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singularities
Quivers — Higgs branch — Coulomb branch



Quivers and symplectic singularities
Higgs branch — Coulomb branch

• In this talk we will look at moduli spaces which can be constructed from 
quivers similar to those which appear in the McKay correspondence


• Given a quiver, there are two types of moduli spaces (symplectic singularities)


• We will use here the physics terminology


• Higgs branch — these are known as Nakajima quiver varieties and are well 
studied


• Coulomb branch — these are relatively new objects (~90’s) and produce very 
interesting moduli spaces



Affine ADE quivers
Higgs branch — Klein singularity. Coulomb branch — minimal nilpotent orbit
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Figure 2: A�ne ADE Dynkin quivers. a) Ân b) D̂n c) Ê6 d) Ê7 e) Ê8. Their Coulomb

branches are the minimal nilpotent orbit closure of the corresponding algebra, written an,

dn, and en respectively. Their Higgs branches are the Kleinian singularities corresponding

to the algebra, written An, Dn, and En respectively. It should be clear from context,

when a capital letter refers to the Kleinian singularity rather than a Dynkin diagram or an

algebra. The Hasse diagrams for both the Coulomb and Higgs branches are given in (1.5).

1. Black dots with a number n next to it: denote a leaf of quaternionic dimension n.

2. A line � with a label next to it, between two black dots: denotes the elementary slice

between two neighbouring leaves.

Now consider the a�ne Dynkin quivers of ADE (Figure 2). Their Coulomb branches

are minimal nilpotent orbit closures, while their Higgs branches are Kleinian singularities.

Both their Higgs and Coulomb branches consist of two symplectic leaves and the transverse

slice is the the branch itself. The respective Hasse diagrams are

HC =

an, dn or en

0

x

HH =

AN , Dn or En

0

1

. (1.5)

Where closures of minimal nilpotent orbits are denoted with a lower case and Kleinian

singularities with an upper case letter, note that A1 = a1, and

x =

���������������������

n for an
2n − 3 for dn
11 for e6
17 for e7
29 for e8

(1.6)
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Coulomb branch
Recall the Oct 2014 McKay correspondence meeting 

• In my talk at this meeting, I presented the formula


• So called “monopole formula”


• Computes the Hilbert Series of the Coulomb branch


• Extracted out of the combinatorial data of the quiver


• Progress in understanding of symplectic singularities


• An explicit evaluation for many moduli spaces


• Construction of known and also of new (previusly unknown) moduli spaces



Example — known symplectic singularities
Coulomb branch — Klein singularity. Higgs branch — minimal SL(N) nilpotent orbit
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and Fayet-Iliopoulus parameters are set to zero.

Consider SQED with N flavours. The corresponding quiver is

1

N

, (1.1)

which we write in text form as (1)− [N]. The corresponding brane system to (1.1) is (red

= NS5, blue = D5, black = D3)

origin(x6)

(x3, x4, x5)

(x7, x8, x9)

N

. . .

, (1.2)

The D5 branes are drawn to point out of the page. The Coulomb branch and the Higgs

branch are realised in the brane system as: a) = Coulomb, b) = Higgs

. . . . . .

a) b)

.

(1.3)

The Coulomb branch consists of two symplectic leaves, the origin, of dimension 0, and

the origin-less Kleinian singularity AN−1 − {0} = C2�ZN − {0}, of dimension 18. The Higgs

branch also consists of two leaves, the origin and the minimal nilpotent orbit of sl(N,C)
denoted aN−1, of dimension N − 1. The respective Hasse diagrams are

HC =

AN−1

0

1

HH =

aN−1

0

N − 1

. (1.4)

The information displayed in the Hasse diagram is:

revived in [36] and [37]. For good or ugly 3 dimensional theories with Higgs branches that consist of only

one cone the magnetic quiver is the well known 3d mirror dual [27].
8All dimensions are quaternionic.
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Example — new symplectic singularities
Structure of symplectic leaves — left: Coulomb branch; right: Higgs branch
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One can perform quiver subtraction on the quiver (2.5) to obtain the Hasse diagram of the

Coulomb branch

HC(2.5) =

D4

A5

0

1

2

. (2.6)

(2.5) has the 3d Mirror dual

1 2 3 2 1

1 1

. (2.7)

The Hasse diagram of the Higgs branch of (2.5) (Coulomb branch of the mirror (2.7)) is

straight forward to obtain from quiver subtraction on the mirror quiver (2.7)

HH(2.5) = HC(2.7) =

a5

d4

0

5

10

= I(HC(2.5)) . (2.8)

Both Hasse diagrams (2.5) and (2.7) are related by inversion.

The inversion procedure can be used to make predictions for the Higgs branch Hasse

diagrams of good or ugly quivers with no known Lagrangian 3d Mirror dual. An example

of such a quiver is

1 2
�

9 10 6 2

5

(2.9)

– 9 –

The Coulomb branch Hasse diagram of 2.9 is readily computed from quiver subtraction

HC(2.9) =

e8

d10

d12

. (2.10)

its inversion is

I(HC(2.9)) =

D12

D10

E8

= HH(2.9) , (2.11)

where the equality to the right of the Hasse diagram is conjectured. This result remains

to be checked with the methods of [26]. In Section 4 we see yet another application of

inversion, in the case of a bad quiver with a known Higgs branch Hasse diagram.

Finally we can give an example for which the Coulomb branch and Higgs branch Hasse

diagram are not related by inversion. Take

O(1)

1

(2.12)

the Higgs branch of this theory is A1 = C
2�Z2

11, the Coulomb branch of this theory is

trivial (Figure 3). The relevant Hasse diagrams are:

HH((2.12)) =
A1

≠ I(HC((2.12))) , HC((2.12)) = ≠ I(HH((2.12))) (2.13)

Inversion does not relate the Higgs and Coulomb branch Hasse diagrams of just any

theory and a precise set of admissible quivers has to be found.

3 The Hasse diagram of the full moduli space – invertible

In this section we use Hasse diagrams to explore not only the Coulomb or Higgs branch

of a theory, but its entire moduli spaceM, including mixed branches. This enables us to

understand all di↵erent phases of spontaneous symmetry breaking and the massless spectra

11This space should really be called c1, as the Higgs branch of O(1) with N flavours is cN .
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Definition of the Coulomb branch
Braverman Finkelberg Nakajima 

• In the following we will skip technical details and present results for 
computations of Higgs branch and Coulomb branch of some quivers



4 types of quivers (graphs)

• quivers with unitary nodes — Nakajima quiver varieties


• orthosymplectic quivers — nodes alternate between symplectic and 
orthogonal gauge groups


• non simply laced quivers — nodes are unitary but some edges are not simply 
laced


• graphs made out of trivalent vertices



Examples of unitary quivers
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Figure 2: A�ne ADE Dynkin quivers. a) Ân b) D̂n c) Ê6 d) Ê7 e) Ê8. Their Coulomb
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Examples of orthosymplectic quivers
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Examples of non simply laced quivers
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1
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1
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3
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2
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4
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5
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3
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(3.4)
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Example of a trivalent graph
Each line SL(2), each vertex trifundamental; semi infinite — global
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Hypersurface Symplectic Singularities

• We will use such quivers to construct a family of symplectic singularities 
which are also hypersurfaces


• Apparently, the combination of these two conditions is highly restrictive



Hypersurface Symplectic Singularities
known singularities (Yamagishi Namikawa..) conjectured classification

• 1. ADE Klein singularities in 2 complex dimensions


• 2. Transverse slices in Sp(n) in 4 complex dimensions 


• where  is the slodowy slice to the orbit  of Sp(n) and  is the 
nilpotent cone of Sp(n)


• 3. Transverse slice in 6 complex dimensions 


• where  is the slodowy slice to the minimal nilpotent orbit of G2 and  is 
the nilpotent cone of G2

𝒮 ∩ 𝒩

𝒮 22n−212 𝒩

𝒮′ ∩ 𝒩′ 

𝒮′ 𝒩′ 



Quivers for hyper surface symplectic singularities
D type
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Quivers for hyper surface symplectic singularities
E6 type
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Quivers for hyper surface symplectic singularities
E7 type

17

Hypersurface Quiver (Higgs branch, unless specified)

C
2/An

dimH = 1
1 1

· · ·

1 1

1

n nodes

C
2/Dn

(n � 4)

dimH = 1

1 2 2

· · ·

2 2 1

1 1

n� 3 nodes

1 2 2

· · ·

2 2 1

n� 2 nodes

B0 C1 D1

· · ·

D1 C1 B0

B0 B0

2n� 5 nodes

C
2/E6

dimH = 1

1 2 3 2 1

2

1

1 2 3 4 2

D1 C1 D2 C2 D2 C1 D1

D1

B0 C1 B1 C2 B2 C2 B1 C1 B0

C1

B0

C
2/E7

dimH = 1

1 2 3 4 3 2 1

2

D1 C1 D2 C2 D3 C2 D2 C1 D1

C1

U1

C
2/E8

dimH = 1

1 2 3 4 5 6 4 2

3

D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

Xn

dimH = 2
H

0

BBBB@
SU(2)

Graph with n loops

1

CCCCA
= C

0

BBBB@ 2

1

n loops

1

CCCCA

X̂
dimH = 3

1 2 3



Quivers for hyper surface symplectic singularities
E8 type
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Quivers for hyper surface symplectic singularities
Slices in Sp(n)
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Hypersurface Quiver (Higgs branch, unless specified)
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