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Summary

e The generalized root system for an orbifold projective line.
= affine, elliptic, cuspidal root system arise systematically.

1. The generalized root system.

2. Weyl groups and the generalized Coxeter group.

3. The cuspidal Artin group and the fundamental group of the
regular orbit space.

4. The cuspidal Artin group and the group of spherical twist
functors.
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The orbifold projective line ]P)i\’/\

e Notations

o r€Z>3, A=(a1,...,a,) such that a; > 2.
o pa=2+370 1(aj = 1), xa=2+ 30 1(1/a - 1).
e k: a field such that k = k and char(k) 0.

o A=(A1s.o A A= AP] € P(k) such that A # A

fOI’I'?é_j,/\l oo/\z—Oand)\3—1

L San = k[X1, ..., X)) /(X7 = X532 + \iX[Hi=3,...,r).

2. La: an abelian group generated by r-letters X, i = 1,...r
defined as the quotient

La ::@Z)?;/(a;)?;—aj)_(j;l§i<j§r).
i=1
Define a stack IP)%J\ by IP’%J\ = [(Spec(San)\{0}) /Spec(kLa)] .
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The Generalized Root system (GRS)

1. a free Z-module Ky(R) of finite rank (=: ),
2. a symmetric bi-linear form I : Ko(R) x Ko(R) — Z,
3. Are(R) C Ko(R) such that:
o Ko(R) = ZA(R),
e Va € Aw(R), Ir(a,a) =2,
o VYo € Are(R), ra(A) := X — Ir(A\, a)a € Aut(Ko(R), Ir) makes
Ae(R) invariant, namely, ro(A(R)) = Ar(R),
o for W(R):=(r, | € A,E(R)> C Aut(Ko(R) Ir), there exists
B={ai,...,a,} C An(R) satisfying

Ko(R) = @Za,, (Fags- s Tay), Dre(R) = W(R)B.

4. an element cg of W(R), which has the product presentation

=r ceer
CR = Ia) """ la,

with respect to some root basis B’ = {a,...,qa},}.
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The octopus k"ﬂ]f‘A?/\

The bound quiver algebra of the following quiver:

1
°\
(1,a—1) (1.1) \ r1) (ra,—1)

/ \

[ ] R .o “e [ ]
(2,a,—1) (r—1,a,-1—1)

with relations: Zp := <Zf:1 )\gl)f,-,l fite, > i q >\§2)f,-71f,-’1*>.
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Construction of the GRS Ry for P} ,
e The GRS as a tri. invariant on an alg. tri. category which has
e a dg enhancement (to define the mutation),

e a full strongly exceptional collection
(by DPcoh(PL ) ~ DP(kTan)),

e transitive action of the Artin braid group on the set of
isomorphism classes of full exceptional collections
(by Meltzer for DPcoh(P} 4)).

e The GRS R, for P,lq,/\ consists of
1. Ko(Dbcoh(PY 1)),
2. Xpbeon(P ) T tXDbcoh(P;YA)v
3. ([E1],- .., [Eu,]) for some full exceptional collection,
4.

ce Aut(Ko(Dbcoh(IP’hA))) induced by
S[-1] € Auteq(Dbcoh(P}q’A)), where S is the Serre functor.
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The generalized Coxeter—Dynkin diagram i

e The Coxeter-Dynkin diagram for B := {a, := [S,]}.
e {S,}: simple kT o A-modules such that x(P,,S,/) = 6.
e {P,}: indecomp. proj. kﬁ'A7A—moduIes s.t. PP, = k'ﬁ‘AJ\:

(e l*
ce. o / o \ o
1
(Lar—1) (1) / \
@] o
)

/ N

O e e e O
(2,a2—-1) (r—1,a,_1-1)

(r,1) (r,ar—1)



The star path algebra kT4

The path algebra for the following quiver:

1
(1,a1—1) (1.1) / \ (r,1) (r,a—1)

/ \

o N e N o
(2,a,—1) (r—1,a,-1—-1)

e R4 the GRS associated to D(kT,).
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The Weyl groups W(R,4) and W(Ra)
Setd:=ay+—ag € rad(lkA). The natural projection map

Ko(Ra) — Ko(Ra)/Z6 = Ko(Ra)

induces p : W(ﬁA) — W(Ra); p(n) = p(r=) = n, p(rn) = rv.

Theorem 1
There is an exact sequence of groups

{1} — N — W(Ra) -2 W(Ra) — {1},
where N := (r(nn+)r | r € W(ﬁA)). In particular, we have

W(Ra) = W(Ra) x (Ko(Ra)/rad(Ig,))-
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Key facts for Theorem 1

Define the elements as follows:

1= hh,
Tin) = eyt L i=1...,r,
~ L~ o~ ~ ~_1 . . )
T(f,j) = r(iJ)T(;J_l)r(,-,J-)T(,.’J.il), I = ]., ey by = 2, ce.,di — 1.

Proposition 2

7o) = A= Iz (\,@,)5, A€ Ko(Ra), Vve Ta.

In particular, there is a natural surjective group homomorphism

¢ Ko(Ra) > N, Y mya, — [ 7,
VETA VETA

which induces Ko(Ra)/rad(lr,) = N.
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The generalized Coxeter group W(?A)

Generators {W, | v € Ta}

Relations
w2 =1 forall ve Ty,

Wiy = Wy Wy i g (G, dy) =0,
W iy = Wy 0 (@) = 1,
W(i,1)01W(j,1)01 = T1W(j 1)01W(; 1),
DTG = OGOMD ol 1<i<j<r
WG9 (i,1) = 93i,)W,1)

where g1 i — V~V1|’/IV/1* and 0’(,-,1) = |7|//(,-71)O'1|7V(,-71)0'1_1.
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W(T,) and W(Rs) x Ko(Ra)

Theorem 3

We have an isomorphism of groups
W(Ta) = W(Ra) x Ko(Ra).

In particular, we have

YT AW(RA) if xa=0,

where /W(kA) is the hyperbolic extension of W(Rg).
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Key fact for Theorem 3

Proposition 4
W(Ra) x Ko(Ra) is described by the following relations:
Generators {r,,7, | v € Ta}
Relations
r2=1 forall ve Ty,

v
rry = ryt, if Ig,(ay, ) =0,
rryty = rpryry if g (ay, o) = —1,
TvTy =TyTy forall v,v' € Ty,

L oforall ve Ty,

rTvry =T,
Ty = Tyt if IRA(av,aV/) = 07

ntory =1p7y  if g (ay, o) = —1.
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The cuspidal Artin group G(?A)

Generators {g, | v € ?A}
Relations
gvgvl = EV’EV If lﬁA(av, &V/) == O,
Evgv’gv = Ev’gvgv’ if lﬁA(&V7 62v’) =-1,
8(i,1)P18(i,1)P1 = P18(i,1)P18(i,1) foralli=1,...,r,
EinPGY = PUDEL) ol 1<i<j<r
g(J 1)P(, 1) = P(, 1)g(J 1)

where p1 := g181- and p; 1) = &(1.1)P18(i1)P1 -
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The fundamental group of the regular orbit space

e E(Ra): the complexified Tits cone for Ra.
° E(RA)reg = g(RA) \ UaeA,e(RA),nEZ Hay,-,.

(Ra) x Ko(Ra) ™~ E(Ra): properly discontinuous.
(RA) X Ko(RA) % g(RA)reg: free.

o G(Ra) := m1(E(Ra)"™ /(W(Ra) x Ko(Ra)), *)-

Theorem 5
There exists an isomorphism of groups

G(Ta) = G(Ra).
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Key fact for Theorem 5

Proposition 6 (Van der Lek)
The group G (RA) is described by the following relations:
Generators {g,,p, | v € Ta}

Relations
ngV’ = gV/gV If IRA(aV7 O‘V’) - 07

g8 8v = 8v8v8s If Iry(av,ay)=—1,
pupy = pupy  forall v,V € Tp,
gvpv = pvgs if Ir,(ay, ) =0,
gupvg = pvpy if IR (ay,ay) = —1.

16
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The group Br(Da) of sherical twist functors

nz(kﬁfA’/\)Z the 2-Calabi—Yau completion of k'ﬁ’Av/\.
'Z\jA,/\ = <51,...,SHA>M C D(HQ(A))

iso,sum

Ts,: the spherical twist functor on ZV?AJ\ associated to S, .
BI‘(Z\jAJ\) =(Ts,,- .-, TSHA> C Auteq(ZV)A’/\).

Theorem 7 N
The correspondence g, — Ts, for v € Tp induces

G(Ta) — Br(Dan).
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Key facts for Theorem 7

Proposition 8 (Seidel-Thomas)

1. For any spherical objects S and S’, we have
TsTs = Trgs Ts.
2. IfRHomgp, (S',S) = k[-1], we have

TsTsS = s

Lemma 9
Forl < i< j<r, wehave

RHomygs,  (51+, T(i1)51) = k[=2],  RHomyp, (T(;1)51,51) = k,

RHomg, (S(i1): T1 T1-S(j1)) =0, RHomys,  (T1T1-S(;1), S(iyy) = 0.
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Conjecture

Conjecture
The group homomorphism G(Ta) — Br(Daa) in Theorem 7

should also be injective, and hence isomorphism. In other words,

the space of stability condition Stab(ﬁAJ\) should be simply
connected.
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