we do withP(1)
ab , Eq. (124) would always

be violated somewhere outside [k1, k2]. In PCI13, we dealt with this by
assuming that when maximal (anti-)correlation is reached at some scale,
the correlation remains at (�)100 % beyond this scale. This introduced a
kink in the cross-correlation spectrum, located at a different wavenum-
ber for each model. Even though the range [k1, k2] was chosen to span
most of the observable scales, this kink tended to impact the smallest
(or largest) multipole values used in the analysis. In particular, the kink
helped fit the dip in the temperature angular power in the multipole
range ` ⇡ 10–40.

which, in terms of spectral indices, is equivalent to

nab =
1
2

(naa + nbb) . (130)

The conservative baseline likelihood is Planck TT+lowP.
The results obtained with Planck TT,TE,EE+lowP should be in-
terpreted with caution because the data used in the 2015 release
are known to contain some low level systematics, in particular
arising from T ! E leakage, and it is possible that such system-
atics may be fit by the isocurvature auto-correlation and cross-
correlation templates. (See Planck Collaboration XIII (2015) for
a detailed discussion.)

In what follows, we quote our results in terms of derived
parameters identical to those in PCI13. We define the primordial
isocurvature fraction as

�iso(k) =
PII(k)

PRR(k) + PII(k)
. (131)

Unlike the primordial correlation fraction cos� defined in
Eq. (128), �iso is scale-dependent in the general case. We present
bounds on this quantity at klow = k1, kmid = 0.050 Mpc�1, and
khigh = k2.

We report constraints on the relative adiabatic (ab = RR),
isocurvature (ab = II), and correlation (ab = RI) according to
their contribution to the observed CMB temperature variance in
various multipole ranges:

↵ab(`min, `max) =
(�T )2

ab(`min, `max)
(�T )2

tot(`min, `max)
, (132)

where

(�T )2
ab(`min, `max) =

`max
X

`=`min

(2` + 1)CTT
ab,`. (133)

The ranges considered are (`min, `max) = (2, 20), (21, 200),
(201, 2500), and (2, 2500), where the last range describes the
total contribution to the observed CMB temperature variance.
Here ↵RR measures the adiabaticity of the temperature angular
power spectrum, a value of unity meaning “fully adiabatic initial
conditions.” Values less than unity mean that some of the ob-
served power comes from the isocurvature or correlation spec-
trum, while values larger than unity mean that some of the power
is “cancelled” by a negatively correlated isocurvature contribu-
tion. The relative non-adiabatic contribution can be expressed as
↵non-adi = 1 � ↵RR = ↵II + ↵RI.

11.2. Results for generally-correlated adiabatic and one
isocurvature mode (CDI, NDI, or NVI)

Results are reported as 2D and 1D marginalized posterior prob-
ability distributions. Numerical 95 % CL intervals or upper
bounds are tabulated in Table 15.

Figure 43 shows the Planck 68 % and 95 % CL contours for
various 2D combinations of the primordial adiabatic and isocur-
vature amplitude parameters at large scales (k1 = 0.002 Mpc�1)
and small scales (k2 = 0.100 Mpc�1), for (a) the generally-
correlated ADI+CDI, (b) ADI+NDI, and (c) ADI+NVI mod-
els. Overall, the results using Planck TT+lowP are consistent
with the nominal mission results in PCI13, but slightly tighter.
In the first panels of Figs. 43 (a), (b), and (c), we also show
the constraints on the curvature perturbation power in the pure
adiabatic case. Comparing the generally-correlated isocurvature
case to the pure adiabatic case with the same data combination
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If we choose a log-constant prior on ⇠⇤ we find

⇠⇤  2.2 (95 % CL). (118)

For both cases the results are insensitive to the upper limit cho-
sen for the prior on ⇠⇤ since the likelihood quickly goes to zero
for ⇠⇤ > 3. As the likelihood for ⇠⇤ is fairly flat, the tighter con-
straint seen for the log-constant case is mildly prior-driven. The
constraints from the bispectrum are consistent with and slightly
worse than the result from the power spectrum alone.

Using a similar procedure and Eq. (109) one can also obtain
a constraint on ↵/ f . Adopting a log-constant prior 2  ↵/ f 
10016 and uniform priors 50  N⇤  70 and 1.5 ⇥ 10�9  P⇤ 
3.0 ⇥ 10�9 we obtain the 95 % CL constraints

↵/ f  48 M�1
Pl for p = 1, ↵/ f  35 M�1

Pl for p = 2,
(119)

and
↵/ f  42 M�1

Pl for p = 4/3 . (120)

For example, for a linear potential, p = 1, if ↵ = O(1) as sug-
gested by effective field theory, then the axion decay constant f
is constrained to be

f � 0.020 MPl (95 % CL) , (121)

while for a potential with p = 4/3

f � 0.023 MPl (95 % CL). (122)

These limits are complementary to those derived in Sect. 10.3
where a gauge coupling of the axion field is taken into account.

11. Constraints on isocurvature modes

In PCI13, we presented constraints on a number of simple mod-
els featuring a mixture of the adiabatic (ADI) mode and one
type of isocurvature mode. We covered the cases of CDM den-
sity isocurvature (CDI), neutrino density isocurvature (NDI),
and neutrino velocity isocurvature (NVI) modes (Bucher et al.,
2000), with different assumptions concerning the correlation
(Langlois, 1999; Amendola et al., 2002) between the primordial
adiabatic and isocurvature perturbations. Isocurvature modes,
possibly correlated among themselves and with the adiabatic
mode, can be generated in multi-field models of inflation; how-
ever, at present a mechanism for exciting the neutrino velocity
isocurvature mode is lacking. Section 11.2 shows how these con-
straints have evolved with the new Planck TT+lowP likelihoods,
how much including the Planck lensing likelihood changes the
results, and what extra information the Planck high-` polariza-
tion contributes. A pure isocurvature mode as a sole source of
perturbations has been ruled out (Enqvist et al., 2002), since, as
can be seen from Fig. 42, any of the isocurvature modes leads
to an acoustic peak structure for the temperature angular power
very different from the adiabatic mode, which fits the data very
well. The different phases and tilts of the various modes also
occur in the polarization spectra, as shown in Fig. 42 for the E
mode.17

16 We give only the results for a log-constant prior on ↵/ f , which is
well-motivated since it corresponds to a log-constant prior on the axion
decay constant for some fixed ↵.

17 The transfer function mapping the primordial CDI mode to CTT
` is

suppressed by a factor (k/keq)�2 ⇠ (`/`eq)�2 relative to the ADI mode,
where keq is the wavenumber of matter-radiation equality. As seen in
Fig. 42, there is a similar damping for the E mode in the CDI versus
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Fig. 42. Angular power spectra for the scale invariant (i.e., nRR =
1) pure adiabatic mode (ADI, green dashed curves) and for the
scale invariant (nII = 1) pure isocurvature (CDI, NDI, or NVI)
modes, with equal primordial perturbation amplitudes. The thick
lines represent the temperature auto-correlation (TT ), and the
thin lines the E mode polarization auto-correlation (EE).

In Sect. 11.4 we add one extra degree of freedom to the
generally-correlated ADI+CDI model by allowing primordial
tensor perturbations (assuming the inflationary consistency re-
lation for the tilt of the tensor power spectrum and its running).
Our main goal is to explore a possible degeneracy between ten-
sor modes and negatively correlated CDI modes, tending to tilt
the large-scale temperature spectrum in opposite directions. In
Sect. 11.5, we update the constraints on three special cases mo-
tivated by axion or curvaton scenarios.

The goal of this analysis is to test the hypothesis of adi-
abaticity, and establish the robustness of the base ⇤CDM
model against different assumptions concerning initial condi-
tions (Sect. 11.3). Adiabaticity is also an important probe of the
inflationary paradigm, since any significant detection of isocur-
vature modes would exclude the possibility that all perturbations
in the Universe emerged from quantum fluctuations of a single
inflaton field, which can excite only one degree of freedom, the
curvature (i.e., adiabatic) perturbation.18

the ADI case. Therefore, to be observable at high `, a CDI mode should
be (highly) blue tilted. So, if the data favoured as small as possible a
disturbance by CDI over all scales, then the CDI should have a spectral
index, nII, of roughly three. In practice, the lowest-` part of the data
has very little weight due to cosmic variance, and thus we expect that
the data should favour nII less than three, but significantly larger than
one. This should be kept in mind when interpreting the results in the
CDI case, i.e., one cannot expect strong constraints on the primordial
CDI fraction at small scales, even if the data are purely adiabatic. The
imprint of the baryon density isocurvature (BDI) mode, at least at linear
order, in the CMB is indistinguishable from the CDI case, and hence
we do not consider it separately as it can be described by Ie↵ective

CDI =
ICDI+ (⌦b/⌦c)IBDI. The trispectrum, however, can in principle be used
to distinguish the BDI and CDI modes (Grin et al., 2014).

18 However, conversely, if no isocurvature was detected, the fluctua-
tions could have been seeded either by single- or multi-field inflation,
since later processes easily wash out inflationary isocurvature pertur-
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where we have defined x ≡ E/T and m̃ = m/T in the last equality.
In the relativistic limit, we have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (BOSE)

3ζ(3)

π2
g∗T

3 (FERMI).

(30)

As we did in the previous section, we rewrite above set of equation by introducing the
new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (31)

dY

dN
= − Γ

H
Y, (32)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (33)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (34)

where we have introduced the variable Z as

Z ≡ e3NnCDM. (35)

CDM isocurvature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ), (36)

where ζCDM is defined by its number density, and, with Z variable, it is given by

ζCDM =
1

3
ln

(
Z(Nf , x⃗)

Z̄(Nf )

)
, (37)

By evaluating ζCDM at N = Nf on the hypersurface with δN = 0, then we obtain the
expression at linear order as

ζCDM =
1

3

∂ lnZ(Nf , x⃗)

∂ lnYi

δYi

Yi
. (38)

In Eq. (36), ζ is the final curvature perturbation generated from the curvaton, which
can be given by ζ = rs/3×Si

#1, and Si = δYi/Yi as shown in previous section. From this
expression, we get

SCDM/ζ = 3

[
1

rs

∂ lnZ(Nf , x⃗)

∂ lnYi
− 1

]
. (39)

#1In the previous section, we have also considered the case where the decay rate of the curvaton depends
on the temperature. However, here, for simplicity, we assume the temperature-independent decay rate
of the curvaton. In such case, the sudden decay formalism has been known to be valid for the adiabatic
curvature perturbation and it is given by Eq. (16) with α = 0.
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In this section, theoretical predictions were obtained with
a modified version of the camb code (version Jul14) while
parameter exploration was performed with the MultiNest
nested sampling algorithm.

11.1. Parameterization and notation

A general mixture of the adiabatic mode and one isocurva-
ture mode is described by the three functions PRR(k), PII(k),
and PRI(k), describing the curvature, isocurvature, and cross-
correlation power spectra, respectively. Our sign conventions are
such that positive values for PRI correspond to a positive contri-
bution of the cross-correlation term to the Sachs-Wolfe compo-
nent of the total temperature spectrum.

As in PCI13, we specify the amplitudes at two scales k1 < k2
and assume power-law behaviour, so that

Pab(k) = exp
" 

ln(k) � ln(k2)
ln(k1) � ln(k2)

!

ln
⇣

P(1)
ab

⌘

+

 

ln(k) � ln(k1)
ln(k2) � ln(k1)

!

ln
⇣

P(2)
ab

⌘

#

,

(123)

where a, b = I,R and I = ICDI, INDI, or INVI. We set
k1 = 0.002 Mpc�1 and k2 = 0.100 Mpc�1, so that [k1, k2] spans
most of the range constrained by the Planck data. The positive
definiteness of the initial condition matrix imposes a constraint
on its elements at any value of k:

[Pab(k)]2  Paa(k)Pbb(k) . (124)
We take uniform priors on the positive amplitudes,

P(1)
RR,P(2)

RR 2 (10�9, 10�8) , (125)

P(1)
II,P(2)

II 2 (0, 10�8) . (126)
The correlation spectrum can be positive or negative. For a , b
we apply a uniform prior at large scales (at k1),

P(1)
ab 2 (�10�8, 10�8) , (127)

but reject all parameter combinations violating the constraint in
Eq. (124). To ensure that Eq. (124) holds for all k, we restrict
ourselves to a scale-independent correlation fraction

cos�ab =
Pab

(PaaPbb)1/2 2 (�1, 1) . (128)

Thus P(2)
ab is a derived parameter19 given by

P(2)
ab = P(1)

ab

⇣

P(2)
aa P(2)

bb

⌘1/2

⇣

P(1)
aa P(1)

bb

⌘1/2 , (129)

bations (Mollerach, 1990; Weinberg, 2004; Beltrán et al., 2005). An
example is the curvaton model, in which perturbations can be purely
isocurvature at Hubble exit during inflation, but are later converted to
ADI if the curvaton or curvaton particles (Linde & Mukhanov, 2006)
dominate the energy density at the curvaton’s decay. For a summary of
various curvaton scenarios, see, e.g., Gordon & Lewis (2003).

19 Given our ansatz of power-law primordial spectra, if we treatedP(2)
ab

as an independent parameter as we do withP(1)
ab , Eq. (124) would always

be violated somewhere outside [k1, k2]. In PCI13, we dealt with this by
assuming that when maximal (anti-)correlation is reached at some scale,
the correlation remains at (�)100 % beyond this scale. This introduced a
kink in the cross-correlation spectrum, located at a different wavenum-
ber for each model. Even though the range [k1, k2] was chosen to span
most of the observable scales, this kink tended to impact the smallest
(or largest) multipole values used in the analysis. In particular, the kink
helped fit the dip in the temperature angular power in the multipole
range ` ⇡ 10–40.

which, in terms of spectral indices, is equivalent to

nab =
1
2

(naa + nbb) . (130)

The conservative baseline likelihood is Planck TT+lowP.
The results obtained with Planck TT,TE,EE+lowP should be in-
terpreted with caution because the data used in the 2015 release
are known to contain some low level systematics, in particular
arising from T ! E leakage, and it is possible that such system-
atics may be fit by the isocurvature auto-correlation and cross-
correlation templates. (See Planck Collaboration XIII (2015) for
a detailed discussion.)

In what follows, we quote our results in terms of derived
parameters identical to those in PCI13. We define the primordial
isocurvature fraction as

�iso(k) =
PII(k)

PRR(k) + PII(k)
. (131)

Unlike the primordial correlation fraction cos� defined in
Eq. (128), �iso is scale-dependent in the general case. We present
bounds on this quantity at klow = k1, kmid = 0.050 Mpc�1, and
khigh = k2.

We report constraints on the relative adiabatic (ab = RR),
isocurvature (ab = II), and correlation (ab = RI) according to
their contribution to the observed CMB temperature variance in
various multipole ranges:

↵ab(`min, `max) =
(�T )2

ab(`min, `max)
(�T )2

tot(`min, `max)
, (132)

where

(�T )2
ab(`min, `max) =

`max
X

`=`min

(2` + 1)CTT
ab,`. (133)

The ranges considered are (`min, `max) = (2, 20), (21, 200),
(201, 2500), and (2, 2500), where the last range describes the
total contribution to the observed CMB temperature variance.
Here ↵RR measures the adiabaticity of the temperature angular
power spectrum, a value of unity meaning “fully adiabatic initial
conditions.” Values less than unity mean that some of the ob-
served power comes from the isocurvature or correlation spec-
trum, while values larger than unity mean that some of the power
is “cancelled” by a negatively correlated isocurvature contribu-
tion. The relative non-adiabatic contribution can be expressed as
↵non-adi = 1 � ↵RR = ↵II + ↵RI.

11.2. Results for generally-correlated adiabatic and one
isocurvature mode (CDI, NDI, or NVI)

Results are reported as 2D and 1D marginalized posterior prob-
ability distributions. Numerical 95 % CL intervals or upper
bounds are tabulated in Table 15.

Figure 43 shows the Planck 68 % and 95 % CL contours for
various 2D combinations of the primordial adiabatic and isocur-
vature amplitude parameters at large scales (k1 = 0.002 Mpc�1)
and small scales (k2 = 0.100 Mpc�1), for (a) the generally-
correlated ADI+CDI, (b) ADI+NDI, and (c) ADI+NVI mod-
els. Overall, the results using Planck TT+lowP are consistent
with the nominal mission results in PCI13, but slightly tighter.
In the first panels of Figs. 43 (a), (b), and (c), we also show
the constraints on the curvature perturbation power in the pure
adiabatic case. Comparing the generally-correlated isocurvature
case to the pure adiabatic case with the same data combination
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95%CL. 
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• In	case	with	 Planck	2015;

(T+E,95%CL)

From	a	constraint	
on	the	non-Gaussianity

Effect	of	fluctuations	of	``freeze-out”	hypersurface

equilibrium distribution. When CDM particles are non-relativistic, n(eq)
CDM is given by

n(eq)
CDM = g∗

(
mT

2π

)3/2

e−m/T , (5)

where m is the mass of a CDM particle and g∗ is the internal degrees of freedom. It should
be noted here that, when the temperature is high enough, CDM particles can be regarded as
relativistic particles. Therefore, to treat the system from the epoch when T ≫ m to T ≪ m,
we need to evaluate n(eq)

CDM using the general form:

n(eq) =
g∗
2π2

∫ ∞

m

√
E2 −m2

EdE

eE/T ± 1
=

g∗
2π2

T 3

∫ ∞

m̃

√
x2 − m̃2

xdx

ex ± 1
, (6)

where we have defined x ≡ E/T and m̃ = m/T in the last equality. In the relativistic limit, we
have

n(eq) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ(3)

π2
g∗T

3 (boson)

3ζ(3)

π2
g∗T

3 (fermion),

(7)

where ζ(3) ≃ 1.20206 is the zeta function of 3.
We rewrite above set of equation by introducing the new variables X, Y and Z:

dX

dN
=

Γ

H
eNY, (8)

dY

dN
= − Γ

H
Y, (9)

dZ

dN
= −λ e−3N

H

[
Z2 −

(
Z(eq)

)2]
, (10)

H2 =
1

3M2
pl

(
e−4NX + e−3NY

)
, (11)

where the new variables X, Y and Z are respectively defined as

X ≡ e4Nρr, Y ≡ e3Nρσ, Z ≡ e3NnCDM. (12)

We can easily find that X, Y, and Z are conserved when Γ and λ are negligible. CDM isocur-
vature perturbation is defined by

SCDM ≡ 3(ζCDM − ζ). (13)

3

;	depends	only	on the	temperature	(radiation	energy	dens.)

;	depends	both	on	the	radiation	and	the	curvaton	energy	dens.

would	be	affected	by	curvaton	fluctuations	even	for	N_dec >	N_fr
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• Taking	into	account	of	this	effect

• for	

``sudden	freeze-out”	approximation

We note here that ρr contains radiation only from the initial plasma (i.e., the inflaton sec-
tor), but not from the curvaton decay. By evaluating Eq. (23) at the time of freeze-out and
differentiating with respect to lnYi, we get

∂ lnTfr

∂ lnYi
= − ∂Nfr

∂ lnYi
. (24)

By using Eqs. (21) and (24), one can write

∂Nfr

∂ lnYi
= − Ωσ,fr

2(αΛ,fr − 2) + Ωσ,fr
, (25)

where we have used Ωr,fr = 1− Ωσ,fr.
Putting together Eqs. (18), (24), and (25), we can calculate SCDM as

SCDM/ζ = 3

[
Ωσ,fr

rs

(
m

Tfr
− 3

2

)
1

2(αΛ,fr − 2) + Ωσ,fr
− 1

]
. (26)

This expression is exactly the same as the one given in Ref. [8].
In a usual WIMP case, one has m/Tfr ∼ 20. When m/Tfr is larger than unity, we can

approximate it as

αΛ,fr ≈
m

Tfr
≫ 1 , (27)

and the above expression (26) can be roughly written as

SCDM/ζ ≈ 3

(
Ωσ,fr

2rs
− 1

)
. (28)

If freeze-out occurs well before the curvaton decay and the curvaton still be sub-dominant
component at freeze-out, that is, Ωσ,fr/rs ≪ 1, this expression implies the standard result
SCDM/ζ = −3. On the other hand, if freeze-out occurs during when the curvaton dominates
the Universe, but before the curvaton decay, one has Ωσ,fr ≃ rs, hence SCDM/ζ is about −1.5.

Here it should be mentioned that the situation where the curvaton decays during when it
dominates the energy density of the Universe is almost similar to the reheating phase after the
inflation. In such a case, any non-adiabatic perturbations cannot appear as shown in Ref. [30].
Thus SCDM should vanish in such a limit. In fact, this is also confirmed by out numerical
calculation (See Fig. 1). Therefore, in this respect, the above formula would not be applicable
to the case where the freeze-out occurs deep in the curvaton-dominated the Universe. To obtain
a formula which can be also applicable to this case, we need to take account of the dilute gas.
In the following, we derive an analytic formula including the effect of the dilute gas.
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Lyth	and	Wands	(2003)

2.1.1 Case with CDM freeze-out before the curvaton decay

First, let us consider the case where DM freezes out before the time of the curvaton decay
N = Ndec which is defined by the epoch when H = Γ. The common wisdom in the literature
is that, in this case, the CDM isocurvature perturbations is given by SCDM = −3ζ. In fact, a
more accurate analytic formula has been obtained in Ref. [8]. However, by comparing it with
the numerical calculation, it turns out that the formula obtained in [8] cannot well describe
SCDM in the region where the freeze-out occurs during deep in the curvaton domination era
before its decay. As we will discuss in the following, to obtain a formula which can give a good
description for the behavior of SCDM, we need to take account of the dilute gas produced from
the curvaton decay. (See Fig. 1 in Sec. 2.2 for the comparison of the numerical results with the
analytic formulas obtained with and without including the dilute gas effect. As seen from the
figure, the formula with the dilute gas gives a better description.) It should be noted here that,
by looking at the new formula with the dilute gas, we can see that isocurvature fluctuations
would vanish in larger parameter space than those considered in the previous study. Although
we will present the new formula in the following, first we rederive the result obtained in Ref. [8]
in order to facilitate the comparison of the expressions with and without the dilute gas. (The
derivation given below is a bit different from that in Ref. [8], but the essential assumptions are
the same.)

Formalism without dilute gas

To evaluate the derivative ∂Nfr/∂ lnYi, we use the relation H = Λ at the time of freeze-out.
By using the energy density of each component, one can rewrite the relation as

ρr + ρσ = e−4NfrXi + e−3NfrYi = 3M2
plΛ

2, (20)

where we assume that X and Y are conserved before the time of the curvaton decay. By
differentiating both sides of Eq. (20), we obtain

∂Nfr

∂ lnYi
=

Ωσ,fr − 2αΛ,fr
∂ lnTfr

∂ lnYi

4Ωr,fr + 3Ωσ,fr
, (21)

where Ωa,fr = ρa/(3M2
plH

2)|fr (a = r, σ), and we have defined

αΛ,fr =
d lnΛ

d lnT

∣∣∣∣
fr

. (22)

The temperature is defined as

T ≡
(

30

π2g∗
ρr

)1/4

=

(
30

π2g∗
e−4NX

)1/4

. (23)
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Even	for	the	case	where	the	freeze-out	occurs	
before	the	curvaton decay,	
isocurvature perturbations	seem	to	be	much	
suppressed	compared	with	sudden-f.o.	formula.
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“Hint”	is	in	the	background	evolution.What's	the	cause?



``curvaton-radiation”	effect	(revisit	2)
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of the energy density of each component, ρσ, ρrσ, and ρr in Fig. 2. We can see that the residual
isocurvature perturbations become suppressed when the freeze-out occurs after the dilute gas
dominates over the radiation component.

On the other hand, as can be seen in Fig. 1, the analytic formula with dilute gas slightly
deviates from the numerical result in case where rs = 0.1, and 0.6.

Figure 2: The time evolution of the energy density of each component ρσ (red solid line), ρrσ
(blue dashed line) and ρr (orange dotted line) as a function of Nfr−Ndec. The vertical magenta
and green dashed lines respectively represent the times when ρσ = ρr and ρrσ = ρr.

2.3 Implications for the constraint on model parameters

Here we discuss the implication of our results on the constraint on model parameter in the
curvaton model. As already mentioned, in the literature so far, it has been argued that, when
the freeze-out occurs before the curvaton decay, sizable isocurvature fluctuations are generated,
which is inconsistent with observations. However, as shown above, isocurvature fluctuations
become zero even when the freeze-out occurs before the curvaton decay, if it does deep in the
curvaton-dominated epoch in which the dilute gas dominates the radiation component.

In Fig. 3, we show allowed region from the isocurvature constraints. In the left panel, the
allowed region is shown by requiring the freeze-out should occur after the curvaton decay, i.e.,

14

ü formally	decompose	the	radiation	into	
inflaton-origin	comp.	and	curvaton-origin	comp.	(curvaton-rad.)

ü curvaton	(matter-like	comp.)	
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Sudden	``freeze-out”	approximation	with	curvaton-radiationBy combining Eqs. (18), (32), (34) and (36), we can evaluate SCDM. The final expression
for SCDM/ζ with the dilute gas is somewhat complicated, but it is given by

SCDM/ζ = 3

[
1

rs

∂ lnZf

∂ lnYi
− 1

]

= 3

{
1

rs

[
3
∂Nfr

∂ lnYi
+

(
3

2
+

m

Tfr

)
∂ lnTfr

∂ lnYi

]
− 1

}

=
3

rs

[(
3

2
− m

Tfr

)
+

(
3

2
+

m

Tfr

)(
1− p

4

)
frσ

]
∂Nfr

∂ lnYi

+
3

4

frσ
rs

(
3

2
+

m

Tfr

)(
1 +

(p− 3)

3
rs

)
− 3, (44)

with

∂Nfr

∂ lnYi
=

Ωrσ,fr + Ωσ,fr − αΛ,fr

2 frσ +
(p−3)rs

3

(
Ωrσ,fr − αΛ,fr

2 frσ
)

4 + (p− 4)Ωrσ,fr − Ωσ,fr − 2αΛ,fr

[
1−

(
1− p

4

)
frσ
] . (45)

This formula can be applicable to a general case where the freeze-out occurs before the curvaton
decay, however, it is difficult to see its behavior. Therefore, below we consider some limiting
cases in order.

• Case where the freeze-out occurs during RD era (well before the curvaton-
domination)

In this case, since we can neglect the energy density of the dilute gas from the curvaton decay,
we can set the parameters as follows:

fr = 1, frσ = 0, Ωrσ,fr = 0. (46)

By putting these into the formulas obtained above, we obtain

SCDM/ζ = 3

[
Ωσ,fr

rs

(
m

Tfr
− 3

2

)
1

2(αΛ,fr − 2) + Ωσ,fr
− 1

]
, (47)

which is exactly the same as the one obtained without taking account of the dilute gas Eq. (26)
and reproduces the formula given in Ref. [8].

• Case where the freeze-out occurs deep in the curvaton-dominated era

Well after the curvaton begins to dominates the Universe, radiation from the inflaton sector

9
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Formalism with dilute gas

In order to take account of the effect of the dilute gas, here we decompose radiation into
the inflaton- and curvaton-origin components. Here, we dub the former as radiation and the
latter as dilute gas, respectively. (Although radiation from the curvaton decay thermalizes with
existing radiation from the inflaton sector, here we “formally” separate radiation components
as above.) Based on this decomposition, at the time of N = Nfr, Eq. (20) can be rewritten as

ρr + ρrσ + ρσ = e−4NfrXi + e−pNfre(p−3)NdecYi + e−3NfrYi = 3M2
plΛ

2, (29)

where ρr, ρrσ and ρσ are energy densities of radiation (from the inflaton sector), the dilute gas
(from the curvaton decay) and the curvaton, respectively. In the above formula, we assumed
the scaling law of the dilute plasma as ρrσ ∝ a−p and the energy density of the dilute gas at
the curvaton decay is equal to that of the curvaton field, i.e., ρrσ(Ndec) = ρσ(Ndec)#1. When
the dilute gas is produced from the curvaton (or an oscillating scalar field) with a quadratic
potential, p = 3/2 and 1 during the curvaton-dominated and radiation-dominated epochs,
respectively.

By differentiating both sides of Eq. (29), we obtain

∂Nfr

∂ lnYi
=

Ωrσ,fr + Ωσ,fr + (p− 3)
∂Ndec

∂ lnYi
Ωrσ,fr − 2αΛ,fr

∂ lnTfr

∂ lnYi

4Ωr,fr + pΩrσ,fr + 3Ωσ,fr
. (30)

In this case, the temperature can be defined as

T ≡
[

30

π2g∗
(ρr + ρrσ)

]1/4
, (31)

By taking the derivative of Eq. (31) at the time of freeze-out Nfr with respect to lnYi, we get

∂ lnTfr

∂ lnYi
= − ∂Nfr

∂ lnYi
fr +

1

4

(
1− p

∂Nfr

∂ lnYi
+ (p− 3)

∂Ndec

∂ lnYi

)
frσ, (32)

where fr and fσr respectively represent the fraction of radiation from the inflaton sector and
the dilute gas at N = Nfr:

fr ≡
ρr

ρr + ρσr

∣∣∣∣
N=Nfr

=
Ωr

Ωr + Ωσr

∣∣∣∣
N=Nfr

, frσ ≡ ρrσ
ρr + ρrσ

∣∣∣∣
N=Nfr

=
Ωrσ

Ωr + Ωrσ

∣∣∣∣
N=Nfr

.

(33)
By using Eqs. (30) and (32), one can write

∂Nfr

∂ lnYi
=

Ωrσ,fr + Ωσ,fr − αΛ,fr

2 frσ + (p− 3)
(
Ωrσ,fr − αΛ,fr

2 frσ
) ∂Ndec

∂ lnYi

4Ωr,fr + pΩrσ,fr + 3Ωσ,fr − 2αΛ,frfr − αΛ,fr

2 pfrσ
. (34)

#1 Even if this equality does not hold exactly, the result does not change much by reparameterizing rs.

7
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``curvaton-radiation”	effect	(revisit	2)



Refined	sudden	f.o.	formula

red	points;	numerical	result
magenta	line;	refined	sudden	f.o.	formula
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much	improvement!
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Refined	sudden	f.o.	formula

In	the	context	of	building	a	model,	important	point	is

much	improvement!

for

for	
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Implication	(parameter	constraint)

• Parameter	space	for	the	curvaton

(from	non-Gaussianity)

Isocurvature constraints	for	the	curvaton scenario	
is	not	severe	than	previously	considered	for	larger							!

where a
eq

is the scale factor when the curvaton begins to dominate the Universe and ⇢r = ⇢�
holds. Since from a

eq

to a
dec

, the Universe is curvaton-dominated, the ratio a
dec

/a
eq

can be
estimated by

a
dec

a
eq

=

✓
H

dec

H
eq

◆�2/3

'
✓

�

m�

◆�2/3 ✓ �⇤
M

pl

◆
8/3

. (74)

The a
eq

/a
osc

can be derived from the relation ⇢r(teq) = ⇢�(teq), from which we have

a
eq

a
osc

' 6

✓
�⇤
M

pl

◆�2

. (75)

Putting these together, one obtains

a
dec

a
osc

'
✓

�

M
pl

◆�2/3 ✓m�

M
pl

◆
2/3 ✓ �⇤

M
pl

◆
2/3

. (76)

Substituting this formula into Eq. (72) and using Eq. (67), we find that the isocurvature con-
straint can be written as

�

M
pl

& 10�2 ⇥
✓
m

WIMP

M
pl

◆
5/2 ✓m�

M
pl

◆�1/4 ✓ �⇤
M

pl

◆�1

(1 + 0.07(N
dom

�N
dec

))�5/2 . (77)

As shown in the above expression, for smaller |N
dom

�N
dec

| (N
dom

�N
dec

is always negative.)
the lower bound on � is proportional to ��1

⇤ . On the other hand, for larger |N
dom

�N
dec

| which
means that the curvaton starts to dominate the Universe earlier before the decay, the lower
bound becomes slightly larger. This behavior can be seen in larger �⇤ region in Fig. 6.

In fact, the numerical result shows the actual isocurvature constraint (red line) is given
by N

fr

� N
dec

> � (� = O(1)) for �⇤/Mpl

. 5 ⇥ 10�5 (corresponds to the case where the
curvaton decays during radiation dominated era) and N

fr

� N
dom

> � for �⇤/Mpl

& 5 ⇥ 10�5

(corresponds to the case where the curvaton decays during curvaton dominated era). Hence,
the above analytic estimations for the constraint are slightly di↵erent from the numerical result.

From the non-Gaussianity constraint, the parameter space where the curvaton dominates the
Universe when it decays is preferred. Importantly, in such a region, the dilute plasm also tends
to be dominant in radiation component, in which the isocurvature fluctuations are significantly
suppressed. This means that the parameter space which is considered to be excluded by the
isocurvature constraints is actually not excluded.

[Note by NK] Provided the curvaton dominates the universe at the decay, probably a
dec

/a
osc

can be derived in an easy way as follows,

a
dec

a
osc

=

✓
⇢�(tdec)

⇢�(tosc)

◆�1/3

=

✓
3�2M2

pl

1

2

m2

��
2⇤

◆�1/3

=
1

61/3

✓
�

M
pl

◆�2/3✓m�

M
pl

◆
2/3✓ �⇤

M
pl

◆
2/3

. (78)
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summary

• We	revisit	the	CDM	isocurvature	perturbations	in	
curvaton	scenario,	especially	for	the	case	where
the	curvaton	dominates	the	Universe	before	decay.

• We	find	that	for	such	a	case	iscurvature perturbations	
are	completely	suppressed	for

• We	find	isocurvature constraints	for	the	curvaton
scenario	is	not	severe	than	previously	considered!

(favored	from	the	current	constraints	for	the	non-Gaussianity)

(related	to	the	evolution	of	the	curvature	perturbation)



Need	to	include	``curvaton-radiation”

for

Actually,	this	result	seems	to	be	trivial.

For	N	>	N_dom,	the	Universe	is	completely	dominated	by	curvaton,	
and	this	means	that	the	Universe	evolves	adiabatically.
(cf.	reheating	by	the	inflaton decay)

Weinberg	2004	



Entropy	production

r_s =	0.9999	çè S_f /	S_i ~	1000

S;	entropy	density	in	comoving volume		

;	entropy	production	rate	by	the	curvaton	decay



backup

• Relatively	small	rs

Figure 1: The upper panels show the evolution of background energy density of the curvaton
ρσ (red solid), the inflaton-generated radiation ρrφ (orange dotted), and the curvaton-generated
radiation ρrσ (blue dashed), as a function of e-folding number measured from the decay time
of the curvaton (N = Ndec). In this plot, Ndec corresponds to the time tdec = Γ−1. The lower
panels show the residual CDM isocurvature perturbations as function of the time of CDM
freeze out (N = Nfr) measured from Ndec. Red points in these panels are numerical results and
purple lines are the CDM isocurvature perturbations analytically calculated from Eq. (38).
Left panels are for the case with Qs = 1.1 and right panels are for the case with Qs = 1000.
In this calculation, we fix the freeze-out temperature to be mCDM/Tfr = 20 [Should we write
this as mCDM/Tfr ≃ 20?] and the temperature dependence of the annihilation cross section is
fixed to be p = 0.

10

0
before after

3

0

Conventional	understanding	seems	to	be	good.



CDM	iso	curvature	in	terms	of	zeta

• CDM	isocurvature	perturbations	
trace	the	evolution	of	the	curvature	perturbations	!

• ``curvaton-rad.”	is	required	to	express	the	evolution	of	the
curvature	perturbations.

In	usual,	we	only	need	to	know	the	final	curvature	perturbations
in	the	curvaton	scenario,	not	important	to	trace	the	evolution.	



Axion DM	isocurvature in	curvaton
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Figure 5: Plot of −Sc/ζ as a function of Nχosc−Ndec for the cases with β = 3.34 and Fa = 1012

GeV and mσ = 106 GeV. The magenta line represents the analytic formula (48). We show the
cases with Qs = 1.1 (left), and 1000 (right). Here Nχosc and Ndec are the e-folding numbers at
H = m(T ) and Γt = 1 respectively.

In this section, we discuss the constraints on the initial amplitude of the curvaton σ∗ and
on its decay rate Γ that can be deduced from the non-detection of isocurvature fluctuations
so far. Indeed, the isocurvature fluctuations are severely constrained by the present CMB
observations, such as those of Planck. These constraints depend on the degree of correlation
between the isocurvature and the adiabatic perturbations. In the curvaton scenario we consider
in this paper, the negatively correlated type is generated#3. Here we take, as a conservative
estimate, the isocurvature upper bound

∣∣∣∣
Sc

ζ

∣∣∣∣ < 0.1, (51)

from which we derive constraints on σ∗ and Γ. In the following, we present our results for
WIMP and axion cases, separately.

Before discussing the isocurvature constraints, it should be noted that these parameters can
also be constrained by non-Gaussianity. Indeed, Planck observations have tightly constrained
the so-called non-linearity parameter fNL. In the curvaton scenario, the non-Gaussianity is of
the local type and the corresponding limits are given by f (local)

NL = 2.5 ± 5.7 (68 % C.L.) [45],
from which one derives a lower bound on rdec:

rdec > 0.16 (68 %C.L.). (52)
#3 Generally in the curvaton scenario, where DM is produced from the curvaton decay, the so-called positively

correlated isocurvature fluctuations are generated. By contrast, when DM is not produced from the curvaton
but from another sector, one gets negatively correlated isocurvature perturbations, as the scenarios discussed
in this paper.
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Figure 7: Isocurvature and non-Gaussianity constraints on the Γ–σ∗ plane for the axion DM
case by numerical analysis. The red curve is our new constraint and the blue horizontal line
is the conventional constraint. The green line shows the constraint from fNL. We have taken
mσ = 106 GeV.

the freeze-out occurs during when the dilute plasma from the curvaton decay dominates energy
density of radiation component, even if WIMP freezes out before the curvaton decay, which
has not been realized in the literature. In particular, since current constraints on primordial
non-Gaussianity indicates that, if the curvaton model is a correct one for the origin of density
fluctuations, the curvaton should dominate at its decay. In such a case, the curvaton tends
to dominate the Universe relatively a long period of time, which would enlarge the parameter
space of the model consistent with isocurvature constraints. We have also investigated the
case of the axion DM and obtained a similar result: Isocurvature fluctuations vanish if the
axion starts to oscillate when radiation component is dominated by the dilute plasma from the
curvaton decay, which also relaxes the constraint on the model parameter from the isocurvature
argument.

In summary, although it has been considered that the issue of isocurvature fluctuations
may give a severe constraint on the curvaton model, we have shown that, given the current
status of the curvaton model suggested by non-Gaussianity constraint, isocurvature fluctuations
would not be so problematic than previously thought. In this paper, we have only investigated
isocurvature fluctuations for DM mode, the similar argument should also hold for baryonic
mode, which give interesting implications to models of baryogenesis in the framework of the
curvaton scenario. Furthermore, it would be interesting to study other type of CDM such as
feebly interacting massive particle (FIMP) [34], strongly interacting massive particle (SIMP)
[35,36] and so on, which would be the subject of future work.

24


