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Gravitational Waves

GWs propagates freely all the time!

Gravitational Waves

GWs

Photos

Neutrinos



observed GW signal
inspiral merging BH ringdown
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ΩGW ≈
(Gπ)2/3

3ρc
M5/3

c f 2/3 ∫
zmax

0

R(z)
(1 + z)4/3H(z)

.

[Peters & Mathews, 1963]
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Gravitational waves Kari Rummukainen

Figure 1: Deflagration (left) and detonation (right). In deflagration vwall < vsound, and the growing bubble
wall pushes the fluid in front of it. In detonation vwall > vsound, and the bubble wall drags the fluid behind it.

Figure 2: Fluid kinetic energy density at t = 500/Tc, 1000/Tc and 1500/Tc, at h = 0.15Tc, corresponding
to the growth phase of the bubbles, end of bubble collisions and after the bubbles have vanished. The shock
waves caused by the bubbles remain for a long time after the transition has completed.

3. Results

We show here results from simulations corresponding to relatively weak transition with latent
heat L = (9/40)T 4

c . The phenomenological field-fluid coupling parameter is set to h/Tc = 0.1,
0.15 and 0.2. For the detailed simulation parameters we refer to [26].

When h is small, the coupling between the field and the fluid is small, allowing the bubble
wall to propagate quickly. The moving bubble wall causes fluid flows. The three values of h
are chosen so that we obtain three different bubble growth types: at h = 0.1 the wall velocity is
vwall > vsound = 1/

p
3 (detonation), at h = 0.15 vwall ⇡ vsound (Jouguet) and at h = 0.2 vwall < vsound

(deflagration). The moving bubble wall causes fluid flows: in deflagration, the wall pushes a thick
layer (thickness µ bubble size) of fluid ahead of itself, whereas in detonation the bubble wall drags
a layer of fluid behind it. This is illustrated in Figure 1.

In Figure 2 we show three snapshots of fluid kinetic energy density from a simulation at
h = 0.15, taken at the bubble growth stage, collision stage and after the bubbles have vanished.
During the growth stage the kinetic energy is concentrated near the growing bubble walls. Af-
ter the bubbles have collided the bubble walls vanish, but the fluid flow continues propagating as
spherical compression waves, i.e. sound.

The contribution of the field and fluid to the stress-energy tensor (and hence gravitational
waves) can be quantified by introducing RMS fluid velocity Ūf and the equivalent field quantity:

(ē + p̄)Ū2
f =

1
V

Z
dV tfluid

ii , (ē + p̄)Ū2
f =

1
V

Z
dV tfield

ii . (3.1)

4

[Hindmarsh et al. 15]
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Total G
W ∝f 2

.8

MHD turbulence

Total GW ∝f -1

[Caprini et al. 1512.06239]
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[Cai, SP & Sasaki, 1810.11000]
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Universal infrared scaling f3

[Rong-Gen Cai, SP, and Misao Sasaki, arXiv:1909.13728] 

Infrared Scaling



Calculate ΩGW

• Define the power spectra of SGWB: 


• Metric:   


• Source term: 



•  is a scaler field, while  is a vector field, and 

ΩGW =
1

ρcrit

dρGW

d ln k
.

ds2 = a2(η)(−dη2 + (δij + hij)dxidxj),

Tab(η, x) = ∂aϕ(η, x)∂bϕ(η, x) + va(η, x)vb(η, x) .

ϕ va
va = ∂av + wa



• The GW spectrum is


•



• 


•

ΩGW(η, k) =
k3

45a4H2M4
Pl ∫

η

0
dη1 ∫

η

0
dη2 a3(η1)a3(η2)

cos k(η1 − η2)Λcd
ab( ̂k)⟨Tab

k (η1)T*cd,p(η2)⟩′�.

Tab
k (η) = ∫

d3ℓ
(2π)3/2

va
l (η)vk−l(η) + ⋯

⟨Tab
k (η1)Tcd*

p (η2)⟩ = ∫
d3ℓd3q
(2π)3 [⟨va

l (η1)vb
k−l(η1)vc*

q (η2)vd*
p−q(η2)⟩ + ⋯

Calculate ΩGW
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Calculate ΩGW

By symmetry



Calculate ΩGW

When k ≪ l



Calculate ΩGW

Define as un-equal time power spectrum 𝒫v,w,ϕ(ℓ, η1, η2)



• The GW spectrum in the infrared region when k is smaller 
than all the scales of the source term ( ) is


•



•  are unequal time correlators of , , and . 


•

k ≪ l

ΩGW(η, k) =
k3

45a4H2M4
Pl ∫

η

0
dη1 ∫

η

0
dη2 a3(η1)a3(η2)

cos k(η1 − η2)∫ dℓ [(2𝒫v + 3𝒫w)2 + 5𝒫2
w + 4𝒫2

ϕ] .

𝒫v,w,ϕ(ℓ, η1, η2) v w ϕ

⟨vl(η1)vl(η2)⟩ ∼ 𝒫v(ℓ, η1, η2)

Infrared Scaling



• The GW spectrum in the infrared region when k is smaller than all 
the scales of the source term and the inverse time duration of the 
source term ( ) is


•



•  are unequal time correlators of , , and . 


•

k ≪ 1/Δη

ΩGW(η, k) =
k3

45a4H2M4
Pl ∫

η

0
dη1 ∫

η

0
dη2 a3(η1)a3(η2)

cos k(η1 − η2)∫ dℓ [(2𝒫v + 3𝒫w)2 + 5𝒫2
w + 4𝒫2

ϕ] .

𝒫v,w,ϕ(ℓ, η1, η2) v w ϕ

⟨vl(η1)vl(η2)⟩ ∼ 𝒫v(ℓ, η1, η2)

Infrared Scaling



Example: Induced GWs
• Broad peak: In the infrared region the integral is redular, so 

we have . 


• -function peak: The integral is linearly divergent in the 

infrared region: . Therefore we have 

.


• Narrow peak with width : In the far infrared region 
( ), . In the near infrared region 
( ), .

ΩGW ∝ k3

δ

∫ dℓ(⋯) ∼ 1/k

ΩGW ∝ k2

σ
k ≪ σ ≪ kpeak ΩGW ∝ k3

σ ≪ k ≪ kpeak ΩGW ∝ k2



 -function peak 
infrared scaling: 
δ

ΩGW ∝ k2

Peak of 
the source

 Infrered scaling: 
ΩGW ∝ k3



Peak of 
the source

 Infrered scaling: 
ΩGW ∝ k3

Peak width

 Near-infrared 
scaling: ΩGW ∝ k2

 Far-infrared scaling: 
ΩGW ∝ k3



Conclusion
• If the following 3 conditions are satisfied, we have 

.


• (1) 


• (2)  is smaller than all the scales associate with the 
source term, for instance , , , etc.


• (3) Modes of interest reenters the horizon during radiation 
dominated universe.  

ΩGW ∝ k3

0 < ∫ dℓ [(2𝒫v + 3𝒫w)2 + 5𝒫2
w + 4𝒫2

ϕ] < ∞ .

k
kpeak Δk 1/Δη



Possible Violations
• GWs from BBH/BNS/… Resonance .


• GWs induced by scale-invariant scalar perturbations. Integral is 
divergent ( ) (Baumann et al 2007)


• GWs induced by scalar perturbations with -function peak. Integral 
is divergent ( ). No infrared region. (Ananda et al 2006)


• Induced GW in a slow transition of matter- to radiation-dominant 
universe. Resonance. (Inomata et al 2019)


• GWs from sound waves which last for a long period of time. 
Resonance. (Hindmarsh 2016, Hindmarsh et al 2019)

k = 2ω

∝ k−3

δ
∝ k−1


