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~ Shell-crossing & multi-stream flows ~



Dark matter & structure formation 
 Dark matter (DM)

• Hypothetical invisible massive particles 

• Unknown microscopic origin (though many candidates)

• ~30 % of the energy density of the Universe

Observational evidences:

Flat rotation curves

Weak lensing observations (e.g., Bullet clusters)

CMB & large-scale structure

DM is an important building block for cosmic structure formation



Nature of dark matter

of particular importance is cold nature of DM
In structure formation, 

velocity distribution was virtually null at an early 
stage of structure formation

Baryon “catch up”

• Hierarchical growth of structure formation

Cold dark matter (CDM)

Such a system is macroscopically described by Vlasov-Poisson 
equation starting with cold initial condition 

• Early growth of CDM fluctuations

Irrespective of microscopic origin,



Cosmological Vlasov-Poisson system

a(t) : scale factor of 
the Universe

Cold initial flow (or single-stream flow):

Vlasov-Poisson system in a cosmological background:

System at an early phase is reduced to pressureless fluid system

Dirac’s delta function
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perturbative solution. To do this, notice that the displacement field is the vector quan-
tity whose dynamical degree of freedom is divided to two parts: longitudinal (ψk,k) and
transverse (ϵijkψj,k) parts. While Eq. (4.13) directly leads to the evolution equation for
longitudinal mode, the equation for transverse mode is obtained by taking the rotation
to Eq. (4.11) with respect to Eulerian coordinate, i.e., ∇× (ẍ+2Hẋ) = 0. A set of basic
equations then becomes [46]
( ∂2

∂t2
+ 2H

∂

∂t
− 4πG ρm

)
ψk,k =− ϵijkϵipq ψj,p

( ∂2

∂t2
+ 2H

∂

∂t
− 2πG ρm

)
ψk,q

− 1

2
ϵijkϵpqrψi,pψj,q

( ∂2

∂t2
+ 2H

∂

∂t
− 4π

3
ρm
)
ψk,r, (4.21)

( ∂2

∂t2
+ 2H

∂

∂t

)
ϵijk ψj,k =− ϵijk ψp,j

( ∂2

∂t2
+ 2H

∂
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)
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where ψj,k = ∂ψj/∂qk. The right-hand-side of the above equations represent the non-linear
source terms, which have to be evaluated by order-by-order calculation. Once we get the
perturbative solutions for longitudinal and transverse modes (i.e., ψk,k and ϵijkψj,k), a
final step is to explicitly construct the displacement field itself. This is not trivial at all,
but can be systematically done in Fourier space (e.g., [46]).

4.3 (Eulerian) Perturbation theory

Collisionless Boltzmann equation (Vlasov-Poisson system)

[
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]
f(x,p) = 0, (4.23)

supplemented with the Poisson equation:

∇2Ψ(x) = 4πGa2
[
m

a3

∫
d3p f(x,p)− ρm

]
. (4.24)

Here, m is the mass of CDM (+baryon) particle.

Single-stream approximation

Ansatz f(x,p) = n a3 {1 + δm(x)} δD
[
p−mav(x)

]
. (4.25)

With this ansatz, taking the zeroth and first velocity moments of Eq. (4.23) yields

∂δm
∂t

+
1

a
∇ [(1 + δm)v] = 0, (4.26)

∂v

∂t
+

1

a
(v ·∇)v = −1

a

∂Ψ

∂x
, (4.27)

1

a2
∇2Ψ = 4πG ρm δm. (4.28)

30CHAPTER 4. ANALYTIC APPROACHES TO NONLINEAR STRUCTURE FORMATION

perturbative solution. To do this, notice that the displacement field is the vector quan-
tity whose dynamical degree of freedom is divided to two parts: longitudinal (ψk,k) and
transverse (ϵijkψj,k) parts. While Eq. (4.13) directly leads to the evolution equation for
longitudinal mode, the equation for transverse mode is obtained by taking the rotation
to Eq. (4.11) with respect to Eulerian coordinate, i.e., ∇× (ẍ+2Hẋ) = 0. A set of basic
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Newton potential
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Mass density field Velocity field

�

�

Collisionless 
Boltzmann eq.

Distribution function



Cosmic fluid and perturbation theory

cosmological Vlasov-Poisson system is reduced to fluid system
Assuming single-stream flow, 

Perturbative expansion: |�|� 1

� = �(1) + �(2) + �(3) + · · ·

+ resummation 
technique
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cube of the separation. The REGPT results agree with
N-body simulations almost perfectly over the plotted
scales. As it is known, the impact of nonlinear clustering
on the baryon acoustic peak is significant: the peak position
becomes slightly shifted to a smaller scale, and the
structure of the peak tends to be smeared as the redshift
decreases (e.g., Refs. [24,25,49,50]). The REGPT calcula-
tion can describe not only the behavior around the baryon
acoustic peak but also the small-scale behavior of the
correlation function. Note that similar results are also
obtained from other improved PT treatments such as
closure and LRT. Although the REGPT predictions eventu-
ally deviate from simulations at small scales—the result
at z ¼ 0:35 indeed manifests the discrepancy below
r" 30h#1 Mpc—the actual range of agreement between
REGPT and N-body results is even wider than what is
naively expected from the power spectrum results. In
fact, it has been recently advocated by several authors
that with several improved PT treatments, the one-loop
calculation is sufficient to accurately describe the two-
point correlation function (e.g., Refs. [22,48,51]). We
have checked that the REGPT treatment at one-loop order
can give a satisfactory result close to the two-loop result,
and the prediction including the two-loop corrections only
slightly improves the agreement with N-body simulations
at small scales. This is good news for practical purposes in
the sense that we do not necessarily have to evaluate the
multidimensional integrals for the accurate prediction of
two-point correlation function in the weakly nonlinear
regime. Nevertheless, in this work, we keep the two-loop
contributions in the computed contributions. The computa-
tional costs of the two-loop order will be addressed in the
following with the development of a method for acceler-
ated PT calculation at two-loop order.

V. REGPT-FAST: ACCELERATED POWER
SPECTRUM CALCULATION

In this section, we present a method that allows accel-
erated calculations of the required diagrams of the two-
loop order REGPT prescription. In principle, the power
spectra calculations in the context of REGPT require multi-
dimensional integrations that cannot be done beforehand as
they fully depend on the linear power spectra. It is however
possible to obtain the required quantities much more
rapidly provided we know the answer for a close enough
model.
The key point in this approach is to utilize the fact that

the nonlinear REGPT power spectrum is a well-defined
functional form of the linear power spectrum. Each of
the diagrams that has to be computed is of quadratic, cubic,
etc. order with respect to the linear power spectrum with a
kernel that, although complicated, can be explicitly given.
It is then easy to Taylor-expand each of these terms with
respect to the linear power spectrum. In principle one then
just needs to prepare, in advance, a set of the REGPT results
for some fiducial cosmological models, and then take the
difference between fiducial and target initial power spectra
for which we want to calculate the nonlinear power spec-
trum. These differences involve only one-dimensional in-
tegrals at the first order in the Taylor expansion.
In the following, we present the detail of the implemen-

tation of this approach illustrating it with the one-loop
calculation case.

A. Power spectrum reconstruction from fiducial model

While our final goal is to present the fast PT calculation
at two-loop order, in order to get insights into the imple-
mentation of this calculation, we consider the power

FIG. 10 (color online). Comparison of two-point correlation function between N-body and REGPT results at z ¼ 3, 2, 1, and 0.35
(from bottom to top). In each panel, magenta solid, and black dotted lines represent the prediction from REGPT and linear theory
calculations, respectively. Left panel focuses on the behavior around baryon acoustic peak in linear scales, while right panel shows the
overall behavior in a wide range of separation in logarithmic scales. Note that in right panel, the resulting correlation function is
multiplied by the cube of the separation for illustrative purpose.

DIRECT AND FAST CALCULATION OF REGULARIZED . . . PHYSICAL REVIEW D 86, 103528 (2012)

103528-11

Perturbation theory
Linear theory

Correlation function
z=3

z=2

z=1

z=0.35

r3 ⇠(r)

Simulation

shell-crossing & multi-stream flow
Single-stream flow is, however, eventually violated, later followed by

distinctive properties 
CDM cosmology

AT et al. (’12)



Example: 1D cosmology
Fate of single-stream initial condition
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position position position position position

Phase space

Single-stream Multi-stream flow
(= formation of dark halo)

Density profile

Boundary between single- & multi-stream → Splashback radius

Shell crossing !

diverge ! 



Nonlinear structure formation
Shell crossing and multi-stream flows are natural outcome of 

nonlinear structure formation in CDM cosmology

•Describing shell-crossing structure

•Characterizing multi-stream flows

Test for CDM paradigm

Quantitative understanding of their properties:

A first detailed comparison between Lagrangian PT
 & Vlasov-Poisson simulation

Confrontation of self-similar solution 
against dark halos from N-body simulations

with H. Sugiura & Y. Rasera

with S. Saga & S. Colombi



Describing shell-crossing 
structure

with Shohei Saga & Stéphane Colombi
(YITP) (Institut d’Astrophysique de Paris)



Motivation
cosmological Vlasov-Poisson simulation for initially cold systems 
is now made available  
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Resolving numerically Vlasov–Poisson equations for initially cold systems can be reduced 
to following the evolution of a three-dimensional sheet evolving in six-dimensional phase-
space. We describe a public parallel numerical algorithm consisting in representing the 
phase-space sheet with a conforming, self-adaptive simplicial tessellation of which the 
vertices follow the Lagrangian equations of motion. The algorithm is implemented both in 
six- and four-dimensional phase-space. Refinement of the tessellation mesh is performed 
using the bisection method and a local representation of the phase-space sheet at second 
order relying on additional tracers created when needed at runtime. In order to preserve 
in the best way the Hamiltonian nature of the system, refinement is anisotropic and 
constrained by measurements of local Poincaré invariants. Resolution of Poisson equation 
is performed using the fast Fourier method on a regular rectangular grid, similarly to 
particle in cells codes. To compute the density projected onto this grid, the intersection 
of the tessellation and the grid is calculated using the method of Franklin and Kankanhalli 
[65–67] generalised to linear order. As preliminary tests of the code, we study in four 
dimensional phase-space the evolution of an initially small patch in a chaotic potential 
and the cosmological collapse of a fluctuation composed of two sinusoidal waves. We also 
perform a “warm” dark matter simulation in six-dimensional phase-space that we use to 
check the parallel scaling of the code.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Stars in galaxies and dark matter in the Universe can be described as a smooth self-gravitating collisionless fluid follow-
ing Vlasov–Poisson equations,

∂ f
∂t

+ u.∇r f − ∇rφ.∇u f = 0, (1)

#rφ = 4πGρ = 4πG
∫

f (r,u, t) d3u, (2)

* Corresponding author at: Institut d’Astrophysique de Paris, CNRS UMR 7095 and UPMC, 98bis, bd Arago, F-75014 Paris, France.
E-mail addresses: tsousbie@gmail.com (T. Sousbie), colombi@iap.fr (S. Colombi).
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6D

A first detailed comparison with analytic treatment
(Lagrangian perturbation theory)

Distribution function (3D hyper-sheet) in 6D phase space 
represented with moving adaptive simplical tessellation

Force

• Lagrangian EoM for vertices by standard leapfrog method

• Exact projection onto grid to get density field Poisson solver 
by FFT



Lagrangian perturbation theory
Perturbative description for motion of mass element via Lagrangian 
picture

Position & velocity of each mass element:

x

y

z

(~x, t)

v(q, t) =
d (q, t)

dt
x(q, t) = q + (q, t),

displacement field : ( 
t!0�! 0)

Lagrangian coordinateq : (initial position)
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1 BASIC EQUATIONS

We begin by writing down equations of motion for mass
element, which have to be solved with Poisson equation:

ẍ+ 2Hẋ = − 1
a2

∇x φ(x), (1)

∇2
x φ(x) = 4πGa2ρm δ(x). (2)

Taking the divergence and rotation, Eq. (1) with a help
of Eq. (2) yield

∇x ·
[
ẍ+ 2Hẋ

]
= −4πG ρm δ, (3)

∇x ×
[
ẍ+ 2Hẋ

]
= 0. (4)

In what follows, using the Lagrangian coordinate, q,
we will describe the motion of mass element in Eulerian
space, x. Introducing the displacement field Ψ, the relation
between the Eulerian and Lagrangian positions is given by

x(q, t) = q +Ψ(q, t). (5)

In Lagrangian coordinate, mass element is supposed to be
homogeneously distributed, i.e., ρm dnq = ρm(x) dnx with n
being the space dimension. In this report, we shall consider
the n = 2 and 3 cases. The density field δ is expressed as

δ(x) =
ρm(x)
ρm

− 1 =

∣∣∣∣
∂x
∂q

∣∣∣∣
−1

− 1. (6)

Below, following Matsubara (2015), we will derive the
evolution equations for displacement field. To do this, for
convenience, we introduce the quantities J and J defined
by

Jij ≡ ∂xi

∂qj

= δij +Ψi,j(q), (7)

J ≡ det(J). (8)

Note that J and J−1 are expressed in terms of J as follows:

J =

⎧
⎪⎪⎨

⎪⎪⎩

1
6
ϵijkϵpqrJipJjqJkr (3D)

1
2
ϵijϵpqJipJjq (2D)

(9)

(J−1)ij =

⎧
⎪⎪⎨

⎪⎪⎩

1
2J

ϵjkpϵiqr Jkq Jpr (3D)

1
J
ϵikϵjl Jlk (2D)

(10)

Here, the quantities ϵijk and ϵij represent the 3D and 2D
Levi-Civita symbols, respectively. Properties of Levi-Civita
symbols are summarized as1

(3D) : ϵ123 = 1 = ϵ231 = ϵ312, ϵ132 = −1 = ϵ213 = ϵ312,
ϵijkϵklm = δilδjm − δimδjl,
ϵilmϵjlm = 2δij , ϵijkϵijk = 6

(2D) : ϵ12 = 1 = −ϵ21,
ϵijϵik = δjk, ϵijϵij = 2

(11)

Using the Lagrangian quantities defined above, Eqs. (3)
and (4) are rewritten with

ϵikpϵjqrJkqJpr

(
T̂ − 4πG

3
ρm

)
Jij + 8πGρm = 0, (12)

JijϵjkpJqk T̂ Jqp = 0. (13)

in 3D case, and

ϵilϵjkJlk

(
T̂ − 2πG ρm

)
Jij + 4πGρm = 0, (14)

ϵpkJqk T̂ Jqp = 0. (15)

1 Subscripts 1, 2 and,3 correspond to qx, qy and qz , respectively.

c⃝ 2017 The Authors
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1 BASIC EQUATIONS

We begin by writing down equations of motion for mass
element, which have to be solved with Poisson equation:

ẍ+ 2Hẋ = − 1
a2

∇x φ(x), (1)

∇2
x φ(x) = 4πGa2ρm δ(x). (2)

Taking the divergence and rotation, Eq. (1) with a help
of Eq. (2) yield

∇x ·
[
ẍ+ 2Hẋ

]
= −4πG ρm δ, (3)

∇x ×
[
ẍ+ 2Hẋ

]
= 0. (4)

In what follows, using the Lagrangian coordinate, q,
we will describe the motion of mass element in Eulerian
space, x. Introducing the displacement field Ψ, the relation
between the Eulerian and Lagrangian positions is given by

x(q, t) = q +Ψ(q, t). (5)

In Lagrangian coordinate, mass element is supposed to be
homogeneously distributed, i.e., ρm dnq = ρm(x) dnx with n
being the space dimension. In this report, we shall consider
the n = 2 and 3 cases. The density field δ is expressed as

δ(x) =
ρm(x)
ρm

− 1 =

∣∣∣∣
∂x
∂q

∣∣∣∣
−1

− 1. (6)

Below, following Matsubara (2015), we will derive the
evolution equations for displacement field. To do this, for
convenience, we introduce the quantities J and J defined
by

Jij ≡ ∂xi

∂qj

= δij +Ψi,j(q), (7)

J ≡ det(J). (8)

Note that J and J−1 are expressed in terms of J as follows:

J =

⎧
⎪⎪⎨
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6
ϵijkϵpqrJipJjqJkr (3D)
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(9)

(J−1)ij =
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ϵjkpϵiqr Jkq Jpr (3D)

1
J
ϵikϵjl Jlk (2D)

(10)

Here, the quantities ϵijk and ϵij represent the 3D and 2D
Levi-Civita symbols, respectively. Properties of Levi-Civita
symbols are summarized as1

(3D) : ϵ123 = 1 = ϵ231 = ϵ312, ϵ132 = −1 = ϵ213 = ϵ312,
ϵijkϵklm = δilδjm − δimδjl,
ϵilmϵjlm = 2δij , ϵijkϵijk = 6

(2D) : ϵ12 = 1 = −ϵ21,
ϵijϵik = δjk, ϵijϵij = 2

(11)

Using the Lagrangian quantities defined above, Eqs. (3)
and (4) are rewritten with

ϵikpϵjqrJkqJpr

(
T̂ − 4πG

3
ρm

)
Jij + 8πGρm = 0, (12)

JijϵjkpJqk T̂ Jqp = 0. (13)

in 3D case, and

ϵilϵjkJlk

(
T̂ − 2πG ρm

)
Jij + 4πGρm = 0, (14)

ϵpkJqk T̂ Jqp = 0. (15)

1 Subscripts 1, 2 and,3 correspond to qx, qy and qz , respectively.
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 (q, t) =  (1)(q, t) + (2)(q, t) + (3)(q, t) + · · ·

Basic eqs.

(LPT)



Results
Single density peak in a periodic 

boundary box
(sinusoidal function)
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Making use of convergence of LPT expansion

n!1�! a Extrapolation

xLPT(q) = q

x

+
NX

n=1

 (n)
x

(q)at n-th order is found to be accurately fitted to

a+

1

b+ c exp[dne
]

(a, · · · , e : fitting parameter)at any Lagrangian position

Vlasov simulation vs LPT
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After shell-crossing,
quasi-1D collapse 3D collapsequasi-2D collapse

In reality, what is the nature of multi-stream flows in CDM halos ?



Characterizing multi-stream 
flows

with Hiromu Sugiura & Yann Rasera
(Kyoto Univ.) (Observatoire de Paris)



Tracing multi-stream flow with particle 
trajectories in N-body simulation

(Diemer’17; Diemer et al.’17)

= SPARTA algorithm + α

Keeping track of apocenter passage(s) for particle trajectories, 

• 60 snapshots at 0<z<1.43

• L=316Mpc/h, N=512^3

D
is

ta
nc

e 
fr

om
 h

al
o 

ce
nt

er

Time
present 

p=0 p=1 p=2 p=3

number of apocenter passages, p, is stored for each particle

N-body simulation

• Einstein-de Sitter universe

Tiling phase-space 
streams with p

(⌦m = 1,⌦⇤ = 0)
(Y. Rasera)

11,000 halos
(M200 � 1013M�)
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について遠点通過数 が所与の値に遷移する際に 遠点通過時刻の推定値 が条件

を満たさなかった粒子の割合を示す

こうして得られた各粒子のスプラッシュバック半径 からハロー全体としてのスプ

ラッシュバック半径 を求めることを考える の範囲内に第一遠点を通

過する粒子群の の分布は図 のように大きなテイルを持つので ここではこの分布

の中央値としてハローのスプラッシュバック半径 を定義する 中央値以外の選び方

とその性質については で詳しく論じられている

半径 の誤差は分布の標準誤差 で与えられる つまり 分布の標準偏差 粒子
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Comparison with self-similar solution
Use apocenter-passage positions 
p=1~5 to fit to self-similar solution
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 Fitting parameters:

accretion rate

s = (1/✏), rta(tta)
scale radius(M / as)

by Fillmore & Goldreich (’84)
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Results
• ~50% of halos are successfully fitted to the self-similar solution

(Bad fitting is partly due to miss-identification of apocenter passage)

Preliminary

• Good fit is obtained even for non-spherical halos

(Master thesis by H. Sugiura)

• No tight correlation between fitting parameter s and Msp �200&
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図 左図 パラメータ と質量降着率 の相関 右

図 つの降着率 内で積分したときの パラメータ の

分布 右図中縦の実線は分布の中央値を示す なお の中央値が最頻

値から大きくずれているのは パラメータ となる

ハローの寄与である

と等価だから 比 と降着率 の関係はパラメータ と降着率 の

関係を陽に反映している

図 に質量降着率 と比 の相関を示す 同時に

解から予言される比 も示している ただし横軸の値を と読

み替えている 仮に質量降着率 と パラメータ が正の相関を

持つならば ハローの分布 図中橙のカラープロット が自己相似解の予言 青の実線 の

ように右肩下がりの分布を持つ必要があるが そのような傾向は認められない これはパ

ラメータ と降着率 が無相関という上の結論を支持するものである

一方で 比 と パラメータ には図 に示

すように パラメータ の範囲では期待される弱く正の相関がある で

は現れなかった相関が比 に見られるのは 後者が真にハローに降着

した物質の量を表すからであると理解できる 一方 は擬進化

を含む人為的な量である 節

ハロー質量 と パラメータ については 図 に示す通り

相関は認められない
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一方で観測的に求めたハロー中心部の密度スロープはカスプ型ではなく のコア

構造を示唆している 矮小銀河の回転曲線は プロファイルとして知られるコア型

のプロファイル

を示している し 不定性が大きいものの矮小銀河の動力学構造の解析

もコア構造と整合的である このシミュレーションと観測

の密度スロープの食い違いをコア カスプ問題と呼ぶ

スプラッシュバック半径

本節ではスプラッシュバック半径に関する一連の先行研究についてレビューする

最初にスプラッシュバック半径という概念を導入したのは

で もともとハロー密度プロファイルに関する研究は 節で見たように主に中心部の

スロープに興味が持たれていたが 銀河団の 線や 効果を用いた観

測や 弱い重力レンズ効果の解析で外縁部のスロープを正確に調べておくことの必要性

が認識されつつある中で 体シミュレーションを用いてハ

ロー外縁部の密度プロファイルを系統的に詳しく調べる中で発見された 彼らはまず

法により同定されたハロー質量 を距離 を通じて

は線形理論に基づく質量密度ゆらぎのパワースペクトル はトッ

プハット型窓関数 の 成分 に換算し の値毎にスタックした密

度プロファイルの特に 付近の振る舞いを調べている その中で 質量の大きな

ハローに対応する のクラスのプロファイルには 付近で一旦密度密度

スロープ が 付近まで大きく下がってから急激に ま

で上昇するという振る舞いを発見した はこの振る舞いに名

称を与えていないが 後にこの位置はスプラッシュバック半径と命名された

さらに 質量降着率

でハローを分類してスタックすることで の小さい軽いハローのプロファイ

ルにも同様の兆候が見られること スプラッシュバック半径の位置は質量降着率 に
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Summary
Shell-crossing & multi-stream flows as distinctive features of 

nonlinear structure formation in CDM cosmology

✓ A first detailed comparison between Lagrangian PT
 & Vlasov-Poisson simulation

Generic convergence behavior of Lagrangian PT is found
 used to predict shell-crossing structures

✓ Confrontation of self-similar solution (SSS)
against dark halos from N-body simulations

SSS is found to describe outer halo structure remarkably well

A technique to trace multi-stream flows with particle trajectories 

New test of CDM paradigm and clue to clarify nature of CDM


