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Optics

Lights propagates freely 
 when the mean free path  
is larger than the horizon 

of the universe



Optics

Gravitational Waves

GWs propagates freely all the time!

Gravitational Waves

GWs
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Features in PGW can be used  
to detect the thermal history  

of the universe [Kuroyanagi 0804.3249]
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detected by LIGO 
[Fujita et al. 1808.02381]
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Gravitational waves Kari Rummukainen

Figure 1: Deflagration (left) and detonation (right). In deflagration vwall < vsound, and the growing bubble
wall pushes the fluid in front of it. In detonation vwall > vsound, and the bubble wall drags the fluid behind it.

Figure 2: Fluid kinetic energy density at t = 500/Tc, 1000/Tc and 1500/Tc, at h = 0.15Tc, corresponding
to the growth phase of the bubbles, end of bubble collisions and after the bubbles have vanished. The shock
waves caused by the bubbles remain for a long time after the transition has completed.

3. Results

We show here results from simulations corresponding to relatively weak transition with latent
heat L = (9/40)T 4

c . The phenomenological field-fluid coupling parameter is set to h/Tc = 0.1,
0.15 and 0.2. For the detailed simulation parameters we refer to [26].

When h is small, the coupling between the field and the fluid is small, allowing the bubble
wall to propagate quickly. The moving bubble wall causes fluid flows. The three values of h
are chosen so that we obtain three different bubble growth types: at h = 0.1 the wall velocity is
vwall > vsound = 1/

p
3 (detonation), at h = 0.15 vwall ⇡ vsound (Jouguet) and at h = 0.2 vwall < vsound

(deflagration). The moving bubble wall causes fluid flows: in deflagration, the wall pushes a thick
layer (thickness µ bubble size) of fluid ahead of itself, whereas in detonation the bubble wall drags
a layer of fluid behind it. This is illustrated in Figure 1.

In Figure 2 we show three snapshots of fluid kinetic energy density from a simulation at
h = 0.15, taken at the bubble growth stage, collision stage and after the bubbles have vanished.
During the growth stage the kinetic energy is concentrated near the growing bubble walls. Af-
ter the bubbles have collided the bubble walls vanish, but the fluid flow continues propagating as
spherical compression waves, i.e. sound.

The contribution of the field and fluid to the stress-energy tensor (and hence gravitational
waves) can be quantified by introducing RMS fluid velocity Ūf and the equivalent field quantity:

(ē + p̄)Ū2
f =

1
V

Z
dV tfluid

ii , (ē + p̄)Ū2
f =

1
V

Z
dV tfield

ii . (3.1)

4

[Hindmarsh et al. 15]

[Caprini et al. 1512.06239]

first order 
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transition
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γ-ray background,  
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The formation of 
Primordial Black 

Holes

There is a peak on the primordial density 
perturbation, which leaves horizon and gets 
frozen at a*. 

k*=Ha* Eg. [SP, Zhang, Huang & Sasaki, 1712.09896]
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The formation of 
Primordial Black 

Holes

The peak scale re-enters the horizon at radiation 
dominated era. If it exceeded some critical 
value O(0.1), PBH will form. Its mass is O(MH).

k*=Ha*

PBHs

?



a/k*

a* aend a0aini are-entry aeq

a/k0

Rad.dom. 
1/Hr ~a2

Matt.dom. 
1/Hr ~a3/2β = erfc ( δc

2σ )

fPBH ≡
ΩPBH

ΩCDM
= 4.11 × 108β(M)( M

M⊙ )
−1/2

⌦PBH = �
aeq
are

= �
aeq
a0

a0
are

' �⌦r(1 + zre(M))

M =
c
3

GHre
=

c
3

G⌦1/2
r (1 + z)2H0

σ ∼ 𝒫1/2
δ



σ ∼ 𝒫1/2
δ,CMB ∼ 10−5

δ
δc ∼ 0.41

PBH formation when δ > δc .
CMB-scale 

perturbations 
are negligible

PDF of δ

β = erfc
δc

2σ
≃ exp (−

δ2
c

2σ2 ) ∼ exp (−1010) .

Negligible!



σ ∼ 𝒫1/2
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large perturbations 
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σ ∼ 𝒫1/2
δ,k*

∼ 5 × 10−2

δc ∼ 0.41

PBH formation when δ > δc .

δ

(Positive) Non-Gaussianity can increase the 
PBH production. (If we fix the variance)

β =
1
2

erfc (
ℛg+(ℛc)

2𝒜ℛ ) +
1
2

erfc (−
ℛg−(ℛc)

2𝒜ℛ ) .

ℛg±(ℛ) =
1
2

f −1
NL (−1 ± 1 + 4fNL (fNL𝒜ℛ + ℛ)) .

NG to 
enhance 

PBH

[Young & Byrnes, 1307.4995]
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δ,k*

∼ 10−3

δc ∼ 0.41

PBH formation when δ > δc .

δ

fPBH = 4.11 × 108β(M)( M
M⊙ )

−1/2

∼ 1

If we fix the PBH abundance (to be all 
dark matter), the variance must be 
smaller if there is non-Gaussianity.

PBH=DM 
w/. NG

[Cai, SP & Sasaki, 1810.11000]
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The fact that LIGO has 
not detected SGWB can 
put an upper bound for 

PBH abundance. 
[LOGO 1808.04771]
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No sensitivity on small 
scales 
  
Finite Size Effect: 

  

Wave effect:

M < 5 × 10−10M⊙ ( Rs

R ⊙ )
2

M < 4 × 10−10M⊙ ( λs

μm )

[Sugiyama et al, 1905.06066]
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The formation of 
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GWs will be induced at the horizon 
reentry.

k*=Ha*

PBHs

?
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Induced GWs
• The metric is


• From the nonlinear equation of motion for the tensor 
perturbation


• where the source term is            

h′�′�k + 2ℋh′�k + k2hk = 𝒮(k, η)

ds2 = a(η)2[−(1 − 2Φ) dη2 + (1 + 2Φ + hij) dxidxj] .

𝒮(k, η) ∼ ∫ d3pΦpΦk−p × (transfer functions)



Induced GWs
• The induced (secondary) GWs are 


• The energy density parameter is then


• In the radiation dominated universe we have

ΩGW ∼ ⟨hh⟩ ∼ ⟨ΦΦΦΦ⟩ ∼ 𝒫2
Φ ∼ 𝒫2

ℛ

ℛ =
2
3

Φ

hk ∼ ∫ dη × (Green function)∫ d3p × (Transfer function) × ΦpΦk−p .

hk hk
ℛp

ℛk−p



Induced GWs

β ∼ erfc( ℛc

2𝒫1/2
ℛ

)
fPBH ∼ 4.11 × 10−8β(M)( M

M⊙ )
−1/2

PBH abundance

ΩGW ∼ ⟨hh⟩ ∼ ⟨ΦΦΦΦ⟩ ∼ 𝒫2
Φ ∼ 𝒫2

ℛ

[Saito and Yokoyama, 0812.4339]

352

Fig. 1. Top: The energy density of the induced GWs for the power spectrum for a peak width, ∆ =
0.0, 1.0 × 10−3, 1.0 × 10−1, 1.0. Bottom: Energy density of scalar-induced GWs associated with PBH
formation together with current pulsar constraint (thick solid line segment) and sensitivity of various
GW detectors (convex curves). Solid wedged lines indicate the energy density with the parameters
(ΩPBHh2, MPBH) = (10−5, 102M⊙) (left), (10−1, 1020g) (right) for sufficiently small ∆ (thick lines) and
∆ = 1.0 (thin lines).

Downloaded from https://academic.oup.com/ptp/article-abstract/126/2/351/1838316
by guest
on 14 July 2018



PBH as DM with nG
ΩGW ∼ 𝒫2

ℛ . β ∼ erfc( ℛc

2𝒫1/2
ℛ

)

β =
1
2

erfc
ℛg+(ℛc)

2𝒫ℛ,G

+
1
2

erfc −
ℛg−(ℛc)

2𝒫ℛ,G

; fNL > 0.

ℛg±(ℛc) =
1

2FNL (−1 ± 1 + 4FNL (FNL𝒫ℛ,G + ℛc)) .

Gaussian:

Non-Gaussian:

ℛ = ℛG + FNLℛ2
G

ΩGW ∼ 𝒫2
ℛ,G + F2

NL𝒫3
ℛ,G + F4

NL𝒫4
ℛ,G
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GWs when PBH=DM
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If PBH serves as all DM, 
the induced GWs must be 

detectable by LISA, 
independent of         or        .𝒜ℛ FNL
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Summary
• Stochastic Background of GW is one of the important scientific 

goal of the next generation GW detectors (LISA, Taiji, Tianqin, …)


• Multiple peaks in induced GW spectrum can be used as a 
smoking gun of non-Gaussianity.


• If PBHs can serve as all the DM, induced GWs must be 
detectable by LISA/Taiji/Tianqin, no matter how small          or         
is. 


• Conversely if LISA can not detect the induced GWs, we can put 
an independent constraint on the PBH abundances on mass 
range 1019g to 1022g where no current experiment can explore.

𝒜ℛ fNL


