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Gravitational motion

mM

M = 100 [kg], R = 102 [mm]

Can we amplify gravitational motion by weak measurement？

x(t) = �GMt2

2R2
= �3.3⇥ 10�4

✓
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gravitational  
source

EOM: 

Initial condition: 

m
d2r
dt2

= − G
mM
r2

r(t) ≡ R + x(t), x(t = 0) = 0, ·x(t = 0) = 0

V(r) = −
GMm

r

r

e.g. Pt

Test particle
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Plan of Talk
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1. Review of Weak Measurement

2. Weak measurement of gravitational force by using  
atomic system

3. Conclusion
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Weak measurement is  
one of indirect measurement
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・Indirect measurement

A

Target  
of measurement

B

Measuring device

Interaction
Observation

Hilbert space:

Getting informations of A by observing B

ℋ = A ⊗ B
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Indirect measurement
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|ψ⟩A

|Ψ⟩B

Ĥint = g ̂A ⊗ ̂pBδ(t − t0)

e−i ∫ Ĥintdt |ψ ⊗ Ψ⟩ = e−ig ̂A⊗ ̂pB |ψ ⊗ Ψ⟩ = ∑
i

|ai⟩⟨ai |ψ⟩Ae−igai ̂pB |Ψ⟩B

A

B

Translation operator

̂A ̂pB: observable of A : momentum of B 

e.g.

̂A |ai⟩A = ai |ai⟩A※
Initial state
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Indirect measurement
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|ψ⟩A

|Ψ⟩B

Ĥint = g ̂A ⊗ ̂pBδ(t − t0)

Observation

e−i ∫ Ĥintdt |ψ ⊗ Ψ⟩ = e−ig ̂A⊗ ̂pB |ψ ⊗ Ψ⟩ = ∑
i

|ai⟩⟨ai |ψ⟩Ae−igai ̂pB |Ψ⟩B

A

B

Translation operator

̂A ̂pB: observable of A : momentum of B 

e.g.

̂A |ai⟩A = ai |ai⟩A※

̂ρB ≡ TrA [e−i ∫ Ĥintdt |ψ ⊗ Ψ⟩⟨ψ ⊗ Ψ |e+i ∫ Ĥintdt]

̂ρB

Trace out A 
(unknown)
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Indirect measurement
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e−i ∫ Ĥintdt |ψ ⊗ Ψ⟩ = ∑
i

|ai⟩⟨ai |ψ⟩Ae−igai ̂pB |Ψ⟩B

⟨x | ̂ρB |x⟩ = ∑
i

⟨ai |ψ⟩
2

× ⟨x − gai |Ψ⟩
2

By observing B ( ρB ), we can measure A (a1, a2, …) 

|⟨x |Ψ⟩ |2

xg × a1 g × a2

…

⟨x | ̂ρB |x⟩

Translation!

̂ρB ≡ TrA [e−i ∫ Ĥintdt |ψ ⊗ Ψ⟩⟨ψ ⊗ Ψ |e+i ∫ Ĥintdt]

: initial distribution
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Weak measurement
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⟨x | ̂ρB |x⟩ = ∑
i

⟨ai |ψ⟩
2

× ⟨x − gai |Ψ⟩
2

|⟨x |Ψ⟩ |2

x
g × a1

⟨x | ̂ρB |x⟩ Small translation

Weak measurement: g << 1

Measuring peak of distribution becomes difficult
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|ψ⟩A

|Ψ⟩B

Ĥint = g ̂A ⊗ ̂pBδ(t − t0)

Observation

A

B |Φ⟩B

Weak measurement with post-selection 

・Restricting the final state of A : post-selection

|ϕ⟩A Post-selection

|Φ⟩B = ⟨ϕ |e−ig ̂A⊗ ̂pB |ψ ⊗ Ψ⟩ ≃ ⟨ϕ | (1 − ig ̂A ⊗ ̂pB) |ψ ⊗ Ψ⟩

= ⟨ϕ |ψ⟩(1 − ig
⟨ϕ | ̂A |ψ⟩

⟨ϕ |ψ⟩
̂pB) |Ψ⟩B

≃ ⟨ϕ |ψ⟩e−ig ⟨ϕ | ̂A |ψ⟩
⟨ϕ |ψ⟩ ̂pB |Ψ⟩B

Weak value 

Translation by weak value
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Translation by weak value 

|⟨x |Ψ⟩ |2

x
g × Re

⟨ϕ | ̂A |ψ⟩
⟨ϕ |ψ⟩

|⟨x |Φ⟩ |2

Translation by weak value!

|Φ⟩B = ⟨ϕ |e−ig ̂A⊗ ̂pB |ψ ⊗ Ψ⟩ ≃ ⟨ϕ |ψ⟩e−ig ⟨ϕ | ̂A |ψ⟩
⟨ϕ |ψ⟩ ̂pB |Ψ⟩B

⟨x |Φ⟩B ∼ ⟨ϕ |ψ⟩⟨x − g ⋅ Re
⟨ϕ | ̂A |ψ⟩

⟨ϕ |ψ⟩
|Ψ⟩

B
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Weak value can become large

Weak value:
⟨ϕ | ̂A |ψ⟩

⟨ϕ |ψ⟩

・Large weak value = small transition amplitude ⟨ϕ |ψ⟩ ∼ 0

Large weak value vs Statistics

・Trade off in weak value: 



/23�12

Weak value amplification 

|⟨x |Ψ⟩ |2

x
g × Re

⟨ϕ | ̂A |ψ⟩
⟨ϕ |ψ⟩

|⟨x |Φ⟩ |2

|Φ⟩B = ⟨ϕ |e−ig ̂A⊗ ̂pB |ψ ⊗ Ψ⟩ ≃ ⟨ϕ |ψ⟩e−ig ⟨ϕ | ̂A |ψ⟩
⟨ϕ |ψ⟩ ̂pB |Ψ⟩B

⟨x |Φ⟩B ∼ ⟨ϕ |ψ⟩⟨x − g ⋅ Re
⟨ϕ | ̂A |ψ⟩

⟨ϕ |ψ⟩
|Ψ⟩

B

Even if g is small, large shift by large weak value 

weak value amplification!
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Plan of Talk
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1. Review of Weak Measurement

2. Weak measurement of gravitational force by using  
atomic system

3. Conclusion
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Atomic cloud in gravitational source

M

gravitational  
source

Atomic cloud (BEC)  
as test particle

・Hilbert space of this system: 
e.g. 87Rb atoms

V(r) = −
GMm

r

r

ℋ = ℋA ⊗ ℋB

Internal state of atom Relative motion:
̂a†
1 |0⟩, ̂a†

2 |0⟩, ⋯

̂a†2
1 |0⟩, ̂a†

1 ̂a†
2 |0⟩, ⋯

Ψ(r)

ground state 1st excited state (Hyper fine splitting)

e.g.

Large weak value  
vs  

Statistics
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Atomic cloud in gravitational source

M

gravitational  
source

Atomic cloud

・Hamiltonian: 

e.g. 87Rb atoms

V(r) = −
GMm

r

r

Ĥ = Ĥatom +
̂p2
r

2m̂
−

GMm̂
̂r

Interaction  
b/w (Internal state) and (Relative motion state) 

ground state 1st excited state (Hyper fine splitting)

Ĥatom = E1 ̂a†
1 ̂a1 + E2 ̂a†

2 ̂a2, [ ̂ai, ̂a†
j ] = δij, [ ̂ai, ̂aj] = [ ̂a†

i , ̂a†
j ] = 0

m̂ = m1 ̂a†
1 ̂a1 + m2 ̂a†

2 ̂a2 : mass operator of atomic cloud
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Approximation

M

gravitational  
source

・Hamiltonian: 

e.g. 87Rb atoms

V(r) = −
GMm

r

Ĥ = Ĥatom +
̂p2
r

2m̂
−

GMm̂
̂r

≃ Ĥatom +
̂p2
r

2m̂
−

GMm̂
R (1 −

̂x
R )

r(t = 0) = R

※ expand r around the initial distance R 

1
̂r
≃

1
R (1 −

̂x
R ), ̂r ≡ R + ̂x

Atomic cloud
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Time evolution
Ĥ = Ĥatom � GMm̂

R
+

p̂
2

2m̂
+

GMm̂⌦ x̂

R2

⌘ Ĥ0 ⌘ Ĥ1

Initial state

  Internal state × Relative motion state
= ⌘ e�iGMtm̂⌦x̂

R2 | (t)i |�(t)i

e−iĤ1Te−iĤ0T |ψi⟩ |ϕi⟩ ≃ e−i GMTm̂ ⊗ ̂x
R2 e−iĤ0T |ψi⟩e−i ̂p2

2m̂ T |ϕi⟩
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Post selection
Ĥ = Ĥatom � GMm̂

R
+

p̂
2

2m̂
+

GMm̂⌦ x̂

R2

⌘ Ĥ0 ⌘ Ĥ1

= h f |

✓
1� i

GMtm̂⌦ x̂

R2

◆
| (T )i |�(T )i+O(G2)

Weak value

: post-selection of internal state at t = T× ⟨ψf |

e−iĤ1Te−iĤ0T |ψi⟩ |ϕi⟩ ≃ e−i GMTm̂ ⊗ ̂x
R2 e−iĤ0T |ψi⟩e−i ̂p2

2m̂ T |ϕi⟩

|ϕf(T )⟩ ≡ ⟨ψf |e−i GMTm̂ ⊗ ̂x
R2 |ψ(T )⟩ |ϕ(T )⟩

≃ ⟨ψf |ψ(T )⟩(1 − i
GMT

R2

⟨ψf | m̂ |ψ(T )⟩
⟨ψf |ψ(T )⟩

̂x) |ϕ(T )⟩

≡ e−i GMTm̂ ⊗ ̂x
R2 |ψ(T )⟩ |ϕ(T )⟩
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・relative motion state after post-selection:

h�f (T )| x̂ |�f (T )i
h�f (T )|�f (T )i

' xcl(T ) + d2
GMT

R2
Im


h f | m̂ | (T )i
h f | (T )i

�

classical motion

hx|�ii =
1

(⇡d2)1/4
e�

x2

2d2

Expectation value of position

Initial condition:

xcl(T ) = −
GMT2

2R2

Translation by weak value

|ϕf(T )⟩ = ⟨ψf |ψ(T )⟩(1 − i
GMT

R2

⟨ψf | m̂ |ψ(T )⟩
⟨ψf |ψ(T )⟩

̂x) |ϕ(T )⟩
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・Expectation value of position:

= xcl(T )

✓
1 +

N�md2

T

sin f(T )

1� cos f(T )

◆
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FIG. 3: Plots of the amplification factor as a function of the
observing time T . Here the dashed orange lines correspond to
the leading order result Eq.(31), and the blue lines represent
the exact results Eq.(A7). The lower figure is the enlarged
plot of the upper figure around the first peak.

(dashed orange line) along with the exact analytical re-
sult Eq.(A7) (blue line) where the phase N∆mt is omit-
ted. As for the leading order result, the expectation value
diverges when f(T ) = 2nπ (n = 1, 2, · · · ) which corre-
sponds to ⟨ψf |ψ(T )⟩ = 0. On the other hand, the exact
result has finite peaks, and their positions are slightly dif-
ferent from that obtained by f(T ) = 2nπ (n = 1, 2, · · · ).
This fact means that the transition provability Ptran(T )
is also finite at these peaks because of the effects of the
higher order corrections. By using Eq.(A7), it can be
roughly estimated as

Ptran(T ) ∼
π2

2

(
d

R

)2

∼ 3×10−4 (for d = 1mm, R = 10cm),

(33)
which leads to the number of surviving atoms as ∼ 1011.
Fig.3 also shows that the amplification can be negative,
and this means that the gravitational force can behave
like a repulsive force. Qualitatively, this negative ampli-
fication comes from the fact that the weak value Eq.(26)
can generally take both of negative and positive values.
Although this behavior seems to be unnatural from the
usual attractive property of gravity, our result shows that
a very small number of atoms actually feel such an re-

pulsive force due to the quantum effects. We expect that
experimentalists can determine Newtonian gravitational
constant G by solving Eq.(30) with respect to G and get-
ting other quantities experimentally.
As we mentioned at the end of Section I, the weak

measurement can also amplify the fluctuation of x̂. In
our case, however, this does not occur. In fact, at the
leading order, we have

∆2
x(T ) ≡

⟨φf (T )|(x̂− ⟨x̂⟩)2|φf (T )⟩
⟨φf (T )|φf (T )⟩

= d(T )2 +O(G2), (34)

and this result comes from the fact that the initial wave
function Eq.(21) is invariant under x → −x. In other
word, in the case of a distorted initial atomic cloud, the
fluctuation of the relative position is also amplified by the
weak measurement. We have also numerically checked
that this conclusion does not much change even if we
take the higher order corrections into account.

IV. CONCLUSION

In this letter, we have considered the weak measure-
ment of a cold atomic system which is gravitationally
interacting with an external gravity source. From the
point of view of quantum measurement, their relative mo-
tion can be naturally regarded as a probe system which
can be used for measuring the atomic system indirectly.
Then, we have shown that it is actually possible to re-
alize O(103−4) amplification compared with the classical
motion when N ∼ 1015. In particular, we have seen that
the peak of the amplification is finite due to the effects
of the higher order contributions. This result means that
the ordinary argument based on the leading order cal-
culation is not quantitatively correct. Thus, when one
wants to consider an application of weak measurement
to some quantum interacting system, it is necessary to
take higher order corrections into account in order to ob-
tain quantitatively correct predictions. Then, we have
also seen that the gravitational force can behave as a re-
pulsive force in response of a negative weak value. This
counterintuitive result is also one of the interesting as-
pects of weak measurement.
At the early state of this work, we expected that our

set up could be also used as a new test of the inverse
square low of gravity. For example, in the case of the
Yukawa type potential

V̂G(r̂) =
GMm̂

r̂

(
1 + αe−

r
λ
)
, (35)

the Yukawa term αe−r/λ can change the short distance
behavior of the relative motion of atoms. However, as
long as we consider a table top size experiment, i.e.
R ∼ 101−3 cm, its effect is quite small because we have
a small factor e−R/λ ≪ 1 when we expand the above
potential like Eq.(17). Thus, it is necessary to consider

b/w initial and final state

⟨ϕ
f(T

)|
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ϕ f
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)⟩

⟨ϕ
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)|
ϕ f
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plot of the upper figure around the first peak.

(dashed orange line) along with the exact analytical re-
sult Eq.(A7) (blue line) where the phase N∆mt is omit-
ted. As for the leading order result, the expectation value
diverges when f(T ) = 2nπ (n = 1, 2, · · · ) which corre-
sponds to ⟨ψf |ψ(T )⟩ = 0. On the other hand, the exact
result has finite peaks, and their positions are slightly dif-
ferent from that obtained by f(T ) = 2nπ (n = 1, 2, · · · ).
This fact means that the transition provability Ptran(T )
is also finite at these peaks because of the effects of the
higher order corrections. By using Eq.(A7), it can be
roughly estimated as

Ptran(T ) ∼
π2

2
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d

R

)2

∼ 3×10−4 (for d = 1mm, R = 10cm),

(33)
which leads to the number of surviving atoms as ∼ 1011.
Fig.3 also shows that the amplification can be negative,
and this means that the gravitational force can behave
like a repulsive force. Qualitatively, this negative ampli-
fication comes from the fact that the weak value Eq.(26)
can generally take both of negative and positive values.
Although this behavior seems to be unnatural from the
usual attractive property of gravity, our result shows that
a very small number of atoms actually feel such an re-

pulsive force due to the quantum effects. We expect that
experimentalists can determine Newtonian gravitational
constant G by solving Eq.(30) with respect to G and get-
ting other quantities experimentally.
As we mentioned at the end of Section I, the weak

measurement can also amplify the fluctuation of x̂. In
our case, however, this does not occur. In fact, at the
leading order, we have

∆2
x(T ) ≡

⟨φf (T )|(x̂− ⟨x̂⟩)2|φf (T )⟩
⟨φf (T )|φf (T )⟩

= d(T )2 +O(G2), (34)

and this result comes from the fact that the initial wave
function Eq.(21) is invariant under x → −x. In other
word, in the case of a distorted initial atomic cloud, the
fluctuation of the relative position is also amplified by the
weak measurement. We have also numerically checked
that this conclusion does not much change even if we
take the higher order corrections into account.

IV. CONCLUSION

In this letter, we have considered the weak measure-
ment of a cold atomic system which is gravitationally
interacting with an external gravity source. From the
point of view of quantum measurement, their relative mo-
tion can be naturally regarded as a probe system which
can be used for measuring the atomic system indirectly.
Then, we have shown that it is actually possible to re-
alize O(103−4) amplification compared with the classical
motion when N ∼ 1015. In particular, we have seen that
the peak of the amplification is finite due to the effects
of the higher order contributions. This result means that
the ordinary argument based on the leading order cal-
culation is not quantitatively correct. Thus, when one
wants to consider an application of weak measurement
to some quantum interacting system, it is necessary to
take higher order corrections into account in order to ob-
tain quantitatively correct predictions. Then, we have
also seen that the gravitational force can behave as a re-
pulsive force in response of a negative weak value. This
counterintuitive result is also one of the interesting as-
pects of weak measurement.
At the early state of this work, we expected that our

set up could be also used as a new test of the inverse
square low of gravity. For example, in the case of the
Yukawa type potential

V̂G(r̂) =
GMm̂

r̂

(
1 + αe−

r
λ
)
, (35)

the Yukawa term αe−r/λ can change the short distance
behavior of the relative motion of atoms. However, as
long as we consider a table top size experiment, i.e.
R ∼ 101−3 cm, its effect is quite small because we have
a small factor e−R/λ ≪ 1 when we expand the above
potential like Eq.(17). Thus, it is necessary to consider

・Gravity is amplified by O(103) when N =1015

・behave as repulsive force because of negative weak value
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Conclusion and future work

・In the weak measurement, gravity is amplified by  

・Gravity behaves as repulsive force by the

O(103) compared with classical motion when N =1015  

negative weak value

・We proposed a thought experiment by using atoms  

・Application to measuring the Newtonian constant  
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<latexit sha1_base64="2IW2swjq096Bu9vkmSqyfP7SRwM=">AAACJXicbVDLSsNAFJ34rPUVdekmWIS6sCRF0IVI0Y3LCvYBTSiT6aQdOnk4cyOUmJ9x46+4cWERwZW/4jTJQlsvzNxzz7mXmXvciDMJpvmlLS2vrK6tlzbKm1vbO7v63n5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8M9M7j1RIFgb3MImo4+NhwDxGMCiqr1/ansAksdLElg8Cknqa2px6UM3uJ8sWbDiCq9O8rBdlnk76esWsmVkYi8AqQAUV0ezrU3sQktinARCOpexZZgROggUwwmlatmNJI0zGeEh7CgbYp9JJsi1T41gxA8MLhToBGBn7eyLBvpQT31WdPoaRnNdm5H9aLwbvwklYEMVAA5I/5MXcgNCYWWYMmKAE+EQBTARTfzXICCvbQBlbViZY8ysvgna9Zpk16+6s0rgu7CihQ3SEqshC56iBblETtRBBz+gVvaOp9qK9aR/aZ966pBUzB+hPaN8/NzemRA==</latexit><latexit sha1_base64="2IW2swjq096Bu9vkmSqyfP7SRwM=">AAACJXicbVDLSsNAFJ34rPUVdekmWIS6sCRF0IVI0Y3LCvYBTSiT6aQdOnk4cyOUmJ9x46+4cWERwZW/4jTJQlsvzNxzz7mXmXvciDMJpvmlLS2vrK6tlzbKm1vbO7v63n5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8M9M7j1RIFgb3MImo4+NhwDxGMCiqr1/ansAksdLElg8Cknqa2px6UM3uJ8sWbDiCq9O8rBdlnk76esWsmVkYi8AqQAUV0ezrU3sQktinARCOpexZZgROggUwwmlatmNJI0zGeEh7CgbYp9JJsi1T41gxA8MLhToBGBn7eyLBvpQT31WdPoaRnNdm5H9aLwbvwklYEMVAA5I/5MXcgNCYWWYMmKAE+EQBTARTfzXICCvbQBlbViZY8ysvgna9Zpk16+6s0rgu7CihQ3SEqshC56iBblETtRBBz+gVvaOp9qK9aR/aZ966pBUzB+hPaN8/NzemRA==</latexit><latexit sha1_base64="2IW2swjq096Bu9vkmSqyfP7SRwM=">AAACJXicbVDLSsNAFJ34rPUVdekmWIS6sCRF0IVI0Y3LCvYBTSiT6aQdOnk4cyOUmJ9x46+4cWERwZW/4jTJQlsvzNxzz7mXmXvciDMJpvmlLS2vrK6tlzbKm1vbO7v63n5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8M9M7j1RIFgb3MImo4+NhwDxGMCiqr1/ansAksdLElg8Cknqa2px6UM3uJ8sWbDiCq9O8rBdlnk76esWsmVkYi8AqQAUV0ezrU3sQktinARCOpexZZgROggUwwmlatmNJI0zGeEh7CgbYp9JJsi1T41gxA8MLhToBGBn7eyLBvpQT31WdPoaRnNdm5H9aLwbvwklYEMVAA5I/5MXcgNCYWWYMmKAE+EQBTARTfzXICCvbQBlbViZY8ysvgna9Zpk16+6s0rgu7CihQ3SEqshC56iBblETtRBBz+gVvaOp9qK9aR/aZ966pBUzB+hPaN8/NzemRA==</latexit><latexit sha1_base64="2IW2swjq096Bu9vkmSqyfP7SRwM=">AAACJXicbVDLSsNAFJ34rPUVdekmWIS6sCRF0IVI0Y3LCvYBTSiT6aQdOnk4cyOUmJ9x46+4cWERwZW/4jTJQlsvzNxzz7mXmXvciDMJpvmlLS2vrK6tlzbKm1vbO7v63n5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8M9M7j1RIFgb3MImo4+NhwDxGMCiqr1/ansAksdLElg8Cknqa2px6UM3uJ8sWbDiCq9O8rBdlnk76esWsmVkYi8AqQAUV0ezrU3sQktinARCOpexZZgROggUwwmlatmNJI0zGeEh7CgbYp9JJsi1T41gxA8MLhToBGBn7eyLBvpQT31WdPoaRnNdm5H9aLwbvwklYEMVAA5I/5MXcgNCYWWYMmKAE+EQBTARTfzXICCvbQBlbViZY8ysvgna9Zpk16+6s0rgu7CihQ3SEqshC56iBblETtRBBz+gVvaOp9qK9aR/aZ966pBUzB+hPaN8/NzemRA==</latexit>

Electric field-Eigenstate of EDM:
1p
2
(|1i± |2i)

<latexit sha1_base64="jfuWQeCyvwbcHdk1qRDvvHdLbag=">AAACJ3icbVDLSsNAFJ34rPUVdekmWIS6KUkRdFWKblxWsA9oSplMJ+3QmSTO3Agl5m/c+CtuBBXRpX/iNI2grQdm7uGce5m5x4s4U2Dbn8bS8srq2npho7i5tb2za+7tt1QYS0KbJOSh7HhYUc4C2gQGnHYiSbHwOG1748up376jUrEwuIFJRHsCDwPmM4JBS32z5voSk8RJE1fdSkiqaepy6kM5u+8dV7LhCGpuJGZC9UfIyknfLNkVO4O1SJyclFCORt98cQchiQUNgHCsVNexI+glWAIjnKZFN1Y0wmSMh7SraYAFVb0k2zO1jrUysPxQ6hOAlam/JxIslJoIT3cKDCM1703F/7xuDP55L2FBFAMNyOwhP+YWhNY0NGvAJCXAJ5pgIpn+q0VGWAcHOtqiDsGZX3mRtKoVx64416el+kUeRwEdoiNURg46Q3V0hRqoiQh6QE/oFb0Zj8az8W58zFqXjHzmAP2B8fUNTaWnZA==</latexit><latexit sha1_base64="jfuWQeCyvwbcHdk1qRDvvHdLbag=">AAACJ3icbVDLSsNAFJ34rPUVdekmWIS6KUkRdFWKblxWsA9oSplMJ+3QmSTO3Agl5m/c+CtuBBXRpX/iNI2grQdm7uGce5m5x4s4U2Dbn8bS8srq2npho7i5tb2za+7tt1QYS0KbJOSh7HhYUc4C2gQGnHYiSbHwOG1748up376jUrEwuIFJRHsCDwPmM4JBS32z5voSk8RJE1fdSkiqaepy6kM5u+8dV7LhCGpuJGZC9UfIyknfLNkVO4O1SJyclFCORt98cQchiQUNgHCsVNexI+glWAIjnKZFN1Y0wmSMh7SraYAFVb0k2zO1jrUysPxQ6hOAlam/JxIslJoIT3cKDCM1703F/7xuDP55L2FBFAMNyOwhP+YWhNY0NGvAJCXAJ5pgIpn+q0VGWAcHOtqiDsGZX3mRtKoVx64416el+kUeRwEdoiNURg46Q3V0hRqoiQh6QE/oFb0Zj8az8W58zFqXjHzmAP2B8fUNTaWnZA==</latexit><latexit sha1_base64="jfuWQeCyvwbcHdk1qRDvvHdLbag=">AAACJ3icbVDLSsNAFJ34rPUVdekmWIS6KUkRdFWKblxWsA9oSplMJ+3QmSTO3Agl5m/c+CtuBBXRpX/iNI2grQdm7uGce5m5x4s4U2Dbn8bS8srq2npho7i5tb2za+7tt1QYS0KbJOSh7HhYUc4C2gQGnHYiSbHwOG1748up376jUrEwuIFJRHsCDwPmM4JBS32z5voSk8RJE1fdSkiqaepy6kM5u+8dV7LhCGpuJGZC9UfIyknfLNkVO4O1SJyclFCORt98cQchiQUNgHCsVNexI+glWAIjnKZFN1Y0wmSMh7SraYAFVb0k2zO1jrUysPxQ6hOAlam/JxIslJoIT3cKDCM1703F/7xuDP55L2FBFAMNyOwhP+YWhNY0NGvAJCXAJ5pgIpn+q0VGWAcHOtqiDsGZX3mRtKoVx64416el+kUeRwEdoiNURg46Q3V0hRqoiQh6QE/oFb0Zj8az8W58zFqXjHzmAP2B8fUNTaWnZA==</latexit><latexit sha1_base64="jfuWQeCyvwbcHdk1qRDvvHdLbag=">AAACJ3icbVDLSsNAFJ34rPUVdekmWIS6KUkRdFWKblxWsA9oSplMJ+3QmSTO3Agl5m/c+CtuBBXRpX/iNI2grQdm7uGce5m5x4s4U2Dbn8bS8srq2npho7i5tb2za+7tt1QYS0KbJOSh7HhYUc4C2gQGnHYiSbHwOG1748up376jUrEwuIFJRHsCDwPmM4JBS32z5voSk8RJE1fdSkiqaepy6kM5u+8dV7LhCGpuJGZC9UfIyknfLNkVO4O1SJyclFCORt98cQchiQUNgHCsVNexI+glWAIjnKZFN1Y0wmSMh7SraYAFVb0k2zO1jrUysPxQ6hOAlam/JxIslJoIT3cKDCM1703F/7xuDP55L2FBFAMNyOwhP+YWhNY0NGvAJCXAJ5pgIpn+q0VGWAcHOtqiDsGZX3mRtKoVx64416el+kUeRwEdoiNURg46Q3V0hRqoiQh6QE/oFb0Zj8az8W58zFqXjHzmAP2B8fUNTaWnZA==</latexit>

・Cold atoms in electric field

(EDM)

energy state of atom
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・Set-up:

Weak measurement

S.G. ex

S.G. ex

M

Pre-selection

Post-selection

 i
<latexit sha1_base64="4EoCljSgZTtn/q+Y/Sb1msEvlHY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u6kVPdErV/yqPwdZJUFOKpCj3it/dfuaZQlXyCS1thP4KYYTalAwyaelbmZ5StmIDnjHUUUTbsPJ/NopOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI9ythA2poQxdQCUXQrD88ippXlQDvxrcX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDoPOPJg==</latexit><latexit sha1_base64="4EoCljSgZTtn/q+Y/Sb1msEvlHY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u6kVPdErV/yqPwdZJUFOKpCj3it/dfuaZQlXyCS1thP4KYYTalAwyaelbmZ5StmIDnjHUUUTbsPJ/NopOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI9ythA2poQxdQCUXQrD88ippXlQDvxrcX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDoPOPJg==</latexit><latexit sha1_base64="4EoCljSgZTtn/q+Y/Sb1msEvlHY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u6kVPdErV/yqPwdZJUFOKpCj3it/dfuaZQlXyCS1thP4KYYTalAwyaelbmZ5StmIDnjHUUUTbsPJ/NopOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI9ythA2poQxdQCUXQrD88ippXlQDvxrcX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDoPOPJg==</latexit><latexit sha1_base64="4EoCljSgZTtn/q+Y/Sb1msEvlHY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u6kVPdErV/yqPwdZJUFOKpCj3it/dfuaZQlXyCS1thP4KYYTalAwyaelbmZ5StmIDnjHUUUTbsPJ/NopOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI9ythA2poQxdQCUXQrD88ippXlQDvxrcX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDoPOPJg==</latexit>

 f
<latexit sha1_base64="Vfg1+ULncK3rI3JuphbyWPhxJTk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmNzW8F/fKFb/qz0FWSZCTCuSo98pf3b5iWYLSMkGN6QR+asMJ1ZYzgdNSNzOYUjaiA+w4KmmCJpzMr52SM6f0Say0K2nJXP09MaGJMeMkcp0JtUOz7M3E/7xOZuPrcMJlmlmUbLEozgSxisxeJ32ukVkxdoQyzd2thA2ppsy6gEouhGD55VXSvKgGfjW4v6zUbvI4inACp3AOAVxBDe6gDg1g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHnGePIw==</latexit><latexit sha1_base64="Vfg1+ULncK3rI3JuphbyWPhxJTk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmNzW8F/fKFb/qz0FWSZCTCuSo98pf3b5iWYLSMkGN6QR+asMJ1ZYzgdNSNzOYUjaiA+w4KmmCJpzMr52SM6f0Say0K2nJXP09MaGJMeMkcp0JtUOz7M3E/7xOZuPrcMJlmlmUbLEozgSxisxeJ32ukVkxdoQyzd2thA2ppsy6gEouhGD55VXSvKgGfjW4v6zUbvI4inACp3AOAVxBDe6gDg1g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHnGePIw==</latexit><latexit sha1_base64="Vfg1+ULncK3rI3JuphbyWPhxJTk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmNzW8F/fKFb/qz0FWSZCTCuSo98pf3b5iWYLSMkGN6QR+asMJ1ZYzgdNSNzOYUjaiA+w4KmmCJpzMr52SM6f0Say0K2nJXP09MaGJMeMkcp0JtUOz7M3E/7xOZuPrcMJlmlmUbLEozgSxisxeJ32ukVkxdoQyzd2thA2ppsy6gEouhGD55VXSvKgGfjW4v6zUbvI4inACp3AOAVxBDe6gDg1g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHnGePIw==</latexit><latexit sha1_base64="Vfg1+ULncK3rI3JuphbyWPhxJTk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmNzW8F/fKFb/qz0FWSZCTCuSo98pf3b5iWYLSMkGN6QR+asMJ1ZYzgdNSNzOYUjaiA+w4KmmCJpzMr52SM6f0Say0K2nJXP09MaGJMeMkcp0JtUOz7M3E/7xOZuPrcMJlmlmUbLEozgSxisxeJ32ukVkxdoQyzd2thA2ppsy6gEouhGD55VXSvKgGfjW4v6zUbvI4inACp3AOAVxBDe6gDg1g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHnGePIw==</latexit>

Gravitational  
source

Cold atoms

Time evolution by

Ĥ = Ĥatoms +
p̂
2
x

2m̂
� GMm̂

R
+

GM

R2
m̂⌦ x̂

<latexit sha1_base64="shIyw0ckBWapA/C4oBBauwXsbhw="></latexit><latexit sha1_base64="shIyw0ckBWapA/C4oBBauwXsbhw="></latexit><latexit sha1_base64="shIyw0ckBWapA/C4oBBauwXsbhw="></latexit><latexit sha1_base64="shIyw0ckBWapA/C4oBBauwXsbhw="></latexit>

Position measurement Amplified by weak measurement 
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Full order calculation 

h�f (T )| x̂ |�f (T )i
h�f (T )|�f (T )i

= xcl(T )

✓
1 +

N�md2

T

e�g(T ) sin f(T )

1� e�g(T ) cos f(T )

◆

<latexit sha1_base64="7MIsAuMw06erMv6cfAN2JIUpP9c="></latexit><latexit sha1_base64="7MIsAuMw06erMv6cfAN2JIUpP9c="></latexit><latexit sha1_base64="7MIsAuMw06erMv6cfAN2JIUpP9c="></latexit><latexit sha1_base64="7MIsAuMw06erMv6cfAN2JIUpP9c="></latexit>

g(T ) =
N2d2�m2

T 2
xcl(T )

2

<latexit sha1_base64="73FBCALWMjAlf+nZFGLurrOWb6s="></latexit><latexit sha1_base64="73FBCALWMjAlf+nZFGLurrOWb6s="></latexit><latexit sha1_base64="73FBCALWMjAlf+nZFGLurrOWb6s="></latexit><latexit sha1_base64="73FBCALWMjAlf+nZFGLurrOWb6s="></latexit>

Damping factor appears

・Leading order

= xcl(T )

✓
1 +

N�md2

T

sin f(T )

1� cos f(T )

◆

<latexit sha1_base64="pvcsY3tnLZ2KCFAZafMhE7e0vrQ="></latexit><latexit sha1_base64="pvcsY3tnLZ2KCFAZafMhE7e0vrQ="></latexit><latexit sha1_base64="pvcsY3tnLZ2KCFAZafMhE7e0vrQ="></latexit><latexit sha1_base64="pvcsY3tnLZ2KCFAZafMhE7e0vrQ="></latexit>

�m ⌘ m2 �m1
<latexit sha1_base64="yCG5rrjdXawoSXBWlmAap85A2XY=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEIXixJEfRY1IPHCvYDmhA220m7dDeJu5tCqT34V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLww5Uxpx/m2lpZXVtfWCxvFza3tnV17b7+hkkxSqNOEJ7IVEgWcxVDXTHNopRKICDk0w/71xG8OQCqWxPd6mIIvSDdmEaNEGymwD70b4Jpg4cFDxgZYBJUzEbiBXXLKzhR4kbg5KaEctcD+8joJzQTEmnKiVNt1Uu2PiNSMchgXvUxBSmifdKFtaEwEKH80vX+MT4zSwVEiTcUaT9XfEyMilBqK0HQKontq3puI/3ntTEeX/ojFaaYhprNFUcaxTvAkDNxhEqjmQ0MIlczcimmPSEK1iaxoQnDnX14kjUrZdcru3XmpepXHUUBH6BidIhddoCq6RTVURxQ9omf0it6sJ+vFerc+Zq1LVj5zgP7A+vwBlbiVKA==</latexit><latexit sha1_base64="yCG5rrjdXawoSXBWlmAap85A2XY=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEIXixJEfRY1IPHCvYDmhA220m7dDeJu5tCqT34V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLww5Uxpx/m2lpZXVtfWCxvFza3tnV17b7+hkkxSqNOEJ7IVEgWcxVDXTHNopRKICDk0w/71xG8OQCqWxPd6mIIvSDdmEaNEGymwD70b4Jpg4cFDxgZYBJUzEbiBXXLKzhR4kbg5KaEctcD+8joJzQTEmnKiVNt1Uu2PiNSMchgXvUxBSmifdKFtaEwEKH80vX+MT4zSwVEiTcUaT9XfEyMilBqK0HQKontq3puI/3ntTEeX/ojFaaYhprNFUcaxTvAkDNxhEqjmQ0MIlczcimmPSEK1iaxoQnDnX14kjUrZdcru3XmpepXHUUBH6BidIhddoCq6RTVURxQ9omf0it6sJ+vFerc+Zq1LVj5zgP7A+vwBlbiVKA==</latexit><latexit sha1_base64="yCG5rrjdXawoSXBWlmAap85A2XY=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEIXixJEfRY1IPHCvYDmhA220m7dDeJu5tCqT34V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLww5Uxpx/m2lpZXVtfWCxvFza3tnV17b7+hkkxSqNOEJ7IVEgWcxVDXTHNopRKICDk0w/71xG8OQCqWxPd6mIIvSDdmEaNEGymwD70b4Jpg4cFDxgZYBJUzEbiBXXLKzhR4kbg5KaEctcD+8joJzQTEmnKiVNt1Uu2PiNSMchgXvUxBSmifdKFtaEwEKH80vX+MT4zSwVEiTcUaT9XfEyMilBqK0HQKontq3puI/3ntTEeX/ojFaaYhprNFUcaxTvAkDNxhEqjmQ0MIlczcimmPSEK1iaxoQnDnX14kjUrZdcru3XmpepXHUUBH6BidIhddoCq6RTVURxQ9omf0it6sJ+vFerc+Zq1LVj5zgP7A+vwBlbiVKA==</latexit><latexit sha1_base64="yCG5rrjdXawoSXBWlmAap85A2XY=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEIXixJEfRY1IPHCvYDmhA220m7dDeJu5tCqT34V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLww5Uxpx/m2lpZXVtfWCxvFza3tnV17b7+hkkxSqNOEJ7IVEgWcxVDXTHNopRKICDk0w/71xG8OQCqWxPd6mIIvSDdmEaNEGymwD70b4Jpg4cFDxgZYBJUzEbiBXXLKzhR4kbg5KaEctcD+8joJzQTEmnKiVNt1Uu2PiNSMchgXvUxBSmifdKFtaEwEKH80vX+MT4zSwVEiTcUaT9XfEyMilBqK0HQKontq3puI/3ntTEeX/ojFaaYhprNFUcaxTvAkDNxhEqjmQ0MIlczcimmPSEK1iaxoQnDnX14kjUrZdcru3XmpepXHUUBH6BidIhddoCq6RTVURxQ9omf0it6sJ+vFerc+Zq1LVj5zgP7A+vwBlbiVKA==</latexit>

f(T ) ⌘ GM�mNT/R
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・Full order
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Weak measurement
・Plot(Full-order vs Leading-order): 
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FIG. 3: Plots of the amplification factor as a function of the
observing time T . Here the dashed orange lines correspond to
the leading order result Eq.(31), and the blue lines represent
the exact results Eq.(A7). The lower figure is the enlarged
plot of the upper figure around the first peak.

(dashed orange line) along with the exact analytical re-
sult Eq.(A7) (blue line) where the phase N∆mt is omit-
ted. As for the leading order result, the expectation value
diverges when f(T ) = 2nπ (n = 1, 2, · · · ) which corre-
sponds to ⟨ψf |ψ(T )⟩ = 0. On the other hand, the exact
result has finite peaks, and their positions are slightly dif-
ferent from that obtained by f(T ) = 2nπ (n = 1, 2, · · · ).
This fact means that the transition provability Ptran(T )
is also finite at these peaks because of the effects of the
higher order corrections. By using Eq.(A7), it can be
roughly estimated as

Ptran(T ) ∼
π2

2

(
d

R

)2

∼ 3×10−4 (for d = 1mm, R = 10cm),

(33)
which leads to the number of surviving atoms as ∼ 1011.
Fig.3 also shows that the amplification can be negative,
and this means that the gravitational force can behave
like a repulsive force. Qualitatively, this negative ampli-
fication comes from the fact that the weak value Eq.(26)
can generally take both of negative and positive values.
Although this behavior seems to be unnatural from the
usual attractive property of gravity, our result shows that
a very small number of atoms actually feel such an re-

pulsive force due to the quantum effects. We expect that
experimentalists can determine Newtonian gravitational
constant G by solving Eq.(30) with respect to G and get-
ting other quantities experimentally.
As we mentioned at the end of Section I, the weak

measurement can also amplify the fluctuation of x̂. In
our case, however, this does not occur. In fact, at the
leading order, we have

∆2
x(T ) ≡

⟨φf (T )|(x̂− ⟨x̂⟩)2|φf (T )⟩
⟨φf (T )|φf (T )⟩

= d(T )2 +O(G2), (34)

and this result comes from the fact that the initial wave
function Eq.(21) is invariant under x → −x. In other
word, in the case of a distorted initial atomic cloud, the
fluctuation of the relative position is also amplified by the
weak measurement. We have also numerically checked
that this conclusion does not much change even if we
take the higher order corrections into account.

IV. CONCLUSION

In this letter, we have considered the weak measure-
ment of a cold atomic system which is gravitationally
interacting with an external gravity source. From the
point of view of quantum measurement, their relative mo-
tion can be naturally regarded as a probe system which
can be used for measuring the atomic system indirectly.
Then, we have shown that it is actually possible to re-
alize O(103−4) amplification compared with the classical
motion when N ∼ 1015. In particular, we have seen that
the peak of the amplification is finite due to the effects
of the higher order contributions. This result means that
the ordinary argument based on the leading order cal-
culation is not quantitatively correct. Thus, when one
wants to consider an application of weak measurement
to some quantum interacting system, it is necessary to
take higher order corrections into account in order to ob-
tain quantitatively correct predictions. Then, we have
also seen that the gravitational force can behave as a re-
pulsive force in response of a negative weak value. This
counterintuitive result is also one of the interesting as-
pects of weak measurement.
At the early state of this work, we expected that our

set up could be also used as a new test of the inverse
square low of gravity. For example, in the case of the
Yukawa type potential

V̂G(r̂) =
GMm̂

r̂

(
1 + αe−

r
λ
)
, (35)

the Yukawa term αe−r/λ can change the short distance
behavior of the relative motion of atoms. However, as
long as we consider a table top size experiment, i.e.
R ∼ 101−3 cm, its effect is quite small because we have
a small factor e−R/λ ≪ 1 when we expand the above
potential like Eq.(17). Thus, it is necessary to consider

N h�f (T )|�f (T )i ⇠ 10�4N

・Gravity is amplified by O(103) when N =1015

・behave as repulsive force
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Possibility of realization 
・Large number of atoms: 

-In current technology N ⇠ O(109)
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・Time scale of post-selection is very small: 
-we must do selection with accuracy 10-10 s
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Ĥ = Ĥatoms +
p̂
2
x

2m̂
� GMm̂

R
+

GM

R2
m̂⌦ x̂

<latexit sha1_base64="shIyw0ckBWapA/C4oBBauwXsbhw="></latexit><latexit sha1_base64="shIyw0ckBWapA/C4oBBauwXsbhw="></latexit><latexit sha1_base64="shIyw0ckBWapA/C4oBBauwXsbhw="></latexit><latexit sha1_base64="shIyw0ckBWapA/C4oBBauwXsbhw="></latexit>



/23�30

Selected state 
・ coherent state is not special in our calculation

|1;Ni
<latexit sha1_base64="ho5GpXrEkVIe20RBKdt5iEfZ4us=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQiKAhS9OJJKtgPaErZbCft0s0m7E4KJfafePGgiFf/iTf/jds2B219MPB4b4aZeUEiuEbX/bYKK6tr6xvFzdLW9s7unr1/0NBxqhjUWSxi1QqoBsEl1JGjgFaigEaBgGYwvJ36zREozWP5iOMEOhHtSx5yRtFIXdv2BYT45F3d+4r3B3jdtctuxZ3BWSZeTsokR61rf/m9mKURSGSCat323AQ7GVXImYBJyU81JJQNaR/ahkoage5ks8snzolRek4YK1MSnZn6eyKjkdbjKDCdEcWBXvSm4n9eO8XwspNxmaQIks0XhalwMHamMTg9roChGBtCmeLmVocNqKIMTVglE4K3+PIyaZxVPLfiPZyXqzd5HEVyRI7JKfHIBamSO1IjdcLIiDyTV/JmZdaL9W59zFsLVj5zSP7A+vwBB56TQA==</latexit><latexit sha1_base64="ho5GpXrEkVIe20RBKdt5iEfZ4us=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQiKAhS9OJJKtgPaErZbCft0s0m7E4KJfafePGgiFf/iTf/jds2B219MPB4b4aZeUEiuEbX/bYKK6tr6xvFzdLW9s7unr1/0NBxqhjUWSxi1QqoBsEl1JGjgFaigEaBgGYwvJ36zREozWP5iOMEOhHtSx5yRtFIXdv2BYT45F3d+4r3B3jdtctuxZ3BWSZeTsokR61rf/m9mKURSGSCat323AQ7GVXImYBJyU81JJQNaR/ahkoage5ks8snzolRek4YK1MSnZn6eyKjkdbjKDCdEcWBXvSm4n9eO8XwspNxmaQIks0XhalwMHamMTg9roChGBtCmeLmVocNqKIMTVglE4K3+PIyaZxVPLfiPZyXqzd5HEVyRI7JKfHIBamSO1IjdcLIiDyTV/JmZdaL9W59zFsLVj5zSP7A+vwBB56TQA==</latexit><latexit sha1_base64="ho5GpXrEkVIe20RBKdt5iEfZ4us=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQiKAhS9OJJKtgPaErZbCft0s0m7E4KJfafePGgiFf/iTf/jds2B219MPB4b4aZeUEiuEbX/bYKK6tr6xvFzdLW9s7unr1/0NBxqhjUWSxi1QqoBsEl1JGjgFaigEaBgGYwvJ36zREozWP5iOMEOhHtSx5yRtFIXdv2BYT45F3d+4r3B3jdtctuxZ3BWSZeTsokR61rf/m9mKURSGSCat323AQ7GVXImYBJyU81JJQNaR/ahkoage5ks8snzolRek4YK1MSnZn6eyKjkdbjKDCdEcWBXvSm4n9eO8XwspNxmaQIks0XhalwMHamMTg9roChGBtCmeLmVocNqKIMTVglE4K3+PIyaZxVPLfiPZyXqzd5HEVyRI7JKfHIBamSO1IjdcLIiDyTV/JmZdaL9W59zFsLVj5zSP7A+vwBB56TQA==</latexit><latexit sha1_base64="ho5GpXrEkVIe20RBKdt5iEfZ4us=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQiKAhS9OJJKtgPaErZbCft0s0m7E4KJfafePGgiFf/iTf/jds2B219MPB4b4aZeUEiuEbX/bYKK6tr6xvFzdLW9s7unr1/0NBxqhjUWSxi1QqoBsEl1JGjgFaigEaBgGYwvJ36zREozWP5iOMEOhHtSx5yRtFIXdv2BYT45F3d+4r3B3jdtctuxZ3BWSZeTsokR61rf/m9mKURSGSCat323AQ7GVXImYBJyU81JJQNaR/ahkoage5ks8snzolRek4YK1MSnZn6eyKjkdbjKDCdEcWBXvSm4n9eO8XwspNxmaQIks0XhalwMHamMTg9roChGBtCmeLmVocNqKIMTVglE4K3+PIyaZxVPLfiPZyXqzd5HEVyRI7JKfHIBamSO1IjdcLIiDyTV/JmZdaL9W59zFsLVj5zSP7A+vwBB56TQA==</latexit>

|2;Ni
<latexit sha1_base64="a3sf12Vh11dg90mdCoSY6uzkWOw=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8laQICoIUvXiSCvYDmlI220m7dLMJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrtF1v62V1bX1jc3CVnF7Z3dv3z44bOg4VQzqLBaxagVUg+AS6shRQCtRQKNAQDMY3k795giU5rF8xHECnYj2JQ85o2ikrm37AkJ8qlzd+4r3B3jdtUtu2Z3BWSZeTkokR61rf/m9mKURSGSCat323AQ7GVXImYBJ0U81JJQNaR/ahkoage5ks8snzqlRek4YK1MSnZn6eyKjkdbjKDCdEcWBXvSm4n9eO8XwspNxmaQIks0XhalwMHamMTg9roChGBtCmeLmVocNqKIMTVhFE4K3+PIyaVTKnlv2Hs5L1Zs8jgI5JifkjHjkglTJHamROmFkRJ7JK3mzMuvFerc+5q0rVj5zRP7A+vwBCSuTQQ==</latexit><latexit sha1_base64="a3sf12Vh11dg90mdCoSY6uzkWOw=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8laQICoIUvXiSCvYDmlI220m7dLMJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrtF1v62V1bX1jc3CVnF7Z3dv3z44bOg4VQzqLBaxagVUg+AS6shRQCtRQKNAQDMY3k795giU5rF8xHECnYj2JQ85o2ikrm37AkJ8qlzd+4r3B3jdtUtu2Z3BWSZeTkokR61rf/m9mKURSGSCat323AQ7GVXImYBJ0U81JJQNaR/ahkoage5ks8snzqlRek4YK1MSnZn6eyKjkdbjKDCdEcWBXvSm4n9eO8XwspNxmaQIks0XhalwMHamMTg9roChGBtCmeLmVocNqKIMTVhFE4K3+PIyaVTKnlv2Hs5L1Zs8jgI5JifkjHjkglTJHamROmFkRJ7JK3mzMuvFerc+5q0rVj5zRP7A+vwBCSuTQQ==</latexit><latexit sha1_base64="a3sf12Vh11dg90mdCoSY6uzkWOw=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8laQICoIUvXiSCvYDmlI220m7dLMJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrtF1v62V1bX1jc3CVnF7Z3dv3z44bOg4VQzqLBaxagVUg+AS6shRQCtRQKNAQDMY3k795giU5rF8xHECnYj2JQ85o2ikrm37AkJ8qlzd+4r3B3jdtUtu2Z3BWSZeTkokR61rf/m9mKURSGSCat323AQ7GVXImYBJ0U81JJQNaR/ahkoage5ks8snzqlRek4YK1MSnZn6eyKjkdbjKDCdEcWBXvSm4n9eO8XwspNxmaQIks0XhalwMHamMTg9roChGBtCmeLmVocNqKIMTVhFE4K3+PIyaVTKnlv2Hs5L1Zs8jgI5JifkjHjkglTJHamROmFkRJ7JK3mzMuvFerc+5q0rVj5zRP7A+vwBCSuTQQ==</latexit><latexit sha1_base64="a3sf12Vh11dg90mdCoSY6uzkWOw=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8laQICoIUvXiSCvYDmlI220m7dLMJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrtF1v62V1bX1jc3CVnF7Z3dv3z44bOg4VQzqLBaxagVUg+AS6shRQCtRQKNAQDMY3k795giU5rF8xHECnYj2JQ85o2ikrm37AkJ8qlzd+4r3B3jdtUtu2Z3BWSZeTkokR61rf/m9mKURSGSCat323AQ7GVXImYBJ0U81JJQNaR/ahkoage5ks8snzqlRek4YK1MSnZn6eyKjkdbjKDCdEcWBXvSm4n9eO8XwspNxmaQIks0XhalwMHamMTg9roChGBtCmeLmVocNqKIMTVhFE4K3+PIyaVTKnlv2Hs5L1Zs8jgI5JifkjHjkglTJHamROmFkRJ7JK3mzMuvFerc+5q0rVj5zRP7A+vwBCSuTQQ==</latexit>

â†N1 |0i /
p
N

<latexit sha1_base64="tZLOWFJ/NLPcaAVj6G8HMWV/wc4=">AAACFXicbVBNSyNBEO3x26wfUY9eGoOwhyXOiKCnJejFk0TYRCGTDTWdmkljz4fdNQthnD/hxb/ixYMiXgVv/pvtxBz8elDweK+KqnpBpqQh1311pqZnZufmFxYrP5aWV1ara+ttk+ZaYEukKtXnARhUMsEWSVJ4nmmEOFB4Flwcjfyzf6iNTJM/NMywG0OUyFAKICv1qr/8AVABZc/7W/h9iCLU/KT0FYZ05fpaRgP6veObS03FSdmr1ty6Owb/SrwJqbEJmr3qi99PRR5jQkKBMR3PzahbgCYpFJYVPzeYgbiACDuWJhCj6Rbjr0q+bZU+D1NtKyE+Vt9PFBAbM4wD2xkDDcxnbyR+53VyCg+6hUyynDARb4vCXHFK+Sgi3pcaBamhJSC0tLdyMQANgmyQFRuC9/nlr6S9W/fcune6V2scTuJYYJtsi/1kHttnDXbMmqzFBLtmt+yePTg3zp3z6Dy9tU45k5kN9gHO838zp591</latexit><latexit sha1_base64="tZLOWFJ/NLPcaAVj6G8HMWV/wc4=">AAACFXicbVBNSyNBEO3x26wfUY9eGoOwhyXOiKCnJejFk0TYRCGTDTWdmkljz4fdNQthnD/hxb/ixYMiXgVv/pvtxBz8elDweK+KqnpBpqQh1311pqZnZufmFxYrP5aWV1ara+ttk+ZaYEukKtXnARhUMsEWSVJ4nmmEOFB4Flwcjfyzf6iNTJM/NMywG0OUyFAKICv1qr/8AVABZc/7W/h9iCLU/KT0FYZ05fpaRgP6veObS03FSdmr1ty6Owb/SrwJqbEJmr3qi99PRR5jQkKBMR3PzahbgCYpFJYVPzeYgbiACDuWJhCj6Rbjr0q+bZU+D1NtKyE+Vt9PFBAbM4wD2xkDDcxnbyR+53VyCg+6hUyynDARb4vCXHFK+Sgi3pcaBamhJSC0tLdyMQANgmyQFRuC9/nlr6S9W/fcune6V2scTuJYYJtsi/1kHttnDXbMmqzFBLtmt+yePTg3zp3z6Dy9tU45k5kN9gHO838zp591</latexit><latexit sha1_base64="tZLOWFJ/NLPcaAVj6G8HMWV/wc4=">AAACFXicbVBNSyNBEO3x26wfUY9eGoOwhyXOiKCnJejFk0TYRCGTDTWdmkljz4fdNQthnD/hxb/ixYMiXgVv/pvtxBz8elDweK+KqnpBpqQh1311pqZnZufmFxYrP5aWV1ara+ttk+ZaYEukKtXnARhUMsEWSVJ4nmmEOFB4Flwcjfyzf6iNTJM/NMywG0OUyFAKICv1qr/8AVABZc/7W/h9iCLU/KT0FYZ05fpaRgP6veObS03FSdmr1ty6Owb/SrwJqbEJmr3qi99PRR5jQkKBMR3PzahbgCYpFJYVPzeYgbiACDuWJhCj6Rbjr0q+bZU+D1NtKyE+Vt9PFBAbM4wD2xkDDcxnbyR+53VyCg+6hUyynDARb4vCXHFK+Sgi3pcaBamhJSC0tLdyMQANgmyQFRuC9/nlr6S9W/fcune6V2scTuJYYJtsi/1kHttnDXbMmqzFBLtmt+yePTg3zp3z6Dy9tU45k5kN9gHO838zp591</latexit><latexit sha1_base64="tZLOWFJ/NLPcaAVj6G8HMWV/wc4=">AAACFXicbVBNSyNBEO3x26wfUY9eGoOwhyXOiKCnJejFk0TYRCGTDTWdmkljz4fdNQthnD/hxb/ixYMiXgVv/pvtxBz8elDweK+KqnpBpqQh1311pqZnZufmFxYrP5aWV1ara+ttk+ZaYEukKtXnARhUMsEWSVJ4nmmEOFB4Flwcjfyzf6iNTJM/NMywG0OUyFAKICv1qr/8AVABZc/7W/h9iCLU/KT0FYZ05fpaRgP6veObS03FSdmr1ty6Owb/SrwJqbEJmr3qi99PRR5jQkKBMR3PzahbgCYpFJYVPzeYgbiACDuWJhCj6Rbjr0q+bZU+D1NtKyE+Vt9PFBAbM4wD2xkDDcxnbyR+53VyCg+6hUyynDARb4vCXHFK+Sgi3pcaBamhJSC0tLdyMQANgmyQFRuC9/nlr6S9W/fcune6V2scTuJYYJtsi/1kHttnDXbMmqzFBLtmt+yePTg3zp3z6Dy9tU45k5kN9gHO838zp591</latexit>

â†N2 |0i /
p
N

<latexit sha1_base64="EdQ4mxU7LacIb5mXBPJIDDhTxMM="></latexit><latexit sha1_base64="EdQ4mxU7LacIb5mXBPJIDDhTxMM="></latexit><latexit sha1_base64="EdQ4mxU7LacIb5mXBPJIDDhTxMM="></latexit><latexit sha1_base64="EdQ4mxU7LacIb5mXBPJIDDhTxMM="></latexit>

Our results don’t change


