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Figure 3: Comparison of lensed, unlensed, and delensed TT , TE, EE, and BB power spectra

for Stage II, III, and IV experiments using the cosmological parameters listed in Table 1. For

each spectrum, in the lower panel we show �D
`

⌘ D
`

� Dunlensed
`

in order to highlight the e↵ect

of delensing on the power spectra. The spectra for an experiment with perfect delensing would

lie on the zero line in these lower panels.
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where XY,WZ 2 {TT, TE,EE}, Cd,XY

`

are the delensed spectra, and fsky is the observed sky

fraction. In principle, our all-orders approach can also be applied directly to the covariance

matrix but is beyond the scope of this work. The advantage of this approximate form is that it

can be computed from the delensed spectra and derivatives thereof.

In practice, we will typically consider the case where we compute cross correlations of subsets

of data that experience di↵erent realizations of the noise. This removes the noise when computing

these cross-spectra. For the covariance matrix, this amounts to considering X = W = T and

Y = Z = T

0 where C

TT

0
`

is the delensed spectrum with C

N,TT

0

`

= 0. In Equation (3.3), we see
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fraction. In principle, our all-orders approach can also be applied directly to the covariance

matrix but is beyond the scope of this work. The advantage of this approximate form is that it

can be computed from the delensed spectra and derivatives thereof.
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Figure 1: The e↵ect of lensing and delensing on the temperature two-point correlation function,

C

T

(r). The top panel shows the lensed and unlensed curves, as well as the delensed curves for

various experimental noise configurations using the tools developed in this work. Specifically, the

Stage II, III, and IV experiments contain noise levels of 10, 5, and 1 µK-arcmin respectively. The

bottom panel shows the change relative to the unlensed correlation function. We see that lensing

smoothes the BAO feature in the CMB and is restored by delensing, much like what is done with

BAO-reconstruction at lower redshifts [31].

the unlensed CMB in the limit of no noise. This procedure is naturally generalized to account

for the noise in the temperature, polarization, and lensing maps. We are careful to use filtered

maps as part of the delensing procedure, which we show is necessary for improving parameters

constraints. In principle, one can then produce the all-orders delensed spectra. In practice, the

exact expressions are di�cult to calculate due to the non-local relationship between the observed

data and the true location of the underlying lenses. Fortunately, on the scales of interest, the

lensing potential varies slowly compared to the CMB maps and these non-local e↵ects can be

neglected or included in a perturbative expansion. This will allow us to provide simple expressions

for the delensed power spectra that we also implement numerically.

The most immediate application of these all-orders results is for forecasting future CMB

experiments. We include forecasts covering a range of possible experimental configurations to

illustrate the impact of delensing on Ne↵ and other cosmological parameters. Our goal is to

understand to what degree forecasts using unlensed spectra are achievable given realistic noise

levels in the lensing map. This is especially important for forecasts of Ne↵ for CMB Stage IV,

which are tantalizingly close to the theoretical threshold of �Ne↵ = 0.027 (see e.g. [32–37] for

discussion). We will also show that delensing reduces the covariance between the lensing power

spectrum and the observed temperature and polarization spectra. Proper forecasting must thus

account for both the delensed spectra and covariance matrix [38, 39].

This paper is organized as follows. In Section 2, we present the theoretical framework for

2
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Figure 5: Correlation matrices, defined in Eq. (3.5) where d ⌘ L� is the magnitude of the

deflection angle. The top left panel shows the correlations for the lensed spectra with Stage-IV

noise. The other panels show the covariances for the delensed spectra for three experimental

noise levels. In the delensed covariances there is additional o↵-diagonal correlation at moderate

values of ` beyond what appears in the lensed spectra. One can check that this is consequence

of the h̄h terms in Figure 4. This term is only important when the noise is comparable to the

signal and moves to smaller scales with higher-sensitivity data.

the CMB [39]. In contrast, the delensed spectra show essentially none of these features at low `

where we expect the delensing to be e↵ective. This is precisely what we would expect by removing
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where XY,WZ 2 {TT, TE,EE}, Cd,XY

`

are the delensed spectra, and fsky is the observed sky

fraction. In principle, our all-orders approach can also be applied directly to the covariance

matrix but is beyond the scope of this work. The advantage of this approximate form is that it

can be computed from the delensed spectra and derivatives thereof.

In practice, we will typically consider the case where we compute cross correlations of subsets

of data that experience di↵erent realizations of the noise. This removes the noise when computing

these cross-spectra. For the covariance matrix, this amounts to considering X = W = T and

Y = Z = T

0 where C

TT

0
`

is the delensed spectrum with C

N,TT

0

`

= 0. In Equation (3.3), we see

13

Power spectrum covariances



Delensing removes  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deflection angle. The top left panel shows the correlations for the lensed spectra with Stage-IV

noise. The other panels show the covariances for the delensed spectra for three experimental

noise levels. In the delensed covariances there is additional o↵-diagonal correlation at moderate

values of ` beyond what appears in the lensed spectra. One can check that this is consequence

of the h̄h terms in Figure 4. This term is only important when the noise is comparable to the

signal and moves to smaller scales with higher-sensitivity data.

the CMB [39]. In contrast, the delensed spectra show essentially none of these features at low `

where we expect the delensing to be e↵ective. This is precisely what we would expect by removing
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Figure 29. Projected 1� contours in N
e↵

and Yp for f
sky

= 0.4 with temperature noise of 1 µK-arcmin
and 1’ beams. We show current Planck 2015 constraints, with current BAO, along with forecasts for CMB-S4
and DESI BAO, with and without performing delensing [395] on CMB-S4 E and T spectra. We see that
delensing primarily shrinks the contours along the degeneracy, which is consistent with expectations from
the phase shift in the locations of the acoustic peaks. Also plotted is the range of values of Yp predicted by
BBN as a function of N

e↵

(which is assumed to be constant over the relevant periods).

4.5 Detection Scenarios for Labs and Cosmology

Experimental e↵orts searching for light particles are underway in a number of di↵erent domains. There are
a number of possible situations where a discovery could be made in cosmology and/or the lab that could
inform each other.

In this section, we will discuss plausible theoretical interpretations of a number of such scenarios. Since there
are numerous ways to produce �Ne↵ , these scenarios are not necessarily the only interpretations possible,
but are natural interpretations within well studied theoretical frameworks.

4.5.1 Dark Sectors and Particle Physics

Deviations from Ne↵ = 3.046 can arise from a wide variety of changes to the particle content and thermal
history of the Universe. In most cases, the physics responsible fundamentally requires a coupling of new
particles to the Standard Model in regimes where they often can, in principle, be detected by other means.
Cosmology is a very broad tool for searching for physics beyond the Standard Model, but it is also very
complementary to more targeted searches. A list of plausible detection scenarios is shown in Table 4-3:

CMB-S4 Science Book

• Break 
degeneracy 
between Neff 
(damping + 
phase shift) and 
Yp 

Green, Meyers, AvE 2016
CMB-S4 science book
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Using same lensed B modes for reconstruction that you are 
delensing 4

FIG. 2: Delensed B-mode power spectra using the lensing
potential reconstructed from the CMB maps or the input lens-
ing potential with the random Gaussian reconstruction noise.
The instrumental noise spectrum is subtracted from the de-
lensed spectra. The blue points are equivalent to the B-mode
spectrum with the template method shown in Fig. 1. The
error bars denote the 1� statistical error for one realization
of observation at a 100deg2 patch.

are approximately expressed as Eq. (6) [40]. In the fol-
lowing sections, we focus on the method of the (linear
order) template method.

C. Delensing bias in B mode power spectrum

Next we use the reconstructed lensing potential for de-
lensing. Fig. 2 shows the delensed B-mode spectrum us-
ing the input lensing potential with the random Gaussian
reconstruction noise or the reconstructed lensing poten-
tial. 4 Since the delensed B-mode spectrum with the
random Gaussian reconstruction noise does not contain
the delensing bias, the di↵erence of the B-mode spectra
between the two cases describes the delensing bias. The
discrepancy appears at L & 200 and the scatter of the
power spectrum is also reduced.

To understand the delensing bias, we expand the de-
lensed B-mode spectrum into the four and six point cor-
relations. If the lensing potential is estimated from an
external data or the reconstruction noise is uncorrelated
with the CMB anisotropies, the delensed B-mode power
spectrum is simply equivalent to the power spectrum
given in Eq. (12):

h| bBd|2i = h| bB � ( bE ?

b
�

0)|2i = (2⇡)2�D0 C
b
B

d b
B

d

. (13)

4

The instrumental noise power spectrum is subtracted from the

delensed B-mode spectrum and thus the debiased spectra can be

negative.

Here b
�

0 is given as a sum of the true lensing potential
and the random Gaussian reconstruction noise, �D0 is the
Delta function, and we omit the multipole `. In the CMB
internal delensing, the delensed spectrum has additional
contributions. The additional terms are given as

N

bias = h| bB � ( bE ?
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where we define
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�

0))⇤i , (15)
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0)|2i , (16)

The first term, N

(4), is a four point correlation and
leads to the following bias terms,

N

(4) = �2h bB⇤( bE ?

b
�)i

d

� 2h bB⇤( bE ? (b�� �))i
c

, (17)

where h· · ·i
d

and h· · ·i
c

are the disconnected and con-
nected parts, respectively.
The second term, N (6), is a six point correlation and

is decomposed into a connected term, products of the
power spectrum and trispectrum, and products of three
power spectra. To see this, from Eqs. (10) and (11), we
explicitly rewrite the lensing B-mode template as
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The power spectrum of the above quantity is the six point
correlation, and we obtain
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The disconnected part of the six point correlation is ex-
panded as
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Namikawa 2017
see also Teng+2010



• Uncorrelated noise

T: Ideal delensing4

lensing (or anti-lensing) is what is done in this work:
T unlensed(n̂) = T lensed(n̂ � r�), where r� is evaluated
at the lensed, as opposed to the unlensed, position. As
can be seen from Figure 1, this is a good approxima-
tion to inverse-lensing, which is the exact recovery of
T unlensed(n̂) using the unlensed position for evaluating
r� [23, 31, 38].

A. Bias from Correlated Noise

We now consider delensing in a more realistic experi-
mental context. In the top panel of Figure 2, we again
show the di↵erence between the lensed and delensed
power spectra when we delens with the input potential
map, but we include lensing reconstruction noise corre-
sponding to that expected with a CMB temperature map
with 1µK-arcmin white noise. The reconstruction noise
is from both the primary CMB and from the instrumen-
tal noise; we approximate it as Gaussian noise with the
given power spectrum. We see that even though we are
using the input potential map to delens, the presence of
reconstruction noise and our chosen cuts limit how much
of the two-point lensing can be removed. The error bars
indicate the error on the mean from the 2000 simulations.
We fit a smooth curve to the points shown with a cubic
spline function.

Delensing the lensed CMB temperature map with
1µK-arcmin noise using the reconstructed potential map
derived from the same map yields the points shown in
the middle panel of Figure 2. Given that the noise power
was the same as that in the upper panel, these points
should have matched the points in the top panel of Fig-
ure 2. Instead they are significantly biased away from
the top panel expectation. This bias is due to the noise
in the reconstructed potential map being correlated with
the CMB map that is being delensed. We note that any
correlation between the CMB map being delensed and
the CMB map used in the reconstruction of the poten-
tial map will result in some bias.

Here we explain in more detail the origin of this bias.
Even if no lensing is present, if one performs the exer-
cise of reconstructing the potential map with the same
CMB map that is delensed, this bias will arise. This can
be verified by repeating the delensing procedure shown
in the middle panel of Figure 2 with an unlensed CMB
simulation, which yields a very similar result. To see this
mathematically, for the case of no lensing, we recall Eq. 6
and Taylor expand assuming small deflections, r�, to get

T delensed(n̂) = T (n̂�r�̂(n̂))

= T (n̂)�rT (n̂) ·r�̂(n̂) +O(�̂2). (7)

At zeroth order in �, this process will lead to a bias term
given by taking the Fourier transform of Eq. 7, replacing
� with an estimate of � from a quadratic reconstruction,
and then taking the power spectrum of that. Thus Eq. 7

FIG. 2: Top panel: Blue points show lensed minus delensed
power spectra when delensing with the input potential map
with Gaussian reconstruction noise added corresponding to
the expected noise when reconstructing from a CMB temper-
ature map with 1µK-arcmin white noise. In this case, only
some of the lensing signal is removed, as seen by the di↵er-
ence between the points and green curve, the latter of which
shows the theory prediction of lensed minus unlensed power
spectra. Middle panel: Same as top, but delensing with the
reconstructed potential map. The correlation between the re-
construction noise and the CMB map being delensed results
in a large bias. Bottom panel: Same as middle panel, except
the bias has been removed by using the reconstruction from
CMB `-modes in a given range to delens `-modes outside of
that range. This procedure avoids correlated noise bias at the
expense of some signal-to-noise, however more delensing can
be recovered with modifications to this procedure (see text).

5

becomes

T delensed(l) = T (l)+

Z
d2l0

(2⇡)2
l

0 · (l� l

0)T (l0)�(l� l

0) (8)

since the gradient becomes an il and multiplication be-
comes convolution in Fourier space.

Substituting the �̂ of Eq. 2 into Eq. 8, and calculating
the power spectrum yields
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where � indicates these are some of the components that
make up the delensed power spectrum. If we assume
there is no lensing present in the temperature maps, and
use Wick’s theorem for a Gaussian random field1 together
with the fact that hTU (l

1

)TU (l
2
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then we obtain
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The right side of Eq. 10 is part of the bias shown in the
middle panel of Figure 2, and we note that higher order
terms will give additional contributions.

We remove this bias by splitting the lensed CMB tem-
perature map into annuli in `-space, similar to what was
done in [32] when delensing B-modes. We start at ` = 500
and end at ` = 3000, with each annulus having an `-
width of 250. For the first annulus, ` 2 (500, 750), we
delens these `-modes using a reconstruction derived from
` 2 (800, 3000). For the second annulus, ` 2 (750, 1000),
we delens these modes using a reconstruction from `-
modes in the range ` 2 (500, 700) and ` 2 (1050, 3000).
We repeat this for each annulus, delensing the ` modes
in the annulus with a reconstruction from all `-modes ex-
cluding the ones in the annulus. We also keep a bu↵er of
`-width equal to 50 between the annulus `-range and the
`-range used in the reconstruction to reduce bias from
correlations between neighboring `-modes arising from
the apodization window.

The bottom panel of Figure 2 shows the result. While
this procedure eliminates the large bias shown in the
panel above, less of the lensing-induced peak-smearing
is removed as indicated by the lower amplitude of the
points as compared to the curve in the top panel. In
this case, the amplitude of the delensed curve is about
a factor of 2 to 3 lower compared to the amplitude in
the upper panel, although the relationship is not a direct
scaling. In terms of a detection of delensing, the bias-fix

1 hABCDi= hABihCDi+ hACihBDi+ hADihBCi

FIG. 3: Lensed minus delensed power spectra using a recon-
structed potential plus bias fix as in the bottom panel of Fig-
ure 2, now with error bars representative of a CMB-S4 type
experiment with fsky = 0.4 and 1µK-arcmin white noise.

procedure results in a loss of signal-to-noise. To quantify
this loss for a CMB-S4 type experiment with f

sky

= 0.4
and 1µK-arcmin white noise [21], we find that using an
input potential plus noise would result in a 35� detec-
tion, whereas using the reconstructed potential plus bias
fix yields a 26� detection, as shown in Figure 3.
In principle, one can split the CMB map into many

more than 10 annuli, each with a smaller `-width, or one
can also slice azimuthally [42]; this would increase the
signal-to-noise, as more modes would be used for each
reconstruction. However, keeping a non-zero `-width for
the boundaries between each annulus and its inverse, as
well as long computation times, will set practical limits
for this procedure. It should also be possible to estimate
this bias term in a realization-dependent manner using
the CMB map itself, for instance by evaluating Eq. 10
with C

l

replaced by the power spectrum estimated di-
rectly from the data, using methods analogous to those
introduced in [3, 43–45] for lensing power estimation.

B. Mean-field Subtraction

To delens the temperature and polarization acoustic
peaks it is important to have simulations that represent
the data so that the mean-field map can be properly
modeled and subtracted from the reconstructed potential
map. Unlike when measuring the power spectrum of the
lensing potential, where only the lowest L bins are gener-
ally a↵ected by inaccurate mean-field subtraction, a wide
range of `-modes are improperly delensed as a result of
inaccurate mean-field subtraction. In Figure 4, we show
the result when the mean-field is not subtracted from
the reconstructed potential map prior to using it to de-
lens. For comparison, we show the result when the mean-
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4

lensing (or anti-lensing) is what is done in this work:
T unlensed(n̂) = T lensed(n̂ � r�), where r� is evaluated
at the lensed, as opposed to the unlensed, position. As
can be seen from Figure 1, this is a good approxima-
tion to inverse-lensing, which is the exact recovery of
T unlensed(n̂) using the unlensed position for evaluating
r� [23, 31, 38].

A. Bias from Correlated Noise

We now consider delensing in a more realistic experi-
mental context. In the top panel of Figure 2, we again
show the di↵erence between the lensed and delensed
power spectra when we delens with the input potential
map, but we include lensing reconstruction noise corre-
sponding to that expected with a CMB temperature map
with 1µK-arcmin white noise. The reconstruction noise
is from both the primary CMB and from the instrumen-
tal noise; we approximate it as Gaussian noise with the
given power spectrum. We see that even though we are
using the input potential map to delens, the presence of
reconstruction noise and our chosen cuts limit how much
of the two-point lensing can be removed. The error bars
indicate the error on the mean from the 2000 simulations.
We fit a smooth curve to the points shown with a cubic
spline function.

Delensing the lensed CMB temperature map with
1µK-arcmin noise using the reconstructed potential map
derived from the same map yields the points shown in
the middle panel of Figure 2. Given that the noise power
was the same as that in the upper panel, these points
should have matched the points in the top panel of Fig-
ure 2. Instead they are significantly biased away from
the top panel expectation. This bias is due to the noise
in the reconstructed potential map being correlated with
the CMB map that is being delensed. We note that any
correlation between the CMB map being delensed and
the CMB map used in the reconstruction of the poten-
tial map will result in some bias.

Here we explain in more detail the origin of this bias.
Even if no lensing is present, if one performs the exer-
cise of reconstructing the potential map with the same
CMB map that is delensed, this bias will arise. This can
be verified by repeating the delensing procedure shown
in the middle panel of Figure 2 with an unlensed CMB
simulation, which yields a very similar result. To see this
mathematically, for the case of no lensing, we recall Eq. 6
and Taylor expand assuming small deflections, r�, to get

T delensed(n̂) = T (n̂�r�̂(n̂))

= T (n̂)�rT (n̂) ·r�̂(n̂) +O(�̂2). (7)

At zeroth order in �, this process will lead to a bias term
given by taking the Fourier transform of Eq. 7, replacing
� with an estimate of � from a quadratic reconstruction,
and then taking the power spectrum of that. Thus Eq. 7

FIG. 2: Top panel: Blue points show lensed minus delensed
power spectra when delensing with the input potential map
with Gaussian reconstruction noise added corresponding to
the expected noise when reconstructing from a CMB temper-
ature map with 1µK-arcmin white noise. In this case, only
some of the lensing signal is removed, as seen by the di↵er-
ence between the points and green curve, the latter of which
shows the theory prediction of lensed minus unlensed power
spectra. Middle panel: Same as top, but delensing with the
reconstructed potential map. The correlation between the re-
construction noise and the CMB map being delensed results
in a large bias. Bottom panel: Same as middle panel, except
the bias has been removed by using the reconstruction from
CMB `-modes in a given range to delens `-modes outside of
that range. This procedure avoids correlated noise bias at the
expense of some signal-to-noise, however more delensing can
be recovered with modifications to this procedure (see text).
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becomes
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since the gradient becomes an il and multiplication be-
comes convolution in Fourier space.

Substituting the �̂ of Eq. 2 into Eq. 8, and calculating
the power spectrum yields
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where � indicates these are some of the components that
make up the delensed power spectrum. If we assume
there is no lensing present in the temperature maps, and
use Wick’s theorem for a Gaussian random field1 together
with the fact that hTU (l

1

)TU (l
2
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then we obtain
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The right side of Eq. 10 is part of the bias shown in the
middle panel of Figure 2, and we note that higher order
terms will give additional contributions.

We remove this bias by splitting the lensed CMB tem-
perature map into annuli in `-space, similar to what was
done in [32] when delensing B-modes. We start at ` = 500
and end at ` = 3000, with each annulus having an `-
width of 250. For the first annulus, ` 2 (500, 750), we
delens these `-modes using a reconstruction derived from
` 2 (800, 3000). For the second annulus, ` 2 (750, 1000),
we delens these modes using a reconstruction from `-
modes in the range ` 2 (500, 700) and ` 2 (1050, 3000).
We repeat this for each annulus, delensing the ` modes
in the annulus with a reconstruction from all `-modes ex-
cluding the ones in the annulus. We also keep a bu↵er of
`-width equal to 50 between the annulus `-range and the
`-range used in the reconstruction to reduce bias from
correlations between neighboring `-modes arising from
the apodization window.

The bottom panel of Figure 2 shows the result. While
this procedure eliminates the large bias shown in the
panel above, less of the lensing-induced peak-smearing
is removed as indicated by the lower amplitude of the
points as compared to the curve in the top panel. In
this case, the amplitude of the delensed curve is about
a factor of 2 to 3 lower compared to the amplitude in
the upper panel, although the relationship is not a direct
scaling. In terms of a detection of delensing, the bias-fix

1 hABCDi= hABihCDi+ hACihBDi+ hADihBCi

FIG. 3: Lensed minus delensed power spectra using a recon-
structed potential plus bias fix as in the bottom panel of Fig-
ure 2, now with error bars representative of a CMB-S4 type
experiment with fsky = 0.4 and 1µK-arcmin white noise.

procedure results in a loss of signal-to-noise. To quantify
this loss for a CMB-S4 type experiment with f

sky

= 0.4
and 1µK-arcmin white noise [21], we find that using an
input potential plus noise would result in a 35� detec-
tion, whereas using the reconstructed potential plus bias
fix yields a 26� detection, as shown in Figure 3.
In principle, one can split the CMB map into many

more than 10 annuli, each with a smaller `-width, or one
can also slice azimuthally [42]; this would increase the
signal-to-noise, as more modes would be used for each
reconstruction. However, keeping a non-zero `-width for
the boundaries between each annulus and its inverse, as
well as long computation times, will set practical limits
for this procedure. It should also be possible to estimate
this bias term in a realization-dependent manner using
the CMB map itself, for instance by evaluating Eq. 10
with C

l

replaced by the power spectrum estimated di-
rectly from the data, using methods analogous to those
introduced in [3, 43–45] for lensing power estimation.

B. Mean-field Subtraction

To delens the temperature and polarization acoustic
peaks it is important to have simulations that represent
the data so that the mean-field map can be properly
modeled and subtracted from the reconstructed potential
map. Unlike when measuring the power spectrum of the
lensing potential, where only the lowest L bins are gener-
ally a↵ected by inaccurate mean-field subtraction, a wide
range of `-modes are improperly delensed as a result of
inaccurate mean-field subtraction. In Figure 4, we show
the result when the mean-field is not subtracted from
the reconstructed potential map prior to using it to de-
lens. For comparison, we show the result when the mean-
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lensing (or anti-lensing) is what is done in this work:
T unlensed(n̂) = T lensed(n̂ � r�), where r� is evaluated
at the lensed, as opposed to the unlensed, position. As
can be seen from Figure 1, this is a good approxima-
tion to inverse-lensing, which is the exact recovery of
T unlensed(n̂) using the unlensed position for evaluating
r� [23, 31, 38].

A. Bias from Correlated Noise

We now consider delensing in a more realistic experi-
mental context. In the top panel of Figure 2, we again
show the di↵erence between the lensed and delensed
power spectra when we delens with the input potential
map, but we include lensing reconstruction noise corre-
sponding to that expected with a CMB temperature map
with 1µK-arcmin white noise. The reconstruction noise
is from both the primary CMB and from the instrumen-
tal noise; we approximate it as Gaussian noise with the
given power spectrum. We see that even though we are
using the input potential map to delens, the presence of
reconstruction noise and our chosen cuts limit how much
of the two-point lensing can be removed. The error bars
indicate the error on the mean from the 2000 simulations.
We fit a smooth curve to the points shown with a cubic
spline function.

Delensing the lensed CMB temperature map with
1µK-arcmin noise using the reconstructed potential map
derived from the same map yields the points shown in
the middle panel of Figure 2. Given that the noise power
was the same as that in the upper panel, these points
should have matched the points in the top panel of Fig-
ure 2. Instead they are significantly biased away from
the top panel expectation. This bias is due to the noise
in the reconstructed potential map being correlated with
the CMB map that is being delensed. We note that any
correlation between the CMB map being delensed and
the CMB map used in the reconstruction of the poten-
tial map will result in some bias.

Here we explain in more detail the origin of this bias.
Even if no lensing is present, if one performs the exer-
cise of reconstructing the potential map with the same
CMB map that is delensed, this bias will arise. This can
be verified by repeating the delensing procedure shown
in the middle panel of Figure 2 with an unlensed CMB
simulation, which yields a very similar result. To see this
mathematically, for the case of no lensing, we recall Eq. 6
and Taylor expand assuming small deflections, r�, to get

T delensed(n̂) = T (n̂�r�̂(n̂))

= T (n̂)�rT (n̂) ·r�̂(n̂) +O(�̂2). (7)

At zeroth order in �, this process will lead to a bias term
given by taking the Fourier transform of Eq. 7, replacing
� with an estimate of � from a quadratic reconstruction,
and then taking the power spectrum of that. Thus Eq. 7

FIG. 2: Top panel: Blue points show lensed minus delensed
power spectra when delensing with the input potential map
with Gaussian reconstruction noise added corresponding to
the expected noise when reconstructing from a CMB temper-
ature map with 1µK-arcmin white noise. In this case, only
some of the lensing signal is removed, as seen by the di↵er-
ence between the points and green curve, the latter of which
shows the theory prediction of lensed minus unlensed power
spectra. Middle panel: Same as top, but delensing with the
reconstructed potential map. The correlation between the re-
construction noise and the CMB map being delensed results
in a large bias. Bottom panel: Same as middle panel, except
the bias has been removed by using the reconstruction from
CMB `-modes in a given range to delens `-modes outside of
that range. This procedure avoids correlated noise bias at the
expense of some signal-to-noise, however more delensing can
be recovered with modifications to this procedure (see text).
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Eliminate bias by delensing with reconstructions using mutually exclusive modes
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ly Some reduction in S/N 
due to noisier lensing 

maps

● Alternatively, model the bias - sensitive to simulation mismatch at linear 
order (see Planck delensing detected at 26ᷟ - Carron, Lewis, Challinor 
2016 )

● OR Write realization-dependent estimators for the biases (Namikawa 2017)
(4-point and 6-point polyspectra)

○ Demonstrated for B-mode delensing
○ Robust to simulation mismatch, minimal S/N loss
○ For T/E delensing, higher order correlations could matter (8-point)

Not yet demonstrated, more work needed.
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since the gradient becomes an il and multiplication be-
comes convolution in Fourier space.

Substituting the �̂ of Eq. 2 into Eq. 8, and calculating
the power spectrum yields
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where � indicates these are some of the components that
make up the delensed power spectrum. If we assume
there is no lensing present in the temperature maps, and
use Wick’s theorem for a Gaussian random field1 together
with the fact that hTU (l
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The right side of Eq. 10 is part of the bias shown in the
middle panel of Figure 2, and we note that higher order
terms will give additional contributions.

We remove this bias by splitting the lensed CMB tem-
perature map into annuli in `-space, similar to what was
done in [32] when delensing B-modes. We start at ` = 500
and end at ` = 3000, with each annulus having an `-
width of 250. For the first annulus, ` 2 (500, 750), we
delens these `-modes using a reconstruction derived from
` 2 (800, 3000). For the second annulus, ` 2 (750, 1000),
we delens these modes using a reconstruction from `-
modes in the range ` 2 (500, 700) and ` 2 (1050, 3000).
We repeat this for each annulus, delensing the ` modes
in the annulus with a reconstruction from all `-modes ex-
cluding the ones in the annulus. We also keep a bu↵er of
`-width equal to 50 between the annulus `-range and the
`-range used in the reconstruction to reduce bias from
correlations between neighboring `-modes arising from
the apodization window.

The bottom panel of Figure 2 shows the result. While
this procedure eliminates the large bias shown in the
panel above, less of the lensing-induced peak-smearing
is removed as indicated by the lower amplitude of the
points as compared to the curve in the top panel. In
this case, the amplitude of the delensed curve is about
a factor of 2 to 3 lower compared to the amplitude in
the upper panel, although the relationship is not a direct
scaling. In terms of a detection of delensing, the bias-fix

1 hABCDi= hABihCDi+ hACihBDi+ hADihBCi

FIG. 3: Lensed minus delensed power spectra using a recon-
structed potential plus bias fix as in the bottom panel of Fig-
ure 2, now with error bars representative of a CMB-S4 type
experiment with fsky = 0.4 and 1µK-arcmin white noise.

procedure results in a loss of signal-to-noise. To quantify
this loss for a CMB-S4 type experiment with f

sky

= 0.4
and 1µK-arcmin white noise [21], we find that using an
input potential plus noise would result in a 35� detec-
tion, whereas using the reconstructed potential plus bias
fix yields a 26� detection, as shown in Figure 3.
In principle, one can split the CMB map into many

more than 10 annuli, each with a smaller `-width, or one
can also slice azimuthally [42]; this would increase the
signal-to-noise, as more modes would be used for each
reconstruction. However, keeping a non-zero `-width for
the boundaries between each annulus and its inverse, as
well as long computation times, will set practical limits
for this procedure. It should also be possible to estimate
this bias term in a realization-dependent manner using
the CMB map itself, for instance by evaluating Eq. 10
with C

l

replaced by the power spectrum estimated di-
rectly from the data, using methods analogous to those
introduced in [3, 43–45] for lensing power estimation.

B. Mean-field Subtraction

To delens the temperature and polarization acoustic
peaks it is important to have simulations that represent
the data so that the mean-field map can be properly
modeled and subtracted from the reconstructed potential
map. Unlike when measuring the power spectrum of the
lensing potential, where only the lowest L bins are gener-
ally a↵ected by inaccurate mean-field subtraction, a wide
range of `-modes are improperly delensed as a result of
inaccurate mean-field subtraction. In Figure 4, we show
the result when the mean-field is not subtracted from
the reconstructed potential map prior to using it to de-
lens. For comparison, we show the result when the mean-
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• Get bias from simulations

• Planck: 20σ ΤΤ, 4σ ΒΒ 
(Carron+16)

• Response to sim/data 
mismatch

Carron+2016



 Mitigation method (c)

•

<BdelBdel> ~ <(B - EEB)2>
                                              ~ <BB> - 2<EBEB> + <EBEBEE>

Calculate 4pt and 6pt directly from realization of map

N(4) N(6)

Namikawa 2017



Bdel = Bobs - Btempl

Btempl ~ Εobs★κ(ΕobsΒobs)

<BdelBdel> ~ <(B - EEB)2>
                                  ~ <BB> - 2<EBEB> + …

Bias if <EBEB> != 0

Delensing - possible issues

1. Biases even for GRF

2. Correlations from Dust (sim. for TTTT)

<BlongBtempl>





Clark+

Vansyngel+

FFP8



[Tdust, Qdust, Udust]



(Edust, Bdust)



�(Edust, Bdust)



filtered[Tdust, Edust, Bdust]



[Tdust, Qdust, Udust] filtered



[Tdust, Qdust, Udust] filtered
lensed with �(EdustBdust)



hBdustBtemplatei
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Clark sims: no 
bias seen

 (preliminary)

See also 
poster by 

Dominic Beck

Preliminary



• T delensing 

• Biases for T and P delensing arise when using same modes to 
reconstruct κ that you are trying to delens.

• 3 methods to mitigate

• Polarized Dust NG on small scales??? No evidence for impact at leading 
order in Vansyngel simulations

Summary



Extra slides…..



3. More mitigation methods
• Model this bias using simulations (Carron+2016)
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Demonstration with Planck CIB
Delensing the CMB temperature 

spectrum 
• De-lens using the CIB as a 

mass proxy 

• Dust cleaning using 
frequency combination and 

masking 

• 20% reduction in lensing 
(depending on definition of 

reduction) 

• Shows consistency between 
Planck peak smoothing and 

lensing maps

C�
l ! (1� ⇢2)C�

l

Larsen et. al 2016



Lensing noise vs. instrumental noise

124 CMB Lensing
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Figure 47. Noise per mode in the lensing field for di↵erent lensing estimators at L = 300. Left panel is for
1 arcmin resolution, and right panel is for 3 arcmin resolution. For a 1 and 3 arcmin resolution experiment,
the EB polarization estimator yields lower noise than the temperature estimator, below 4µK-arcmin and
5µK-arcmin noise in temperature respectively.

7.2.2 Lensing Power Spectrum

The power spectrum of reconstructed CMB lensing maps is a measure of the matter power spectrum
integrated over redshift. The lensing power spectrum has a broad redshift response kernel, with most of
the contribution coming from z ⇠ 1 � 5, with a peak at z ⇠ 2 (see Figure 50). Most of the scales probed
by the lensing power spectrum are on su�ciently large scales that they are mainly in the linear regime. As
such, the lensing power spectrum is sensitive to physics which a↵ects the growth of structure on large scales
and at high redshift, such as the mass of the neutrinos.

The latest measurements of the CMB lensing autospectrum, as of early 2016, are shown in Figure 48. The
first detections were obtained by the Atacama Cosmology Telescope (ACT; [529]) and South Pole Telescope
(SPT; [530]) teams, who analyzed maps of several hundreds of square degrees yielding precisions on the
lensing power spectrum of approximately 25% and 18% respectively. The Planck collaboration has since
provided all-sky lensing maps whose precision on the power spectrum amplitude is approximately 4% in the
2013 data release and 2.5% in the 2015 data release. The first detections of the lensing autospectrum using
CMB polarization, which is ultimately a more sensitive measure of lensing for low-noise maps, have also
been obtained [531, 532, 533].

There has been rapid improvement in these measurements over the period of just a few years. Early detections
of the CMB lensing autospectrum were not sample variance limited over a broad range in L and were only
covering a relatively small sky area; the power spectrum of the noise in the CMB lensing reconstruction
in the 2015 Planck data release is approximately equal to the lensing power spectrum only at its peak of
L ⇠ 40, but smaller scales are noise-dominated. Lensing reconstructions from current ground-based surveys
(like SPTpol, ACTPol, POLARBEAR) are strongly signal-dominated below L ⇠ 200 and noise-dominated
on smaller scales. However, they have been obtained over relatively small sky areas of several hundreds
of square degrees. A ground-based survey such as CMB-S4, with wide sky coverage, low-noise, and high

CMB-S4 Science Book

CMB-S4 science book

• P lensing will dominate  
for S4

• T: extragalactic 
foregrounds

• P: galactic foregrounds

Outline



Foregrounds in CMB temperature-based lensing

van Engelen, Bhattacharya, Sehgal, Holder, Zahn, Nagai 2014
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FIG. 14.— Summary of fractional CMB lensing bias levels from our simulations, as a function of lensing multipole, L. Each colored region indicates the range
of mean biases from the simulations we used. Green spans the thermal SZ four-point biases, red spans the CIB four-point bias, blue spans the bias from the
tSZ- correlation, and pink spans the bias from the CIB- correlation. The range of total biases is bounded by the grey region, including the tSZ-CIB correlation
found in the simulations, which slightly reduces the total bias. A 1% error band is indicated by the dotted lines. The left panel corresponds to masking sources
above 5mJy and clusters above M

vir

= 5⇥1014 M�. The right panel corresponds to aggressive masking, with sources masked above 1 mJy and clusters above
M

vir

= 1014 M�. In the right panel, we also reduce the maximum temperature multipole used in the reconstruction to l
max

= 2500. The region where the
total is within 1%, L < 1400, accounts for more than 99.9% of the total squared lensing signal-to-noise ratio.

average, out to the higher effective maximum multipole l

max

.
However, at high l

max

, foreground fluctuations also become
increasingly important, to the point that they dominate the ob-
served power spectrum at l & 3000. To date, the analysis of
temperature maps from ACT (Das et al. 2011, 2013) and SPT
(van Engelen et al. 2012) has yielded lensing detections at low
enough significance that these biases could be neglected, with
the smallest uncertainty on the lensing amplitude to date be-
ing the 16% of van Engelen et al. (2012). However, current
and upcoming analyses will map sky areas which are larger
by factors of several than these, and possibly with lower noise
levels (in the case of a wide survey with ACTpol). With statis-
tical uncertainties of a few percent on the lensing amplitude,
systematic effects need to be understood and controlled, ide-
ally to a percent or better.

Point sources can be detected to the relatively low flux
levels of several mJy in maps such as those from ACT and
SPT, particularly with the inclusion of data at multiple wave-
lengths. If point sources are uncorrelated, a nonzero trispec-
trum impacts the inferred lensing amplitude, but this bias is
sub-percent after applying standard masking thresholds. In
addition, the fact that the trispectrum is constant in multipole
space for these sources means that this bias can be treated
with other approaches, such as projecting it out of the recon-
structed map (Namikawa & Takahashi 2013).

To treat other types of non-Gaussian foregrounds, particu-
larly those with a different shape in multipole space, we an-
alyzed two independent, realistic sets of simulations (S10,
B13). For the CIB portions of these simulations, we first
rescaled the amplitudes of the maps to match the observed
power spectra. We then estimated the bispectra for these

simulations, finding reasonable agreement with recent mea-
sures from SPT (Crawford et al. 2013) and Planck (Planck
Collaboration et al. 2013e). Performing lensing reconstruc-
tions on these fields, we isolated two types of bias; the first
originates from the connected four-point function of the CIB,
and the second originates from the correlation of the squared
CIB with the lensing field. Since these biases are of opposite
sign there is some degree of cancellation. We found that both
sources of bias can impact the lensing amplitude at the level
of several percent, with the latter type of bias being larger. If
masking is chosen as the method to treat this bias, we find that
masking to ⇠ 1mJy achieves percent-level biases.

Fluctuations from the thermal Sunyaev-Zel’dovich effect
can also lead to substantial biases, even when masking objects
that are confidently detected. We computed the biases from
the tSZ simulations of S10 and B13, both of which contain
updated gas models designed to match the recent measure-
ments of the power spectrum of tSZ fluctuations. Again we
found that for standard masking levels, biases of a few per-
cent can remain, though there is some cancellation between
the two types.

We explored the uncertainty in the tSZ trispectrum, orig-
inating from its dependence on the details of the cluster
gas profiles and the cosmological model. Using an analyti-
cal model of the tSZ trispectrum on the scales of relevance
for CMB lensing, we calculated the four point-induced bias.
We then perturbed in the space of cosmological and cluster-
physics parameters, the parameters which most affect the in-
ferred lensing bias, leading to a large uncertainty. It thus
seems necessary to use either aggressive cluster masking, in-
put from other frequencies, or an estimation of the tSZ trispec-

• Biases of several percent at one frequency

• Here 20 uK-amin noise(!)

• Spectral cleaning  
(not kSZ - Hill&Ferraro 17)

• Spatial cleaning

• Also, impact of κ non-Gaussianity (Boehm
+16)

tSZ-tSZ-tSZ-tSZ
CIB-CIB-CIB-CIB

tSZ-tSZ-κ
CIB-CIB-κ



To-do for TT lensing — test both spectral and spatial 
cleaning with full end-to-end simulation analysis

• CIB/tSZ/kSZ/κ bi/trispectra are measurable and interesting

• Is bias-hardening feasible?

• Is spectral cleaning feasible? tSZ/CIB bispectrum/trispectrum 
residuals — comparable to kSZ?
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Halo Catalogue Mapmaking Code+
* Many Peak Patch Full-sky catalogues available *Available to the collaboration

see Marcelo or George

= CIB tSZ HI Lensing Optical kSZ

George Stein - AdvACT Collaboration meeting                                                                                                                                Princeton, Feb 2nd-5th, 2017

Validated with N-body at HMF+2point+visual

cross correlations automatically included!

CITA peak-patch simulation
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Lensing noise vs. instrumental noise

124 CMB Lensing
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Figure 47. Noise per mode in the lensing field for di↵erent lensing estimators at L = 300. Left panel is for
1 arcmin resolution, and right panel is for 3 arcmin resolution. For a 1 and 3 arcmin resolution experiment,
the EB polarization estimator yields lower noise than the temperature estimator, below 4µK-arcmin and
5µK-arcmin noise in temperature respectively.

7.2.2 Lensing Power Spectrum

The power spectrum of reconstructed CMB lensing maps is a measure of the matter power spectrum
integrated over redshift. The lensing power spectrum has a broad redshift response kernel, with most of
the contribution coming from z ⇠ 1 � 5, with a peak at z ⇠ 2 (see Figure 50). Most of the scales probed
by the lensing power spectrum are on su�ciently large scales that they are mainly in the linear regime. As
such, the lensing power spectrum is sensitive to physics which a↵ects the growth of structure on large scales
and at high redshift, such as the mass of the neutrinos.

The latest measurements of the CMB lensing autospectrum, as of early 2016, are shown in Figure 48. The
first detections were obtained by the Atacama Cosmology Telescope (ACT; [529]) and South Pole Telescope
(SPT; [530]) teams, who analyzed maps of several hundreds of square degrees yielding precisions on the
lensing power spectrum of approximately 25% and 18% respectively. The Planck collaboration has since
provided all-sky lensing maps whose precision on the power spectrum amplitude is approximately 4% in the
2013 data release and 2.5% in the 2015 data release. The first detections of the lensing autospectrum using
CMB polarization, which is ultimately a more sensitive measure of lensing for low-noise maps, have also
been obtained [531, 532, 533].

There has been rapid improvement in these measurements over the period of just a few years. Early detections
of the CMB lensing autospectrum were not sample variance limited over a broad range in L and were only
covering a relatively small sky area; the power spectrum of the noise in the CMB lensing reconstruction
in the 2015 Planck data release is approximately equal to the lensing power spectrum only at its peak of
L ⇠ 40, but smaller scales are noise-dominated. Lensing reconstructions from current ground-based surveys
(like SPTpol, ACTPol, POLARBEAR) are strongly signal-dominated below L ⇠ 200 and noise-dominated
on smaller scales. However, they have been obtained over relatively small sky areas of several hundreds
of square degrees. A ground-based survey such as CMB-S4, with wide sky coverage, low-noise, and high
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Lensing noise vs. instrumental noise

124 CMB Lensing
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Figure 47. Noise per mode in the lensing field for di↵erent lensing estimators at L = 300. Left panel is for
1 arcmin resolution, and right panel is for 3 arcmin resolution. For a 1 and 3 arcmin resolution experiment,
the EB polarization estimator yields lower noise than the temperature estimator, below 4µK-arcmin and
5µK-arcmin noise in temperature respectively.

7.2.2 Lensing Power Spectrum

The power spectrum of reconstructed CMB lensing maps is a measure of the matter power spectrum
integrated over redshift. The lensing power spectrum has a broad redshift response kernel, with most of
the contribution coming from z ⇠ 1 � 5, with a peak at z ⇠ 2 (see Figure 50). Most of the scales probed
by the lensing power spectrum are on su�ciently large scales that they are mainly in the linear regime. As
such, the lensing power spectrum is sensitive to physics which a↵ects the growth of structure on large scales
and at high redshift, such as the mass of the neutrinos.

The latest measurements of the CMB lensing autospectrum, as of early 2016, are shown in Figure 48. The
first detections were obtained by the Atacama Cosmology Telescope (ACT; [529]) and South Pole Telescope
(SPT; [530]) teams, who analyzed maps of several hundreds of square degrees yielding precisions on the
lensing power spectrum of approximately 25% and 18% respectively. The Planck collaboration has since
provided all-sky lensing maps whose precision on the power spectrum amplitude is approximately 4% in the
2013 data release and 2.5% in the 2015 data release. The first detections of the lensing autospectrum using
CMB polarization, which is ultimately a more sensitive measure of lensing for low-noise maps, have also
been obtained [531, 532, 533].

There has been rapid improvement in these measurements over the period of just a few years. Early detections
of the CMB lensing autospectrum were not sample variance limited over a broad range in L and were only
covering a relatively small sky area; the power spectrum of the noise in the CMB lensing reconstruction
in the 2015 Planck data release is approximately equal to the lensing power spectrum only at its peak of
L ⇠ 40, but smaller scales are noise-dominated. Lensing reconstructions from current ground-based surveys
(like SPTpol, ACTPol, POLARBEAR) are strongly signal-dominated below L ⇠ 200 and noise-dominated
on smaller scales. However, they have been obtained over relatively small sky areas of several hundreds
of square degrees. A ground-based survey such as CMB-S4, with wide sky coverage, low-noise, and high
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Separation of primordial CMB and mass map 
from Lensing analysis
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1. Ideal delensing 4

lensing (or anti-lensing) is what is done in this work:
T unlensed(n̂) = T lensed(n̂ � r�), where r� is evaluated
at the lensed, as opposed to the unlensed, position. As
can be seen from Figure 1, this is a good approxima-
tion to inverse-lensing, which is the exact recovery of
T unlensed(n̂) using the unlensed position for evaluating
r� [23, 31, 38].

A. Bias from Correlated Noise

We now consider delensing in a more realistic experi-
mental context. In the top panel of Figure 2, we again
show the di↵erence between the lensed and delensed
power spectra when we delens with the input potential
map, but we include lensing reconstruction noise corre-
sponding to that expected with a CMB temperature map
with 1µK-arcmin white noise. The reconstruction noise
is from both the primary CMB and from the instrumen-
tal noise; we approximate it as Gaussian noise with the
given power spectrum. We see that even though we are
using the input potential map to delens, the presence of
reconstruction noise and our chosen cuts limit how much
of the two-point lensing can be removed. The error bars
indicate the error on the mean from the 2000 simulations.
We fit a smooth curve to the points shown with a cubic
spline function.

Delensing the lensed CMB temperature map with
1µK-arcmin noise using the reconstructed potential map
derived from the same map yields the points shown in
the middle panel of Figure 2. Given that the noise power
was the same as that in the upper panel, these points
should have matched the points in the top panel of Fig-
ure 2. Instead they are significantly biased away from
the top panel expectation. This bias is due to the noise
in the reconstructed potential map being correlated with
the CMB map that is being delensed. We note that any
correlation between the CMB map being delensed and
the CMB map used in the reconstruction of the poten-
tial map will result in some bias.

Here we explain in more detail the origin of this bias.
Even if no lensing is present, if one performs the exer-
cise of reconstructing the potential map with the same
CMB map that is delensed, this bias will arise. This can
be verified by repeating the delensing procedure shown
in the middle panel of Figure 2 with an unlensed CMB
simulation, which yields a very similar result. To see this
mathematically, for the case of no lensing, we recall Eq. 6
and Taylor expand assuming small deflections, r�, to get

T delensed(n̂) = T (n̂�r�̂(n̂))

= T (n̂)�rT (n̂) ·r�̂(n̂) +O(�̂2). (7)

At zeroth order in �, this process will lead to a bias term
given by taking the Fourier transform of Eq. 7, replacing
� with an estimate of � from a quadratic reconstruction,
and then taking the power spectrum of that. Thus Eq. 7

FIG. 2: Top panel: Blue points show lensed minus delensed
power spectra when delensing with the input potential map
with Gaussian reconstruction noise added corresponding to
the expected noise when reconstructing from a CMB temper-
ature map with 1µK-arcmin white noise. In this case, only
some of the lensing signal is removed, as seen by the di↵er-
ence between the points and green curve, the latter of which
shows the theory prediction of lensed minus unlensed power
spectra. Middle panel: Same as top, but delensing with the
reconstructed potential map. The correlation between the re-
construction noise and the CMB map being delensed results
in a large bias. Bottom panel: Same as middle panel, except
the bias has been removed by using the reconstruction from
CMB `-modes in a given range to delens `-modes outside of
that range. This procedure avoids correlated noise bias at the
expense of some signal-to-noise, however more delensing can
be recovered with modifications to this procedure (see text).
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2. Using reconstructed lenses

4

lensing (or anti-lensing) is what is done in this work:
T unlensed(n̂) = T lensed(n̂ � r�), where r� is evaluated
at the lensed, as opposed to the unlensed, position. As
can be seen from Figure 1, this is a good approxima-
tion to inverse-lensing, which is the exact recovery of
T unlensed(n̂) using the unlensed position for evaluating
r� [23, 31, 38].

A. Bias from Correlated Noise

We now consider delensing in a more realistic experi-
mental context. In the top panel of Figure 2, we again
show the di↵erence between the lensed and delensed
power spectra when we delens with the input potential
map, but we include lensing reconstruction noise corre-
sponding to that expected with a CMB temperature map
with 1µK-arcmin white noise. The reconstruction noise
is from both the primary CMB and from the instrumen-
tal noise; we approximate it as Gaussian noise with the
given power spectrum. We see that even though we are
using the input potential map to delens, the presence of
reconstruction noise and our chosen cuts limit how much
of the two-point lensing can be removed. The error bars
indicate the error on the mean from the 2000 simulations.
We fit a smooth curve to the points shown with a cubic
spline function.

Delensing the lensed CMB temperature map with
1µK-arcmin noise using the reconstructed potential map
derived from the same map yields the points shown in
the middle panel of Figure 2. Given that the noise power
was the same as that in the upper panel, these points
should have matched the points in the top panel of Fig-
ure 2. Instead they are significantly biased away from
the top panel expectation. This bias is due to the noise
in the reconstructed potential map being correlated with
the CMB map that is being delensed. We note that any
correlation between the CMB map being delensed and
the CMB map used in the reconstruction of the poten-
tial map will result in some bias.

Here we explain in more detail the origin of this bias.
Even if no lensing is present, if one performs the exer-
cise of reconstructing the potential map with the same
CMB map that is delensed, this bias will arise. This can
be verified by repeating the delensing procedure shown
in the middle panel of Figure 2 with an unlensed CMB
simulation, which yields a very similar result. To see this
mathematically, for the case of no lensing, we recall Eq. 6
and Taylor expand assuming small deflections, r�, to get

T delensed(n̂) = T (n̂�r�̂(n̂))

= T (n̂)�rT (n̂) ·r�̂(n̂) +O(�̂2). (7)

At zeroth order in �, this process will lead to a bias term
given by taking the Fourier transform of Eq. 7, replacing
� with an estimate of � from a quadratic reconstruction,
and then taking the power spectrum of that. Thus Eq. 7

FIG. 2: Top panel: Blue points show lensed minus delensed
power spectra when delensing with the input potential map
with Gaussian reconstruction noise added corresponding to
the expected noise when reconstructing from a CMB temper-
ature map with 1µK-arcmin white noise. In this case, only
some of the lensing signal is removed, as seen by the di↵er-
ence between the points and green curve, the latter of which
shows the theory prediction of lensed minus unlensed power
spectra. Middle panel: Same as top, but delensing with the
reconstructed potential map. The correlation between the re-
construction noise and the CMB map being delensed results
in a large bias. Bottom panel: Same as middle panel, except
the bias has been removed by using the reconstruction from
CMB `-modes in a given range to delens `-modes outside of
that range. This procedure avoids correlated noise bias at the
expense of some signal-to-noise, however more delensing can
be recovered with modifications to this procedure (see text).

Sehgal, Madhavacheril, Sherwin, AvE 2017



3. One mitigation method

4

lensing (or anti-lensing) is what is done in this work:
T unlensed(n̂) = T lensed(n̂ � r�), where r� is evaluated
at the lensed, as opposed to the unlensed, position. As
can be seen from Figure 1, this is a good approxima-
tion to inverse-lensing, which is the exact recovery of
T unlensed(n̂) using the unlensed position for evaluating
r� [23, 31, 38].

A. Bias from Correlated Noise

We now consider delensing in a more realistic experi-
mental context. In the top panel of Figure 2, we again
show the di↵erence between the lensed and delensed
power spectra when we delens with the input potential
map, but we include lensing reconstruction noise corre-
sponding to that expected with a CMB temperature map
with 1µK-arcmin white noise. The reconstruction noise
is from both the primary CMB and from the instrumen-
tal noise; we approximate it as Gaussian noise with the
given power spectrum. We see that even though we are
using the input potential map to delens, the presence of
reconstruction noise and our chosen cuts limit how much
of the two-point lensing can be removed. The error bars
indicate the error on the mean from the 2000 simulations.
We fit a smooth curve to the points shown with a cubic
spline function.

Delensing the lensed CMB temperature map with
1µK-arcmin noise using the reconstructed potential map
derived from the same map yields the points shown in
the middle panel of Figure 2. Given that the noise power
was the same as that in the upper panel, these points
should have matched the points in the top panel of Fig-
ure 2. Instead they are significantly biased away from
the top panel expectation. This bias is due to the noise
in the reconstructed potential map being correlated with
the CMB map that is being delensed. We note that any
correlation between the CMB map being delensed and
the CMB map used in the reconstruction of the poten-
tial map will result in some bias.

Here we explain in more detail the origin of this bias.
Even if no lensing is present, if one performs the exer-
cise of reconstructing the potential map with the same
CMB map that is delensed, this bias will arise. This can
be verified by repeating the delensing procedure shown
in the middle panel of Figure 2 with an unlensed CMB
simulation, which yields a very similar result. To see this
mathematically, for the case of no lensing, we recall Eq. 6
and Taylor expand assuming small deflections, r�, to get

T delensed(n̂) = T (n̂�r�̂(n̂))

= T (n̂)�rT (n̂) ·r�̂(n̂) +O(�̂2). (7)

At zeroth order in �, this process will lead to a bias term
given by taking the Fourier transform of Eq. 7, replacing
� with an estimate of � from a quadratic reconstruction,
and then taking the power spectrum of that. Thus Eq. 7

FIG. 2: Top panel: Blue points show lensed minus delensed
power spectra when delensing with the input potential map
with Gaussian reconstruction noise added corresponding to
the expected noise when reconstructing from a CMB temper-
ature map with 1µK-arcmin white noise. In this case, only
some of the lensing signal is removed, as seen by the di↵er-
ence between the points and green curve, the latter of which
shows the theory prediction of lensed minus unlensed power
spectra. Middle panel: Same as top, but delensing with the
reconstructed potential map. The correlation between the re-
construction noise and the CMB map being delensed results
in a large bias. Bottom panel: Same as middle panel, except
the bias has been removed by using the reconstruction from
CMB `-modes in a given range to delens `-modes outside of
that range. This procedure avoids correlated noise bias at the
expense of some signal-to-noise, however more delensing can
be recovered with modifications to this procedure (see text).

Sehgal, Madhavacheril, Sherwin, AvE 2017

Eliminate bias by delensing with reconstructions using mutually exclusive modes

lx

ly Some reduction in S/N 
due to noisier lensing 

maps

● Alternatively, model the bias - sensitive to simulation mismatch at linear 
order (see Planck delensing detected at 26ᷟ - Carron, Lewis, Challinor 
2016 )

● OR Write realization-dependent estimators for the biases (Namikawa 2017)
(4-point and 6-point polyspectra)

○ Demonstrated for B-mode delensing
○ Robust to simulation mismatch, minimal S/N loss
○ For T/E delensing, higher order correlations could matter (8-point)

Not yet demonstrated, more work needed.
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• κκ autospectrum

• Delensing

Targets <κκ> ~ <ΕΒΕΒ> or <TTTT>

Btempl ~ Ε★κ(ΕΒ)

Bdel = Bobs - Btempl

Non-Gaussianity of 
dust polarization
 on small scales?



Bias if <BlowBtempl> ~ <EBEB> != 0


