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Kontsevich's Homological Mirror Symmetry

Conjecture 1
There should exist a pair of CY manifolds (X, Y) such that

DPcoh(X) = DPFuk(Y) (1.1)

as triangulated categories.
Moreover, this should imply the isomorphism of formal Z-graded
Frobenius manifolds

HY (X, ATx) = H (Y, Q%) (1.2)

LHS: Frob. str. from deformation theory (Barannikov—Kontsevich)
RHS: Frob. str. from Gromov-Witten theory
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Introduction

Problem
HMS leads the following

Problem 2

For a smooth compact Calabi-Yau A..-category A,
construct a Frobenius structure on HH*+2(A)

(the total Hochshild cohomology group of A shifted by two).

Key observation:

Proposition 3 (Gerstenhaber—Schack, Kontsevich)
Define the n-th Hochschild cohomology group of X by

HH"(X) := Extyy x(Ox,Ox). (1.3)
There is an isomorphism of vector spaces

HH"(X) = @ HI(X, APT). (1.4)
n=p+q
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Introduction

Aim of this talk

Explain an approach to associate Saito structures

(filtered de Rham cohomologies, GauB—Manin connections and
higher residue pairings) and primitive forms

to non-negatively graded smooth compact CY dg algebras.
Remark 4

Frobenius structure = Saito's flat structure.

Remark 5

Recently, Saito structures are also known as
e semi-infinite Hodge structures by Barannikov,
e TE(L)P structures by Hertling,

e nc-Hodge structures by Katzarkov—Kontsevich—Pantev.
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Introduction

Result

It is possible to translate literally Saito’s theory of primitive form
for weighted homog. polynomials into language of dg algebras
up to the following problems to solve:

e we have to prove a kind of formality conjecture,
e we have to construct “naturally” the higher residue pairings,

e we have to prove an isomorphism between the complex of
“polyvector fields” and the complex of “differential forms".
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Plan

1. Notations and terminologies
o Differential graded algebras, Calabi—Yau dg algebras
e Hochschild cohomologies and Hochschild homologies
e Cartan calculus

2. Saito structures at the generating centers and good sections
e Formality conjecture
e Filtered de Rham cohomologies and GauB—Manin connections
e Exponents
e Higher residue pairings
e Good sections

3. Construction of primitive forms

Versal deformations

Product o, unit vector field e and Euler vector field E
Deformed Filtered de Rham cohomologies, GauB—Manin
connections and higher residues

Primitive forms
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Notations and Terminologies

dg Algebras
A differential graded C-algebra (dg C-algebra) A consists of
e a Z-graded C-algebra A = @Ap
PEZL

e a differential, a C-linear map dy : A — A of degree one with
df\ = 0 satisfying the Leibniz rule:

dA(alaz) = (dA31)32 + (—l)ﬁal(dAag), a € Aﬁ7 a € A.

A dg C-algebra A is called non-negatively graded if AP =0,p < 0.

Definition 6 (Kontsevich)
Let A be a dg C-algebra. Put A® := A% ®¢ A.
1. Ais called compact if A is a perfect dg C-module,
equivalently, if Zdim(c HP(A,da) < 0.
pEZL
2. Ais called smooth if A is a perfect dg A®-module.
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Definition 7 (cf. Keller)

Let A be a dg C-algebra.
A cofibrant replacement of the dg A®-module RH omae)or (A, A®)
is called the inverse dualizing complex and is denoted by A'.

Remark 8

Kx' = Extfy x(Ox, Oxxx)- (2.1)
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Calabi—Yau dg algebras

Definition 9 (Ginzburg)

Fix an integer w € Z. A smooth dg C-algebra A is called
Calabi-Yau of dimension w if there exists a quasi-isomorphism of
dg A®-modules

A — T YA (2.2)

Remark 10
For a Calabi—Yau dg C-algebra A of dimension w, we have the
following isomorphisms in D(A€)

RHomae(A, A) = T-"RHomae (A, A) = T (A% A). (2.3)
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Notations and Terminologies Construction of a good section Construction of a primitive form

Hochschild cohomology

Set C*(A) = [] Gre((TA)®", A).

n>0

Define a C-linear map d : C*(A) — C**1(A) by

(df)(Tar ® -~ @ Tap) := da (f(Ta1 @ - -~ @ Tay))

n
- Z 1 (Ta1®- - @ Taj—1 @ T(daa;) ® Taj+1 ® - - - ® Tap).

i=1

Define a C-linear map 6 : C*(A) — C**1(A) by

(6f)(Tar ® -+~ ® Tapy1)
=4f(Ta1 ® - ® Tap)apt1 T a1f(Taa ® - -+ ® Tapt1)

n
_Z :l:f( Ta]_®- e ® Ta,'_1® T(3i3i+1)® T3i+2®' ® Tan+1)_

i=1
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Notations and Terminologies
Proposition 11
1. The C-linear maps d,d on C*(A) satisfy

d>=0, 6°=0, dé+dd=0. (2.4)
2. Set 0 :=d + 0. We have the following isomorphism in D(C)

(C*(A), 9) = RHomue(A, A). (2.5)

Definition 12

1. The graded C-module H*(C*(A),d) is denoted by HH*(A)

and called the Hochschild cohomology of A.
2. Denote by 73, (A) the graded C-module H*(C*(A),0).

Remark 13

p'o,y(A) is an analog of the sheaf A®*Tx of polyvector fields.

11/65



Introduction Notations and Terminologies Construction of a good section Construction of a primitive form

Definition 14
For f = (f,) € CP(A) and g = (gn) € C9(A), define the product
fog=((fog)s) € CPTI(A) by

(Fog)n(Tar® - @ Tap)
= Hi(Tay @+ @ Ta))gn-i(Taif1 ® - ® Tap).
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Definition 15
For f = (f,) € CP(A) and g = (gn) € C9(A), define the
Gerstenhaber bracket [f,g]c € CPT971(A) by

[f.gle :=fo1g— (1) N Ngo (2.6)
where fo_1 g = ((fo_1g),) € CPT971(A) is defined as
(Fos18)n(Ta1 ® -+ - ® Tap)

= Z +fhj1(Tar ® - ® Taj1
T (g(Tai® - ® Taj4j-1)) ® Taipj @ -~ @ Tap)
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Notations and Terminologies

Definition 16
1. Denote by ma the element (ma ,) € C?(A) defined by
my, =0if n#1,2and
ma1(7Ta1) = daar, max(Ta1 ® Tap) := (—1)"a1a2. (2.7)

2. Denote by fa the cohomology class of m4 in Tgo,y(A).

3. Denote by deg, the cohomology class of the element
(dega ) € CH(A) in T, (A) defined by

poly
degp,:=0(n#1), degyi(Ta1):=21" a1 (2.8)
Remark 17
fa <= f(x1,...,%n): a weighted homogeneous polynomial

n
0
degy — g W,-x,-a—7 w; : the weight of x;
, Xi
i=1
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Notations and Terminologies

Proposition 18

1.

The product o on C*(A) induces structures of graded
commutative C-algebras on T, (A) and HH*(A) whose unit
elements are given by the cohomology classes of 14 € CO(A).

The Gerstenharber bracket [—, —]¢ induces structures of
graded Lie algebras on 7;';,;1( ) and HH*+1(A).
We have
X =[ma, X]g, X e C*(A), (2.9)
dX = [anX]Gv DS po/y(A) (210)

In particular, the “Euler’s identity” holds in T, (A) :

fa = [dega, falg - (2.11)
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Notations and Terminologies

Proposition 19

The tuple (7, (A),d,o,[—,—]c) is a differential Gerstenhaber

algebra. Namely,
e the triple (
C-algebra,

o the triple (T3i*(A), d,[—, ~]¢) is a dg Lie algebra,

o for X,Y,Z €

poly(A), d,0) is a graded commutative dg

poly(A), we have

[X,YoZ]lg=[X,Y]oZ+ (-1)XDYYo[X, Z].. (212)

16
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Hochschild homology

Denote by Co(A) the graded C-module H A®c (TA)®".
n>0

1. Define a C-linear map d : Co(A) — Ce—1(A) by

dlag®Tai® - ® Tap) :=daag® Ta; ® - - ® Ta,
+Z +ag®@Ta1®---®Taj—1 @ T(daai) @ Taj11®- - & Ta,.
2. Define a C-linear map ¢ : Co(A) — Ce—_1(A) by
0ag® Tag ® -+ ® Tap) :=tapa1 @ Ta, ® -+~ ® Ta,
+ Z +tay®Ta® - ®Ta_1® T(ajaj11) @ Taj12®@ - - ® Ta,
£ Hana0®@ Tay ® -+ @ Tap 1.
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Notations and Terminologies

Define a C-linear map B : C(A) — Cot1(A) called the Conne’s
differential by

8(30®T31"'®Tan) :ldA® T‘30®"'®Tan
Tao® T(ida) ® Tay @ -+ @ Tap
+ZiidA®Tai®”'®Tan® T30®"'®Ta,’,1
+Ziai® T(da)® Tajy1-- @ Tap® Tag @ - -+ @ Taj_1.
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Notations and Terminologies
Proposition 20

1. The C-linear maps d, §, B satisfy d> =0, 6> =0, B2 =0 and

dd+d6d=0, dB+Bd =0, 6B+ Bi=0. (2.13)

2. Set 0 :=d + §. We have the following isomorphisms in D(C)

(Co(A),0) = Ak A= RHomp(A', A). (2.14)

Definition 21

1. The graded C-module He(Ce(A), D) is denoted by HHe(A)
and called the Hochschild homology of A.

2. Denote by Q4(A) the graded C-module He(Ce(A), 9).

Remark 22
Q.(A) is an analog of the sheaf Q% of differential forms.
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Notations and Terminologies

Definition 23
Let f be an element of Gre((TA)®P, A).

1. C-linear map tr : Co(A) — Co(A) defined by

tr(ao®Tar -+ -®Tap) = £f(Tap—p+1®---®@Tas)ag® Tay - - -® Tan—p
(2.15)
is called the contraction.

2. C-linear map Lf : Co(A) — Co(A) defined by
Li(ag® Tar -+ ® Tap) =
Z:tag @TH(Ta @+ ® Tajyp-1) ® Tajyp - ® Tap
+)  Ef(Tanpyive @+ @ T2, @ Tag @ -+ @ Tay)®
Tajy1---® Tap_prit1 (2.16)
is called the Lie derivative.
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Notations and Terminologies

The following is a direct consequence of a result by
Daletski—Gelfand—Tsygan:

iy (A), Q26(A)) is a calculus algebra)

The C-linear maps v and L induce morphisms of graded C-modules

Proposition 24 ((

i T (A) — Gre(Qu(A), Qu(A), X = ix (2.17)

L: Too (A) — T71Grc(Qa(A), Q(A), X Lx  (2.18)
satisfying

ixiy = ixoy, [Lx;Ly]=Lix vie (2.19)

Lxiy + (=1)XiyLx = Lxoy,  [ix, Ly] = ipx.v]e: (2.20)

[B,ix] = —Lx, [B,Lx]=0, (2.21)

L, = —d. (2.22)

A
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Formality conjecture

Let A be a non-negatively graded smooth dg C-algebra.

Proposition 25 (Dolgushev—Tamarkin—Tsygan)
The pair (C*(A), Co(A)) is a homotopy calculus algebra.

Conjecture 26

The homotopy calculus algebra (C*(A ),
to the differential calculus algebra (T

A)) is quasi-isomorphic

Co(
(A), 2e(A)).

poly

Remark 27
Conjecture 26 implies that the dg Lie algebra
(C*HL(A), [ma, —]G, [, —]c) is quasi-isomorphic to the dg Lie

algebra ( P'OJ,S}( ), [fas —]e, [—, —]c) as an L-algebra.
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Construction of a good section

From now on, we assume the following:

Assumption 28

The dg C-algebra A is non-negatively graded, smooth, compact
and Calabi-Yau of dimension w € Z>q satisfying Conjecture 26
and HO(A, dA) = (C[].A].

Under Assumption 28, there are isomorphisms of graded C-modules
HH*(A) — H*(To, (A), d), (3.1a)

HHa(A) — Ho(QW(A), d). (3.1b)
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Construction of a good section

In particular, an element of HH,,(A) giving the isomorphism
Al T7YA,

determines a non-zero element v; € H,,(Q24(A), d).
The contraction map

7;7.oly(A) Xc QO(A) — Q.(A), X® v ixv,

induces the isomorphism
HP(

(A, d) 2 Hy p(Qu(A),d), pEZ, X ixu,

of graded C-modules.

(3.2)
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Construction of a good section

Definition 29
Set
Jac(fa) = H*( A),d). (3.4)

We call the graded C-module Jac(fa) the Jacobian ring of A.

p.oly (

Remark 30

Recall that d = [fa, —]c. Note also that the bracket [—, —]¢ on
poly(A) is an analog of the Schouten—Nijenhuis bracket.

For a holomorphic function f : C" — C, we have an isomorphism

H®(A*Ten, [f, —]) = Jac(f), where [—, —] denotes the

Schouten—Nijenhuis bracket.
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Construction of a good section

Proposition 31

The Jacobian ring Jac(fa) is a finite dimensional graded
commutative Frobenius C-algebra.
Namely, we have a non-degenerate graded symmetric bilinear form

it : Jac(fa) @c Jac(fa) = T>C, X@Y = q(X,Y), (3.5)
such that
ni(XoY,Z)=n(X,Yo2), X,Y,Z€Jac(ja). (36)

Remark 32

The bilinear form 77%2 depends on the choice of v{m, more precisely,
on the choice of isomorphism (A€)' =2 T—2%A¢ in D(A®).

26
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Construction of a good section Construction of a primitive form

Filtered de Rham cohomology

Definition 33

Let u be a formal variable of degree 2.
1. Define a graded C((u))-module #;, by

M, = Ho(Q(A)((1)), d + uB).

H;, is called the filtered de Rham cohomology of A.

2. Define graded C[[u]]-modules (=P by

fA

fa

Qu(A)[[u]]uP,d + uB), p € Z.

3. Define a graded C-module 5, by

QfA

= Ha(QW(A), d).

(3.7)
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Remark 34
1. H;, is an analog of the de Rham cohomology H*(X, C).

2. {Hé;p)}pez is an analog of the Hodge filtration.
3. €, is an analog of the Hodge cohomology H®(X,Q%).
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Degeneration of Hodge to de Rham

Set pia = dimc £;,,.
Proposition 35 (degeneration of Hodge to de Rham)

The graded C[[u]]-modules Hg;p) is free of rank i for all p € Z
and there exists an exact sequence of graded C-modules

0—H PV uA o o (3.10)
A A

Key: Kaledin's degeneration of Hodge to de Rham theorem
for non-negatively graded smooth compact dg algebras.
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Construction of a good section

It turns out that the C[[u]]-modules H%A_p). p € Z define an
increasing filtration of H;,

(—=p=1)  7,(~p)
- CHy P U P C Ay, (3.11)
such that

Un P =%, and [ # P ={0} (3.12)

PEZL PEZ

so that H;, is complete with respect to the filtration.
The multiplication of v induces an isomorphism

. 7/(=P) oy q/(=p-1)
usHy PP (3.13)
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GauB-Manin connection on H;,

Define 73, as

7& = Cllu ]]* (3.14)
Definition 36
Define a connection
V: Thy ®c Qu(A) (1)) = Qu(A)((1)) (3.15)
by
4= % - %ifA- (3.16)
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Proposition 37
The connection V satisfies

[vud%, d+ uB} = d + uB. (3.17)

Therefore, V induces a connection on H;,. Moreover, we have

(0) (0)
Vs (’HfA ) c HO. (3.18)

Definition 38

The connection V on H;, is called the GauB-Manin connection.
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Proof
(of Proposition)

1
V,a,d+uB| =uB - [y, d+uB] = uB — Ly, = d + uB.
du u

a1 _ 4
du u™™  du

1. d 1 .
E [’degAa LfA] = UE‘{'LdegA‘i'E [d + uB, ’degA]

O
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Pairing on the Hochschild homology

We have an isomorphisms of graded C-modules
Jac(fa) = T7"Qp,, X = ixwi. (3.19)

Therefore, we can move the C-bilinear form nf"j on Jac(fa) to the
one on £;, which does not depend on v;.

Definition 39
Define a C-bilinear form J;, : Q;, ®c Q5, — C by

Jalixcvi, ivvi) = (=) Ypf(X, ), X, Y € Jac(5a). (3.20)
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Construction of a good section

Exponents

It follows from the definition of the morphism L that

Laeg, (20 ® Ta1 @ -+ @ Tay) 1= (Z a,) ap® T ®- - @ Ta,)

(3.21)
for ag® Ta; ® - - - ® Ta, € Co(A).
This commutes with the operator § on C,(A) and hence defines an
endomorphism of graded C-modules on Q4(A), which is Lieg, -

Proposition 40

The endomorphism of graded C-modules Lyeg, on 24(A) induces
C-linear endomorphism on €2;,,.
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Definition 41
Define graded C-submodules QP9 of Q;, for p,q € Z by

QT ={w e, |w=—p+q, Lieg,w = qu}. (3.22)
Definition 42

The Hodge numbers for A are
hP9(A) := dim¢ Qf:’, p,q € Z.
The integer g with h?9(A) # 0 is called an exponent of A.

Remark 43
Since A is compact, h?9(A) < oo for p,q € Z.
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Construction of a good section

Proposition 44
The Hodge numbers for A satisfy the following properties:
1. hP9(A)=0ifp<0orq<D0.
2. hwO(A) = 1.
3. hW=PA(A) = hPY—9(A).
Recall here that A is non-negatively graded, H°(A, da) = C[14]
and that J;, induces a perfect pairing

iy T @ QYTPYT — (3.23)
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A homogeneous section

Proposition 45

There exists a splitting s( : Q;, — Hg‘)) of the following exact
sequence of graded C-modules
-1 0) r©@
0— HEA N HgA) 5 Q, — 0 (3.24)
such that
vu% (S(O) (QTA)) - s (QfA) : (3.25)
Remark 46

Once such s(©) is given, we have an isomorphism
Qs [[u]] = ”HS), v uP i sO(v)uP, (3.26)

of C[[u]]-modules.

38 /65



Construction of a good section

Proof
By definition, v € Q"%, namely, it satisfies Lueg,v1 = 0.

There are elements va, ..., v,, € ;, such that Lyeg,vi = q; - v; for
some g; € Z and the set {vi,...,v,,} forms a C-basis of €);,.

The image s(9 (Q;,) is inside of He(Q2(A)[u], d + uB) since the
dg C-algebra A is non-negatively graded.

Since [Lgeg,, B] = 0 and [Lgeg,, d] = d, we can choose
N

) V,) = Zw,‘JUI, wy € Q.(A) so that LdegAw,-J = (q,- — /) “Wj .

Therefore, Vuis(o)(v,-) =q;- s(o)(v,-), i=1,... 04 O
du
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Higher residue pairings

Definition 47 (higher residue pairings)
Define a C-bilinear form

Kin - Hip @c My — C((v)) (3.27)
by setting for v,v' € Q;,

K;, (5(0)(v)up,s(0)(v')up/> = (=1)P . yvtPre. Jia (v, V).
(3.28)
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Construction of a good section

For P € C((u)), define P* € C((u)) by P*(u) := P(—u).
Proposition 48
The bilinear form K;, satisfies the following properties

L. KfA(w17w2) = (_1)‘71.072KfA(W27W1)*-

2. PK;,(w1,w2) = Kj,(Pw1,w2) = Kj, (w1, P*w2).

3. K, (1O 1) € Clul]u,

4. We have the following commutative diagram :

o 1O @ HY —— Cl[u]lu™
r(0)®r(0)l lmod Cl[u]]u™+!
u”k, Q5 @c 5, —— Cu".

5. U%KTA(UJLUJQ) = KfA(Vu%wl,WQ) + KfA(wl,VU%WQ).
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Construction of a good section

Remark 49
The bilinear form K;, does depend on the choice of

S(O) : QfA — 7‘[(0)

fa -
However, as in the classical case, we expect that Kj, should be

uniquely determined by properties in the previous proposition.
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Existence of a good section

Proposition 50
There exists a C-linear subspace S of H;, satisfying

Hi,=H @S, (3.29)
ulscs, (3.30)
VudiS CS, (3.31)
K;,(S,S) c Clu™']u™ 2. (3.32)

We can choose as S the subspace s(o)(QfA)[u_l]u_l.
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Versal deformation

We add the following assumption on A.

Assumption 51
The contraction map

p.oly(A) — QW*'(A)a X = iXV1,

induces an isomorphism of complexes

(Tpory (A), d) = (Qw—e(A), d).
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Construction of a primitive form

Under Assumption 51, we can define the operator A on 72 (A):

poly
Definition 52
Define a morphism A : T2, (A) — T H(A) of graded
C-modules by iA(X)Vl = B(ixvl), X € p.oly(A)'
Proposition 53

The tuple (T, (A),d,0,[—, ], A) is a dGBV algebra. Namely,
we have the following equation:

(X, Y]e = (~1)XA(X oY) — (~1)XA(X) o Y — X 0 A(Y). (4.1)
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Construction of a primitive form

Consider a formal graded manifold M whose structure sheaf Oy is
Owm = C[[HH*2(A)]]. (4.2)
Denote by m the maximal ideal in Oyp.

Let t;,...,t,, be coordinates dual to the basis {v1,...,v,,} as in
the proof of Proposition 45. The tangent sheaf Ty, on M is a
graded Op;-free module of derivations on Oy, which satisfies

0

o (4.3)

KA
Tm = @ Om
i=1

46
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Construction of a primitive form

Proposition 54 (Existence of a versal deformation of §4)

There exists an element 7(t) € T, (
satisfying the following properties:

A) ®c m of degree two

e The Maurer—Cartan equation is solved by ~(t) :

31(8) + 5 (D), 1(D]g = 0. (+4)
e fori=1,...,ua, the elements
0 0
O - [39]) mnecir,

form a C-basis of Jac(fa).

e An element ~(t) is homogeneous in the sense that

HA

10 =30 - a2 egan(le. (49)
i=1 !
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Construction of a primitive form

Proof

We can apply Terilla’s result since our dGBV algebra

( p‘o,y(A), d,o,[—,—]g, ) satisfies his “degeneration of the
spectral sequence” condition due to the Hodge to de Rham

degeneration of our filtered de Rham cohomology #;,,.

Remark 55
Calabi—Yau manifolds are unobstructed.
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Construction of a primitive form

Definition 56
Let v(t) be an element in
Proposition 54.

1. Define an element §4 of p‘o,y(A) ®Rc Op as

poly(A) @c Opm of degree two given by

Sa = fa+(t). (4.7)

It follows that [§a,§ 4] = 0 from the Maurer—Cartan
equation (4.4).

2. Define an Opy-homomorphism d, on 7;‘O,y(A) ®c Op as

d, X = [8a, Xlg, X € Tpy(A) @c Ou. (4.8)

It follows that d,% = 0 since [§a,Falc = 0.
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Construction of a primitive form

Proposition 57
For X, Y € Ty, (A) ®c Om, we have

d7 [X7 Y]G = [d’Y(X)u Y]G + (_l)X [Xa d’Y(Y)]G ) (498)
dy(X oY) =dy(X)o Y + (—1)XX 0 d,(Y). (4.9b)
Namely, d,, o and [—, =] equip T, (A) @c Oum with a structure

of differential Gerstenharber algebra.
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Introduction Notations and Terminologies Construction of a good section

The product o on Ty

Definition 58

Set
Jac(Fa) := H*(Tpor, (A) @c Om, d,). (4.10)

We call the graded Op-algebra Jac(Fa) the Jacobian ring of Fa.

Note that the property [§a, 54l = 0 implies

d, (§a) = 0, (4.11)
b 0

Construction of a primitive form
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Proposition 59 (Kodaira—Spencer map is an isom.)

The morphism of graded Op;-modules

o [0
0T — Jac(Za), = s {83;‘] ,

=1,... 4.1
at,' ! ) y A, ( 3)

is an isomorphism.

Definition 60
Define a product o : Ty ®0,, TmM — Tm by

0 0 0 0
p (at,- ° aq) =0 <at,-> °r (aa) (4-14)

0 0 | 9%a OFa
— [(c‘)t,oc‘)g) gA] = [8t,— oatj:| ) (4.15)
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Vector fields e and E

We can introduce the following two particular elements of Tyy.
Definition 61

The element e := p~1([La]) € Tw is called the unit vector field.
The element E := p~([Fa]) € Twm is called the Euler vector field.

Proposition 62
We have

E= Z —qi) t, -, (4.16)

and the following “Euler’s identity”:

Sa= E3A+[degA,§A]G. (4.17)
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Definition 63
Define a morphism d,, of graded Op-modules on Q4(A) @c O as

d7 = —LgA, (4.18)
which is a deformation by ~ of the boundary operator d on Q4(A).

Proposition 64

We have
d2 =0. (4.19a)
[dy,ix] = ia,x, X € Tpo (A) @c Om. (4.19b)
[B,iz,] = —L3, = d,. (4.19¢)
[B,d,] = 0. (4.19d)

In particular, d, defines a boundary operator on Q4(A) ®c Oum.
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Deformed filtered de Rham cohomology H3,

Definition 65
Let u be a formal variable of degree 2.

1. Define a graded Op((u))-module by
Mz, = He((e(A) ®c Om)((v)), dy + uB). (4.20)

We call Hz, the deformed filtered de Rham cohomology.
2. Define the graded O [[u]]-modules

HEP = Ha((R(A) 2 OM)I[ulu?, d, +uB), p € Z. (421)
3. Define a graded Op-module Qz, by

Qs = Ho(QW(A) ®¢ Op, ds). (4.22)
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Proposition 66

The graded Op|[[u]]-modules H(g;p) is free of rank ua for all p € Z
and there is an exact sequence of graded Op-modules

0— H%;p_l) o ng) — Qz, — 0. (4.23)

The Op|[u]]-modules H(g;p), p € Z define an increasing filtration
of Hg, such that

USSP =5, and 1P = {0} (4.24)
PEZ pPEZ

so that Hg, is complete with respect to the filtration.
The multiplication of u induces an isomorphism of C-modules

uiHOP) 2y

—p—1
S (gAP ). (4.25)
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GauB-Manin connection on Hsz,

Set J
7:&},><M = OM[[U]]E © Ouml[u]] ®oy, Tm- (4.26)

Definition 67
Define a connection

V7 T @c ((26(A) @ Om)((1))) = (26(A) ©c Om)((v))

(4.27)
by
d 1
1= = 4.2
Vju du 22 1345 ( 8a)
0 1
V7 ==+ —ioz,, [I=1,..., 04 (4.28b)
aitl- at, ot;
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Proposition 68
The connection V7 is a flat connection satisfying

[Vzd, d, + uB] =d, + uB, (4.29a)
du
[V”a, d, + uB} =0, i=1,...,ua. (4.29b)
at;

Therefore, V7 induces a connection on Hgz,. Moreover, we have

v (%(0)) cHWY, i=1,... 4 (4.30a)
8% 3 S ey A, .
v (0) (0)

Vi (M) M), (4.30b)
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Fundamental solution to the GauB—Manin connection

Proposition 69
For all w € (Qe(A) @c Op/mk)((u)), we have

i

(dy +uB) <e‘v£t)w> — e (d + uB)w. (4.31)

Let s : Q5 — ’Hf(g) be a good section and let {vi,...,v,,} be
elements of €2;, as in the proof of Proposition 45.
Set ¢; :=sO(v;), i =1,..., pa. By the above proposition, it

1,

follows that [e‘vt(:t)c,-] € Hzak = Hg, @0y, (Op/mb).
K
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Proposition 70

We have the following equations:

v, {e—”ﬁ”g] —0, ij=1,... 1a (4.32)
o k

_h _h .
in I:e u C,] =q;- [e u C,] , 1= 1,...,MA. (4.33)
du k k
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Higher residue pairing

Corollary 71

The bilinear form Kj;, induces an O-bilinear form
KSA P Hga 0y Hyy — OM((U))

satisfying the axioms of higher residue pairings.
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Primitive form

Definition 72
An element ¢ € ’Hgl) is a primitive form for (7—[(3(1‘), vV, Kz,) if

1.

uVe( =C(and ¢ induces (’)M-isomorphism:

Taallul] = 1), Zsku HZ (uV5,€)

2. Kz, (uVsC, UVafC) € OM ~uv, for all 6,8 € Ty.
3. There exists r € C such that V 4 ¢ = r(.
du

There exists a connection V on Ty such that
uVxVy(=Vxoy(+uVyg (¢ X, Y €Ty

. There exists an Op-endomorphism N : Tp; —> Ty such that

uvdi(UVXC) = —Von< + quxg, X e T/\/l.

In particular, the constant r is called the minimal exponent.
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The C-linear subspace S := s(O(Q;,)[u=u™t of H;, satisfies
Hyy =My @S, u7'S C S, V,4SCS, Ky(S,S) C Clu"u" 2.

Define the element ¢ by

. _h(
C = k|lm 7’20 [e u C1:| s
—00 k

. ©0) o2 ©) - ot
where 750 1 Hg,k = Hg, , D e "o S — Hg ' is the projection.

(famous method by M. Saito and Barannikov)

Theorem 73

The element C is a (formal) primitive form with the minimal
exponent zero for the tuple (’Hgl), V, Kz,)-
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From primitive forms to Frobenius manifolds

Theorem 74 (cf. Saito—Takahashi)

Let ¢ be a primitive form with the minimal exponent zero for the

tuple (7—[(30), V,Kz,).

A

Define an Op-bilinear form 1 : Ty ®o,, TMm — Om by

(X, Y) = (—1)" Ky, (uVxCuVyC) - o, (4.35)

Then, the tuple (o,n, e, E) gives a formal Frobenius structure on
M such that

Lieg(o) = o, Lieg(n) = (2 — w)n.
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Thank you!

P~ R

Q>
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