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Summary

• The generalized root system for an orbifold projective line.
⇒ affine, elliptic, cuspidal root system arise systematically.

1. The generalized root system.

2. Weyl groups and the generalized Coxeter group.

3. The cuspidal Artin group and the fundamental group of the
regular orbit space.

4. The cuspidal Artin group and the group of spherical twist
functors.
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The orbifold projective line P1
A,Λ

• Notations

• r ∈ Z≥3, A = (a1, . . . , ar ) such that ai ≥ 2.
• µA := 2 +

∑r
i=1(ai − 1), χA := 2 +

∑r
i=1(1/ai − 1).

• k : a field such that k = k and char(k) = 0.

• Λ = (λ1, . . . , λr ): λi = [λ
(1)
i : λ

(2)
i ] ∈ P1(k) such that λi 6= λj

for i 6= j , λ1 =∞, λ2 = 0 and λ3 = 1.

1. SA,Λ := k[X1, . . . ,Xr ]
/

(X ai
i − X a2

2 + λiX
a1
1 ; i = 3, . . . , r) .

2. LA: an abelian group generated by r -letters ~Xi , i = 1, . . . , r
defined as the quotient

LA :=
r⊕

i=1

Z~Xi

/
(ai ~Xi − aj ~Xj ; 1 ≤ i < j ≤ r) .

Define a stack P1
A,Λ by P1

A,Λ := [(Spec(SA,Λ)\{0}) /Spec(kLA)] .

3 / 19



The Generalized Root system (GRS)

1. a free Z-module K0(R) of finite rank (=: µ),

2. a symmetric bi-linear form IR : K0(R)× K0(R) −→ Z,
3. ∆re(R) ⊂ K0(R) such that:

• K0(R) = Z∆re(R),
• ∀α ∈ ∆re(R), IR(α, α) = 2,
• ∀α ∈ ∆re(R), rα(λ) := λ− IR(λ, α)α ∈ Aut(K0(R), IR) makes

∆re(R) invariant, namely, rα(∆re(R)) = ∆re(R),
• for W (R) := 〈rα | α ∈ ∆re(R)〉 ⊂ Aut(K0(R), IR), there exists

B = {α1, . . . , αµ} ⊂ ∆re(R) satisfying

K0(R) =

µ⊕
i=1

Zαi ,W (R) = 〈rα1 , . . . , rαµ
〉,∆re(R) = W (R)B.

4. an element cR of W (R), which has the product presentation

cR = rα′1 · · · rα′µ
with respect to some root basis B ′ = {α′1, . . . , α′µ}.
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The octopus kT̃A,Λ

The bound quiver algebra of the following quiver:

• bb
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�������������� YY

22222222222222
1∗

• oo

(1,a1−1)

· · · oo • oo

<<yyyyyyyy

(1.1)

•

||yyyyyyyy
//

1

"EEEEEEEE • //

(r ,1)

· · · // •
(r ,ar−1)

•

||xxxxxxxxx (2,1)
•

""FFFFFFFFF
(r−1,1)

. . .

}}zzzzzzzz
. . .

!!DDDDDDDD

•
(2,a2−1)

. . . . . . . . . •
(r−1,ar−1−1)

with relations: IΛ :=
〈∑r

i=1 λ
(1)
i fi ,1fi ,1∗ ,

∑r
i=1 λ

(2)
i fi ,1fi ,1∗

〉
.
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Construction of the GRS R̃A for P1
A,Λ

• The GRS as a tri. invariant on an alg. tri. category which has

• a dg enhancement (to define the mutation),

• a full strongly exceptional collection
(by Dbcoh(P1

A,Λ) ' Db(kT̃A,Λ)),

• transitive action of the Artin braid group on the set of
isomorphism classes of full exceptional collections
(by Meltzer for Dbcoh(P1

A,Λ)).

• The GRS R̃A for P1
A,Λ consists of

1. K0(Dbcoh(P1
A,Λ)),

2. χDbcoh(P1
A,Λ) + tχDbcoh(P1

A,Λ),

3. ([E1], . . . , [EµA ]) for some full exceptional collection,

4. c ∈ Aut(K0(Dbcoh(P1
A,Λ))) induced by

S[−1] ∈ Auteq(Dbcoh(P1
A,Λ)), where S is the Serre functor.
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The generalized Coxeter–Dynkin diagram T̃A

• The Coxeter–Dynkin diagram for B := {α̃v := [Sv ]}.
• {Sv}: simple kT̃A,Λ-modules such that χ(Pv ,Sv ′) = δvv ′ .

• {Pv}: indecomp. proj. kT̃A,Λ-modules s. t.
⊕

Pv
∼= kT̃A,Λ:

◦

EEEEEEEEE

��������������

33333333333333
1∗

◦
(1,a1−1)

· · · ◦

yyyyyyyyy

(1.1)

◦

yyyyyyyyy 1

EEEEEEEEE ◦
(r ,1)

· · · ◦
(r ,ar−1)

◦

xxxxxxxxx (2,1)
◦

FFFFFFFFF
(r−1,1)

. . .

zzzzzzzz
. . .

DDDDDDDD

◦
(2,a2−1)

. . . . . . . . . ◦
(r−1,ar−1−1)
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The star path algebra kTA

The path algebra for the following quiver:

• oo

(1,a1−1)

· · · oo • oo

(1.1)

•

||yyyyyyyy
//

1

"EEEEEEEE • //

(r ,1)

· · · // •
(r ,ar−1)

•

xxxxxxxxx (2,1)
•

FFFFFFFFF
(r−1,1)

. . .

}}zzzzzzzz
. . .

!!DDDDDDDD

•
(2,a2−1)

. . . . . . . . . •
(r−1,ar−1−1)

• RA: the GRS associated to Db(kTA).

8 / 19



The Weyl groups W (R̃A) and W (RA)

Set δ := α̃1∗ − α̃1 ∈ rad(I
R̃A

). The natural projection map

K0(R̃A) −→ K0(R̃A)/Zδ ∼= K0(RA)

induces p : W (R̃A) � W (RA); p(r̃1) = p(r̃1∗) = r1, p(r̃v ) = rv .

Theorem 1
There is an exact sequence of groups

{1} −→ N −→W (R̃A)
p−→W (RA) −→ {1},

where N := 〈r(r̃1r̃1∗)r | r ∈W (R̃A)〉. In particular, we have

W (R̃A) ∼= W (RA) n (K0(RA)/rad(IRA
)) .
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Key facts for Theorem 1

Define the elements as follows:

τ̃1 := r̃1r̃1∗ ,

τ̃(i ,1) := r̃(i ,1)τ̃1r̃(i ,1)τ̃
−1
1 , i = 1, . . . , r ,

τ̃(i ,j) := r̃(i ,j)τ̃(i ,j−1)r̃(i ,j)τ̃
−1
(i ,j−1), i = 1, . . . , r , j = 2, . . . , ai − 1.

Proposition 2

τ̃v (λ̃) = λ̃− I
R̃A

(λ̃, α̃v )δ, λ̃ ∈ K0(R̃A), ∀v ∈ TA.

In particular, there is a natural surjective group homomorphism

ϕ : K0(RA) � N,
∑
v∈TA

mvαv 7→
∏
v∈TA

τ̃mv
v ,

which induces K0(RA)/rad(IRA
) ∼= N.
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The generalized Coxeter group W (T̃A)

Generators {w̃v | v ∈ T̃A}
Relations

w̃2
v = 1 for all v ∈ T̃A,

w̃v w̃v ′ = w̃v ′w̃v if I
R̃A

(α̃v , α̃v ′) = 0,

w̃v w̃v ′w̃v = w̃v ′w̃v w̃v ′ if I
R̃A

(α̃v , α̃v ′) = −1,

w̃(i ,1)σ1w̃(i ,1)σ1 = σ1w̃(i ,1)σ1w̃(i ,1),{
w̃(i ,1)σ(j ,1) = σ(j ,1)w̃(i ,1)

w̃(j ,1)σ(i ,1) = σ(i ,1)w̃(j ,1)

for all 1 ≤ i < j ≤ r ,

where σ1 := w̃1w̃1∗ and σ(i ,1) := w̃(i ,1)σ1w̃(i ,1)σ
−1
1 .
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W (T̃A) and W (RA) n K0(RA)

Theorem 3
We have an isomorphism of groups

W (T̃A) ∼= W (RA) n K0(RA).

In particular, we have

W (T̃A) ∼=

{
W (R̃A) if χA 6= 0,

Ŵ (R̃A) if χA = 0,

where Ŵ (R̃A) is the hyperbolic extension of W (R̃A).
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Key fact for Theorem 3

Proposition 4

W (RA) n K0(RA) is described by the following relations:

Generators {rv , τv | v ∈ TA}
Relations

r2
v = 1 for all v ∈ TA,

rv rv ′ = rv ′rv if IRA
(αv , αv ′) = 0,

rv rv ′rv = rv ′rv rv ′ if IRA
(αv , αv ′) = −1,

τvτv ′ = τv ′τv for all v , v ′ ∈ TA,

rvτv rv = τ−1
v for all v ∈ TA,

rvτv ′ = τv ′rv if IRA
(αv , αv ′) = 0,

rvτv ′rv = τv ′τv if IRA
(αv , αv ′) = −1.
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The cuspidal Artin group G (T̃A)

Generators {g̃v | v ∈ T̃A}
Relations

g̃v g̃v ′ = g̃v ′ g̃v if I
R̃A

(α̃v , α̃v ′) = 0,

g̃v g̃v ′ g̃v = g̃v ′ g̃v g̃v ′ if I
R̃A

(α̃v , α̃v ′) = −1,

g̃(i ,1)ρ̃1g̃(i ,1)ρ̃1 = ρ̃1g̃(i ,1)ρ̃1g̃(i ,1) for all i = 1, . . . , r ,{
g̃(i ,1)ρ̃(j ,1) = ρ̃(j ,1)g̃(i ,1)

g̃(j ,1)ρ̃(i ,1) = ρ̃(i ,1)g̃(j ,1)

for all 1 ≤ i < j ≤ r .

where ρ̃1 := g̃1g̃1∗ and ρ̃(i ,1) := g̃(i ,1)ρ̃1g̃(i ,1)ρ̃
−1
1 .
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The fundamental group of the regular orbit space

• E(RA): the complexified Tits cone for RA.

• E(RA)reg := E(RA) \
⋃
α∈∆re(RA),n∈ZHα,n.

1. W (RA) n K0(RA) y E(RA): properly discontinuous.

2. W (RA) n K0(RA) y E(RA)reg : free.

• G (R̃A) := π1(E(RA)reg/(W (RA) n K0(RA)), ∗).

Theorem 5
There exists an isomorphism of groups

G (T̃A) ∼= G (R̃A).
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Key fact for Theorem 5

Proposition 6 (Van der Lek)

The group G (R̃A) is described by the following relations:

Generators {gv , ρv | v ∈ TA}
Relations

gvgv ′ = gv ′gv if IRA
(αv , αv ′) = 0,

gvgv ′gv = gv ′gvgv ′ if IRA
(αv , αv ′) = −1,

ρvρv ′ = ρv ′ρv for all v , v ′ ∈ TA,

gvρv ′ = ρv ′gv if IRA
(αv , αv ′) = 0,

gvρv ′gv = ρv ′ρv if IRA
(αv , αv ′) = −1.
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The group Br(ĎA,Λ) of sherical twist functors

• Π2(kT̃A,Λ): the 2-Calabi–Yau completion of kT̃A,Λ.

• ĎA,Λ := 〈S1, . . . ,SµA〉triiso,sum ⊂ D(Π2(A)).

• TSv : the spherical twist functor on ĎA,Λ associated to Sv .

• Br(ĎA,Λ) := 〈TS1 , . . . ,TSµA
〉 ⊂ Auteq(ĎA,Λ).

Theorem 7
The correspondence g̃v 7→ TSv for v ∈ T̃A induces

G (T̃A) � Br(ĎA,Λ).
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Key facts for Theorem 7

Proposition 8 (Seidel–Thomas)

1. For any spherical objects S and S ′, we have

TSTS ′
∼= TTSS ′TS .

2. If RHomĎA,Λ
(S ′,S) ∼= k[−1], we have

TSTS ′S ∼= S ′.

Lemma 9
For 1 ≤ i < j ≤ r , we have

RHomĎA,Λ
(S1∗ ,T(i ,1)S1) ∼= k[−2], RHomĎA,Λ

(T(i ,1)S1, S1∗) ∼= k ,

RHomĎA,Λ
(S(i ,1),T1T1∗S(j ,1)) ∼= 0, RHomĎA,Λ

(T1T1∗S(j ,1),S(i ,1)) ∼= 0.
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Conjecture

Conjecture

The group homomorphism G (T̃A) � Br(ĎA,Λ) in Theorem 7
should also be injective, and hence isomorphism. In other words,
the space of stability condition Stab(ĎA,Λ) should be simply
connected.
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