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Infrared Scaling

| Universal infrared scaling f°
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Calculate Q2w

1 dpgw

Define the power spectra of SGWB: Qg = .
Pcrit dInk

Metric: ds? = 6152(77)(—61’;72 + (517- + h,-j)dxidxj ),

Source term:
T,,(n,x) = 0,0(n,X)0,P(1,X) + v,(1, X)v, (1, X) .

@ is a scaler field, while Vv, Is a vector field, and
v, =0Vv+w,



Calculate 2.y

e The GW spectrum is

k3

Q k) =
aw(@7, k) e
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Calculate €25y

(vg (M) vp_p (M) (N2)VS" o (72))
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Calculate €2y

When k < [



Calculate Q2w

Define as un-equal time power spectrum @V,W,¢(f 1> 1)



Infrared Scaling

The GW spectrum in the infrared region when k is smaller
than all the scales of the source term (k < /) is

k3 1 ~ 1]
Q2 k) = d dn, a> 3
aw(#, k) 45a H2 M L ’71d0 1y a”(my)a’ ()

cos k(, — 1) de (22, +32,)" + 592 + 453

P, w.(€> M1 1) are unequal time correlators of v, w, and ¢.

M) ~ P (€11, 1p)



Infrared Scaling

The GW spectrum in the infrared region when k is smaller than all
the scales of the source term and the inverse time duration of the

source term (k << 1/An) is

k3 "N "1

d dn, a’>(n)a’
S, |, muo 1y a”(ny)a” (1)

=5x| df [(2‘@\/ T 3‘@w)2 +59,+ 49@] '

Qaw(n, k) =

P, w.(€s M Mp) are unequal time correlators of v, w, and ¢.

M) ~ P E,11,1,)



Example: Induced GWs

 Broad peak: In the infrared region the integral is redular, so
we have Qow o k°.

e o-function peak: The integral is linearly divergent in the

infrared region: | d£(--+) ~ 1/k. Therefore we have

Qaw X k2.

J

e Narrow peak with width o: In the far infrared region
k<Ko kpeak), Qow X k>. In the near infrared region

(6 < k < kyoy), Qow « k.

ca



Peak of
the source

o-function peak
infrared scaling:

Qow  k?

Infrered scaling:
Qow x k°




Peak of
the source

Near-infrared
scaling: 5w & k?

—emn -~

Peak width R

Far-infrared scaling: | ~
Qi X 3 ;} Infrered scaling:

Qow X k>



Conclusion

If the following 3 conditions are satisfied, we have
Qaw X k.

(10 < de [(29% + BQ“*W)2 + 595, +4@fb] < 00.

(2) k is smaller than all the scales associate with the

source term, for instance kpeak, Ak, 1/An, etc.

(3) Modes of interest reenters the horizon during radiation
dominated universe.



Possible Violations

GWs from BBH/BNS/... Resonance k = 2w.

GWs induced by scale-invariant scalar perturbations. Integral is
divergent ( o k) (Baumann et al 2007)

GWs induced by scalar perturbations with o-function peak. Integral
is divergent ( k‘l). No infrared region. (Ananda et al 20006)

Induced GW in a slow transition of matter- to radiation-dominant
universe. Resonance. (Inomata et al 2019)

GWs from sound waves which last for a long period of time.
Resonance. (Hindmarsh 2016, Hindmarsh et al 2019)



