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Scalar-Tensor (S-T) Theories
S-T theories : GR + new scalar fields
#DOFs of single-scalar theories ≦ 2+1= 3

Horndeski theory

beyond Horndeski theory

Generalized S-T theories
Horndeski (1974), Deffayet, et al.(2011),

Gleyzes, et al. (2014)

Kobayashi, et al.(2012)E-L eqs. are at most 2nd-order

E-L eqs. are higher-order, but after combining
with each other, they are at most 2nd-order

Horndeski
beyond Horndeski



Cuscuton Theory
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Cuscuton theory:
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has a 2nd-order eq. (EOM)           is space-likeX ⌘ @µ�@
µ�
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Afshordi, et al. (2007)

Generalized  S-T theories have 3DOFs, 
but some special subclasses have only 2DOFs

S-T theories with 2DOFs “minimally” modify GR

           is time-like (we can take the unitary gauge             )X ⌘ @µ�@
µ�
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has a 1st-order eq. (constraint)
2DOFs)
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Origin of the “Cuscuton”
Cuscuta

..The parasitic plant

..the equation of motion (of a scalar field) does not have any 
second order time derivatives and the field becomes a 
nondynamical field, which merely follows the dynamics of the 
fields that it couples to. Thus we call this field Cuscuton.

Afshordi, et al. (2007)
In the first paper about cuscuton theory,
Why “cuscuton” ?

coils around
other plants

Cuscuta



Features of Cosmology

✓ Scalar DOF: nondynamical & not propagate

Cosmological scalar perturbations(unitary gauge            ):

(      propagating number of DOF is only 2)
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at most
[B] The kinetic term of perturbations vanishes:

N = 1 + ↵, Ni = @i , �ij = a2e2⇣�ij
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2
�̇� V (�) = 0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�S/�a /
<latexit sha1_base64="nAlnp0IuqUuXxXT1mqyADT5L3qQ="></latexit>



Power-law Inflation with Cuscuton
A. Ito, AI, J. Soda and S. Kim [1902.08663]

Power-law inflation with canonical inflaton:
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Power-law Inflation with Cuscuton
A. Ito, AI, J. Soda and S. Kim [1902.08663]

Power-law inflation with canonical inflaton + cuscuton:
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Other Features

✓ Different cosmologies from GR
(CMB, matter power spectra) Afshordi, et al. (2007)

Afshordi (2009), Bhattacharyya, et al. (2016)

✓ Subclass of Horndeski theory (explain later)

..Even if it is a minimal modification of GR,
cuscuton theory has interesting features

✓ Cuscuton with V (�) =
1

2
m2�2
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ˇlow energy limit of Horava-Lifshitz theory,
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 (Beyond) Horndeski Theories

Ai = Ai(t,N)
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✓ Cuscuton theory is a subclass of Horndeski theory



Motivation of Our Study

We considered “extended cuscuton” theory
as a part of the beyond Horndeski

There may be

cuscuton

Horndeski
beyond Horndeski

extended
cuscuton

(2DOF S-T theories with a time-like       )X ⌘ @µ�@
µ�

<latexit sha1_base64="tsYuO7yscj4cuInPQi2azfvgKVU="></latexit><latexit sha1_base64="tsYuO7yscj4cuInPQi2azfvgKVU="></latexit><latexit sha1_base64="tsYuO7yscj4cuInPQi2azfvgKVU="></latexit>

more generalized cusuton-like theories



Formulation
Determine in beyond Horndeski theoryAi, Bi
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by Hamiltonian analysis (or degeneracy of E-L eqs.)
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Nature of Extended Cuscuton

Subclass of the beyond Horndeski
・Horndeski conditions are not satisfied

Horndeski
beyond Horndeski

・In the cosmological setup,

but after combining each other

Original cuscuton: Background eqs. are at most

Extended cuscuton

Extended cuscuton: Background eqs. are at most    ,

�̇
<latexit sha1_base64="tmofJt4/PXInp2PuKqxz/avNgNk="></latexit><latexit sha1_base64="tmofJt4/PXInp2PuKqxz/avNgNk="></latexit><latexit sha1_base64="tmofJt4/PXInp2PuKqxz/avNgNk="></latexit><latexit sha1_base64="tmofJt4/PXInp2PuKqxz/avNgNk="></latexit>

�̈
<latexit sha1_base64="kHrMhr+Jgh92+bTbZa0k0Z0Ndm8="></latexit><latexit sha1_base64="kHrMhr+Jgh92+bTbZa0k0Z0Ndm8="></latexit><latexit sha1_base64="kHrMhr+Jgh92+bTbZa0k0Z0Ndm8="></latexit><latexit sha1_base64="kHrMhr+Jgh92+bTbZa0k0Z0Ndm8="></latexit>

they are at most �̇
<latexit sha1_base64="tmofJt4/PXInp2PuKqxz/avNgNk="></latexit><latexit sha1_base64="tmofJt4/PXInp2PuKqxz/avNgNk="></latexit><latexit sha1_base64="tmofJt4/PXInp2PuKqxz/avNgNk="></latexit><latexit sha1_base64="tmofJt4/PXInp2PuKqxz/avNgNk="></latexit>

generalized

(degenerate)



Cosmology with Matter

c2� =
PY

PY + 2Y PY
<latexit sha1_base64="IoYr3FgJNuuzkFhjIhr48SJ0xlk="></latexit><latexit sha1_base64="IoYr3FgJNuuzkFhjIhr48SJ0xlk="></latexit><latexit sha1_base64="IoYr3FgJNuuzkFhjIhr48SJ0xlk="></latexit><latexit sha1_base64="IoYr3FgJNuuzkFhjIhr48SJ0xlk="></latexit>

・Sound speed of �
<latexit sha1_base64="HKqhl5FYY5kbJqeOXMlPDeLiEHs="></latexit><latexit sha1_base64="HKqhl5FYY5kbJqeOXMlPDeLiEHs="></latexit><latexit sha1_base64="HKqhl5FYY5kbJqeOXMlPDeLiEHs="></latexit><latexit sha1_base64="HKqhl5FYY5kbJqeOXMlPDeLiEHs="></latexit>

:

L� = P (Y ),
<latexit sha1_base64="f72Qk+qYNwGy+VDGH2Ch9U2j684="></latexit><latexit sha1_base64="f72Qk+qYNwGy+VDGH2Ch9U2j684="></latexit><latexit sha1_base64="f72Qk+qYNwGy+VDGH2Ch9U2j684="></latexit><latexit sha1_base64="f72Qk+qYNwGy+VDGH2Ch9U2j684="></latexit>

Y ⌘ �1

2
@µ�@

µ�
<latexit sha1_base64="h2Wsn/GIFJQJmGskh2kxa4cofIw="></latexit><latexit sha1_base64="h2Wsn/GIFJQJmGskh2kxa4cofIw="></latexit><latexit sha1_base64="h2Wsn/GIFJQJmGskh2kxa4cofIw="></latexit><latexit sha1_base64="h2Wsn/GIFJQJmGskh2kxa4cofIw="></latexit>

Matter sector: 

PY =
@P

@Y
<latexit sha1_base64="ohEtjFbEIRa1ombzGJloYBNtE4I="></latexit><latexit sha1_base64="ohEtjFbEIRa1ombzGJloYBNtE4I="></latexit><latexit sha1_base64="ohEtjFbEIRa1ombzGJloYBNtE4I="></latexit><latexit sha1_base64="ohEtjFbEIRa1ombzGJloYBNtE4I="></latexit>

・

Extended cuscuton with matter:

L = LEC + L�
<latexit sha1_base64="iLONXHVHaLiRK/jh9Q52Bxmvk6I="></latexit><latexit sha1_base64="iLONXHVHaLiRK/jh9Q52Bxmvk6I="></latexit><latexit sha1_base64="iLONXHVHaLiRK/jh9Q52Bxmvk6I="></latexit><latexit sha1_base64="iLONXHVHaLiRK/jh9Q52Bxmvk6I="></latexit>

p = P, ⇢ = 2Y PY � P
<latexit sha1_base64="zxanmr9q642SMs6eWqw0BcJXx9g="></latexit><latexit sha1_base64="zxanmr9q642SMs6eWqw0BcJXx9g="></latexit><latexit sha1_base64="zxanmr9q642SMs6eWqw0BcJXx9g="></latexit><latexit sha1_base64="zxanmr9q642SMs6eWqw0BcJXx9g="></latexit>



Cosmological Perturbations

�� ! �
<latexit sha1_base64="zsCkrOICcaLQcjUjE2yeSQsw8QU="></latexit><latexit sha1_base64="zsCkrOICcaLQcjUjE2yeSQsw8QU="></latexit><latexit sha1_base64="zsCkrOICcaLQcjUjE2yeSQsw8QU="></latexit><latexit sha1_base64="zsCkrOICcaLQcjUjE2yeSQsw8QU="></latexit>

(constraints)
E-L eqs. for ↵, , ⇣

<latexit sha1_base64="EOIh6AuDrmIuw1/w/HT94uf0Zc8="></latexit><latexit sha1_base64="EOIh6AuDrmIuw1/w/HT94uf0Zc8="></latexit><latexit sha1_base64="EOIh6AuDrmIuw1/w/HT94uf0Zc8="></latexit><latexit sha1_base64="EOIh6AuDrmIuw1/w/HT94uf0Zc8="></latexit>

Scalar perturbations (unitary gauge) :

(Gauge-invariant) density fluctuation :

N = 1 + ↵, Ni = @i , �ij = a2e2⇣�ij
<latexit sha1_base64="wPCw2w09BS3hlvIudJv+mt6FlFg="></latexit><latexit sha1_base64="wPCw2w09BS3hlvIudJv+mt6FlFg="></latexit><latexit sha1_base64="wPCw2w09BS3hlvIudJv+mt6FlFg="></latexit><latexit sha1_base64="wPCw2w09BS3hlvIudJv+mt6FlFg="></latexit>

� = �(t) + ��(t, ~x)
<latexit sha1_base64="1a095NGO5hW+XzggZ17tmI4riP4="></latexit><latexit sha1_base64="1a095NGO5hW+XzggZ17tmI4riP4="></latexit><latexit sha1_base64="1a095NGO5hW+XzggZ17tmI4riP4="></latexit><latexit sha1_base64="1a095NGO5hW+XzggZ17tmI4riP4="></latexit>

L(2)(↵, , ⇣, ��)
<latexit sha1_base64="3uUs0F50YlqZfXgFV/Sq2cbPUz0="></latexit><latexit sha1_base64="3uUs0F50YlqZfXgFV/Sq2cbPUz0="></latexit><latexit sha1_base64="3uUs0F50YlqZfXgFV/Sq2cbPUz0="></latexit><latexit sha1_base64="3uUs0F50YlqZfXgFV/Sq2cbPUz0="></latexit>

L(2)(↵, , ⇣, �)
<latexit sha1_base64="z4/R7fZtOlW3sZtarLpmBshHLQE="></latexit><latexit sha1_base64="z4/R7fZtOlW3sZtarLpmBshHLQE="></latexit><latexit sha1_base64="z4/R7fZtOlW3sZtarLpmBshHLQE="></latexit><latexit sha1_base64="z4/R7fZtOlW3sZtarLpmBshHLQE="></latexit>

L(2) = a3(A�̇2 + B�2)
<latexit sha1_base64="2TMYMgl/x25IqlLNeK8rAbnroCw="></latexit><latexit sha1_base64="2TMYMgl/x25IqlLNeK8rAbnroCw="></latexit><latexit sha1_base64="2TMYMgl/x25IqlLNeK8rAbnroCw="></latexit><latexit sha1_base64="2TMYMgl/x25IqlLNeK8rAbnroCw="></latexit>

✓ scalar perturbation is only
without the quasi-static approximation

�
<latexit sha1_base64="dE0tj3Kuyb3eEH4XSOe8ejO5Yso="></latexit><latexit sha1_base64="dE0tj3Kuyb3eEH4XSOe8ejO5Yso="></latexit><latexit sha1_base64="dE0tj3Kuyb3eEH4XSOe8ejO5Yso="></latexit><latexit sha1_base64="dE0tj3Kuyb3eEH4XSOe8ejO5Yso="></latexit>

� =
⇢+ p

⇢c2�

✓
��

�̇
� ↵

◆
+ 3

⇢+ p

⇢
⇣

<latexit sha1_base64="Que02JZJd2Ape+LsW8Ig7epEe3g="></latexit>



Modifications of GR

A ! a2⇢

2k2⌥
, B ! a2⇢2

2k2
⇥ ...

<latexit sha1_base64="OsHqNX4UiNS0MqraLR55y2a5a3I="></latexit><latexit sha1_base64="OsHqNX4UiNS0MqraLR55y2a5a3I="></latexit><latexit sha1_base64="OsHqNX4UiNS0MqraLR55y2a5a3I="></latexit><latexit sha1_base64="OsHqNX4UiNS0MqraLR55y2a5a3I="></latexit>

・Variation with respect to    :�
<latexit sha1_base64="Mbrm4IvOB1Qx0/LES0GQrOo6hlI="></latexit><latexit sha1_base64="Mbrm4IvOB1Qx0/LES0GQrOo6hlI="></latexit><latexit sha1_base64="Mbrm4IvOB1Qx0/LES0GQrOo6hlI="></latexit><latexit sha1_base64="Mbrm4IvOB1Qx0/LES0GQrOo6hlI="></latexit>

Dust limit (                       )+subhorizon limit (           )  :p ! 0, c� ! 0
<latexit sha1_base64="Aj2kO5suqA0cIl1FEcToUDNR1W8="></latexit><latexit sha1_base64="Aj2kO5suqA0cIl1FEcToUDNR1W8="></latexit><latexit sha1_base64="Aj2kO5suqA0cIl1FEcToUDNR1W8="></latexit><latexit sha1_base64="Aj2kO5suqA0cIl1FEcToUDNR1W8="></latexit>

k ! 1
<latexit sha1_base64="+HXPR+9hL0Vjf0AVbs2DPndReIY="></latexit><latexit sha1_base64="+HXPR+9hL0Vjf0AVbs2DPndReIY="></latexit><latexit sha1_base64="+HXPR+9hL0Vjf0AVbs2DPndReIY="></latexit><latexit sha1_base64="+HXPR+9hL0Vjf0AVbs2DPndReIY="></latexit>

L(2) = a3(A�̇2 + B�2)
<latexit sha1_base64="2TMYMgl/x25IqlLNeK8rAbnroCw="></latexit><latexit sha1_base64="2TMYMgl/x25IqlLNeK8rAbnroCw="></latexit><latexit sha1_base64="2TMYMgl/x25IqlLNeK8rAbnroCw="></latexit><latexit sha1_base64="2TMYMgl/x25IqlLNeK8rAbnroCw="></latexit>

, 4⇡Ge↵ = ⌥⇥ ...
<latexit sha1_base64="jCgAKJ6yLArSIrYEUY7iAaZpKQY="></latexit><latexit sha1_base64="jCgAKJ6yLArSIrYEUY7iAaZpKQY="></latexit><latexit sha1_base64="jCgAKJ6yLArSIrYEUY7iAaZpKQY="></latexit><latexit sha1_base64="jCgAKJ6yLArSIrYEUY7iAaZpKQY="></latexit>

�̈ +

 
2H � ⌥̇

⌥

!
�̇ � 4⇡Ge↵⇢� = 0

<latexit sha1_base64="lJsGiV9OltLPyPoAiyVYRfCU27E="></latexit><latexit sha1_base64="lJsGiV9OltLPyPoAiyVYRfCU27E="></latexit><latexit sha1_base64="lJsGiV9OltLPyPoAiyVYRfCU27E="></latexit><latexit sha1_base64="lJsGiV9OltLPyPoAiyVYRfCU27E="></latexit>

These are modified from GR

: functions of Ai, Bi, H
<latexit sha1_base64="HW9VJGk2YlYideTJxgOIWuOMKGw="></latexit><latexit sha1_base64="HW9VJGk2YlYideTJxgOIWuOMKGw="></latexit><latexit sha1_base64="HW9VJGk2YlYideTJxgOIWuOMKGw="></latexit><latexit sha1_base64="HW9VJGk2YlYideTJxgOIWuOMKGw="></latexit>

 
⌥ =

2FS⇥2 � G2
T (⇢+ p)

2FS⇥2 � GT

�
2GT � GT

�
(⇢+ p)

, GT ,FS ,⇥

!

<latexit sha1_base64="xuJbA3veSBg3kk3VEc4MANZJq+s="></latexit><latexit sha1_base64="xuJbA3veSBg3kk3VEc4MANZJq+s="></latexit><latexit sha1_base64="xuJbA3veSBg3kk3VEc4MANZJq+s="></latexit><latexit sha1_base64="xuJbA3veSBg3kk3VEc4MANZJq+s="></latexit>

 
⌥ =

2FS⇥2 � G2
T ⇢

2FS⇥2 � GT

�
2GT � GT

�
⇢
, GT , ḠT ,FS ,⇥

!

<latexit sha1_base64="dsoB6qKGxTwujS5ZU1/apY+Jht0="></latexit>

・Poisson equation :

 ⌘ ↵+  ̇
<latexit sha1_base64="72vYe/zyaK/TWHPb0Zh6LiJleLU="></latexit><latexit sha1_base64="72vYe/zyaK/TWHPb0Zh6LiJleLU="></latexit><latexit sha1_base64="72vYe/zyaK/TWHPb0Zh6LiJleLU="></latexit><latexit sha1_base64="72vYe/zyaK/TWHPb0Zh6LiJleLU="></latexit>

where�k2

a2
 = 4⇡Ge↵⇢� + �̇ ⇥ ...

<latexit sha1_base64="+WnWD7+JGML//vi/ykEeAImJ7Ls="></latexit><latexit sha1_base64="+WnWD7+JGML//vi/ykEeAImJ7Ls="></latexit><latexit sha1_base64="+WnWD7+JGML//vi/ykEeAImJ7Ls="></latexit><latexit sha1_base64="+WnWD7+JGML//vi/ykEeAImJ7Ls="></latexit>



Summary
Cuscuton theory : Scalar-tensor theory with 2DOFs,

We determined “extended cuscuton” theory
in beyond Horndeski

with a time-like 

Horndeski
beyond Horndeski

Extended cuscuton

X ⌘ @µ�@
µ�

<latexit sha1_base64="tsYuO7yscj4cuInPQi2azfvgKVU="></latexit><latexit sha1_base64="tsYuO7yscj4cuInPQi2azfvgKVU="></latexit><latexit sha1_base64="tsYuO7yscj4cuInPQi2azfvgKVU="></latexit>

・EOM for density fluctuation & Poisson equation
 are modified from GR

Cosmological perturbations with matter :
・Scalar perturbation is only density fluctuation �<latexit sha1_base64="p2xF1LD7AkVvUy4GrXYKu+MrlrQ="></latexit><latexit sha1_base64="p2xF1LD7AkVvUy4GrXYKu+MrlrQ="></latexit><latexit sha1_base64="p2xF1LD7AkVvUy4GrXYKu+MrlrQ="></latexit><latexit sha1_base64="p2xF1LD7AkVvUy4GrXYKu+MrlrQ="></latexit>

without any approximation

(Degenerate)



Future work
・GR

disformal transformation:

S-T theory with 2DOFs

g̃µ⌫ = A(�, X)gµ⌫ +B(�, X)rµ�r⌫�
<latexit sha1_base64="ki8K/kcEQ5dJgUF2j1Wm1GAPhdY="></latexit><latexit sha1_base64="ki8K/kcEQ5dJgUF2j1Wm1GAPhdY="></latexit><latexit sha1_base64="ki8K/kcEQ5dJgUF2j1Wm1GAPhdY="></latexit><latexit sha1_base64="ki8K/kcEQ5dJgUF2j1Wm1GAPhdY="></latexit>

Are these involved in the extended cuscuton?

・Extension into DHOST theories?

・BH solutions?
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Power-law Inflation with Cuscuton
A. Ito, AI, J. Soda and S. Kim [1902.08663]
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<latexit sha1_base64="jnZw7rGoRsKD9veXwjq8tDtR6JM="></latexit>

H(t) =
p
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,

�(t)

Mpl
= s lnMplt, �(t) =

q

t
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<latexit sha1_base64="BugOQcN0M26hjbUChpx4LY6ZkAI="></latexit>

�(t)
<latexit sha1_base64="DnZK36KDQtFtC/bnb8JYjN7h8+k="></latexit>

: cuscuton, �(t)
<latexit sha1_base64="HigvC/9rWwxrpBkfOEGY1zEd4LA="></latexit>

: inflaton

One of the solutions:

with

Consider V (�) =
1

2
m2�(t)2

<latexit sha1_base64="rxL0V99SkjOrzz5L5DWn+R4T/oc="></latexit>

U(�) = U0 exp

✓
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,
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Flat FLRW sp.,

2� 3µ4

M2
plm

2
> 0

<latexit sha1_base64="C1ups9VJwXL4gTKAwNLagK6wltE="></latexit>

for accerelating universe



Power-law Inflation with Cuscuton

Spectral index & tensor-scalar ratio:

ns � 1 = � 2
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