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PBHs as DM in 2016
and/or radiation or by merging with other PBHs. While
Hawking radiation is completely negligible for
intermediate-mass PBHs, their growth can be very impor-
tant in the matter-dominated epoch [47,179,180]. For
instance, it has been conjectured that PBHs with a mass
of 102–104M⊙ could provide seeds for the supermassive
black holes of up to 1010M⊙ in the centers of galaxies
[181]. However, this involves a growth of many orders of
magnitude and careful numerical integration is required to
study this, allowing for the dilution of the PBHs due to
cosmic expansion and the merger of the smaller ones
originating from critical collapse. The clustering of PBHs
will also have significant effects on their merger rates
[55,182,183]. In particular, Chisholm [175] showed that
the clustering would produce an inherent isocurvature
perturbation and used this to constrain the viability of
PBHs as dark matter. Later he studied the effect of
clustering on mergers [184] and found that these could
dominate over evaporation, causing PBHs with mass below
1015 g to combine and form heavier long-lived black holes
rather than evaporating. So far, no compelling study of this
effect has been carried out for a realistic mass spectrum, so
we will not include it in our discussion below.

V. SUMMARY OF CONSTRAINTS ON
MONOCHROMATIC NONEVAPORATED

BLACK HOLES

We now review the various constraints associated with
PBHs which are too large to have evaporated yet, updating
the equivalent discussion which appeared in Carr et al. [11].
All the limits assume that PBHs cluster in the Galactic halo
in the same way as other forms of CDM. In this case, the
fraction fðMÞ of the halo in PBHs is related to β0ðMÞ by
Eq. (8). Our limits on fðMÞ are summarized in Fig. 3,
which is an updated version of Fig. 8 of Ref. [11]. A list of
approximate formulas for these limits is given in Table I.
Both Fig. 3 and Table I are intended merely as an overview
and are not exact. A more precise discussion can be found
in the original references. Many of the constraints depend
on other physical parameters, not shown explicitly. In
general, we show only the most stringent constraints in
each mass range, although constraints are sometimes
omitted when they are contentious. Further details of these
limits and similar figures can be found in other papers:
for example, Table 1 of Josan, Green, and Malik [45], Fig. 4
of Mack, Ostriker, and Ricotti [185], Fig. 9 of Ricotti,
Ostriker, and Mack [15], Fig. 1 of Capela, Pshirkov, and
Tinyakov [36] and Fig. 1 of Clesse and Garcia-Bellido
[186]. We group the limits by type and discuss those within
each type in order of increasing mass. Since we are also
interested in the mass ranges for which the dark-matter
fraction is small, where possible we express each limit in
terms of an analytic function fmaxðMÞ over some mass
range. We do not cover Planck-mass relics, since the only

constraint on these is that they must have less than the
CDM density, but we do discuss them further in Sec. VI.

A. Evaporation constraints

A PBH of initial mass M will evaporate through the
emission of Hawking radiation on a time scale τ ∝ M3

which is less than the present age of the Universe forM less
than M# ≈ 5 × 1014 g [35]. PBHs with M > M# could still
be relevant to the dark-matter problem, although there is a
strong constraint on fðM#Þ from observations of the
extragalactic γ-ray background [4]. Those in the narrow
band M# < M < 1.005M# have not yet completed their
evaporation but their current mass is below the mass
Mq ≈ 0.4M# at which quark and gluon jets are emitted.
For M > Mc, there is no jet emission.
For M > 2M#, one can neglect the change of mass

altogether and the time-integrated spectrum dNγ=dE of
photons from each PBH is just obtained by multiplying the
instantaneous spectrum d _Nγ=dE by the age of the Universe
t0. From Ref. [11] this gives

FIG. 3. Constraints on fðMÞ for a variety of evaporation
(magenta), dynamical (red), lensing (cyan), large-scale structure
(green) and accretion (orange) effects associated with PBHs. The
effects are extragalactic γ-rays from evaporation (EG) [11],
femtolensing of γ-ray bursts (F) [187], white-dwarf explosions
(WD) [188], neutron-star capture constraints (NS) [36], Kepler
microlensing of stars (K) [189], MACHO/EROS/OGLE micro-
lensing of stars [27] and quasar microlensing (broken line) [190]
(ML), survival of a star cluster in Eridanus II (E) [191], wide binary
disruption (WB) [37], dynamical friction on halo objects (DF) [33],
millilensing of quasars (mLQ) [32], generation of large-scale
structure through Poisson fluctuations (LSS) [14] and accretion
effects (WMAP and FIRAS) [15]. Only the strongest constraint is
usually included in each mass range, but the accretion limits are
shown with broken lines since they are highly model dependent.
Where a constraint depends on some extra parameter which is not
well known, we use a typical value. Most constraints cut off at high
M due to the incredulity limit. See the original references for more
accurate forms of these constraints.

CARR, KÜHNEL, and SANDSTAD PHYSICAL REVIEW D 94, 083504 (2016)
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Carr, Kuhnel & Sandstad PRD 2016 

1.  subatomic-size 1016 - 1017 g 

2.  sub-lunar mass 1020 - 1026 g 

3.  intermediate-mass (IMBH) 10 - 105 Msun
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Figure 5 The red shaded region corresponds to the 95% C.L. upper bound on the PBH mass fraction to DM
in the halo regions of MW and M31, derived from our search for microlensing of M31 stars based on the
“single-night” HSC/Subaru data and fills a large gap in the existing constraints by closing the PBH DM
window around lunar mass scale. To derive this constraint, we took into account the effect of finite source
size, assuming that all source stars in M31 have a solar radius, as well as the effect of wave optics in the
HSC r-band filter on the microlensing event (see text for details). The effects weaken the upper bounds
at M

<⇠ 10

�7
M�, and give no constraint on PBH at M

<⇠ 10

�11
M�. Our constraint can be compared

with other observational constraints as shown by the gray shaded regions: extragalactic �-rays from PBH
evaporation [32], femtolensing of �-ray burst (“Femto”) [33], microlensing search of stars from the satellite
2-years Kepler data (“Kepler”) [18], MACHO/EROS/OGLE microlensing of stars (“EROS/MACHO”) [15],
and the accretion effects on the CMB observables (“CMB”) [34], updated from the earlier estimate [35].
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in the halo regions of MW and M31, derived from our search for microlensing of M31 stars based on the
“single-night” HSC/Subaru data and fills a large gap in the existing constraints by closing the PBH DM
window around lunar mass scale. To derive this constraint, we took into account the effect of finite source
size, assuming that all source stars in M31 have a solar radius, as well as the effect of wave optics in the
HSC r-band filter on the microlensing event (see text for details). The effects weaken the upper bounds
at M

<⇠ 10

�7
M�, and give no constraint on PBH at M

<⇠ 10

�11
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with other observational constraints as shown by the gray shaded regions: extragalactic �-rays from PBH
evaporation [32], femtolensing of �-ray burst (“Femto”) [33], microlensing search of stars from the satellite
2-years Kepler data (“Kepler”) [18], MACHO/EROS/OGLE microlensing of stars (“EROS/MACHO”) [15],
and the accretion effects on the CMB observables (“CMB”) [34], updated from the earlier estimate [35].
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PBH mass functions
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selecting processes for valid density peaks

inflationary power spectrum



PBH mass functions (in reality)

f = f(M)P⇣(k)

MPBH

 The effect of critical collapse: Niemeyer & Jedamzik 1998 
Yokoyama 1998 
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of the E-to-M condition on the BH mass function, which
has been overlooked in all literatures to the best of our
knowledge.

We apply the one-dimensional e↵ective representation
of the peak theory to derive, for the first time, the ex-
tended mass function induced by critical collapse and we
compare the predictions with the results computed by
the univariate-Gaussian PS method [16, 51]. We employ
common models of the inflationary power spectrum, in-
cluding the broken power-law spectrum for single-field
inflation [26], as our study templates which cover the
spectral shape from narrow to broad and from red to
blue. In this paper, we report the shape dependence of
the systematic discrepancy for the PBH abundance be-
tween the two statistical methods [42, 43].

II. BLACK HOLE MASS FUNCTIONS

A comparison of the BH abundance estimated by the
Press-Schechter theory and the peak theory from a given
spectrum of the primordial curvature perturbation ⇣ is
firstly performed in [44]. To remove the e↵ect of (very
broad) superhorizon fluctuations, it is pointed out in [45]
that the density contrast, denoted by �, is the appropri-
ate quantity for the discussion of BH formation in both
theories. The mass function �(M) obtained in [44, 45]
assumes that the PBH mass M is given by the Hubble
horizon mass MH so that � ' ⌦(MH), where ⌦(MH) is
the PBH fractional density at a given MH .

In this work we proceed one step further by taking into
account the BH mass to density correlation, that is � =
�(M), induced via the e↵ect of near-critical gravitational
collapse [17, 47]. As a result, the mass function must
be derived from the fractional density as �(M,MH) ⌘
d⌦(MH)/d lnM , where MH plays as the role of the time
parameter. At the end, we sum up the contribution at
each Hubble time to find the total mass distribution seen
after matter-radiation equality.

A. Press-Schechter approach

We start with a review of the calculation of BH abun-
dance based on the Press-Schechter (PS) theory. Despite
that the question for PBH formation significantly di↵ers
from its original design (see [33, 43]), the basic idea of the
PS approach is to treat the system as an one-dimensional
issue characterized by only one random field parameter
�. The range of the parameter relevant to our question
is given by �max > � � �c, where �c is the threshold
density for BH formation and �max is a cuto↵ due to the
fact that regions at perturbations too large should result
in as a separated (closed) universe [3]. It is reasonable to
choose �c > w in a radiation-dominated universe where
w = p/⇢ = 1/3 denotes the background equation of state.
We consider a universal threshold �c = 0.45, given that
the density contrast� defines on comoving hypersurfaces

is identical to the spatial curvature at linear order so that
it removes the possible background bias due to superhori-
zon curvature perturbations [44, 45]. The exact value of
�c will not a↵ect our conclusions.
For a given probability distribution P (�), the fraction

of the density that collapses into BHs at the epoch with a
horizon mass MH = 4⇡⇢/(3H3), where H is the Hubble
parameter, is led by the formalism

⌦PS(MH) =
1

MH

Z �
max

�c

P (�)M(�)d�. (1)

In realistic cases, P (�) is a rapidly declining function
above �c so that one can usually perform the replace-
ment �max ! 1. To make a clear comparison with the
peak theory, we focus on the Gaussian distribution as

P (�) =
1p

2⇡��

exp


� �2

2�2
�

�
, (2)

where �� is the variance of � that captures the infor-
mation of the power spectrum P�. P� connects to the
power spectrum of curvature perturbation through the
relation

P�(k, t) =
4(1 + w)2

(5 + 3w)2

✓
k

aH

◆4

P⇣(k), (3)

where ⇣ is the gauge invariant variable which coincides
with the comoving curvature perturbation (defined from
the spatial part of metric) on uniform density hypersur-
faces. The variance is computed by

�2
�(R, t) =

Z 1

0

W 2(kR)P�(k, t)d ln k, (4)

where we have applied a window function W (kR) with a
smoothing scale R to avoid the divergence in the large-k
limit. Again, to make a clear comparison, we shall use
the same choice of window function in the later discussion
on peak theory. For convenience, we adopt the Gaussian
window function W (kR) = exp[�k2R2/2], and we shall
fix the smoothing scale with the comoving horizon as
R = 1/(aH). Therefore the variance can be computed
from a given spectrum P⇣ as

�2
�(R) =

4(1 + w)2

(5 + 3w)2

Z 1

0

e�k2R2

(kR)4 P⇣(k)d ln k. (5)

If PBHs are formed exactly with the horizon mass,
namely M = MH , then (1) reproduces the previous re-
sults [45] (upto a factor of 2) under the monochromatic
mass assumption. However, the e↵ect of critical collapse
shows that the PBH masses should have a distribution
near MH [17], which is often parametrized via the scaling
formula as

M = KMH (���c)
�
. (6)

Here K = 3.3 and � = 0.35 are numerical constants. The
profile dependence of K and �c [31, 32], if considered,
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of the E-to-M condition on the BH mass function, which
has been overlooked in all literatures to the best of our
knowledge.

We apply the one-dimensional e↵ective representation
of the peak theory to derive, for the first time, the ex-
tended mass function induced by critical collapse and we
compare the predictions with the results computed by
the univariate-Gaussian PS method [16, 51]. We employ
common models of the inflationary power spectrum, in-
cluding the broken power-law spectrum for single-field
inflation [26], as our study templates which cover the
spectral shape from narrow to broad and from red to
blue. In this paper, we report the shape dependence of
the systematic discrepancy for the PBH abundance be-
tween the two statistical methods [42, 43].

II. BLACK HOLE MASS FUNCTIONS

A comparison of the BH abundance estimated by the
Press-Schechter theory and the peak theory from a given
spectrum of the primordial curvature perturbation ⇣ is
firstly performed in [44]. To remove the e↵ect of (very
broad) superhorizon fluctuations, it is pointed out in [45]
that the density contrast, denoted by �, is the appropri-
ate quantity for the discussion of BH formation in both
theories. The mass function �(M) obtained in [44, 45]
assumes that the PBH mass M is given by the Hubble
horizon mass MH so that � ' ⌦(MH), where ⌦(MH) is
the PBH fractional density at a given MH .

In this work we proceed one step further by taking into
account the BH mass to density correlation, that is � =
�(M), induced via the e↵ect of near-critical gravitational
collapse [17, 47]. As a result, the mass function must
be derived from the fractional density as �(M,MH) ⌘
d⌦(MH)/d lnM , where MH plays as the role of the time
parameter. At the end, we sum up the contribution at
each Hubble time to find the total mass distribution seen
after matter-radiation equality.

A. Press-Schechter approach

We start with a review of the calculation of BH abun-
dance based on the Press-Schechter (PS) theory. Despite
that the question for PBH formation significantly di↵ers
from its original design (see [33, 43]), the basic idea of the
PS approach is to treat the system as an one-dimensional
issue characterized by only one random field parameter
�. The range of the parameter relevant to our question
is given by �max > � � �c, where �c is the threshold
density for BH formation and �max is a cuto↵ due to the
fact that regions at perturbations too large should result
in as a separated (closed) universe [3]. It is reasonable to
choose �c > w in a radiation-dominated universe where
w = p/⇢ = 1/3 denotes the background equation of state.
We consider a universal threshold �c = 0.45, given that
the density contrast� defines on comoving hypersurfaces

is identical to the spatial curvature at linear order so that
it removes the possible background bias due to superhori-
zon curvature perturbations [44, 45]. The exact value of
�c will not a↵ect our conclusions.
For a given probability distribution P (�), the fraction

of the density that collapses into BHs at the epoch with a
horizon mass MH = 4⇡⇢/(3H3), where H is the Hubble
parameter, is led by the formalism

⌦PS(MH) =
1

MH

Z �
max

�c

P (�)M(�)d�. (1)

In realistic cases, P (�) is a rapidly declining function
above �c so that one can usually perform the replace-
ment �max ! 1. To make a clear comparison with the
peak theory, we focus on the Gaussian distribution as

P (�) =
1p
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exp
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, (2)

where �� is the variance of � that captures the infor-
mation of the power spectrum P�. P� connects to the
power spectrum of curvature perturbation through the
relation

P�(k, t) =
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P⇣(k), (3)

where ⇣ is the gauge invariant variable which coincides
with the comoving curvature perturbation (defined from
the spatial part of metric) on uniform density hypersur-
faces. The variance is computed by

�2
�(R, t) =

Z 1

0

W 2(kR)P�(k, t)d ln k, (4)

where we have applied a window function W (kR) with a
smoothing scale R to avoid the divergence in the large-k
limit. Again, to make a clear comparison, we shall use
the same choice of window function in the later discussion
on peak theory. For convenience, we adopt the Gaussian
window function W (kR) = exp[�k2R2/2], and we shall
fix the smoothing scale with the comoving horizon as
R = 1/(aH). Therefore the variance can be computed
from a given spectrum P⇣ as

�2
�(R) =

4(1 + w)2

(5 + 3w)2

Z 1

0

e�k2R2

(kR)4 P⇣(k)d ln k. (5)

If PBHs are formed exactly with the horizon mass,
namely M = MH , then (1) reproduces the previous re-
sults [45] (upto a factor of 2) under the monochromatic
mass assumption. However, the e↵ect of critical collapse
shows that the PBH masses should have a distribution
near MH [17], which is often parametrized via the scaling
formula as

M = KMH (���c)
�
. (6)

Here K = 3.3 and � = 0.35 are numerical constants. The
profile dependence of K and �c [31, 32], if considered,
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Here K = 3.3 and � = 0.35 are numerical constants. The
profile dependence of K and �c [31, 32], if considered,

3

should be applied to both statistical methods. This sim-
ple extension allows us to rewrite the density contrast in
terms of the PBH mass as � = �(M). The di↵erential
mass function �(M,MH) ⌘ d⌦(MH)/d lnM according
to (1) is therefore obtained as

�PS =
Kp

2⇡���

✓
M

KMH

◆1+1/�

exp


��2(M)

2�2
�

�
, (7)

where �(M) = (M/(KMH))1/� + �c. Note that the
horizon mass MH can be translated into the smoothing
scale through the useful relation

MH

MHeq
= (keqR)2

✓
g⇤eq
g⇤

◆1/3

, (8)

where g⇤ is the number of relativistic degrees of free-
dom at the temperature of MH , assuming to be the
same as the entropy degrees of freedom. MHeq ⇡
2.8 ⇥ 1017M� ⇠ 1051g is the horizon mass at matter-
radiation equality, where at this epoch g⇤eq ⇡ 3 and
keq = 0.07⌦mh2Mpc�1 ⇡ 0.01Mpc�1.

Having in mind that PBHs behave as matter in
the radiation dominated universe, the relative den-
sity ⇢PBH/⇢ ⇠ a is growing with time. By us-
ing the approximation w = 1/3 as a constant until
matter-raidation equality [16, 51], the mass function
at a = aeq reads �eq(M,MH) = (aeq/a)�(M,MH) =
(MHeq/MH)1/2�(M,MH). Finally, we arrive at the total
mass distribution for PBHs formed during the radiation
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Peaks are local maxima of the initial density fluctua-
tions that manifest the possible sites of PBH formation
at horizon crossing. To estimate the PBH abundance,
it is therefore more appropriate to focus on the numer
density of peaks, npk, from a given initial spectrum of
the density perturbation. Following the notation in [45],
we define the peak of the density contrast as ⌫ ⌘ �/��.
The number density of the maxima with height between
⌫ and ⌫ + d⌫ is [42]:
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and has only six independent components.
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ui(rp) = 0 and z(rp) to be negative definite. Assuming
that � is Gaussian, the joint distributions of ui and zij
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random field � allow us to integrate out all the spatial-
dependent variables yi, for i = 2, · · · , 10, leading to an
one-dimensional e↵ective result npk = npk(⌫). However,
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the density perturbation. Following the notation in [45],
we define the peak of the density contrast as ⌫ ⌘ �/��.
The number density of the maxima with height between
⌫ and ⌫ + d⌫ is [42]:

npk(r, ⌫)d⌫ =
X

p

�(3)(r� rp), (10)

where rp are the positions of the local maxima. For each
maximum, one can expand the point process as

�(3)(r� rp) = det |z(rp)| �(3)[u(r)], (11)

where zij ⌘ @i@j�(r) are components of the second
derivative tensor z and ui =

P
j zij(r � rp)j are compo-

nents of the gradient vector u. Note that zij is symmetric
and has only six independent components.

The conditions for �(rp) to be a local maximum ask
ui(rp) = 0 and z(rp) to be negative definite. Assuming
that � is Gaussian, the joint distributions of ui and zij
are also Gaussian. Therefore, to compute the number
density of peaks we are in fact deal with a 10-dimensional
random-field system with the probability distribution for
10 variables given by

P (�, ui, zij) =
exp(�B)p
(2⇡)10det|M|

, (12)

where B ⌘
P

1
2�yi(M�1)ij�yj withMij the covariance

matrix, and �yi = yi � hyii (for i = 1, · · · , 10). Here
we choose y1 = �, yi = ui for i = 2, 3, 4, and yi =
(zjk)i for i = 5, · · · , 10 and jk = 11, 22, 33, 23, 13, 12 for
components of z. We have restricted ourselves to the zero
mean setup h�i = 0.
The homogeneity and the isotropy of the underlying

random field � allow us to integrate out all the spatial-
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between � and zij , whose e↵ects on the PBH abundance
is studied in the next section. The detail of the dimen-
sional reduction process P (�, ui, zij) ! P (�) is given in
the Appendix A of [42].

To compute the mass function via the number den-
sity, we introduce the di↵erential formula npk(⌫) ⌘R1
⌫

Npk(⌫0)d⌫0. We quote the one-dimensional expres-
sion from [42] as

Npk(⌫)d⌫ =
1

(2⇡)2R3
⇤
G(�, x⇤)e

�⌫2/2d⌫, (13)

where x⇤ = �⌫. � = �2
1/(�2��), R⇤ =

p
3�1/�2 are

spectral parameters. For a spectrum P� led by an input
P⇣ , �i = �i(R) is the n-th spectral moment smoothed by
the Gaussian window function according to

�2
i (R) =

Z 1

0

k2iW 2(kR)P�(k,R)d ln k. (14)

The E-to-M constraint from the derivatives of the max-
ima implicitly encoded in the function

G(�, x⇤) =

Z 1

0

dx
f(x)p

2⇡(1� �2)
exp


�(x� x⇤)2
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where the ⌫-dependence in x⇤ clearly shows the non-zero

Peak statistics

Bardeen et al. 1986

@i@j�

@i�

multivariate-Gaussian (10-dimensional)

3

should be applied to both statistical methods. This sim-
ple extension allows us to rewrite the density contrast in
terms of the PBH mass as � = �(M). The di↵erential
mass function �(M,MH) ⌘ d⌦(MH)/d lnM according
to (1) is therefore obtained as

�PS =
Kp
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KMH

◆1+1/�

exp


��2(M)

2�2
�

�
, (7)

where �(M) = (M/(KMH))1/� + �c. Note that the
horizon mass MH can be translated into the smoothing
scale through the useful relation

MH

MHeq
= (keqR)2

✓
g⇤eq
g⇤

◆1/3

, (8)

where g⇤ is the number of relativistic degrees of free-
dom at the temperature of MH , assuming to be the
same as the entropy degrees of freedom. MHeq ⇡
2.8 ⇥ 1017M� ⇠ 1051g is the horizon mass at matter-
radiation equality, where at this epoch g⇤eq ⇡ 3 and
keq = 0.07⌦mh2Mpc�1 ⇡ 0.01Mpc�1.

Having in mind that PBHs behave as matter in
the radiation dominated universe, the relative den-
sity ⇢PBH/⇢ ⇠ a is growing with time. By us-
ing the approximation w = 1/3 as a constant until
matter-raidation equality [16, 51], the mass function
at a = aeq reads �eq(M,MH) = (aeq/a)�(M,MH) =
(MHeq/MH)1/2�(M,MH). Finally, we arrive at the total
mass distribution for PBHs formed during the radiation
dominated epoches by the integration over MH as

fPS(M) =
1
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Z lnMHeq

lnM
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◆1/2

�PSd lnMH . (9)

We remark that the lower limit Mmin comes from the up-
per bound �max for the density perturbation. Applying
a conservative condition �max = 2�c for the validity of
the formula (6), we find that Mmin = M/(K��

c ).

B. Peak statistics

Peaks are local maxima of the initial density fluctua-
tions that manifest the possible sites of PBH formation
at horizon crossing. To estimate the PBH abundance,
it is therefore more appropriate to focus on the numer
density of peaks, npk, from a given initial spectrum of
the density perturbation. Following the notation in [45],
we define the peak of the density contrast as ⌫ ⌘ �/��.
The number density of the maxima with height between
⌫ and ⌫ + d⌫ is [42]:

npk(r, ⌫)d⌫ =
X

p

�(3)(r� rp), (10)

where rp are the positions of the local maxima. For each
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where zij ⌘ @i@j�(r) are components of the second
derivative tensor z and ui =

P
j zij(r � rp)j are compo-

nents of the gradient vector u. Note that zij is symmetric
and has only six independent components.

The conditions for �(rp) to be a local maximum ask
ui(rp) = 0 and z(rp) to be negative definite. Assuming
that � is Gaussian, the joint distributions of ui and zij
are also Gaussian. Therefore, to compute the number
density of peaks we are in fact deal with a 10-dimensional
random-field system with the probability distribution for
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(2⇡)10det|M|

, (12)
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matrix, and �yi = yi � hyii (for i = 1, · · · , 10). Here
we choose y1 = �, yi = ui for i = 2, 3, 4, and yi =
(zjk)i for i = 5, · · · , 10 and jk = 11, 22, 33, 23, 13, 12 for
components of z. We have restricted ourselves to the zero
mean setup h�i = 0.
The homogeneity and the isotropy of the underlying

random field � allow us to integrate out all the spatial-
dependent variables yi, for i = 2, · · · , 10, leading to an
one-dimensional e↵ective result npk = npk(⌫). However,
at best eight out of the 10 dimensions in the matrix M
can be diagonalized by aligning y5, y6, y7 to the principal
axes of z. The E-to-M condition ask eigenvalues of the
principal axes to have non-positive values. There are o↵-
diagonal terms arising from the non-vanished correlation
between � and zij , whose e↵ects on the PBH abundance
is studied in the next section. The detail of the dimen-
sional reduction process P (�, ui, zij) ! P (�) is given in
the Appendix A of [42].

To compute the mass function via the number den-
sity, we introduce the di↵erential formula npk(⌫) ⌘R1
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should be applied to both statistical methods. This sim-
ple extension allows us to rewrite the density contrast in
terms of the PBH mass as � = �(M). The di↵erential
mass function �(M,MH) ⌘ d⌦(MH)/d lnM according
to (1) is therefore obtained as
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where �(M) = (M/(KMH))1/� + �c. Note that the
horizon mass MH can be translated into the smoothing
scale through the useful relation
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where g⇤ is the number of relativistic degrees of free-
dom at the temperature of MH , assuming to be the
same as the entropy degrees of freedom. MHeq ⇡
2.8 ⇥ 1017M� ⇠ 1051g is the horizon mass at matter-
radiation equality, where at this epoch g⇤eq ⇡ 3 and
keq = 0.07⌦mh2Mpc�1 ⇡ 0.01Mpc�1.

Having in mind that PBHs behave as matter in
the radiation dominated universe, the relative den-
sity ⇢PBH/⇢ ⇠ a is growing with time. By us-
ing the approximation w = 1/3 as a constant until
matter-raidation equality [16, 51], the mass function
at a = aeq reads �eq(M,MH) = (aeq/a)�(M,MH) =
(MHeq/MH)1/2�(M,MH). Finally, we arrive at the total
mass distribution for PBHs formed during the radiation
dominated epoches by the integration over MH as
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We remark that the lower limit Mmin comes from the up-
per bound �max for the density perturbation. Applying
a conservative condition �max = 2�c for the validity of
the formula (6), we find that Mmin = M/(K��

c ).

B. Peak statistics

Peaks are local maxima of the initial density fluctua-
tions that manifest the possible sites of PBH formation
at horizon crossing. To estimate the PBH abundance,
it is therefore more appropriate to focus on the numer
density of peaks, npk, from a given initial spectrum of
the density perturbation. Following the notation in [45],
we define the peak of the density contrast as ⌫ ⌘ �/��.
The number density of the maxima with height between
⌫ and ⌫ + d⌫ is [42]:

npk(r, ⌫)d⌫ =
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and has only six independent components.

The conditions for �(rp) to be a local maximum ask
ui(rp) = 0 and z(rp) to be negative definite. Assuming
that � is Gaussian, the joint distributions of ui and zij
are also Gaussian. Therefore, to compute the number
density of peaks we are in fact deal with a 10-dimensional
random-field system with the probability distribution for
10 variables given by

P (�, ui, zij) =
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(2⇡)10det|M|

, (12)

where B ⌘
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matrix, and �yi = yi � hyii (for i = 1, · · · , 10). Here
we choose y1 = �, yi = ui for i = 2, 3, 4, and yi =
(zjk)i for i = 5, · · · , 10 and jk = 11, 22, 33, 23, 13, 12 for
components of z. We have restricted ourselves to the zero
mean setup h�i = 0.
The homogeneity and the isotropy of the underlying

random field � allow us to integrate out all the spatial-
dependent variables yi, for i = 2, · · · , 10, leading to an
one-dimensional e↵ective result npk = npk(⌫). However,
at best eight out of the 10 dimensions in the matrix M
can be diagonalized by aligning y5, y6, y7 to the principal
axes of z. The E-to-M condition ask eigenvalues of the
principal axes to have non-positive values. There are o↵-
diagonal terms arising from the non-vanished correlation
between � and zij , whose e↵ects on the PBH abundance
is studied in the next section. The detail of the dimen-
sional reduction process P (�, ui, zij) ! P (�) is given in
the Appendix A of [42].

To compute the mass function via the number den-
sity, we introduce the di↵erential formula npk(⌫) ⌘R1
⌫

Npk(⌫0)d⌫0. We quote the one-dimensional expres-
sion from [42] as

Npk(⌫)d⌫ =
1

(2⇡)2R3
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G(�, x⇤)e

�⌫2/2d⌫, (13)

where x⇤ = �⌫. � = �2
1/(�2��), R⇤ =
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spectral parameters. For a spectrum P� led by an input
P⇣ , �i = �i(R) is the n-th spectral moment smoothed by
the Gaussian window function according to
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The E-to-M constraint from the derivatives of the max-
ima implicitly encoded in the function
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One can express peaks in terms of BH and horizon
masses via (6) as

⌫ =
1

��

✓
M

KMH

◆1/�

+ ⌫c, (17)

d⌫ =
1

���

✓
M

KMH

◆1/�

d lnM. (18)

Here ⌫c = �c/�� and ��(R) can be obtained in terms
of MH through (5) and (8). In the limit of high peaks
⌫ � 1, the di↵erential number density can be reduced as

Npk(⌫)d⌫ ⇡ 1

(2⇡)2R3
⇤

�
⌫3 � 3⌫

�
e�⌫2/2d⌫, (19)

where ⌫3 > 3⌫ is guaranteed by the high-peak approxi-
mation.

If the BH mass is just coincides with MH , the frac-
tional density of peaks that satisfy the criterion of PBH
formation at the epoch with a fixed horizon mass MH

is approximated by ⌦MH
⇡ npk(⌫,M)M/⇢MH

[44, 45].
With the extended correlation ⌫ = ⌫(M) led by the crit-
ical collapse (17), the fractional density of PBH is now
written as

⌦pk(MH) =
1

⇢(MH)

Z ⌫
max

⌫c

⇢PBH(⌫)d⌫, (20)

=
V (R)

MH

Z ⌫
max

⌫c

Npk(⌫)M(⌫)d⌫, (21)

where ⌫max = �max/�� and we have fixed the smoothing
scale R with the comoving horizon. V (R) = (

p
2⇡R)3 is

the volume of the Gaussian window function that satis-
fies the normalization condition V (R)�1

R
W (x,R)d3x =

1 with W (x,R) = exp[�x2/(2R2)] in the real space.
Again, the derivative of ⌦(MH) with respect to the log-
arithmic of M gives the di↵erential mass function as

�pk =
Kp

2⇡���

Q3/2

✓
M

KMH

◆1+1/� �
⌫3 � 3⌫

�
e�⌫2/2,

(22)

where we define the factor Q = Q(MH) = �2
1R

2/(3�2
�)

for convenience. The total mass distribution accounted
for PBHs formed before matter-radiation equality is com-
puted by the same formula as (9), which reads

fpk(M) =
1

⌦DM

Z lnMHeq

lnM
min

✓
MHeq

MH

◆1/2

�pkd lnMH .

(23)

Comparing (7) with (22) one can see the di↵erence
�pk/�PS ⇡ Q3/2⌫3 for ⌫ � 1. In general, ⌫3 enhances
the amplitude of the mass function and the factor Q
could lead to shape dicrepancy for the two approaches (or
namely the ratio fpk/fPS could have mass dependence).

III. POWER SPECTRUM TEMPLATES

A. Single-field inflation

We now apply the power spectrum from models of in-
flation to compare the predictions between (9) and (23).
As a first example, we consider a spectral template that
summarized well-studied models of PBH formation in the
framework of single-field inflation. The template is a spe-
cial case of the so-called broken power-law type [26, 52]
of the form

P⇣(k) =

⇢
A⇣ (k/k0)

n�1
, k � k0,

0 , k < k0,
(24)

where A⇣ and n are parameters of the spectral amplitude
and index, respectively. Current models of single-field
inflation are realized in the range of �2 < n < 1, see
[26]. One can obtain the variance of the template (24)
accoriding to (5) with w = 1/3 as

�2
�(R) =

4

81

A⇣

2
(k0R)1�n �

✓
n+ 3

2
, k20R

2

◆
, (25)

where �(a, z) is the incomplete gamma function. Here
we have applied the useful formula for the integration as

Z 1

r
0

e�r2rm
✓

r

r0

◆n�1

dr =
r1�n
0

2
�

✓
m+ n

2
, r20

◆
, (26)

where the change of variables r = kR and r0 = k0R are
used. Similarly, the first spectral moment is found to be

�2
1(R) =

4

81

A⇣

2R2
(k0R)1�n�

✓
n+ 5

2
, k20R

2

◆
. (27)

Note that �(a, z) ! �(a) as z ! 0 and thus the results
of the power-law spectrum investigated in [45] can be
reproduced by taking k0R ! 0 to the above results.
We show examples of ��(R) computed from the broken

power-law template in Figure 1 with di↵erent choices of
n, where R = R(MH) is given by (8). A pivot scale k0
can convert to a pivot horizon mass MH0 in the Solar
unit according to

k0
keq

= 5.29⇥ 108
✓

M�
MH0

◆1/2✓
g⇤eq
g⇤0

◆1/6

. (28)

The choice with n = 1 stands for a step spectrum and
in the cases with n > 1 the spectrum is blue-tilted for
k > k0. In Figure 2, we use g⇤0 = 106.75 with MH0 =
1.5⇥10�7M�, which corresponds to the horizon mass at
temperature T ' 300 GeV.
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One can express peaks in terms of BH and horizon
masses via (6) as
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Here ⌫c = �c/�� and ��(R) can be obtained in terms
of MH through (5) and (8). In the limit of high peaks
⌫ � 1, the di↵erential number density can be reduced as
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where ⌫3 > 3⌫ is guaranteed by the high-peak approxi-
mation.

If the BH mass is just coincides with MH , the frac-
tional density of peaks that satisfy the criterion of PBH
formation at the epoch with a fixed horizon mass MH

is approximated by ⌦MH
⇡ npk(⌫,M)M/⇢MH

[44, 45].
With the extended correlation ⌫ = ⌫(M) led by the crit-
ical collapse (17), the fractional density of PBH is now
written as
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where ⌫max = �max/�� and we have fixed the smoothing
scale R with the comoving horizon. V (R) = (
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2⇡R)3 is

the volume of the Gaussian window function that satis-
fies the normalization condition V (R)�1
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W (x,R)d3x =

1 with W (x,R) = exp[�x2/(2R2)] in the real space.
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where we define the factor Q = Q(MH) = �2
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for convenience. The total mass distribution accounted
for PBHs formed before matter-radiation equality is com-
puted by the same formula as (9), which reads
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Comparing (7) with (22) one can see the di↵erence
�pk/�PS ⇡ Q3/2⌫3 for ⌫ � 1. In general, ⌫3 enhances
the amplitude of the mass function and the factor Q
could lead to shape dicrepancy for the two approaches (or
namely the ratio fpk/fPS could have mass dependence).
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A. Single-field inflation

We now apply the power spectrum from models of in-
flation to compare the predictions between (9) and (23).
As a first example, we consider a spectral template that
summarized well-studied models of PBH formation in the
framework of single-field inflation. The template is a spe-
cial case of the so-called broken power-law type [26, 52]
of the form

P⇣(k) =
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A⇣ (k/k0)
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0 , k < k0,
(24)

where A⇣ and n are parameters of the spectral amplitude
and index, respectively. Current models of single-field
inflation are realized in the range of �2 < n < 1, see
[26]. One can obtain the variance of the template (24)
accoriding to (5) with w = 1/3 as
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where �(a, z) is the incomplete gamma function. Here
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where the change of variables r = kR and r0 = k0R are
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Note that �(a, z) ! �(a) as z ! 0 and thus the results
of the power-law spectrum investigated in [45] can be
reproduced by taking k0R ! 0 to the above results.
We show examples of ��(R) computed from the broken

power-law template in Figure 1 with di↵erent choices of
n, where R = R(MH) is given by (8). A pivot scale k0
can convert to a pivot horizon mass MH0 in the Solar
unit according to
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The choice with n = 1 stands for a step spectrum and
in the cases with n > 1 the spectrum is blue-tilted for
k > k0. In Figure 2, we use g⇤0 = 106.75 with MH0 =
1.5⇥10�7M�, which corresponds to the horizon mass at
temperature T ' 300 GeV.
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should be applied to both statistical methods. This sim-
ple extension allows us to rewrite the density contrast in
terms of the PBH mass as � = �(M). The di↵erential
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�PS =
Kp

2⇡���

✓
M

KMH

◆1+1/�

exp


��2(M)

2�2
�

�
, (7)

where �(M) = (M/(KMH))1/� + �c. Note that the
horizon mass MH can be translated into the smoothing
scale through the useful relation

MH

MHeq
= (keqR)2

✓
g⇤eq
g⇤

◆1/3

, (8)

where g⇤ is the number of relativistic degrees of free-
dom at the temperature of MH , assuming to be the
same as the entropy degrees of freedom. MHeq ⇡
2.8 ⇥ 1017M� ⇠ 1051g is the horizon mass at matter-
radiation equality, where at this epoch g⇤eq ⇡ 3 and
keq = 0.07⌦mh2Mpc�1 ⇡ 0.01Mpc�1.

Having in mind that PBHs behave as matter in
the radiation dominated universe, the relative den-
sity ⇢PBH/⇢ ⇠ a is growing with time. By us-
ing the approximation w = 1/3 as a constant until
matter-raidation equality [16, 51], the mass function
at a = aeq reads �eq(M,MH) = (aeq/a)�(M,MH) =
(MHeq/MH)1/2�(M,MH). Finally, we arrive at the total
mass distribution for PBHs formed during the radiation
dominated epoches by the integration over MH as

fPS(M) =
1

⌦DM

Z lnMHeq

lnM
min

✓
MHeq

MH

◆1/2

�PSd lnMH . (9)

We remark that the lower limit Mmin comes from the up-
per bound �max for the density perturbation. Applying
a conservative condition �max = 2�c for the validity of
the formula (6), we find that Mmin = M/(K��

c ).

B. Peak statistics

Peaks are local maxima of the initial density fluctua-
tions that manifest the possible sites of PBH formation
at horizon crossing. To estimate the PBH abundance,
it is therefore more appropriate to focus on the numer
density of peaks, npk, from a given initial spectrum of
the density perturbation. Following the notation in [45],
we define the peak of the density contrast as ⌫ ⌘ �/��.
The number density of the maxima with height between
⌫ and ⌫ + d⌫ is [42]:

npk(r, ⌫)d⌫ =
X

p

�(3)(r� rp), (10)

where rp are the positions of the local maxima. For each
maximum, one can expand the point process as

�(3)(r� rp) = det |z(rp)| �(3)[u(r)], (11)

where zij ⌘ @i@j�(r) are components of the second
derivative tensor z and ui =

P
j zij(r � rp)j are compo-

nents of the gradient vector u. Note that zij is symmetric
and has only six independent components.

The conditions for �(rp) to be a local maximum ask
ui(rp) = 0 and z(rp) to be negative definite. Assuming
that � is Gaussian, the joint distributions of ui and zij
are also Gaussian. Therefore, to compute the number
density of peaks we are in fact deal with a 10-dimensional
random-field system with the probability distribution for
10 variables given by

P (�, ui, zij) =
exp(�B)p
(2⇡)10det|M|

, (12)

where B ⌘
P

1
2�yi(M�1)ij�yj withMij the covariance

matrix, and �yi = yi � hyii (for i = 1, · · · , 10). Here
we choose y1 = �, yi = ui for i = 2, 3, 4, and yi =
(zjk)i for i = 5, · · · , 10 and jk = 11, 22, 33, 23, 13, 12 for
components of z. We have restricted ourselves to the zero
mean setup h�i = 0.
The homogeneity and the isotropy of the underlying

random field � allow us to integrate out all the spatial-
dependent variables yi, for i = 2, · · · , 10, leading to an
one-dimensional e↵ective result npk = npk(⌫). However,
at best eight out of the 10 dimensions in the matrix M
can be diagonalized by aligning y5, y6, y7 to the principal
axes of z. The E-to-M condition ask eigenvalues of the
principal axes to have non-positive values. There are o↵-
diagonal terms arising from the non-vanished correlation
between � and zij , whose e↵ects on the PBH abundance
is studied in the next section. The detail of the dimen-
sional reduction process P (�, ui, zij) ! P (�) is given in
the Appendix A of [42].

To compute the mass function via the number den-
sity, we introduce the di↵erential formula npk(⌫) ⌘R1
⌫

Npk(⌫0)d⌫0. We quote the one-dimensional expres-
sion from [42] as

Npk(⌫)d⌫ =
1

(2⇡)2R3
⇤
G(�, x⇤)e

�⌫2/2d⌫, (13)

where x⇤ = �⌫. � = �2
1/(�2��), R⇤ =

p
3�1/�2 are

spectral parameters. For a spectrum P� led by an input
P⇣ , �i = �i(R) is the n-th spectral moment smoothed by
the Gaussian window function according to

�2
i (R) =

Z 1

0

k2iW 2(kR)P�(k,R)d ln k. (14)

The E-to-M constraint from the derivatives of the max-
ima implicitly encoded in the function

G(�, x⇤) =

Z 1

0

dx
f(x)p

2⇡(1� �2)
exp


�(x� x⇤)2

2(1� �2)

�
,

(15)

where the ⌫-dependence in x⇤ clearly shows the non-zero

c.f. Germani & Musco 2019 ⌫ = �/��
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where �1 = �1(R) is the first spectral moment smoothed by the Gaussian window function
according to

�2
1(R) =

Z 1

0
k2W 2

(kR)P�(k,R)d ln k. (2.13)

Note that ⌫3 > 3⌫ is guaranteed by the high-peak approximation.
The fractional density of peaks that satisfy the criterion of PBH formation at the epoch

with a fixed horizon mass MH is approximated by ⌦MH
⇡ npk(⌫,M)M/⇢MH

[1, 2] if the
BH mass is just coincides with MH . With the extended correlation ⌫ = ⌫(M) led by the
critical collapse (2.10), the fractional density of PBH is now written as

⌦

pk
MH

=

1

⇢MH

Z ⌫
max

⌫c

⇢PBH(⌫)d⌫, (2.14)

=

(

p
2⇡R)

3

MH

Z ⌫
max

⌫c

Npk(⌫)M(⌫)d⌫, (2.15)

where ⌫max = �max/�� and we have fixed the smoothing scale R with the comoving
horizon. V (R) = (

p
2⇡R)

3 is the volume of the Gaussian window function that satisfies the
normalization condition V (R)

�1
R
W (x,R)d3x = 1 with W (x,R) = exp[�x2/(2R2

)] in the
real space. Again, the derivative of ⌦MH

with respect to the logarithmic of M gives the
differential mass function as

�pk(M,MH) =

Kmp
2⇡�m��

✓
�2
1R

2

3�2
�

◆3/2✓
M

KmMH

◆1+ 1

�m �
⌫3 � 3⌫

�
e�⌫2/2, (2.16)

where R = R(MH) so that �1 = �1(MH). The total mass distribution from PBHs formed
before matter-radiation equality is computed by the same formula as (2.9), which reads

fpk(M) =

1

⌦CDM

Z lnMHeq

lnM
min

✓
MHeq

MH

◆1/2

�pk(M,MH)d lnMH . (2.17)

To be added: shape dependence on threshold, non-linearity of ⇣ to �, non-

Gaussianity, window function dependence.

2.3 Templates of single-field inflation

In this section we compare the prediction of the PBH abundance by using the two different
approaches (2.9) and (2.17) from a given power spectrum of the curvature perturbation. We
consider a specific template of the power spectrum that summarized well-studied models of
PBH formation in the framework of single-field inflation. The template is a special case of
the so-called broken power-law type [8, 9] of the form

P⇣(k) =

(
A⇣ (k/k0)

n�1 , k � k0,

0 , k < k0,
(2.18)

where A⇣ and n are parameters of the spectral amplitude and index, respectively. Current
models of single-field inflation are realized in the range of �2 < n < 1, see [9]. One can
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For a given probability distribution P (�), the fraction of the density that collapses
into BHs at the epoch with a horizon mass MH = 4⇡⇢/(3H3

), where H is the Hubble
parameter, is led by the formalism

⌦

PS
MH

=

1

MH

Z �
max

�c

P (�)M(�)d�. (2.1)

In realistic cases, P (�) is a rapidly declining function above �c so that one can usually
perform the replacement �max ! 1. To our purpose, it is enough to consider the Gaussian
distribution of the density contrast as

P (�) =

1p
2⇡��

exp


� �

2

2�2
�

�
, (2.2)

where �� is the variance of � that captures the information of the power spectrum P�.
P� connects to the power spectrum of curvature perturbation through the relation

P�(k, t) =
4(1 + w)2

(5 + 3w)2

✓
k

aH

◆4

P⇣(k), (2.3)

where ⇣ is the gauge invariant variable defined only on superhorizon scales, which coincides
with the comoving curvature perturbation (defined from the spatial part of metric) on
uniform density hypersurfaces. The variance is computed by

�2
�(R, t) =

Z 1

0
W 2

(kR)P�(k, t)d ln k, (2.4)

where we have applied a window function W (kR) with a smoothing scale R to avoid the
divergence in the large-k limit. To make a clear comparison, we shall use the same choice
of window function in the later discussion on peak theory. For convenience, we adopt the
Gaussian kind window function W (kR) = exp[�k2R2/2], and we shall fix the smoothing
scale with the comoving horizon as R = 1/(aH). Therefore the variance can be computed
from a given spectrum P⇣ as

�2
�(R) =

4(1 + w)2

(5 + 3w)2

Z 1

0
e�k2R2

(kR)

4 P⇣(k)d ln k. (2.5)

If PBHs are formed exactly with the horizon mass, namely M = MH , then (2.1)
reproduces the previous results [2] (upto a factor of 2) under the monochromatic mass
assumption. However, the effect of critical collapse shows that the PBH mass should have
a distribution near MH [5], which is often parametrized via the scaling formula

M = KmMH (���c)
�m . (2.6)

Here Km = 3.3 and �m = 0.35 are numerical constants. This simple extension allows us
to rewrite the density contrast in terms of the PBH mass as � = �(M). The differential
mass function �MH

⌘ d⌦MH
/d lnM according to (2.1) is therefore obtained as

�PS(M,MH) =

Kmp
2⇡�m��

✓
M

KmMH

◆1+1/�m

exp


��

2
(M)

2�2
�

�
, (2.7)
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should be applied to both statistical methods. This sim-
ple extension allows us to rewrite the density contrast in
terms of the PBH mass as � = �(M). The di↵erential
mass function �(M,MH) ⌘ d⌦(MH)/d lnM according
to (1) is therefore obtained as

�PS =
Kp

2⇡���

✓
M

KMH

◆1+1/�

exp


��2(M)

2�2
�

�
, (7)

where �(M) = (M/(KMH))1/� + �c. Note that the
horizon mass MH can be translated into the smoothing
scale through the useful relation

MH

MHeq
= (keqR)2

✓
g⇤eq
g⇤

◆1/3

, (8)

where g⇤ is the number of relativistic degrees of free-
dom at the temperature of MH , assuming to be the
same as the entropy degrees of freedom. MHeq ⇡
2.8 ⇥ 1017M� ⇠ 1051g is the horizon mass at matter-
radiation equality, where at this epoch g⇤eq ⇡ 3 and
keq = 0.07⌦mh2Mpc�1 ⇡ 0.01Mpc�1.

Having in mind that PBHs behave as matter in
the radiation dominated universe, the relative den-
sity ⇢PBH/⇢ ⇠ a is growing with time. By us-
ing the approximation w = 1/3 as a constant until
matter-raidation equality [16, 51], the mass function
at a = aeq reads �eq(M,MH) = (aeq/a)�(M,MH) =
(MHeq/MH)1/2�(M,MH). Finally, we arrive at the total
mass distribution for PBHs formed during the radiation
dominated epoches by the integration over MH as

fPS(M) =
1

⌦DM

Z lnMHeq

lnM
min

✓
MHeq

MH

◆1/2

�PSd lnMH . (9)

We remark that the lower limit Mmin comes from the up-
per bound �max for the density perturbation. Applying
a conservative condition �max = 2�c for the validity of
the formula (6), we find that Mmin = M/(K��

c ).

B. Peak statistics

Peaks are local maxima of the initial density fluctua-
tions that manifest the possible sites of PBH formation
at horizon crossing. To estimate the PBH abundance,
it is therefore more appropriate to focus on the numer
density of peaks, npk, from a given initial spectrum of
the density perturbation. Following the notation in [45],
we define the peak of the density contrast as ⌫ ⌘ �/��.
The number density of the maxima with height between
⌫ and ⌫ + d⌫ is [42]:

npk(r, ⌫)d⌫ =
X

p

�(3)(r� rp), (10)

where rp are the positions of the local maxima. For each
maximum, one can expand the point process as

�(3)(r� rp) = det |z(rp)| �(3)[u(r)], (11)

where zij ⌘ @i@j�(r) are components of the second
derivative tensor z and ui =

P
j zij(r � rp)j are compo-

nents of the gradient vector u. Note that zij is symmetric
and has only six independent components.

The conditions for �(rp) to be a local maximum ask
ui(rp) = 0 and z(rp) to be negative definite. Assuming
that � is Gaussian, the joint distributions of ui and zij
are also Gaussian. Therefore, to compute the number
density of peaks we are in fact deal with a 10-dimensional
random-field system with the probability distribution for
10 variables given by

P (�, ui, zij) =
exp(�B)p
(2⇡)10det|M|

, (12)

where B ⌘
P

1
2�yi(M�1)ij�yj withMij the covariance

matrix, and �yi = yi � hyii (for i = 1, · · · , 10). Here
we choose y1 = �, yi = ui for i = 2, 3, 4, and yi =
(zjk)i for i = 5, · · · , 10 and jk = 11, 22, 33, 23, 13, 12 for
components of z. We have restricted ourselves to the zero
mean setup h�i = 0.
The homogeneity and the isotropy of the underlying

random field � allow us to integrate out all the spatial-
dependent variables yi, for i = 2, · · · , 10, leading to an
one-dimensional e↵ective result npk = npk(⌫). However,
at best eight out of the 10 dimensions in the matrix M
can be diagonalized by aligning y5, y6, y7 to the principal
axes of z. The E-to-M condition ask eigenvalues of the
principal axes to have non-positive values. There are o↵-
diagonal terms arising from the non-vanished correlation
between � and zij , whose e↵ects on the PBH abundance
is studied in the next section. The detail of the dimen-
sional reduction process P (�, ui, zij) ! P (�) is given in
the Appendix A of [42].

To compute the mass function via the number den-
sity, we introduce the di↵erential formula npk(⌫) ⌘R1
⌫

Npk(⌫0)d⌫0. We quote the one-dimensional expres-
sion from [42] as

Npk(⌫)d⌫ =
1

(2⇡)2R3
⇤
G(�, x⇤)e

�⌫2/2d⌫, (13)

where x⇤ = �⌫. � = �2
1/(�2��), R⇤ =

p
3�1/�2 are

spectral parameters. For a spectrum P� led by an input
P⇣ , �i = �i(R) is the n-th spectral moment smoothed by
the Gaussian window function according to

�2
i (R) =

Z 1

0

k2iW 2(kR)P�(k,R)d ln k. (14)

The E-to-M constraint from the derivatives of the max-
ima implicitly encoded in the function

G(�, x⇤) =

Z 1

0

dx
f(x)p

2⇡(1� �2)
exp


�(x� x⇤)2

2(1� �2)

�
,

(15)

where the ⌫-dependence in x⇤ clearly shows the non-zero

PS $ pk

For total mass distribution after matter-radiation equality:
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Figure 3: Here we compare the value of β calculated using peaks theory or Press-Schechter against
νc =

∆c

σ .

4.2.1 Constraints on the power spectrum

Using the relation between the (scale invariant) comoving curvature perturbation power spectrum
and β, equation (27), it is simple to calculate a constraint on the power spectrum from the constraint
on β at a given scale. We will here consider a constraint of size β < 10−20, with ∆c = 0.5, and give
the constraints one would calculated from peaks theory and Press-Schechter, seeing that the two
are in very close agreement:

PRc,peaks < 0.026,

PRc,PS < 0.029. (28)

4.3 Power law power spectrum

In order to compare with the GLMS paper [23], we will consider a power law spectrum (see also
Drees and Erfani [16]). The form of the power spectrum is given by

PRc(k) = A0

!

k

k0

"ns−1

, (29)

where A0 is the amplitude of the power spectrum defined on some pivot scale k0, and we will
consider only blue spectra, ns > 1. In this case, the variance of the smoothed density field during
radiation domination, given by equation (15) is

⟨∆2⟩ =
8

81

A0

(k0R)ns−1
Γ

!

ns + 3

2

"

, (30)

and β is given by equation (21). For the purposes of making a specific calculation we will take
A0 = 2.2×10−9 and k0 = 0.05 Mpc−1, loosely based on observations. Figure 4 shows the predicted
mass spectra for a range of different spectral indexes ns, and threshold values of the density contrast
∆c - here, we only consider a blue spectrum (it is possible to consider a red spectrum on small scales

8

Young, Byrnes & Sasaki 2014 

• Only blue-tilted (broad) spectra are considered. 
• Monochromatic mass (no critical collapse). 
• The discrepancy (a factor of order 10) is within the uncertainty. 

power-law templates: P⇣(k) = A⇣(k/k0)
n�1

Green et. al. 2004 



Figure 4: Two typical examples of peaked power spectra. We see that the model (4.38) provides

a good description on how the power spectrum decays at large momenta.

For a given n and a fixed amplitude of the power spectrum, ⌫c is a function of � with a minimum

⌫min at certain scale kmin

cut

. Since the abundances are exponentially suppressed by ⌫c, the desired

value of ⌫c must be precisely ⌫min.

For n = 0 to n = 2, in order to have the typical range ⌫c = [5, 10] we find 10�3 . P
0

. 10�2

f
NL

. 10�2 , (4.42)

while the constraint gets relaxed for n = 3: 10�2 . P
0

. 10�1 and f
NL

. 10�1.

Such bounds for f
NL

are respected in slow-roll inflation when the slow-roll parameters are

small. However, in transient USR/CR these parameters could be large and so the bounds on

f
NL

could be violated. As we have shown, this indeed happens in all current inflationary models

related to PBHs formation.

5 Conclusions

By the use of peak theory, in this paper we have re-analysed all current models of single-field

inflation able to produce large peaks in the power spectrum of curvature perturbations. In

particular, we have shown that models featuring a maximum in the potential could match the

required abundances of PBHs according to a gaussian statistics of curvature perturbations.

However, in those cases, we found that non-gaussianities are large enough to spoil the gaussian

17

JC
A

P
06(2008)024

Primordial black hole formation

Figure 3. Power spectrum of curvature perturbation (solid line). This spectrum
is calculated under the parameters (λ, v) = (5.4× 10−14, 0.355 139MG). We show
also a power spectrum estimated by using the formula (10), which is used for a
slow-roll inflation model (dashed line).

4. Abundance of primordial black holes

In this section, we give an expression of the PBH abundance resulting from a strongly
peaked power spectrum.

We estimate the PBH abundance based on the Press–Schechter method [23]. In this
method, a PBH with mass greater than M is formed when the perturbation which is
smoothed on scale RM corresponding to M exceeds the threshold ζth. The smoothed
perturbation ζRM is defined by

ζRM (x) ≡
!

d3x′ W (|x′ − x|/RM)ζ(x′), (11)

where W (x/R) is a window function. The fraction of the energy density of the universe
collapsing into PBHs with mass M < MBH < M +∆M at the time they form is given by

β(M ; ∆M) ≡ ρBH(M ; ∆M)

ρtot
= −2

! M+∆M

M

dM

!

ζth

dζ
∂PRM

∂M
, (12)

where the prefactor 2 is due to Press–Schechter’s prescription and PRM is the probability
distribution of ζRM (x). PRM is independent of x because of homogeneity of the universe.
Therefore, we omit the argument x in what follows. For the moment, we assume ζk to be
Gaussian distributed, which is the case to the lowest order of perturbation, and consider
the non-Gaussian correction in section 5 to test the validity of this assumption. Then
PRM is Gaussian with variance

σ2
RM

≡
!

dk

k
"W (kR)2Pζ , (13)
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broken power-law template:  
(for single-field inflation)

where �1 = �1(R) is the first spectral moment smoothed by the Gaussian window function
according to

�2
1(R) =

Z 1

0
k2W 2

(kR)P�(k,R)d ln k. (2.13)

Note that ⌫3 > 3⌫ is guaranteed by the high-peak approximation.
The fractional density of peaks that satisfy the criterion of PBH formation at the epoch

with a fixed horizon mass MH is approximated by ⌦MH
⇡ npk(⌫,M)M/⇢MH

[1, 2] if the
BH mass is just coincides with MH . With the extended correlation ⌫ = ⌫(M) led by the
critical collapse (2.10), the fractional density of PBH is now written as

⌦

pk
MH

=

1

⇢MH

Z ⌫
max

⌫c

⇢PBH(⌫)d⌫, (2.14)

=

(

p
2⇡R)

3

MH

Z ⌫
max

⌫c

Npk(⌫)M(⌫)d⌫, (2.15)

where ⌫max = �max/�� and we have fixed the smoothing scale R with the comoving
horizon. V (R) = (

p
2⇡R)

3 is the volume of the Gaussian window function that satisfies the
normalization condition V (R)

�1
R
W (x,R)d3x = 1 with W (x,R) = exp[�x2/(2R2

)] in the
real space. Again, the derivative of ⌦MH

with respect to the logarithmic of M gives the
differential mass function as

�pk(M,MH) =

Kmp
2⇡�m��

✓
�2
1R

2

3�2
�

◆3/2✓
M

KmMH

◆1+ 1

�m �
⌫3 � 3⌫

�
e�⌫2/2, (2.16)

where R = R(MH) so that �1 = �1(MH). The total mass distribution from PBHs formed
before matter-radiation equality is computed by the same formula as (2.9), which reads

fpk(M) =

1

⌦CDM

Z lnMHeq

lnM
min

✓
MHeq

MH

◆1/2

�pk(M,MH)d lnMH . (2.17)

To be added: shape dependence on threshold, non-linearity of ⇣ to �, non-

Gaussianity, window function dependence.

2.3 Templates of single-field inflation

In this section we compare the prediction of the PBH abundance by using the two different
approaches (2.9) and (2.17) from a given power spectrum of the curvature perturbation. We
consider a specific template of the power spectrum that summarized well-studied models of
PBH formation in the framework of single-field inflation. The template is a special case of
the so-called broken power-law type [8, 9] of the form

P⇣(k) =

(
A⇣ (k/k0)

n�1 , k � k0,

0 , k < k0,
(2.18)

where A⇣ and n are parameters of the spectral amplitude and index, respectively. Current
models of single-field inflation are realized in the range of �2 < n < 1, see [9]. One can
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trapezoidal templates:

6

FIG. 4. The ratio f
pk

/f
PS

from the delta-function spec-
trum with the pivot scale k

0

corresponding to a horizon mass
MH0

= 1.5⇥ 10�7M�, the top-hat spectrum (n = 1) and the
trapezoid template (n = 1.1, dotted lines) with k

max

= k
0

.

matter [13, 15, 16], which has the typical form

P⇣(k) = A⇣ �(ln k � ln k0). (32)

The spectral factor of this model is simply Q = k20R
2/3.

It shows that fpk/fPS ⇡ 102.5 is a constant in the limit
of MH < MH0(k0).

We consider an improved template for the blue spec-
trum in the form of trapezoidal shape as

P⇣(k) =

⇢
A⇣(k/kmin)n�1, kmax � k � kmin,

0. otherwise,
(33)

where we focus on n � 1. The common top-hat model
[41, 53] is recovered at n = 1. The spectral moments
of this model can be computed readily via a subtraction
of the broken power-law results at di↵erent pivot scales.
For example, the variance reads

�2
�(R) =

4

81

A⇣

2
(kminR)1�n (34)
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2
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,

where the amplitude at kmax is A⇣(kmax/kmin)n�1. The
spectral factor is

Q =
1

3

�
�
5+n
2 , k2minR

2
�
� �

�
5+n
2 , k2maxR

2
�

�
�
3+n
2 , k2minR

2
�
� �

�
3+n
2 , k2maxR

2
� . (35)

One need not to put a cuto↵ in the small mass limit for
computing f(M) by using the trapezoid template.

For the delta-function and the top-hat (n = 1) spectra,
our results indicate that fpk/fPS ⇡ 102.5 is a constant in
the limit of MH < MH0(kmax). For the blue-trapezoid
spectrum (n > 1), the discrepancy ratio can decrease
with the increase of the spectral broadness. We empha-
size that the delta-function and the top-hat (or trape-
zoid) spectra exhibit Q3/2 � 1 for MH � MH0, yet the
BH formation rate in this limit is too rare so that the
ratio fpk/fPS is very sensitive to a small change in the
mass parameter M .

FIG. 5. The Q factor for the delta spectrum and the broken
power-law spectrum (n = �2) with the pivot scale k

0

corre-
sponding to a horizon mass MH0

= 1.5 ⇥ 10�7M� (dashed
line). For the top-hat spectrum k

max

= k
0

and k
min

= k
0

/10
are used.

IV. SUMMARY

The selecting process that PBHs only form at local
maxima of the density perturbation invokes a construc-
tion of a joint probability distribution of the random field
� with its first and second spatial derivatives. We have
computed, fpk(M), the extended mass function for BH
formation under the e↵ect of critical collapse based on
the one-dimensional representation of the peak statistics,
and, fPS(M), the predictions from the Press-Schechter
(univariate Gaussian) approach.
A generic discrepancy fpk/fPS & 102.5 in all mass

range has been reported, for the inflationary spectrum in
the narrow-spike class (the favorable shape for realizing
PBHs as all dark matter), after a calibration of the peak
threshold ⌫c for the two methods. This discrepancy is
true for realistic templates of the broken power-law type
or toy models of the delta-function type and the top-hat
type, and is significantly larger than the reported dis-
crepancy for blue-tilted spectra [24].
We remark that the ratio fpk/fPS ⇠ ⌫3c originates from

the volume integration during the dimensional reduction
of the peak statistics where vc is evaluated around the
spike scale of the inflationary spectrum. Therefore, in a
formal calculation of the BH abundance, the subhorizon
dynamics of � or the non-linear e↵ect of ⇣ to � will not
a↵ect the enhancement on fpk relative to fPS, as long as
PBH formation is only valid for high sigma peaks ⌫c � 1.
We expect a same conclusion by changing the choices of
smoothing window function. The largely enhanced mass
function from local maxima of the density perturbation in
the 3-dimensional configuration would imply a far more
stringent constraint on the spectral amplitude from infla-
tion [54–56], especially for the topics of PBH as all dark
matter [10–12] and its implication for the future space-
based observations [14, 15].
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FIG. 1. The variance �
�

(MH) of the broken power-law
spectrum with the pivot scale k

0

corresponding to a horizon
mass MH0

= 1.5⇥ 10�7M�. The spectral indices are chosen
as n = �2 (left panel) and n = 1.2 (right panel).

The predictions of (9) and (23) based on the broken
power-law template can be readily computed by (25) and
(27), respectively (see Figure 2). The Q factor in the
di↵erential mass function of the peak theory (22) reads

Q =
1

3

�
�
n+5
2 , k20R

2
�

�
�
n+3
2 , k20R

2
� , (29)

One can numerically check that the Q factor is a constant
(Q3/2 < 1 for n in the range of our interest) for k0R ⌧ 1.
For k0R � 1, Q with di↵erent choices of n converge to
a same value and Q3/2 can be much greater than 1 so
that this factor contributes as an important amplitude
discrepancy between fpk and fPS.

For n < 1 the distribution f(M) exhibits a sharp
spike slightly lower than the pivot horizon mass MH0,
where we refer the shape in this parameter space as the
spiky mass spectrum. The spike scale is approximately
Mspike ' MH0/(K��

c ) = 6 ⇥ 10�8M�. Both the peak
theory and the PS method can reach to the same conclu-
sion as [41] where the shape of P⇣ has a huge impact on
the amplitude of f(M).

The template with n � 1 (which corresponds to a blue
spectrum for k < k0) results in a divergence for f(M)
in the small mass limit. In this case one must impose a
cuto↵ in the small mass limit as considered in [45, 51]. We
remark the inconsistency for using the cuto↵ in f(M) as
the spectral moments (25), (27) are integrated to k = 1.
A consistent treatment for the blue spectrum by using
trapezoid templates is discussed in the next section.

As illustrated in Figure 3, one can observe a systematic
di↵erence between fpk and fPS for all choices of n. The
enhanced ratio in the M > MH0 limit does not have an
important meaning since f is rapidly dropped o↵ due to
the e↵ect of critical collapse.

For n � 1, the abundance is dominated by MH in the
small mass limit so that

fpk
fPS

⇡ �pk

�PS

����
MH=M

min

' ⌫3c , (30)

where ⌫c is computed at MH = Mmin. We note that
fpk/fPS is decreasing with M ! 0 due to the increase of

FIG. 2. The total black hole mass distribution f(M) from
the broken power-law spectrum with the pivot scale k

0

cor-
responding to a horizon mass MH0

= 1.5 ⇥ 10�7M�. The
spectral indices are chosen as n = �2 with A⇣ = 0.07 (left
panel) and n = 1.1 with A⇣ = 0.01 (right panel).

FIG. 3. The ratio f
pk

/f
PS

from the broken power-law spec-
trum with the pivot scale k

0

corresponding to a horizon mass
MH0

= 1.5⇥ 10�7M� for various n.

�� in this limit. Our results of the ratio �pk/�PS ⇠ 101.5

for blue-tilted spectra agree with the conclusion in [45].
The ratio for red spectra with n < 1 is fpk/fPS ⇠ 103

or larger. This large discrepancy for the narrow-peak
spectrum was not explored by previous studies. In the
limit of M ⌧ MH , one finds

fpk
fPS

⇡ �pk

�PS

����
MH=M

spike

⇠ ⌫3c , (31)

where Mspike stands for the peak scale in the mass spec-
trum (see Figure 2) and we have Mspike ⇡ 8 ⇥ 10�9M�
for our choice of MH0 = 1.5 ⇥ 10�7M�. The ratio
fpk/fPS can only be marginally approximated by ⌫3c at
MH = Mspike since the mass distribution around Mspike

is also important.

B. Other shapes

For completeness, we also test the total mass func-
tion for the two statistical approaches with other kinds
of power spectra. The delta-function spectrum is one
of the most popular toy model for realizing PBH dark

Summary (broken) power-law
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• The peak statistics reveals an universal enhancement to the PBH mass 
function obtained from the Press-Schechter method (as PBHs must form 
at high-peak values). 

• This enhancement is due to cross-correlation of density peaks with their 
“peak-shape” spatial configurations. 

• For inflationary spectrum in the narrow-spike class, the enhancement is 
at least by a factor of 102.5.

Messages



Implication to GW cosmology

3

Since this is second-order in the perturbations, the
sourced GWs are intrinsically non-Gaussian. The source
is also local, depending only on spatial derivatives of the
perturbations, so the resulting bispectrum will peak in
momentum-space configurations where the wavevectors
have similar amplitude (no squeezed component). We
define the projector in Fourier space using the chiral ba-
sis

eTij`m(~k) = eLij(
~k)⌦ eL`m(~k) + eRij(

~k)⌦ eR`m(~k), (10)

where eL,Rij are the polarisation tensors. In Eq. (9) the

scalar perturbation  (⌘,~k) can be written in terms of the
initial gauge-invariant comoving curvature perturbation
as [28]

 (⌘,~k) ⌘ 2

3
T (k⌘)⇣(~k), (11)

where the transfer function during radiation domi-
nation with constant degrees of freedom is T (x) =
(9/x2)

⇥
sin(x/

p
3)/(x/

p
3)� cos(x/

p
3)
⇤
. A straightfor-

ward calculation approximating the primordial perturba-
tions as Gaussian leads to the current abundance of GWs
[29]
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(s� d)

!
I2(d, s), (12)

where k = 2⇡f , ⌦r,0 parameterises the current density
of radiation if the neutrinos were massless, cg ' 0.4 ac-
counts for the change of the e↵ective degrees of freedom
of the thermal radiation during the evolution (assuming
Standard Model physics), I2 ⌘ I2

c + I2
s , and

Ic(x, y) = 4

ˆ 1

0
d⌧ ⌧(� sin ⌧)

h
2T (x⌧)T (y⌧)

+
⇣
T (x⌧) + x⌧ T 0(x⌧)

⌘⇣
T (y⌧) + y⌧ T 0(y⌧)

⌘i
,

(13)

Is(x, y) being the same function, but with sin ⌧ replaced
by (� cos ⌧), see Ref. [30]. For the monochromatic power
spectrum (Eq. (6)) we obtain (see also Refs. [16, 18, 30])

⌦GW(f)

⌦r,0
=

A2
scgf

2
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f
,
f?
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◆
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(14)

where f? = k?/2⇡ and ✓(x) is the step function. The
current abundance of GWs is given in Fig. 2 with k? ⇠
kLISA = 2⇡fLISA and As ⇠ 0.033. Since the result is only a
function of f/f?, for other possible f? (with typical black
hole masses as indicated on the top axis) the predicted
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FIG. 2: The power spectrum of GWs generated by PBHs
compared with the power-law integrated sensitivity for LISA
estimated on the basis of the proposal [20]: the proposed de-
sign (4y, 2.5 Gm of length, 6 links) is anticipated to have a
sensitivity in between those called C1 and C2 in Ref. [32].
The spike is due to the trigonometric functions coming from
the radiation transfer functions in I2, giving a resonant ef-
fect at f ⇠ 2fLISA/

p
3, as explained in Ref. [16]. The spike

and slow fall-o↵ in power to low frequencies are an artefact
of assuming a monochromatic power spectrum; physical spec-
tra would typically give a smooth spectrum with white-noise
(/ f3) at low frequencies [29], but a similar overall amplitude.

spectrum simply shifts sideways in f . This shows that, if
PBHs of masses in the range 10�15M� . M . 10�11M�
form the dark matter (or even a fraction of it), LISA will
measure the GWs popping out during the PBH formation
time.

The primordial bispectrum of GWs. Since the GW
source is non-linear, the three-point correlator of the
GWs is not vanishing. Its computation is straightfor-
ward in the approximation of Gaussian initial perturba-
tions [29]
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i
, (15)

where ~p2 = ~p1 � ~k1, ~p3 = ~p1 + ~k3, and where e⇤�(
~k, ~p) =

e⇤ij� (~k)pipj are the polarisation tensors and � = L,R. The
bispectrum of GWs is dominated by the equilateral con-
figuration [26], k1 ' k2 ' k3 ⌘ k, as expected since it is
sourced by gradients of the curvature perturbations when
the latter re-enter the horizon. For the equilateral con-
figuration and monochromatic power spectrum (Eq. (6)),

Induced (second-order) GWs from inflationary spectrum: Saito & Yokoyama 2009 

PBHs as all DM and induced GWs: Cai, Pi & Sasaki 2018; Bartolo et. al. 2018

⌦GW ⇠ A2
⇣


