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The energy scale of inflation 
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According to the famous Lyth bound, one can confirm large field inflation by finding tensor modes
with su�ciently large tensor-to-scalar ratio r. Here we will try to answer two related questions: Is
it possible to rule out all large field inflationary models by not finding tensor modes with r above
some critical value, and what can we say about the scale of inflation by measuring r? However, in
order to answer these questions one should distinguish between two di↵erent definitions of the large
field inflation and three di↵erent definitions of the scale of inflation. We will examine these issues
using the theory of cosmological ↵-attractors as a convenient testing ground.

1. INTRODUCTION

There is a lot of interest in the search of gravitational
waves produced during inflation. Discovery of such gravita-
tional waves would be tremendously important not only as
an additional confirmation of inflationary theory, but also
as a direct confirmation of predictions of quantum gravity
at enormous energies. But even a non-discovery of infla-
tionary gravitational waves would be very important since
it would rule out large families of inflationary models. It al-
ready played this role by ruling out the simplest model with
the quadratic potential m

2

2 '2, and by ruling out or placing
under pressure many other popular inflationary models [1].

One of the tools helping to approach these issues is the
famous Lyth bound [2]. To derive it, one can use the slow-
roll approximation and equation for the inflaton field as a
function of the number of e-foldings N remaining until the
end of inflation:

d'

dN
=

V 0

V
, (1.1)

where V 0/V is related to the tensor to scalar ratio r and the
slow-roll parameter ✏,

r = 16✏ = 8

✓
V 0

V

◆2

. (1.2)

Here and throughout the paper, we work in Planck units
Mp = 1. Integrating the first equation shows that during
inflation when the universe grows eN times the scalar field
decreases by

�' =

Z
N

0
dN

⇣r
8

⌘1/2
. (1.3)

Assuming that N > 30 and that r monotonously grows dur-
ing inflation (which is often the case), one finds the bound

�' & 10
p
r . (1.4)

One can tweak this bound a bit, but it is di�cult to get
around its consequences [3]. In particular, if the cosmologi-
cal observations find that r & 10�2, they will demonstrate,
or at least strongly indicate, that the universe experienced

large field inflation, during which the inflaton field changed
by more than the Planck value, �' > 1. This result would
have profound implications for the development of inflation-
ary cosmology, and for evaluation of various theoretical ideas
related to quantum gravity and string theory.

One may wonder whether it is possible to use similar con-
siderations to rule out all large field models with ' > 1 by
not finding tensor modes with r & 10�2, or r & 10�3, or per-
haps r & 10�4. The short answer to this question is “No”,
but the long answer is more nuanced; it depends on what ex-
actly do we mean by large field inflation. Indeed, there are
at least 2 very di↵erent definitions of the large field inflation
and 3 di↵erent definitions of the scale of inflation:

A. Global definition of large field inflation. From the point
of view of the foundations of inflationary theory, one of the
main issues is whether the canonically normalized inflaton
field ' may have a super-Planckian value ' > 1 at any stage

of the cosmological evolution, or it is always sub-Planckian
in accordance with various conjectures often debated in the
literature.

B. Large field inflation during the last 50-60 e-foldings.
From the point of view of the observational cosmology, one
may want to know whether the canonically normalized field
' was large during the last 50-60 e-foldings of inflation.

C. Characteristic scale of the inflaton field. One may won-
der whether the characteristic scale of the inflaton field, de-
scribing a typical range �' in which the inflaton potential
changes in a significant way, can be super-Planckian. For ex-
ample, the characteristic scale for the theory with a potential
V = V0(1� e�'/M ) as defined in [3] is �' = M .

D. The energy scale of inflation. There is an important
relation between the inflaton potential V and r [4]

V 1/4 ⇠ 1.04⇥ 1016 GeV
⇣ r

0.01

⌘1/4
. (1.5)

Some authors use this relation to argue that the discovery of
the tensor modes would give us access to physics at energy
scales more than 1011 times higher than those probed at the
LHC collider. However, the comparison with the LHC col-
lider may suggest, incorrectly, that during inflation the uni-
verse consisted of colliding particles with energies V 1/4, com-
parable with the grand unification energy scale ⇠ 1016 GeV.
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LIGO	detected	GW	from	binary	black	holes	and	neutron	
stars,	with	the	wavelength	of	thousands	of	kilometers

But,	the	primordial	GW	affecting	the	CMB	have	a	
wavelength	of	billions	of	light-years!!!



Test	of	General	RelativityTest	of	Quantum	Gravity



B-modes 
• Thomson scattering within local quadrupole 

anisotropies generates linear polarization 
• Scalar modes Æ T, E 
• Tensor modes Æ T, E, B 
• Ratio r = ΔT / ΔS 
• Gravitational waves at LSS                 

create B-mode polarization 
• Probes Lyth bound of Inflation  
• Ekpyrotic models Æ r = 0 
 

Lorenzo Moncelsi 

Planck 2015 

BICEP2 2014 

W. Hu 

B>0 B<0 

Moriond 22/3/16 

Planck XX 2015 

BK14 w / 95GHz 2016 

If	B-modes	will	be	discovered	soon,	r	>	10-2
natural	inflation	models,	axion monodromy
models,	a-attractor	models,…,	will	be	validated
No	need	to	worry	about	log	scale	r

Otherwise,	we	switch	to	log	r to	see											
10-3 <		r		<		10-2

RK,	Linde,
Roest,	2013



α-attractorsSimple	Fanned	T-models
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Starobinsky and	Higgs,		a=1,	n=1
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Meaning	of	the	measurement	of	the	
curvature	of	the	3d	space	

k=+1,	k=-1,	k=0	 Spatial	curvature	parameter

In	the	context	of	new
supergravity	cosmological
models,	measuring	r
means	measuring	the	
curvature	of	the	hyperbolic	
geometry	of	the	moduli	
space

ns = 1� 2

N
, r = ↵

12

N2

⌦K = �0.0004± 0.00036

scalar	fields	are	coordinates	
of	the Kahler geometry

ds2 = �dt2 + a(t)2�ijdx
idxj

RK = � 2

3↵

Decreasing	r,	decreasing	a,
increasing	curvature	RK

3↵ = R2
Escher ⇡ 103r

Hyperbolic	geometry
of	a	Poincaré disk



http://mathworld.wolfram.com/PoincareHyperbolicDisk.html

r ⇠ 10�3 ↵ =
1

3

For	a	unit	size	Poincare	disk:

Next	CMB	satellite	mission	target
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Based	on	CMB	data	on	the	value	of	the	tilt	of	the	spectrum	ns		as	a	function	of	N
we	have	deduced	that	hyperbolic	geometry		of	a	Poincaré disk															suggests	a	way	to	
explain	the	experimental	formula

ns ⇡ 1� 2

N

Using	a	consistent	reduction	from	maximal	N=8 supersymmetry	theories:	M-theory	
in	d=11,	String	theory	in	d=10,	maximal	supergravity	in	d=4,	to	the	minimal	N=1
supersymmetry	we	have	deduced	the	favorite	models	with	hyperbolic	geometry	
with	R2Escher	=	3a=	7,6,5,4,3,2,1

r ⇡ 0.9⇥ 10�2 r ⇡ 1.3⇥ 10�3

B-mode	targets	from	disks	merger

In	contrast	with	 N=1 supersymmetry	models	where is	arbitrary3a



forecast regions for (ns,r) for CORE
(blue) and LiteBIRD (red) 

σ(ns) = 0.0014  

Improvement 
factor CORE	to
Planck	2015	

3.4
COrE :	Cosmic	Origin	

Explorer

T

T

E

Figure 1: This Figure is taken from [16], it represents a forecast of CMB-S4 constraints in the ns � r plane

for a fiducial model with r = 0.01. Here the grey band shows predictions of the sub-class of ↵-attractor models

[2, 3, 4]. We have added to this figure a blue circle with the letter T inside it corresponding to a highest

preferred value 3↵ = 7 and the purple one corresponding to the lowest preferred value 3↵ = 1 in a seven-disk

geometry. All intermediate cases 3↵ = {1, 2, 3, 4, 5, 6, 7} are between these two. They all describe the class

of ↵-attractor models with V ⇠ tanh
2
('/

p
6↵), so-called quadratic T -models. The quadratic E-models with

V ⇠ (1 � e
p

2/3↵'
)
2
tend to be slightly to the right of the T -models, see [2]. We show them as a navy circle

with the letter E inside it.

by requiring that

3↵ = 7 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 ⌘ ⌧
3↵ = 6 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 ⌘ ⌧ , ⌧7 = const
3↵ = 5 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 ⌘ ⌧ , ⌧6 = ⌧7 = const
3↵ = 4 : ⌧1 = ⌧2 = ⌧3 = ⌧4 ⌘ ⌧ , ⌧5 = ⌧6 = ⌧7 = const
3↵ = 3 : ⌧1 = ⌧2 = ⌧3 ⌘ ⌧ , ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 2 : ⌧1 = ⌧2 ⌘ ⌧ , ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 1 : ⌧1 ⌘ ⌧ , ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const (4.17)

We illustrate in Fig. 1 the features of ↵-attractor models [2, 3, 4] with the seven-disk geometry
using the recent discussion of B-modes in the CMB-S4 Science Book [16]. We show in Fig. 1
predictions of ↵-attractor models with seven-disk geometry in the ns � r plane for N ⇠ 55, for
the minimal value 3↵ = 1 and for the maximal value 3↵ = 7.

5 Values of 3↵ in string theory

Here we will show how to derive the 7-disk geometry (4.13) in string theory. We start with
the derivation of non-compact symmetries in string theory following [17], [18]. The toroidal
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Seven	new	targets



A	simple	quintessential	inflation	2-shoulder
a-attractor	model	
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Work	in	progress:	Y.	Arkami et	al

Dark	Energy	with	a-attractors	:		
w=-1,	in	most	cases

is easy to propose a theory with an extremely flat potential, which would lead to equation
of state (EOS) practically indistinguishable from the equation of state of a (metastable)
vacuum state w = �1. But modifications which would lead to dark energy with equation
of state w = �0.99 or w = �0.9 typically requires lots of additional fine-tuning, on top of
the apparently unavoidable extreme fine-tuning required for making dark energy 10120 times
smaller than the Planck density, and 1029 times smaller than density of water.

Nevertheless, it would be important to explore various existing possibilities, using some
novel ideas recently discovered in inflationary cosmology. In particular, recently investigations
found a broad class of theories, cosmological ↵-attractors, which are based on models where
kinetic term of a scalar field has a pole. The pole is a consequence of the hyperbolic geometry
of the Poincaré disk. The radius square of this disk is equal to 3↵.

In such theories, the potential has a plateau shape, which is favored by the recent
inflation-related cosmological observations [9]. However, similar mechanism may also help
to construct satisfactory models of dark energy, see e.g. [10–14]. Moreover, it may be also
possible to find ↵-attractor models which can simultaneously describe inflation and dark
energy [11, 14]. Most of the models which we checked predict that asymptotically w1 = �1.

In our paper we will extend this investigation by taking into account the instant preheating
mechanism [15–17] while avoiding some of the speculative assumptions made in [11, 14]. In
particular we will present simple single field model for inflation and dark energy which will be
easy to falsify by the future data. They predict the value of the tensor to scalar perturbations
during inflation and the asymptotic value of the EOS which we call w1, to distinguish it from
a time dependent wDE and an observable EOS, weff

r = 4
3↵

N2
(1.1)

w1 = �1 +
2

3

1

3↵
(1.2)

Here 3↵ = R
2 is a geometric parameter defining the radius square of the Poincaré disk of the

hyperbolic geometry of the ↵-attractor models. This parameter also defines a curvature of the
corresponding Kähler manifold, RK = �

2
3↵ . Interesting values from fundamental theories are,

[18–20]
3↵ = 1, 2, 3, 4, 5, 6, 7 (1.3)

Note that 3↵ = 1 in this model with asymptotic w1 = �
1
3 is already ruled out by current

w1. (RK: Is this correct? Is my understanding of weff such that asymptotic w1 = �
1
3 is

ruled out, or one should say something else here?) The smaller R
2 = 3↵, the smaller the level

of primordial gravitational waves r = 16 ✏infl is predicted, but at the same time the deviation
from ⇤CDM is increasing, since w1 = �1 + 2

3✏1 and ✏1 = 1
R2 . We will explain why in this

model ✏infl is proportional to R
2, whereas ✏1 is inversely proportional to it.

A future detection of B-modes, or an improved bound, together with improvement
precision on ns = 1 �

2
N , and therefore number of e-foldings N , will give us a bound ↵ < ↵r.

On the other hand, if the precision data from the future large-scale structure surveys will
show the deviation of w1 from �1, we will have an opposite bound, ↵ > ↵dark. Therefore
this model will be falsified (or even confirmed?) by the future observations.

We will also study 2-field attractor models of quintessential inflation. Here again, most
of the models which we checked predict that asymptotically w1 = �1. With some effort, one
can propose models which deviate from this value. The ↵-attractor model of inflation has

– 2 –

3↵ = 7 r ⇡ 10�2 w1 ⇡ �0.9

Euclid?LiteBird?
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• B-mode	detection,	if	it	will	take	place,		will	probe	energies	at	about	1013 GeV,		billion	times	
higher	than	the	energies	probed	at	LHC	

• Whereas	LIGO discovery	of	gravitational	waves	confirms	General	Relativity,		a	discovery	of	
primordial		gravitational	waves	will	confirm	our	understanding	of	Quantum	Gravity,	up	to	
energies	of	inflation,		since	we	describe	inflationary	perturbations	using	both
General	Relativity	and	Quantum	field	Theory

• The	range	of	B-mode	space	detectors			10-3 <		r		<		10-2 is	particularly	interesting	since	
it	has	targets	from	the	fundamental	physics:	string	theory,	M-theory,	maximal	supergravity

N=55	e-foldings

r ⇡ 3↵
4

N2
ns ⇡ 1� 2

N

3a=	7,6,5,4,3,2,1

a-attractor	models

Starobinsky and	Higgs,		
a=1

Seven	values	scanning	the	range	between		10-3	and 10-2

Short	Summary	of	the	talk

ns ⇡ 0.963
Example


