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REVIEW: THE UNCERTAINTY RELATIONS AND THE WEAK VALUE

Heisenberg's originial idea (1927)
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REVIEW: THE UNCERTAINTY RELATIONS AND THE WEAK VALUE

The Robertson-Kennard inequality
1
o(R)o() 2 |3 (A.5))

The Schrodinger inequality

o(A (B > \ (IA.B)

A new uncertainty relation

o(APo(B)? > \ )
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REVIEW: THE UNCERTAINTY RELATIONS AND THE WEAK VALUE

Let B have a discrete spectrum and non-degenerated eigenstates.

Weak value operator
|bi): an eigenstate of B, Ay(bj): a weak value (defined later)

=> Aulb

cf. the spectral decomposition of an operator function f(A).
(A: a self-adjoint operator, |a;): an eigenstate of A, f4: a real function)

Zfa ) aiXai] .

Aw(B) is not necessarily self—adJ0|nt. (.- Aw(b) € C).

Aw(B) + Al(B) _ Au(B) - AL(B)
B — ImAw(B) := —

Aw(B) = Re Ay (B) +ilm Ay (B),

Re Au(B) =
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REVIEW: THE UNCERTAINTY RELATIONS AND THE WEAK VALUE

Weak value
We define the weak value of A in the state |¢)) as

(bilAl)

i) ({bify) #0)

Ci ((bi[¢) = 0)

Here, |b;): an eigenstate of B, ¢;: an arbitrary complex number.

The weak value was introduced in (Aharanov et al., 1988).
two-state vector formalism
the weak measurement
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1. GEOMETRICAL INTERPRETATION

We can handle operators geometrically in the inner-product
space, by defining the inner product as

(XY = (XylYy) = (XTY).
{g(B)}: the space of the operators generated from B
{f(B)}: the space of the self-adjoint operators generated from B

{A.9(B)) = (Aw(B),9(B))-

— The projection of A onto {g(B)} corresponds to Ay (B).
Im A '.E
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1. GEOMETRICAL INTERPRETATION

In the inner-product space of operators, we can use
the Pythagorean identity,
the Cauchy-Schwartz inequality.
(A,9(B)) = (Aw(B),9(B))-

Im

oy T re
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1. GEOMETRICAL INTERPRETATION

In the inner-product space of operators, we can use
the Pythagorean identity,
the Cauchy-Schwartz inequality.

(A, 9(B)) = (Aw(B),9(B)).

Im
{/(B)} /é Re
P

A (A) 8

We can translate the origin by (A) - Id € {f(B)} (writen as (A) in fig.).
(.- linearity of inner product)
From the Pythagorean identity, e.g.,
1A = (A)I* = IA = Aw(B) I + [|Aw(B) — (A)]*.
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2. DECOMPOSITION OF THE SCHRODINGER INEQUALITY

When ||A — Aw(B)|| =0,

a(A)?0(B)?
= [|A— (A" - o(B)?

2 (JA = Au(B)|2 + |Au(B) — (A)[?) - o(B)?
=0

= (IReAw(B) — (A)I* + 1M Aw(B)II*) - o(B)?

= | [IReAw(B) — (A)]I*> - o(B)? | + | [ImAw(B)|?- o(B)>
VI cs VI cs

1 2 2
S HABY - (8) (B)

v

s [Fme)
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2. DECOMPOSITION OF THE SCHRODINGER INEQUALITY

Decomposition of the Schrodinger inequality

im Au )] -8 = E)1 > |3 (A, BD).

[ReAu(8) — ()18 = (B)] > |3 ({A,B)) ~ ¢ ><B>|

Each equal in the inequalities holds if and only if

INER st Im Aw(B) [¢) = A(B — (B)) |¢),
JueR st (ReAw(B) - (A) ) = u(B - (B)) [¥),

respectively.
(Excluding the trivial case, (B — (B)) [¢)) = 0, where the left- and
right-hand sides reduces to 0.)
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2. DECOMPOSITION OF THE SCHRODINGER INEQUALITY

The Schrodinger inequality

2

C(ABD| + |5 (ABY — (&) (B)

The equal holds if and only if

JAER st (A—(A)
or (B—(B)

e For position and momentum (A
holds, the wave function ¢ (x) is

909 = Coxp|i( f5(x - aW+?QFmPQW4m1

(the minimum-uncertainty state)

(u +iINB = B)[¥),

NNY) =
V) |v) =0 (trivial)
P,

B = X), when the equal
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2. DECOMPOSITION OF THE SCHRODINGER INEQUALITY

For position and momentum (A = p, B = X),
e the minimum-uncertainty state of the Schrédinger inequality is

2 @ A 2
909 = Coxp| 45x— )7+ Ehx) | exp |~ s 02
e each equal in the decomposed inequalities holds if and only if

JIAeR st Im Aw(B) |1} = A(B — (B)) [,
JueR st (ReAw(B) —(A)) ) = u(B—(B)) [¥),

respectively. We can obtain ¢ (x) from each equation.
. A
909 = Coexp[ia()] exp| - o6 — 7. (@) € R)
w09 =Crom|i( 46— (9 + Fx) | el o R
— The condition of the minimum-uncertainty state is

decomposed into distribution of (x) and phase of it.
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3. ANEW UNCERTAINTY RELATION

AulB) = (A

o(A)?(B)? ok
(FB)} K y -

= |A— Q)| - o(B)? ! >ReAw<B>f<4,>,~*'"
2 (JIA = AwB)[1* + [|Aw(B) — (A)]1%) - o(B)?

Z (JA — Au(B)[I* + Re Aw(B) — (A)|* + Im Aw(B)|*) - o(B)?
= [A=AuB)|*- a(B)? + |IReAy(B) — (A)]|* - o(B)? + [lim Aw(B)|* - #(B)?
VIcs
2 1
T \— (I, B)

~(A.B)) — (A) (B)

> |A=Au(B)|” - o(B)® +

new term
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SUMMARY AND CONCLUSION

1. Geometrical interpretaiton:
the inner-product space of operators

2. Decomposition of the Schrodinger inequality

lImAw(B)] - 1B = (B)II > |3 (A, B])],
IRe Aw(B) — (M)l - 1B = (B)Il > |3 {A B}) — (A) (B)].
3. The new uncertainty relation
the Schrodinger ineq.
the RK ineq.

(A8

2 2

a(A)?0(B)? >

H3 (A8 - ) @)

+ A= Au(B)I” - o(B)?
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SUMMARY AND CONCLUSION

Future Work
Refining the new inequality
Physical meaning / properties of the new term

Relation to the other uncertainty relations
(e.g., error-disturbance, time-energy, entropy)
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APPENDIX



DEFINITION OF THE WEAK VALUE

|bi): an eigenvector of B,

II(bj): an eigenprojection onto the eigenspace with eigenvalue b;,
Ci: an arbitrary complex number.

Dfinition of the weak value

When B is degenerated (or non-degenerated),

(PITIO)AlY)

: (I ) = 0).

e Even when B has no eigenvectors, the weak value can be
defined by the Radon - Nikodym derivation.
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THE INNER PRODUCT OF OPERATORS

The axioms of inner product

1. Linearity
(X;c1Y1 + caYa) = c1 (X, Y1) + c2 (X, Ya),
2. Conjugate symmetry
(X, Yh = (¥, X)",
3. Positivity

<<X7X>> = ”XH2 >0,

4. Positive-definiteness

(X X) =X =0 = X=0.

Forall X, Y € O, the product
(XYY == (Xep|Yo) = (XTY).

satisfies all above except for 4. Positive-definiteness.
IX||=0= X=0 (Whatholdsis||X|| =0= X])=0.)




THE INNER-PRODUCT SPACE OF OPERATORS

The inner-product space of operators

O: the space of operators.
Define the equivalence relation between X, Y € O as

X~Y e |[X=Y|=0,

and re-define the operator space as

O:=0/n~.

Forall X',Y' € O,
Y = (Xp[Yig) = (XTY').
satisfies the axioms of inner product.

We use this re-defined inner-product space of operators,

{04, )}
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