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plan

• 1. Introduction (9 pages.)

Infrared secular effects, Stochastic picture of inflation 

• 2. Body (11 pages.)

・Discuss the validity of the stochastic picture of inflation.

・Violation of the stochastic picture up to non-zero

quantum coherence during inflation, and its consequences.

• 3. Summary (1 page.)
(Working in progress……)
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Generation of fluctuations

• Microscopic fluctuations → Macroscopic. (IR modes)

𝜆ph =
2𝜋𝑎(𝑡)

𝑘
≈
2𝜋𝑒𝐻𝑡

𝑘

(super-horizon modes)

1

𝐻
∼

IR modes
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e.g. large scale fluc. → CMB

ESA, Planck Collaboration (2013)

Observables =  QFT expectation values of 𝜁: < 𝜁 ⋯𝜁 >

Naively, 

• These fluctuations are the seeds of various objects, e.g., galaxies.

𝑘
𝑎𝐻 𝑡=𝑡∗

𝑎𝐻 𝑡=𝑡𝑓

Deep IR modes 

(beyond current horizon scale) 

Observed density perturbations

Observables=Quantum fluctuations

~ 60 efolds
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• < 𝜁⋯𝜁 > contains very large loop corrections:

Deep IR contribution is divergent or significantly large.

loops of 𝜁, ℎij and   loops of 𝜙

𝜁(𝑡1, 𝑘1)

𝜁(𝑡𝑛, 𝑘𝑛) 𝜁(𝑡𝑛+𝑚, 𝑘𝑛+𝑚)

𝜁(𝑡𝑛+1, 𝑘𝑛+1)
𝜁, ℎ𝑖𝑗 : metric perturbations

𝜙 : isocurvature modes

IR secular effects

< 𝜙I
2 > ∝ න

𝑘0

d3𝑙
1

𝑙3
∼ ln 𝑘0 → ∞ as 𝑘0 → 0 .

e.g.) interaction vertex which includes an interaction picture field 𝜙I
without derivative can yield the following loop corrections: 
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• < 𝜁⋯𝜁 > contains very large loop corrections:

loops of 𝜁, ℎij and   loops of 𝜙

𝜁(𝑡1, 𝑘1)

𝜁(𝑡𝑛, 𝑘𝑛) 𝜁(𝑡𝑛+𝑚, 𝑘𝑛+𝑚)

𝜁(𝑡𝑛+1, 𝑘𝑛+1)
𝜁, ℎ𝑖𝑗 : metric perturbations

𝜙 : isocurvature modes

IR secular effects: interesting!

1. IR loops may modify the current predictions,
2. the dynamics before 60 e-folds may be imprinted on observables!

• If IR loops affect observables, it would be interesting because

6

Deep IR contribution is divergent or significantly large.



Be skeptical.
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e.g.) QED

• Large IR loops may signal the inappropriate definition of 

observables.

• It seems that we are in the similar situation. 

We should reconsider which quantities are really observables for us.

Take into account the soft photon emission/exchange 

whose energy is below the detector resolution 

Finite scattering amplitudes.



IR loops affect observables for a local observer ?

• We should reconsider which quantities are really observables for us.

1. loops of 𝜁, ℎij (metric perturbations) T. Tanaka and Y. Urakawa (2009,…)

2. loops of 𝜙 (isocurvature modes)

Above discussion does not apply.

IR loops of 𝜁, ℎij = gauge artifact

T. Tanaka and Y. Urakawa (2010, 2011)

IR secular effects from isocurvature modes

• From now on, we concentrate on a light scalar field on 

inflationary background.
8



• Fluctuations of deep IR modes 𝑘 < 𝑎 𝑡∗ 𝐻 are

completely neglected by hand.

A. Linde(1986) A. A. Starobinsky (1986)

Y. Nambu and M. Sasaki (1989)

Classical stochastic picture

𝐻−1

Observable region

observer

𝑡0

𝑡∗

𝑡𝑓

𝑡𝑛+1

𝑡𝑛

different values of 𝜙

60 efolds ∼

⋮

⋮

𝜙𝑘 𝑡𝑛 = 𝛼𝑛,𝑘 𝑘<𝑎 𝑡𝑛 𝐻

𝜙𝑘 𝑡𝑛+1 = 𝛼𝑛+1,𝑘 𝑘<𝑎 𝑡𝑛+1 𝐻
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𝜙𝑘 𝑡∗ = 𝛼∗,𝑘 𝑘<𝑎 𝑡∗ 𝐻

Realization of IR 

modes at each 

Hubble patch is 

assumed.



• Fluctuations of deep IR modes 𝑘 < 𝑎 𝑡∗ 𝐻 are

completely neglected by hand. 

A. Linde(1986) A. A. Starobinsky (1986)

Y. Nambu and M. Sasaki (1989)

Classical stochastic picture

𝐻−1

Observable region

observer

𝑡0

𝑡∗

𝑡𝑓

𝑡𝑛+1

𝑡𝑛

different values of 𝜙

60 efolds ∼

⋮

⋮

𝜙𝑘 𝑡𝑛 = 𝛼𝑛,𝑘 𝑘<𝑎 𝑡𝑛 𝐻

𝜙𝑘 𝑡𝑛+1 = 𝛼𝑛+1,𝑘 𝑘<𝑎 𝑡𝑛+1 𝐻

Ψstoc = Ψ 𝜶 ≠ 𝑈(𝑡𝑓, 𝑡0)|Ψ
0⟩ 𝜶 specifies some 

particular history.
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𝜙𝑘 𝑡∗ = 𝛼∗,𝑘 𝑘<𝑎 𝑡∗ 𝐻



• Fluctuations of deep IR modes 𝑘 < 𝑎 𝑡∗ 𝐻 are

completely neglected by hand. Can we justify |𝚿𝐬𝐭𝐨𝐜⟩?

A. Linde(1986) A. A. Starobinsky (1986)

Y. Nambu and M. Sasaki (1989)

Classical stochastic picture ?

𝐻−1

Observable region

observer

𝑡0

𝑡∗

𝑡𝑓

𝑡𝑛+1

𝑡𝑛

different values of 𝜙

60 efolds ∼

⋮

⋮

𝜙𝑘 𝑡𝑛 = 𝛼𝑛,𝑘 𝑘<𝑎 𝑡𝑛 𝐻

𝜙𝑘 𝑡𝑛+1 = 𝛼𝑛+1,𝑘 𝑘<𝑎 𝑡𝑛+1 𝐻

Ψstoc = Ψ 𝜶 ≠ 𝑈(𝑡𝑓, 𝑡0)|Ψ
0⟩ 𝜶 specifies some 

particular history.
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𝜙𝑘 𝑡∗ = 𝛼∗,𝑘 𝑘<𝑎 𝑡∗ 𝐻



Importance of the decoherence (1/3)

• Expectation: quantum decoherence may justify the stochastic picture 

of inflation.
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with 𝑒𝑥1 𝓔
, 𝑒𝑥2 𝓔

∝ 𝛿𝑥1𝑥2

Ψ0 = Ψ 𝑆,0
𝓢
⊗ Ψ 𝐸,0

𝓔
Ψ = σ𝑥 𝑐 𝑥 𝑥 𝓢 ⊗ 𝑒𝑥 𝓔

𝓗tot = 𝓢⊗ 𝓔,

𝑋 , 𝑌 ≔ ⟨𝑋|𝑌⟩

• E.g.) Let us consider the following situation. E. Joos and H. D. Zeh (1985)

System is decohered in the basis 𝑥 𝓢 :

𝜌𝓢 ≔ 𝑇𝑟𝓔 Ψ Ψ = σ𝑥 𝑐 𝑥 2 𝑥 𝓢𝓢 𝑥



with 𝑒𝑥1 𝓔
, 𝑒𝑥2 𝓔

∝ 𝛿𝑥1𝑥2

• E.g.) Let us consider the following situation.

Ψ0 = Ψ 𝑆,0
𝓢
⊗ Ψ 𝐸,0

𝓔
Ψ = σ𝑥 𝑐 𝑥 𝑥 𝓢 ⊗ 𝑒𝑥 𝓔

𝓗tot = 𝓢⊗ 𝓔,

• Orthogonality 𝑒𝑥1 𝓔
, 𝑒𝑥2 𝓔

∝ 𝛿𝑥1𝑥2

It is possible to distinguish 𝑒𝑥 𝓔from 𝑒𝑦 𝓔
when 𝑥 ≠ 𝑦.

Importance of the decoherence (2/3)

13Then, Ψ𝑜𝑏𝑠 ∝ 𝑐(𝛼) 𝛼 𝓢 ⊗ 𝑒𝛼 𝓔. There is a cup at 𝑥 = 𝛼.

• Suppose that an observer observed the photon state 𝑒𝛼 𝓔.



with 𝑒𝑥1 𝓔
, 𝑒𝑥2 𝓔

∝ 𝛿𝑥1𝑥2

• E.g.) Let us consider the following situation.

Ψ0 = Ψ 𝑆,0
𝓢
⊗ Ψ 𝐸,0

𝓔
Ψ = σ𝑥 𝑐 𝑥 𝑥 𝓢 ⊗ 𝑒𝑥 𝓔

𝓗tot = 𝓢⊗ 𝓔,

Importance of the decoherence (3/3)
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• Key point: orthogonality  𝑒𝑥1 𝓔
, 𝑒𝑥2 𝓔

∝ 𝛿𝑥1𝑥2.

Observer can obtain the information (record) of the system 

quantum state 𝑥 𝓢 ∈ 𝓢, by monitoring the environment 

thanks to the orthogonality.



Application to the stochastic picture of inflation?

Ψ0 = 𝑉𝐴𝐶 → Ψ(𝑡𝑓) =෍

𝜶

Ψ 𝜶

• Let us consider the possible application of the previous discussion to 

the stochastic picture of inflation. 

• We will investigate whether the information of the history 𝜶 is 

recorded in the environment 𝓔 which is accessible by an observer: 

Ψ 𝜶 = 𝛼 𝓢 𝑧𝜶 𝓔

𝑧𝜷 𝓔
, 𝑧𝜶 𝓔 ≈ 𝛿𝜶𝜷 ?????

• More specifically, we will investigate the orthogonality 

𝜶 specifies some 

particular history.
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• Accessibility of a local observer at the end of inflation

• We assume that we can monitor the states { 𝑧𝜶 𝓔} ∈ 𝓔 somehow.

We choose

𝓔 = ໆ

𝑘≥𝑎 𝑡𝑓 𝐻

𝓗𝑘
: UV modes at the end of inflation.

※ 𝓔 contains the UV modes which live outside the observed

scale, although we will not care for a while (in this talk). 

• From now on, we will 

1. define Ψ 𝜶 and obtain an explicit expression for 𝑧𝜶 𝓔

2. confirm that  𝑧𝜷 𝓔
, 𝑧𝜶 𝓔 ≈ 𝛿𝜶𝜷, by using the path integral. 

16

Application to the stochastic picture of inflation?



Quantum states of the stochastic picture of inflation

෠𝑃𝛼𝑛 ≔ ໆ

𝑘<𝑎 𝑡𝑛 𝐻

𝜙𝑘 = 𝛼𝑛,𝑘 𝜙𝑘 = 𝛼𝑛,𝑘 ໆ

𝑘≥𝑎 𝑡𝑛 𝐻

𝐼𝑘

with ෠𝜙𝑘 𝜙𝑘 = 𝛼𝑛,𝑘 = 𝛼𝑛,𝑘 𝜙𝑘 = 𝛼𝑛,𝑘

Observable region

𝑡0

𝑡∗

𝑡𝑓

𝑡𝑛+1
𝑡𝑛

different values 

of 𝜙

60 efolds ∼

⋮

⋮

𝜙𝑘 𝑡𝑛 = 𝛼𝑛,𝑘 𝑘<𝑎 𝑡𝑛 𝐻

𝜙𝑘 𝑡𝑛+1 = 𝛼𝑛+1,𝑘 𝑘<𝑎 𝑡𝑛+1 𝐻

Ψstochastic = Ψ𝜶

Ψ𝜶 ≔ መ𝐶𝜶|Ψ
0⟩, መ𝐶𝜶 ≔ ෠𝑃𝛼𝑓𝑈𝑓,𝑓−1

෠𝑃𝛼𝑓−1⋯𝑈21 ෠𝑃𝛼1𝑈10

Unitary time evolutionProjection on IR modes

17



Derive the expression for 𝑧𝜶 𝓔 (1/2)

෠𝑃𝛼𝑛 = නෑ

𝑘

d𝜙𝑘 ໆ

𝑘

𝜙𝑘 𝜙𝑘 ෑ

𝑘<𝑎 𝑡𝑛 𝐻

𝛿 𝜙𝑘 − 𝛼𝑛,𝑘 ,

Ψ𝜶 ≔ መ𝐶𝜶|Ψ
0⟩, መ𝐶𝜶 ≔ ෠𝑃𝛼𝑓𝑈𝑓,𝑓−1

෠𝑃𝛼𝑓−1⋯𝑈21 ෠𝑃𝛼1𝑈10

Ψ𝜶 = 𝛼𝑓 𝓢
⊗ 𝑧𝜶 𝓔 with 𝛼𝑓 𝓢

≔ ۪𝑘<𝑎 𝑡𝑓 𝐻 𝜙𝑘 = 𝛼𝑓,𝑘

Ψ𝜶 = න𝒟𝜙 ⊗𝑘 𝜙𝑘 ෑ

𝑖=1

𝑓

𝛿 𝜙𝑖
IR − 𝛼𝑖 𝑒𝑖𝑆 𝜙0 Ψ

0 .

• Explicit expression for Ψ𝜶

• Relation between Ψ𝜶 and z𝜶 𝓔

Using

=: 𝛿 𝜙𝑛
IR − 𝛼𝑛

we obtain 
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Derive the expression for 𝑧𝜶 𝓔 (2/2)

z𝜶 𝓔 = න𝒟𝜙 ⊗𝑘>𝑎 𝑡𝑓 𝐻 𝜙𝑘 ෑ

𝑖=1

𝑓

𝛿 𝜙𝑖
IR − 𝛼𝑖 𝑒𝑖𝑆 𝜙0 Ψ

0 .

• The coherence between the different histories 𝜶 and 𝜷 is  

• Explicit expression for z𝜶 𝓔 is

𝑧𝜷 𝓔
, 𝑧𝜶 𝓔

×ෑ

𝑖=1

𝑓

𝛿 𝜙𝑖
IR(+)

− 𝛼𝑖 𝛿 𝜙𝑖
IR(−)

− 𝛽𝑖 .

= න𝒟𝜙(+)𝒟𝜙(−) ෑ

𝑘≥𝑎 𝑡𝑓 𝐻

𝛿 𝜙
𝑓,𝑘

+
− 𝜙

𝑓,𝑘

−
𝑒𝑖 𝑆

(+)−𝑆 −
𝜙0

+
Ψ0 Ψ0 𝜙0

−

We need to perform the integration over UV modes.
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Approximate orthogonality of 𝑧𝜶 𝓔

• Evaluate the coherence between the histories 𝜶 and 𝜷

𝑧𝜷 𝓔
, 𝑧𝜶 𝓔 ≈ exp −𝑔2න

𝑘<𝑎 𝑡𝑓 𝐻

d3𝑘න
𝑡𝑐 𝑘

𝑡𝑓

d𝑡 𝑎3 𝑡 𝛼 𝑡, 𝑘 − 𝛽 𝑡, 𝑘
2

𝑔 : dimensionless coupling strength

• Coarse-grained history is approx. orthogonal to each other

ҧ𝑧𝜷
(𝑨)

𝓔
, ҧ𝑧𝜶

𝑨

𝓔
∝ 𝛿𝜶𝜷

ҧ𝑧𝜶
𝑨

𝓔
≔ න𝒟𝜙IR𝑊𝑨 𝝓𝑰𝑹; 𝜶 𝑧𝝓 𝓔

∝ 𝑒
− ׬

𝑘<𝑎 𝑡𝑓 𝐻
d3𝑘 ׬

𝑡𝑐 𝑘

𝑡𝑓
d𝑡 𝐴2 𝑡,𝑘 𝜙 𝑡,𝑘 −𝛼 𝑡,𝑘

2

Window function with C.G. scale A

e.g.) Gaussian window fn.

with 𝐴2 𝑡, 𝑘 ≈ 𝑔2𝑎3(𝑡)

(※Additional fields→larger decoherence rate)
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Approximate orthogonality=Approximate stochastic picture

• Non-orthogonality within the decoherence scale implies 

that the quantum state would be

even if we perform the projection measurement at the end of inflation.

Ψobs ≈ න𝒟𝜙IR𝑊𝑨 𝝓𝐈𝐑; 𝜶 Ψ 𝝓𝐈𝐑 ≠ Ψ 𝜶 = Ψstochastic ,

Observable regionobserver

𝑡0

𝑡∗

𝑡𝑓

𝑡𝑛+1

𝑡𝑛

60 efolds ∼

⋮

⋮

𝜙𝑘 𝑡𝑛 = 𝛼𝑛,𝑘 𝑘<𝑎 𝑡𝑛 𝐻

𝜙𝑘 𝑡𝑛+1 = 𝛼𝑛+1,𝑘 𝑘<𝑎 𝑡𝑛+1 𝐻

Deep IR modes would be 

allowed to fluctuate

(Working in progress……)
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Deep IR flucuations may affect primordial fluctuations??

• Only primordial fluctuations with mode 𝑘 ≈ 𝑎 𝑡∗ 𝐻 might be 

affected by the fluctuations of super-Hubble modes (of 

isocurvature) via quantum interference.

𝑡0

𝑡∗

𝑡𝑓

𝑡𝑛+1
𝑡𝑛

60 efolds ∼

⋮

⋮

𝜙𝑘 𝑡𝑛 = 𝛼𝑛,𝑘 𝑘<𝑎 𝑡𝑛 𝐻

𝜙𝑘 𝑡𝑛+1 = 𝛼𝑛+1,𝑘 𝑘<𝑎 𝑡𝑛+1 𝐻

Deep IR modes would be 

allowed to fluctuate

(Working in progress……)

• The allowed amplitudes of deep IR modes (𝑘 < 𝑎 𝑡∗ 𝐻)

fluctuations will be suppressed by 
𝑎 𝑡∗

𝑎(𝑡)

3

for 𝑡 > 𝑡∗.

(Working in progress……)
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Motivation

Large IR secular effects from isocurvature modes are really

observable effects??

Method

Investigate the validity of the stochastic picture of inflation.

Conclusions

1. Stochastic picture might appear only approximately, and would be 

violated up to the non-zero quantum coherence.

2. Deep IR fluctuations of isocurvature modes might be able to 

contribute to primordial perturbations.

On-going

Qualitative estimation of the contribution of IR secular effects, etc.

Summary

23

IR secular effects might allow us to observe the quantum 

interference during inflation!
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• Coherence is approximately lost during inflation.

𝑧
𝛼𝑓
′

𝑓,𝛼𝑓−1
′ …𝛼1

′

, 𝑧 𝛼𝑓

𝑓,𝛼𝑓−1 …𝛼1 ∝ exp −න
𝜖𝑎 𝑡𝑓 𝐻

d3𝑘න
𝑡𝑐(𝑘)

𝑡𝑓

d𝑡
𝜆2𝑎3

𝜖3
𝐻2 𝛼𝑘(𝑡) − 𝛼

𝑘
′ (𝑡)

2

• Thus, for coarse-grained trajectories, coherence is lost.

t

𝜙
k

Coarse-graining scale

: coarse-grained trajectories

• This coarse-graining can be performed by inserting the Gaussian 

functional in the path integral:

𝑒
− ׬

𝜖𝑎 𝑡𝑓 𝐻
d3𝑘 ׬

𝑡𝑐(𝑘)

𝑡𝑓
d𝑡

𝜆2𝑎3

𝜖3
𝐻2 𝜙

𝑘+
(𝑡)−𝜙

𝑘
′ (𝑡)

2

𝑒
− ׬

𝜖𝑎 𝑡𝑓 𝐻
d3𝑘 ׬

𝑡𝑐(𝑘)

𝑡𝑓
d𝑡

𝜆2𝑎3

𝜖3
𝐻2 𝜙

𝑘−
(𝑡)−𝜙

𝑘
(𝑡)

2

Prelimianary results

25



Strong Decoherence during inflation

• Strong decoherence is approximately satisfied during inflation.

wl. 𝑋 , |𝑌⟩ ≡ ⟨𝑋|𝑌⟩

𝑧
𝛼𝑓
′

𝑓,𝛼𝑓−1
′ …𝛼1

′

, 𝑧 𝛼𝑓

𝑓,𝛼𝑓−1 …𝛼1 = න𝔇𝜙+
UV𝔇𝜙−

UV 𝑒𝑖𝑆UV𝑒𝑖𝑆UV−IR𝑒𝑖𝑆IR ቚ
𝜙+
IR= 𝛼 , 𝜙−

IR= 𝛼′

𝑧
ഥ𝛼𝑙
′

𝑙,ഥ𝛼𝑙−1
′ …ഥ𝛼1

′

, 𝑧 ഥ𝛼𝑙

𝑙,ഥ𝛼𝑙−1…ഥ𝛼1 ∝ 𝛿ഥ𝛼𝑛ഥ𝛼𝑛
′
⋯𝛿ഥ𝛼1ഥ𝛼1

′
(𝑛 < 𝑙),

t

𝜙IR : path 1

: path 2

: path 3

Coarse-graining scale

• Coarse-grained scale Δ𝜙 → 0 limit : Stochastic inflation

∝ exp −න
𝜖𝑎 𝑡𝑓 𝐻

d3𝑘න
𝑡𝑐(𝑘)

𝑡𝑓

d𝑡
𝜆2𝑎3

𝜖3
𝐻2 𝛼𝑘(𝑡) − 𝛼

𝑘
′ (𝑡)

2
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Role of decoherence in classical stochastic interpretation

• Importance of decoherence on the problem of IR secular 

effects is not discussed in detail so far (as far as I know).

• Double slit experiment. 

෠𝑃1 + ෠𝑃2 𝜓 ⟨𝜓| ෠𝑃1 + ෠𝑃2

𝜙IR(𝑥)

𝑡

𝜙IR(𝑥)

𝑡

𝜙IR(𝑥)

𝑡

𝜙IR(𝑥)

𝑡

= +

𝜙IR(𝑥)

𝑡

++

෠𝑃1 𝜓 ⟨𝜓| ෠𝑃1 ෠𝑃2 𝜓 ⟨𝜓| ෠𝑃2

෠𝑃1 𝜓 ⟨𝜓| ෠𝑃2 ෠𝑃2 𝜓 ⟨𝜓| ෠𝑃1

𝜓1 + 𝜓2
2 = 𝜓1

2 + 𝜓2
2

+𝜓1𝜓2
∗ + 𝜓2𝜓1

∗

Quantum interference
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Decoherence functional

• Decoherence functional expresses the degree of interference.

The contribution from two field 

trajectories 𝛼 and 𝛼′ to the path integral.

𝐷 𝛼, 𝛼′ ≠ 0 ⇔ Coherence exists.

𝐷 𝛼, 𝛼′ ≡ න𝓓𝜙+𝛿 𝜙+ − 𝛼 𝓓𝜙− 𝛿 𝜙− − 𝛼′ 𝑒𝑖Γ

𝛼 ≠ 𝛼′𝜙IR(𝑥)

𝑡

{𝜙+} = 𝛼

{𝜙−} = 𝛼′

• Insertion of the gates ⇔ Insertion of the class operator ෡𝑪𝜶: 

𝜌 → መ𝐶𝛼 𝑡 𝜌 መ𝐶𝛼
+ (𝑡)

with መ𝐶𝛼 𝑡 ≡ 𝑇 ෠𝑃𝛼𝑛 𝑡𝑛 ෠𝑃𝛼𝑛−1 𝑡𝑛−1 ⋯ ෠𝑃1(𝑡1)

Griffiths (1984,…), Omnès (1988,…)

Gell-Mann and Hartle (1990,…)
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Decoherence functional

𝐷 𝛼, 𝛼′ ≠ 0 ⇔ Coherence exists.

𝐷 𝛼, 𝛼′ ≡ න𝓓𝜙+𝛿 𝜙+ − 𝛼 𝓓𝜙− 𝛿 𝜙− − 𝛼′ 𝑒𝑖Γ

𝛼 ≠ 𝛼′𝜙IR(𝑥)

𝑡

{𝜙+} = 𝛼

{𝜙−} = 𝛼′

• “Probability’’ assigned to each trajectory 𝛼:

𝑝 𝛼 = tr መ𝐶𝛼 𝑡 𝜌 መ𝐶𝛼
+ 𝑡 = 𝐷 𝛼, 𝛼 .
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Decoherent Histories Approach

• For the validity of this classical stochastic picture, 

• However, when decoherence does not occur, the additivity is 

violated, because

𝑃 ത𝛼 = ෍

𝛼∈ഥ𝛼

𝑃(𝛼)

ത𝛼: coarse-grained trajectory

𝑃 ത𝛼 ≡ 𝐷 ത𝛼, ത𝛼 = ෍

𝛼∈ഥ𝛼

𝑃 𝛼 + ෍

𝛼,𝛼′∈ഥ𝛼,𝛼≠𝛼′

𝐷 𝛼, 𝛼′ ≠ ෍

𝛼∈ഥ𝛼

𝑃 𝛼

should be satisfied.additivity

t

𝜙IR : path 1

: path 2

: path 3

Coarse-graining scale

Additivity is violated

⇒Inconsistent with the classical stochastic picture.

Griffiths (1984,…), Omnès (1988,…)

Gell-Mann and Hartle (1990,…)
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Importance of decoherence

• Violation of the additivity will quantify the ``error’’ of the classical 

stochastic interpretation of IR secular effects.

• Decoherence during inflation would not be exact.

• If coarse-graining scale 𝛿 >> Decoherence scale, |𝐷 𝛼, 𝛼 − 𝛿 | ≪ 1:

𝑃 ത𝛼 = ෍

𝛼𝑐∈[𝛼−𝛿,𝛼+𝛿]

෍

𝛼Δ∈[−𝛿,𝛿]

𝐷 𝛼𝑐 +
𝛼Δ
2
, 𝛼𝑐 −

𝛼Δ
2

probability assigned to each decohered history can be 

evaluated by stochastic approach in a good approximation.

≈ ෍

𝛼𝑐∈ 𝛼−𝛿,𝛼+𝛿

෍

𝛼Δ∈ −∞,∞

𝐷 𝛼𝑐 +
𝛼Δ
2
, 𝛼𝑐 −

𝛼Δ
2

= ෍

𝛼𝑐∈[𝛼−𝛿,𝛼 +𝛿]

𝑃(𝛼𝑐)
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Class operator

• Each trajectory is specified by the class operator መ𝐶𝛼𝑙…𝛼1
𝑙 . 

መ𝐶𝛼𝑙…𝛼1
𝑙 ≡ ෠𝑃𝛼𝑙𝑒

−𝑖𝐻(𝑡𝑙−𝑡𝑙−1) ෠𝑃𝛼𝑙−1⋯𝑒−𝑖𝐻(𝑡2−𝑡1) ෠𝑃𝛼1𝑒
−𝑖𝐻(𝑡1−𝑡0)

෠𝑃𝛼𝑛 ≡ ⊗𝑘<𝜖𝑎 𝑡𝑛 𝐻 𝜙𝑘 = 𝛼𝑛,𝑘 𝜙𝑘 = 𝛼𝑛,𝑘 ⊗𝑘≥𝜖𝑎 𝑡𝑛 𝐻 𝐼𝑘

𝜙𝑘 (𝑘 < 𝜖𝑎 𝑡𝑙 𝐻)

𝑡𝑡𝑙𝑡𝑚𝑘

⋯⋯

• Trajectories of the path integral for መ𝐶𝛼𝑙…𝛼1
𝑙 Ψ 𝑡0 are 

෠𝜙𝑘 𝜙𝑘 = 𝛼𝑛,𝑘 = 𝛼𝑛,𝑘 𝜙𝑘 = 𝛼𝑛,𝑘 𝐼𝑘: Identity operator on 𝓗𝑘

This trajectory is labeled by 𝛼𝑘.

𝛼𝑘

𝜓(𝑡0) =⊗𝑘 |0𝑘⟩
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A. A. Starobinsky and J. Yokoyama(1994)A. A. Starobinsky (1986)

IR dynamics of 𝜙IR=Brownian motion with an external force.

ሶ𝜙IR = −
1

3𝐻
𝑉′ 𝜙IR + 𝜉

deterministic stochastic

< 𝜉 𝑥1 𝜉 𝑥2 >=
𝐻3

4𝜋2
𝛿 𝑡1 − 𝑡2

sin(𝜖𝑎 𝑡1 𝐻 𝑥1 − 𝑥2 )

𝜖𝑎 𝑡1 𝐻 𝑥1 − 𝑥2

coarse-graining scale

 This eq. can be solved non-perturbatively.

 This eq. can correctly recover part of IR secular effects.

Stochastic Formalism

N. C. Tsamis and R. P. Woodard (2005)

※Approximation: UV modes = harmonic oscillators 
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Our work: Setup

• Model :

• Defs. of UV modes and IR modes 𝑣 ≡ ሶ𝜙

𝜙UV Ԧ𝑥, 𝑡 , 𝑣UV( Ԧ𝑥, 𝑡)
𝑘

𝑘 = 𝜖𝑎𝐻 UV modes

𝜙IR Ԧ𝑥, 𝑡 , 𝑣IR( Ԧ𝑥, 𝑡)

IR modes

Time evolution

𝓗 =
1

2
𝑣2 +

1

2𝑎2
𝛻𝜙 2 + 𝑉(𝜙, 𝑣)

• Assumptions

1. No IR mode initially (at 𝑡 = 𝑡0).

2. V(𝜙, 𝑣) is turned on at 𝑡 = 𝑡0, and the initial state is set to the 

Bunch-Davies vacuum states for a free field.

on de Sitter background.

JT and T. Tanaka (2017)
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Integrate out UV modes

Derive an effective IR dynamics 

by integrating out UV modes
Decompose the path integral

Interactions between UV modes and IR modes.

න𝓓𝜙+
IR𝓓𝑣+

IR𝓓𝜙−
IR𝓓𝑣−

IR 𝑒𝑖𝑆IRන𝓓𝜙+
UV𝓓𝑣+

UV𝓓𝜙−
UV𝓓𝑣−

UV 𝑒𝑖𝑆UV𝑒𝑖𝑆int
UV−IR

න𝓓𝜙+𝓓𝑣+𝓓𝜙−𝓓𝑣− 𝑒
𝑖(𝑆+−𝑆−) 𝑆 = නd4x a3 𝑣 ሶ𝜙 −𝓗(𝑣, 𝜙)

× ×

（IR propagator）

IR UV
=

𝑡1 𝑡2 𝑡1 𝑡2

（interaction vertex）

𝑡′

Bilinear interactions which describes UV → IR transition

non-linear interactions

JT and T. Tanaka (2017)

（UV propagator）

→
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JT and T. Tanaka (2017)

න𝓓𝜙+
IR𝓓𝑣+

IR𝓓𝜙−
IR𝓓𝑣−

IR 𝑒𝑖𝑆IRන𝓓𝜙+
UV𝓓𝑣+

UV𝓓𝜙−
UV𝓓𝑣−

UV 𝑒𝑖𝑆UV𝑒𝑖𝑆int
UV−IR

ሶ𝜙𝑐
IR = 𝑣𝑐

IR + 𝜇1 𝜙𝑐
IR, 𝑣𝑐

IR + 𝜉𝜙

ሶ𝑣𝑐
IR = −3𝐻𝑣𝑐

IR − 𝜇2 𝜙𝑐
IR, 𝑣𝑐

IR + 𝜉𝑣

Stochastic noises
An effective IR dynamics

𝜙𝑐 ≡
𝜙++𝜙−

2
,  𝜙Δ ≡ 𝜙+ − 𝜙−

Probability distribution of noises = P

≡ 𝑒𝑖 Γ s +Γ d

Linear in 𝜙Δ
IR or 𝑣Δ

IR. 

linear in 𝜙Δ
IR or 𝑣Δ

IR
𝑒𝑖Γ(s) = 𝓓𝜉𝜙𝓓𝜉𝑣׬ 𝑃 𝜉𝜙 , 𝜉𝑣; 𝜙𝑐

IR, 𝑣𝑐
IR 𝑒𝑖𝜉𝜙𝑣Δ

IR−𝑖𝜉𝑣𝜙Δ
IR

න𝓓𝜙Δ
IR𝓓𝑣Δ

IR

Derive the effective EoM

𝑒𝑖(Γ s +Γ d ) 𝑒𝑖 𝜙Δ
IR ⋯ +𝑣Δ

IR ⋯
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Schwinger-Keldysh Formalism
:Path integral representation of In-In formalism

= −𝕯𝝓+𝕯𝝓−𝕯𝒗+𝕯𝒗׬ 𝑶𝟏 𝝓−, 𝒗− 𝑶𝟐 𝝓+, 𝒗+ 𝒆𝒊 𝐒𝐇
+−𝑺𝐇

−

⟨𝐢𝐧|ഥ𝑻 𝑶𝟏 𝝓, 𝒗 )𝑻(𝑶𝟐 𝝓, 𝒗 ) 𝐢𝐧

𝜓out 𝑇 𝑂2 𝜙, 𝑣 in = න𝔇𝜙𝔇𝑣 𝑂2 𝜙, 𝑣 𝑒𝑖𝑆H ⟨𝜓out|𝜙(𝑡out)⟩⟨𝜙(𝑡in)|in⟩

in ത𝑇 𝑂1 𝜙, 𝑣 𝜓out = 𝜓out
ത𝑇 𝑂1 𝜙, 𝑣

†
in

∗

= 𝜓out 𝑇 𝑂1 𝜙, 𝑣 in
∗

= න𝐝𝝍𝐨𝐮𝐭 ⟨𝐢𝐧 ഥ𝑻 𝑶𝟏 𝝓, 𝒗 𝝍𝐨𝐮𝐭⟩⟨𝝍𝐨𝐮𝐭 𝑻 𝑶𝟐 𝝓, 𝒗 𝐢𝐧⟩

with b.c. 𝜙+ 𝑡out = 𝜙− 𝑡out , 𝑣+ 𝑡out = 𝑣_(𝑡out)

⟨in|

⟨in|
𝑡

𝜙+ , 𝑣+

𝜙− , 𝑣−

𝜙𝑐 ≡
𝜙++𝜙−

2
,  𝜙Δ ≡ 𝜙+ − 𝜙−

Keldysh basis (c,Δ)

𝑆H ≡ න𝑣 ሶ𝜙 −𝓗
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NLO＝Field-dep. random walk

Difference from the LO case
Amplitude of the noise depends on 𝜙𝑐

𝐼𝑅
Time/Spatial correlation
：the same as the LO case

NLOLO

< 𝜉𝜙⋯𝜉𝜙 >= ׬ 𝑑𝜉𝜙𝑃 𝜉𝜙; 𝜙𝑐
IR 𝜉𝜙⋯𝜉𝜙𝑃 𝜉𝜙; 𝜙𝑐

IR =
1

2𝜋𝑁
𝑒−

𝜉𝜙
2

2𝑁 > 0

• The weight function P of the stochastic noise is positive definite 

at least up to NLO (as long as N is positive.)

• Up to NLO, IR secular growth can be described by 

≡ 𝑁
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