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QCD-Axion Reminder
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Too much isocurvature



Focus on Classic Window



In Classic Window; Axion Initial Distribution 

N ⇠ 1061



Consider Non-Relativistic Behavior

Hamiltonian

Number Density

(For rigorous treatment: Namjoo, Guth, Kaiser 2017)

�(x, t) =
1p
2m

�
e�imt (x, t) + eimt ⇤(x, t)

�



Equation of Motion

Approach to Equilibrium?

Interaction Rate of Modes
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Early universe Late universe

Equilibrium with high occupancy suggests BEC
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Classical Description of BEC Phase Transition

Free Theory

Number

Density

Critical Temperature

Guth, Hertzberg, Prescod-Weinstein 1412.5930



Classical vs Quantum with Interactions



What About Interactions?

Fundamental claim of Sikivie, Todarello, 1607.00949 

On time scales                    the classical description 
breaks down, requiring the full quantum theory, 
which is the only way to see thermalization

t > ⌧ = 1/�



|{Ni}i = |12, 25, 4, 12, 1i

ai =
p

NiInitial classical state

Toy Model

Second Quantized Language

Consider just 5 oscillators for simplicity

Initial quantum state

Sikivie, Todarello, 1607.00949



Quantum vs Classical??

Sikivie, Todarello, 1607.00949



Initial classical state ai =
p

Ni e
I✓i , ✓i 2 [0, 2⇡)

Ensemble average over random initial phases

Meaningful comparison

Connects to uncertainty in branch of wavefunction

Hertzberg 1609.01342

Correct Classical Treatment
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Correct Classical Treatment



Implication for Correlation Functions



Implication for Correlation Functions

At high occupancy

Ergodic theorem

Hertzberg 1609.01342



Correlation functions of quantum and classical micro-states 
agree at high occupancy, despite the macroscopic spreading  
of wave-functions in these chaotic systems

Note: this is not some trivial consequence of Ehrenfest theorem; 
More akin to billiard balls which exhibit chaos; Albrecht, Phillips 2012

Hertzberg 1609.01342

Implication for Axion Simulations
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Preheating - Mode Functions

Heisenberg �̂(x, t) =
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d3k

(2⇡)3
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eik.xvk(t)âk + h.c

⇤
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(Bunch-Davies)

v̈k + 3Hv̇k +
k
2

a2
vk + ��(t)vk = 0
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Evolution

Kofman, Linde, & Starobinsky PRL (1994); PRD (1997)
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Adiabatic (Mukhanov-Sasaki)



Kofman, Linde, & Starobinsky PRL (1994); PRD (1997); Amin, Hertzberg, Kaiser, Karouby 1410.3808

Heisenberg

Initial conditions (Bunch-Davies)vk,ji(t) !
e�i!kt

p
2!k

�ji
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Evolution

Preheating - Mode Functions
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with          periodic:

Floquet Theory

General algorithm: Amin, Hertzberg, Kaiser, Karouby, 1410.3808

Vk(t) = P1,k(t)e
µkt + P2,k(t)e

�µkt
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Sensitive dependence on wavenumber k

Exponential Growth in Fields

Kofman, Linde, & Starobinsky, arXiv:hep-ph/9704452;

Vk
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Nonlinear Effects
Exponential growth means that linear evolution eventually 
breaks down, requiring full non-linear dynamics
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Evolution

Preheating - Ensemble Average
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Ensemble

Correlations functions are exact
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Kofman, Linde, & Starobinsky, arXiv:hep-ph/9704452;

Exponential Growth in Fields

Exponential growth  
in occupancy

Vk
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Sensitive dependence on wavenumber k

Vk(t)
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   Localized structures, e.g., clumps/oscillons

   Amin, Easther, Finkel, Flauger, Hertzberg, 1106.3335

Nonlinear Effects
Exponential growth means that linear evolution eventually 
breaks down, requiring full non-linear dynamics

   • Lattice Easy (Felder and Tkachev, hep-ph/0011159) 
   • Defrost (Frolov, 0809.4904) 
   • CudaEasy (Sainio, 0911.5692)  
   • PSpectre (Easther, Finkel, and Roth, 1005.1921) 
   • HLattice (Huang, 1102.0227) 
   • PyCool (Sainio, 1201.5029) 
   • GABE (Child, Giblin, Ribeiro, and Seery, 1305.0561)

Classical lattice  
simulations



Late-Time Decays
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Equation of motion

(Sikivie 1983; Adshead, Giblin, Scully, Sfakianakis 2015, 2016; Masaki, Aoki, Soda 2017)

Consider Inflaton to Photon Coupling

�(x, t) ⇡ �a(x) cos(m�t)
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Ä�r2A+ ga� @t�r⇥A = 0
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Homogeneous Inflaton Field

Mathieu Equation

k ⇡ ma
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Parametric resonance  
     always present
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e.g., Yoshimura 1996



Inhomogeneous (Spherical) Clump

Decomposition into vector spherical harmonics
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Hertzberg, Schiappacasse 1805.00430 

https://arxiv.org/abs/1805.00430


Inhomogeneous (Spherical) Clump
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Hertzberg, Schiappacasse 1805.00430 

= 0

µhom > µesc

Instability channel

Hertzberg 1003.3459

�pert
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Part 2: Post-Inflation Part 3: TunnelingPart 1: Axion Dark Matter

- Hertzberg 1003.3459;  
- Amin, Easther, Finkel, Flauger, 

Hertzberg 1106.335;  
- Amin, Hertzberg, Kaiser, Karouby 

1410.3808;  
- Hertzberg, Schiappacasse 

1805.00430

- Hertzberg, Tegmark, Wilczek 
0807.1726;  

- Guth, Hertzberg, Prescod-
Weinstein 1412.5930;  

- Hertzberg 1609.01342

- Hertzberg, Yamada 1904.08565;  

Macroscopic spreading  
of wave-function

Beginning with low 
occupancy modes

Usually thought to be 
forbidden classically



“Classical Tunneling” in Quantum Mechanics?



Initial conditions drawn from quadratic theory
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Initial conditions drawn from quadratic theory V (x) =
1

2
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“Classical Tunneling” in Quantum Field Theory?
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Initial conditions drawn from free theory

!k =
p

m2 + k2
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Scalar Field Theory Behaviour
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-  - Approximate numerical agreement in decay rates found in:               
- Braden, Johnson, Peiris, Pontzen, Weinfurtner 2018 

Scalar Field Theory Behaviour



- - In LINEAR regime, ensemble average is correct  
- (despite small occupancy)

-   - In NONLINEAR regime; ensemble average can (sometimes) 
describe tunneling (since bubble’s have high occupancy)

Hertzberg, Yamada 1904.08565

✏
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-   - Tunneling rate is parametrically correct from bubble statistics

Some (Partial) Understanding
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Part 2: Post-Inflation Part 3: TunnelingPart 1: Axion Dark Matter

- Hertzberg 1003.3459;  
- Amin, Easther, Finkel, Flauger, 

Hertzberg 1106.335;  
- Amin, Hertzberg, Kaiser, Karouby 

1410.3808;  
- Hertzberg, Schiappacasse 

1805.00430

- Hertzberg, Tegmark, Wilczek 
0807.1726;  

- Guth, Hertzberg, Prescod-
Weinstein 1412.5930;  

- Hertzberg 1609.01342

- Hertzberg, Yamada 1904.08565;  

Macroscopic spreading  
of wave-function

Beginning with low 
occupancy modes

Thank you

Usually thought to be 
forbidden classically


