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Plan Find good descriptions of the cohomology

ring H X Rr for certain classes

of manifolds X

1 Recap smooth projective toric case

2 Toric bundles

3 Applications

1 Smooth projective toric case

TE Et algebraic torus

M character Lattice of T
N Hom M 2 dual lattice



X Xc smooth projective toric variety 2

with corresponding fan EE Npu

How to compute H Xs Re
Many answers exist

Stanley Reisner description
Minkowski weights
Volume polynomial

Volume polynomial approach

Let DeXq Cartier divisor

Then D De D2 for ample divisors

De Da E te mo Di correspond to polytopes PieMiB

Leads to

Pst polytopes PeMpr whose normal

fan coarsen El III amopuledivisors

I mean correspondsto
not bijection

Pet is a cone w.r.tn Minkowski addition scaling
ma Pg vector Space Det

virtual polytopes Pe P2 for
The The PE

L piecewise linear functions on E
1

Cartier divisors on Xs
domes



Feeabore

Need 2 more ingredients 3
algebraic ingredient

H Xe Put
o
Hills

graded commutative with
1 Ho Xs R H2 Xs B ER
2 Hills x HH He R R

non degenerate Poincare duality
3 generated in degree 2

H2 E H CXeip

Any ring satisfying 1 2,3 can be constructedas

Diff 1h41 Amb He

Diff HH ring of differential operators
with constant coefficients

g H2 H2 E R
X to X polynomial

convex geometric ingredient

BKK Theorem
For all Pe Pe

Dpn n Vol P



All together gives 4

HHXE.IR EDiffCPd Anulvo4

2 Toric bundles

Like before TECEH algebraic torus

Principal torus bundle

1 E
f p
B

B closed compact orientable manifold of
real dimension k

Example horospherical homogeneous spaces

G connected reductive group 11C
He G closed subgroup with YEH

braic forces
maximal unipotent

GIANAHIN
f
GINGCHI
generalised flag variety



For any T toric variety Xs let 5

Eq be the associated fibre bundle

Xs Eg Ex IT
l
B

Suppose Xs is smooth projective
Question How to compute H Es IR

Remark Sankaran Uma generalised the Stanley Reisner
description to this case 12003

Leroy Hirsch theorem

As vector spaces
A Eq B E H 13,1127 HMXE.IR

Recall Pz H2CXs IR

If X1 Xr basis of Pg then

RExe xr H Xs IR
surjection

Together with Leroy Hirsch
H B Exe xr HHEE.IR

surjection
What is the kernel o



Need 2 more ingredients 6
algebraic ingredient

HMEs B Itooth Hilfe
graded commutative with

1 multiplicative identity in Ho Es R
2 Ho Eg Rf E H2ntk Es E R
3 pairing Hi Es.IR xH2ntk ifEe lR R

non degenerate Poincare duality

algebraic description of the kernel of
10 H lB Exa xr H CEq R

graded
t P
degree2

R It 113,112 Exa xD
o
Ri

graded commutative

define linear function
L Ruth R
X i Axl lofxleHHTHES.IR 112

extend by 0 to all of R
such linear functions are called Qutb homogeneous

The kernel of the surjection 0 accepts the following
algebraic description



Ie L a cB l a b 0 for all beR 7
1 beth lla.to o for all AER

0 H Es.IR H lB lRlCxe xrJ Ie

What is Ie
It suffices to compute

l M Xin Xis
for pre Hkt

2h s B R and is is c 41 r

deg za Xie iris kt2u

convex geometric ingredient

First note that LCD Xie xis is a

polynomial on PE of degrees for fixedN
By polarisation enough to compute

l g xs for e Ps
idea express this number as an integral volume

tell character of T
mo Le Ext Et line bundle ou B
mo obtain linear map

c M HUB 2 11 Celle
Chern class

Fix je Hertha
s B R

Define function



fr Mr Rg x fry p cats n 8
c HMB EIR

Let Ip Ps IR

Ignis fpHdx

integral makes sense on Pet
extend to all of Ps

BKK type theorem C Khovauskii Mouin

S Igad Csn lcp.bg

Special case If B pt then 4 13,12 112

fight A
Ign fpHdx rolls

llp Ss legs f
o ifs u

w Dsn if nConst

say I

mo s Ig G Csn ftp.ss
n rolls o NDI

classical BKK theorem



All together gives 9
HHEq.IR EH CB lR Exe xr IIe

where l H lB Exe xr Pv
Ktla homogeneous linear form given by
l p Xie Xis Ig Grisi Xis

3 Applications

original motivation
compute ring of conditions C CGlH of
horospherical homogeneous spaces GIH

De Concini Procesi showed

GIA liz HHGHx.ua y XE B

there exists a natural object
D linz PE

space of arbitrary virtual polytopes

mo CHGIH CHHGINACH IR SgmlB IIe
where lff Sit Sis Ign Sie Sis



Relation to string polytopes 10

For simplicity consider principal torus bundle

T BIU gyu µ
f U

maximal unipotent

maximal torus
to

SLulB
K Borel with UeB

At monoid of dominant weights
M character lattice of T

Gelfand Zetkin polytopes

GZ At PRE for N naz
linear family of polytopes
note this map is the restriction of a

linear map
We construct a lifted family
define cone

b Qe PMI Qe cone At
GI E PutputopvN

GI Q It HE MatothN AE Q

y e GZ Ct



denote composition of linear lifted 11

family GI E Piie pN with volume
polynomial on Pipo µ by VI

Thou Khovauskii Mouin

Torus bundle E Slu IU
X Xq Smooth projective T toric variety
Then

HHHEe.IR EDiff Pe AnuCvoT


