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Quark low-energy strong interactions are a major 
complication in testing the Standard Model

An accurate nonperturbative 
treatment of QCD is necessary 
to compare SM and low-energy 
experimental tests for new 
physics
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determine SM parameters 
accurately, such as quark masses



a

Lattice QCD provides such an 
approach.

Final accuracy depends on : 
• control of lattice spacing dependence  
• tuning of quark masses  
• normalisation of operators (for 
matrix elements)

Must be able to determine results in 
physical continuum limit. 

HPQCD’s Highly Improved Staggered 
Quark (HISQ) action particularly good 
here since it has small discretisation 
errors, is numerically efficient, fully 
nonperturbative operator norm. is 
usually possible. E.Follana, et al, HPQCD, 

hep-lat/0610092.



Parameters for gluon field configurations generated with 
HISQ sea quarks

*physical 
mu/d  *

mass of u,d 
quarks

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

“2nd generation” 
lattices inc. c 
quarks in sea

m⇡L > 3

HISQ = Highly 
improved 
staggered quarks 
-very accurate 
discretisation 

135 MeV
m⇡0 =

E.Follana, et al, 
HPQCD, hep-lat/
0610092.

mu = md

= ml

nf =1+1+1+1 configs also generated

a = 0.045fm
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Meson Correlation functions are constructed from valence quark propagators

2-point function

3-point function 

0 T

0 Tt

OA
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decay constant,  
if O normalised

Multiple states need to be inc. in fit

C3 =
X

m,n

AnJnmCm
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form factor,  
if J normalised

C2 =
X

n

AnBne
�MnT
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Meson mass - 
Ground-state mass 
can be very accurate. 
Use to tune lattice 
quark mass



Determining c, b quark masses from lattice QCD 

MULTIPLE DIFFERENT methods for doing this now - can 
compare results at 1% level. 

Lattice quark masses can be tuned very accurately from 
ground-state meson masses, e.g. J/𝜓 for c. 
The issue is accurate conversion to the            scheme

*NEW* - HPQCD:2005.01845 includes QED effects. 

SFeynman / k2|AQED
µ (k)|2

<latexit sha1_base64="QB8e2e9otSCSr2CW3ZSfGfJUTGg="></latexit>

UQED
µ = exp(�ieqaA

QED
µ (x+ aµ̂/2))
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Quark electric charge

‘Quenched’ QED: Choose A from 
Gaussian dist. in mom. space, set 
zero-modes to zero: (QED)L

Feed into Dirac eq. 
solver along with gluons

Meson mass changes with QED - must retune quark 
masses - and conversion to          changes. 

MS
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Effects ~0.1% 
but visible



Determining c quark mass from lattice QCD 

1.20 1.25 1.30 1.35 1.40

mc(mc, nf = 4)(GeV)

HPQCD HISQ RI-SMOM

HPQCD HISQ RI-SMOM

HPQCD HISQ JJc

FNAL/MILC/TUM HISQ MRS

ETMC twisted mass RI-MOM

PDG

u,d,s,c sea + qQED

u,d,s,c sea

PDG: take note of uncertainties

Update on mc : HPQCD : D. Hatton et al, 2005.01845
Tune mc from J/𝜓, use 
SMOM scheme to get to          
inc. analysis of nonpert. 
condensate effects

1408.4169

1403.4504

1802.04248

Tune using 𝜂c. Time-
moments of correlators 
allow match to

mc(mc) = 1.2719(78)GeV
<latexit sha1_base64="fQJ3wFJl6K0exfPNk8xPZ9luB0s="></latexit>

Tune mc from Ds, 
minimal renormalon-
sub. (MRS) scheme 
connects to 

Errors 
< 1%

MS
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2005.01845

2005.01845

Impact of including QED: 
Lowers                        by 0.18(2)% ; 
Almost no effect on 

mc(3GeV)
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Determining b quark mass from lattice QCD 

Figure 7: The b-quark mass, Nf = 2 + 1 and 2 + 1 + 1. The updated PDG value from
Ref. [136] is reported for comparison.
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FLAG:1902.08191

Update:1901.06424

1802.04248

Tune mb from Bs, 
minimal renormalon-
sub. (MRS) scheme 
connects to        . 
HISQ b. 

MS
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Vector JJ correlator 
Time-moments + 
cont. pert. theory. 
NRQCD b. 

1408.5768
4.195(14) GeV

4.196(23) GeV

<0.5% uncertainty. 
Include estimate of 
effects of QED.  
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Determining c, b quark masses from lattice QCD 
Update on mb/mc :   

HPQCD:preliminary, HISQ, 
tune from bottom/charmonium

In pure QCD. Determine lattice 
mass ratio fully non-perturbatively 
by mapping mh/mc vs meson mass.mlatt

1

mlatt
2

����
a=0

=
m1(µ)

m2(µ)
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Inclusion of QED underway 
(ratio then 𝜇-dependent) 

cf. FNAL/MILC/
TUMQCD:1802.04248,HISQ 
Ds/Bs tuning and MRS.
mb

mc
= 4.577(8)(12)
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Missing QED self-energy effects

mb

mc
= 4.570(10)
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0.2%

preliminary

preliminary

a = 0.03fm
<latexit sha1_base64="LAe0HLWgykqaL4OuxfiHqgUAqzU=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwNWTaOrYLoejGZQX7gLaUTJppQ5OZIckoZeynuHGhiFu/xJ1/Y6atoKIHAodzz+WeHC/iTGmEPqzMyura+kZ2M7e1vbO7ly/st1QYS0KbJOSh7HhYUc4C2tRMc9qJJMXC47TtTS7TefuWSsXC4EZPI9oXeBQwnxGsjTTIF/A5slG5J7AeS5H4YjbIF5Fdq6GK40JknyJUcmsw9ZSqrgsdG81RBEs0Bvn33jAksaCBJhwr1XVQpPsJlpoRTme5XqxohMkEj2jX0AALqvrJPPoMHhtlCP1QmhdoOFe/byRYKDUVnnGmEdXvWSr+NevG2q/2ExZEsaYBWRzyYw51CNMe4JBJSjSfGoKJZCYrJGMsMdGmrZwp4eun8H/SKtlO2S5dV4r1i2UdWXAIjsAJcMAZqIMr0ABNQMAdeABP4Nm6tx6tF+t1Yc1Yy50D8APW2ye/9pO0</latexit>

Disc. Effects tiny!



Weak decays probe hadron structure and quark couplings. 
Hadronic matrix elements of weak current calculable in lattice QCD

Need precision lattice QCD to get accurate CKM 
elements to test Standard Model. 

Expt = CKM x theory(QCD)

Aim : sub-1% errors
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LQCD Impact on Determination of CKM Matrix Steven Gottlieb

1. Introduction

I was asked to “review very recent FLAG results on standard model parameters and renormal-
ization.” This is a very broad charge and one that is ill-suited to the amount of time available, so I
will restrict my attention to results from lattice QCD calculations that have an impact on the deter-
mination of the CKM mixing matrix. Even with this restriction, it will be necessary to summarize
results at a rather high level. Many details of the calculations can be found in the latest and recent
FLAG reviews [1, 2], and, of course, the original papers cited therein.

The Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix is fundamental to the field of flavor
physics within the Standard Model (SM) of Elementary Particle and Nuclear Physics. Kobayashi
and Maskawa were awarded the Nobel Prize for their realization that with three generations of
quarks the matrix may contain a complex phase that results in CP violation. Although it seems that
this is not sufficient to explain the baryon asymmetry of the universe, there are many processes in
which to test the CKM scenario, and any such tests in which the SM fails to explain the observations
could give a window into new physics beyond the standard model (BSM).

A few words about my background may be in order. I am a founding member of the MILC
Collaboration and a member of the Fermilab Lattice/MILC effort that is some 16 years old. I am
also a member of the Flavour Lattice Averaging Group (FLAG) where I have been working in the
B and D semileptonic working group. However, this is not a FLAG approved talk, so I am solely
responsible for its content. The two most recent editions of the FLAG report are in Refs. [1] and
[2]. I will use many plots from the most recent FLAG report and cover results from several of the
working groups. I will also include several graphs from the Fermilab Lattice/MILC Collaborations.
I am grateful for the work of all my FLAG, Fermilab Lattice, and MILC collaborators.

2. CKM Matrix

The CKM matrix describes how quarks mix under the weak interaction, that is, the misalign-
ment of mass eigenstates and weak eigenstates. The CKM matrix is shown in expression 2.1. The
matrix elements are shown in bold type, and beneath the elements in the first two rows you will find
one or two weak decays that can be used to determine that matrix element, if we can accurately cal-
culate the QCD contribution to the decay. Under the last row of elements are two hadronic matrix
elements that remind us that B(s) mixing allows us to determine Vtd and Vts.

0

BBBBBBBBBBBB@

Vud Vus Vub

p ! ln K ! ln B ! ln
K ! pln B ! pln

Vcd Vcs Vcb

D ! pln D ! Kln B!D(⇤)ln
D ! ln Ds ! ln Lb ! Lcln

Vtd Vts Vtb

hBd |Bdi hBs|Bsi

1

CCCCCCCCCCCCA

(2.1)

The CKM matrix is unitary so each row and each matrix is a complex unit vector. Each row
(column) is orthogonal to the other two rows (columns). Violations of unitarity are evidence of

1

CKM matrix

D

K

Exclusive  
process

Vcs
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dq2
/ V 2

ab|f(q2)|2
<latexit sha1_base64="FgCTH3NCPGHsZtsfRM4NT7V0AJg="></latexit>

For semileptonic processes, can also map out q2/angular 
behaviour for tests of SM. 



Semileptonic form factors Vqq0

QCD info. encoded in form 
factors, functions of q2

J

T

t

Exclusive  
process

PS to PS case: f+, f0,   with f+(0)=f0(0)

A B

A

B

qµ = pµA � pµB
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hA|J |Bi
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determined from fits to 3-point correlators, gives form factors, f(q2)

PS to V case: V, A0, A1, A2 
Tensor form factors 
can also be calculated

Issues are: discretisation errors, normalisation of current J 
and, for b case, coverage of large q2 range

q2max = (MA-MB)2, zero recoil

Zero recoil



Charm form factors *UPDATE* on Vcs from D ! K`⌫
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FIG. 1. Values of the CKM matrix elements |Vcd| (upper

panel) and |Vcs| (lower panel) obtained by combining the the-

oretical predictions for the phase-space integrals
⇥
I(q2i )

⇤LAT
,

based on the vector form factor fDP
+ (q2) evaluated on the lat-

tice in Ref. [14], with the experimental data of the D ! ⇡ and

D ! K semileptonic di↵erential decay rates
⇥
��(q2i )

⇤EXP
,

measured by BELLE [4], BABAR [5, 6], CLEO [7] and BE-

SIII [8] collaborations. The solid lines and the bands are de-

scribed in the text.

ious q2-bins the theoretical values of
⇥
I(q2i )

⇤LAT
as well

as the values of
⇥
��(q2i )

⇤EXP
coming from the same ex-

periment are correlated. Thus, on the one hand side,
in order to take into account the correlations of the ex-
perimental data we have calculated a global covariance
matrix obtained by combining the separate covariance
matrices given by BABAR, CLEO and BESIII collabo-
rations in Refs. [5–8]. No covariance matrix is provided
for the BELLE data on |Vcx|f+(q2i ) in Ref. [4]. We treat
them as uncorrelated. On the other hand side, the corre-

lations among the lattice values of
⇥
I(q2i )

⇤LAT
have been

taken into account using the bootstrap samplings from
Ref. [14]. It turns out that in our analysis the correla-
tions are largely dominated by the lattice ones.

The determinations of |Vcd| and |Vcs| for the various

q2-bins exhibit an approximate constant behavior, except
for |Vcs| in the high-q2 region, where some deviations are
visible. The results of the constant fit, including all q2-
bins, for the CKM matrix elements |Vcd| and |Vcs| are

|Vcd| = 0.2345 (83) , |Vcs| = 0.978 (35) . (6)

In order to check the stability of these results we have
also performed a series of constant fits including only the
data below each given value of q2. The orange bands in
Fig. 1 show the results of these fits for |Vcd| and |Vcs| as a
function of q2. It can be seen that the variations of |Vcd|
and |Vcs| are well within the uncertainties.
Our results (6) can be compared with the ones

|Vcd| = 0.2330 (137) , |Vcs| = 0.945 (38) , (7)

obtained in Ref. [14] using the values of the vector
form factor at q2 = 0 and the experimental results for
|Vcd|fD!⇡

+ (0) and |Vcs|fD!K
+ (0) provided by HFAG [13].

It turns out that the uncertainty of |Vcd| in Eq. (6) is
smaller by ⇡ 40% with respect to the corresponding un-
certainty in Eq. (7), while for |Vcs| the reduction of the
uncertainty is marginal. This is largely due to the higher
degree of the correlations, found in Ref. [14], among the
theoretical values of the vector form factor fDP

+ (q2) in
the various q2-bins in the case of the D ! K transition
with respect to the D ! ⇡ one. Moreover, the central
value of |Vcs| in Eq. (6) is larger than the corresponding
one in Eq. (7) by approximately one standard deviation.
We stress that the same theoretical input from LQCD
is used for describing the shape of the vector form fac-

tor fD⇡(K)
+ (q2) in all the experimental data, obtaining in

this way a consistent SM analysis. The impact of the
above consistency might become more significant as the
precision of LQCD calculations of the semileptonic form
factors will be improved in the future.

Thus, the theoretical information on fDP
+ (q2) in the

full q2-range allows not only to guarantee a consistent
extraction of |Vcd| and |Vcs| within the SM, but also to
get a more precise determination of |Vcd|.

Within present uncertainties our semileptonic results
(6) are consistent with the determinations |Vcd| =
0.2221(68) and |Vcs| = 1.014(25), obtained from the ex-
perimental D and Ds leptonic decay rates [18] adopt-
ing the ETMC results [19] for the decay constants fD
and fDs . In Fig. 2 the above results from leptonic and
semileptonic D�meson decays are reported as ellipses in
the (|Vcd|, |Vcs|) plane corresponding to a 68% probabil-
ity contour. The ellipses corresponding also to the lep-
tonic and semileptonic FLAG averages [3] for |Vcd| and
|Vcs| are shown as well as the constraint imposed by the
second-row unitarity is indicated by a dotted line.

Using |Vcb| = 0.0360(9) from Ref. [22] and our semilep-
tonic results (6) we can test the unitarity of the second

ETMC:1706.03657 
(also has D to 𝜋 )

Vcs = 0.978(35)
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Small q2 range - easily covered on 
lattice. Nonpert. normln. of 
current. Multiple lattice spacings, 
and sea quark masses, inc. 
physical u/d 
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Bc ! Bs`⌫
on LHCb list for near future

b

cs

heavy HISQ and NRQCD b agree
spectator mass dependence is mild

now spectator is b. Compare 
NRQCD b and  HISQ ‘b’ (multiple 
mh) - good agreement at b. Map out 
dependence on spectator mass

~2% accuracy in f

Charm form factors 

L. Cooper et al, HPQCD, 2003.00914

spectator
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FIG. 19: zp expansion coe�cients, for the calculation with a HISQ spectator quark, computed using the variations of correlator

fit parameters listed in Table VI for the Bc ! Bs form factors. The integer x coordinate of each result is given by n(3)
var +

3n(5)
var + 9n(6)

var where n(i)
var = 0, 1, 2 corresponding to original, first and second variations respectively listed in Table VI of set i.

FIG. 20: zp expansion coe�cients, for the calculation with a HISQ spectator quark, computed using the variations of correlator
fit parameters listed in Table VI for the Bc ! Bd form factors. The x coordinate is the same as that in Fig. 19.

FIG. 21: Fits of f0 for B+
c ! B0

s`⌫` tuned to the
physical-continuum limit. The form factor is plotted against
zp/|zp(t�)|.
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NRQCD from heavy-HISQ

FIG. 22: Fits of f+ for B+
c ! B0

s`⌫` tuned to the physical-
continuum limit.

E. Dependence of the form factors on the
spectator quark mass

In order to build up a picture of the behaviour of form
factors it is interesting to ask: how do the form factors

f+
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FIG. 23: Fits of f0 for B+
c ! B0`⌫` tuned to the physical-

continuum limit.

FIG. 24: Fits of f+ for B+
c ! B0`⌫` tuned to the physical-

continuum limit.

for c to s/d decay depend on the mass of the spectator
quark? We can answer that question with our heavy-
HISQ calculation because we have results at a range of
spectator quark masses from mc upwards (see Fig. 2).
Our form factor fits (Sec. IVC) enable us to extrapolate
up to mb. Our most accurate results are for the c to s

decay case and we concentrate on that here.
Fig. 25 shows the fit curve from the heavy-HISQ results

for f
s

+ and f
s

0 as a function of the heavy-charm meson
mass (as a proxy for the spectator quark mass). The
form factor curves that are plotted are those for q

2 = 0
(where f+ = f0) and for the zero-recoil point (q2max). At
q
2
max

the daughter meson is at rest in the rest-frame of
the Hc meson. The q

2 value at q
2
max falls slowly as the

heavy-quark mass increases above mc because the mass
di↵erence between Hc and Hs mesons falls. Examining
the region betweenM⌘c andMBc in Fig. 25 we see almost
no dependence on the spectator mass. The form factor
value that shows the most dependence is f+(q2max

). This

0 1 2 3 4 5 6 7
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f s
0,+(0)

fs
+(t�)

fs
0 (t�)

Bc ! Bs NRQCD

D ! K
Bc ! Bs heavy-HISQ

FIG. 25: Values for the physical-continuum form factors fs

0 =
fs

+ at q2 = 0 and fs

0 and fs

+ at q2max are plotted against the
mass of the heavy-charm pseudoscalar meson. The curve is
the continuum limit of the heavy-HISQ fit function (Eq. (25))
extrapolated to the physical Bc and D masses. Note that the
region in which the heavy-HISQ calculation has results is the
region above M⌘c . See the text for a description of how the
extrapolation down to the D was done. Also plotted are the
form factor results for D ! K [3] (green squares) as well
as the NRQCD Bc ! Bs result presented in this work (red
circles).

is not surprising because f+ shows the biggest slope in
q
2 close to q

2
max and hence sensitivity to the value of

q
2
max. Note that the curve from the heavy-HISQ analysis
agrees with the NRQCD results at a spectator mass equal
to that of the b. As discussed in the previous subsection,
the form factors obtained from the two calculations agree
across the full q2 range.
We can also investigate the behaviour of the heavy-

HISQ fit function as mh is taken below mc to ml where
contact is made with results for D ! K from [3]. For
the form factors at q2 = 0, we have P (q2) = 1 and our fit
form at Eq. (25) depends only on MHc . This permits a
straightforward extrapolation to the point MHc = MD in
the continuum limit. For the form factors at zero-recoil
(q2max), constructing the extrapolation curve is compli-
cated by requiring the dependence of q2max on the mass
of the spectator quark. This requires knowledge of MHs

as a function of MHc . To achieve this, we fit our val-
ues of MHs taken from set 6, together with physical
values from experiment [33] at mh = ml,mb (i.e. MK

and MBs), using a simple fit form MHs = MHc(1 +P4
n=1 !n(⇤QCD/MHc)

n + A(a⇤QCD)2 + B(a⇤QCD)4).
Here A, B and !n take prior values 0(2) and we do
not include a⇤ terms for data from [33]. We find this
fit function reproduces our data, as well as the physical
values, well. Fig. 25 also shows the result of this down-
ward extrapolation. Whilst this extrapolation below mc

is outside the region where HQET is expected to be valid,
the curves nevertheless show approximately the correct
amount of upward movement necessary to reproduce the

f+(q
2
max)

f0(q
2
max)

f+/0(0)

bc

u/d

*FIRST* lattice QCD calculation



B meson form factors from b quark decay - much bigger q2 
range. How to cover this range in lattice QCD? 

Large momenta 
need fine 
lattices

|~pX |q2=0 =
MB

2
� M2

X

2MB

Bs ! Ds`⌫ for Vcb
Use HISQ with multiple heavy 
quark masses (amh < 1) for a 
range of fine lattice spacings.
full q2 range is covered - range 
grows with mh as a-1 grows
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E. McLean et al 
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c b

s

Fit f(mh,ɑ,z) and extract 
physical curve at mh = mb.  

Advantage: accurate normln J

J



Bs ! Ds : chiral-continuum fit
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13 / 18 J Tobias Tsang (CP3-Origins, SDU) Semileptonic Bs ! K and Bs ! Ds decays
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this work
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‘Heavy-HISQ’ result more 
accurate than non-relativistic 
methods with J-normln uncty 
and q2 close to zero-recoil.  

NRQCD 
q2 range

LHCb 2001.03225

E. McLean et al HPQCD, 1906.00701 

Bs ! D(⇤)
s µ⌫

agree with inclusive b ! c

|Vcb|CLN = 41.4(1.6)⇥ 10�3

|Vcb|BGL = 42.3(1.7)⇥ 10�3

Under way - RBC/UKQCD 
calculation with RHQ b and 
c quarks and domain-wall 
light quarks. 

Bs ! Ds`⌫
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Bs ! Ds`⌫
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Bottom form factors 



12

0.00 0.01 0.02 0.03 0.04 0.05
z

0.02

0.03

0.04

0.05

0.06

A
1

⇥
P

(q
2 )

a\amh
0.08787
0.0884
0.0592
0.0441

0.427 0.500 0.525 0.600 0.650 0.800

0.00 0.01 0.02 0.03 0.04 0.05
z

0.02

0.04

0.06

0.08

0.10

0.12

V
⇥

P
(q

2 )

a\amh
0.08787
0.0884
0.0592
0.0441

0.427 0.500 0.525 0.600 0.650 0.800

FIG. 5. The points show our lattice QCD results for each form factor as given in Tables VIII, IX, X and XI multiplied by the
pole function of Eq. (26) and plotted in z-space. The legend gives the mapping between symbol colour and shape and the set
of gluon field configurations used, as given by the lattice spacing, and the heavy quark in lattice units. The blue curve with
error band is the result of our polynomial fit in z with lattice spacing and heavy quark mass dependence (Eq. (27)), evaluating
the result in the continuum limit and for the b quark mass, to give the physical form factor for Bc ! J/ .

use are given, with their uncertainties, in Table XIV. To
determine the mistuning of the u/d = l quark mass in
the sea we take

am
tuned
l

= am
tuned
s

/�[ms/ml], (34)

with �[ms/ml] = 27.18(10) from [49].
We take priors of 0(1) for each bn for each form factor,

multiplying terms of order O(a2) by 0.5 because a
2 errors

are removed in the HISQ action at tree-level [7]. We also
use priors of 0.0(0.5) for each Bn, Cn and Dn for each
form-factor since sensitivity to sea quark masses enter
only at 1-loop. All remaining priors are taken as 0(1). We
have checked that the prior width is conservative using
the empirical Bayes criterion [50].

In doing our fit to Eq. (27) we impose the kinematical

11

FIG. 7. Helicity amplitudes plotted as a function of q2.
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FIG. 8. Angular di↵erential decay rates for light fi-
nal state lepton `, from the top down, d�/dq2d cos(✓J/ ),
d�/dq2d cos(✓W ) and d�/dq2d� normalised by the total decay
rate �(Bc ! J/ `

�
⌫`).

FIG. 9. The di↵erential rate d�/dq2, normalised by the total
decay rate �.

FIG. 10. Plot showing the stability of the total rate com-
puted from the heavy-HISQ fit under variations of correlator
fits. The x axis value corresponds to N = �3+4�2+16�1+64�4
where �n is the value of � corresponding to the fit given in ta-
ble VII for set n, the black horizontal line and red error band
correspond to our final result and the blue points and blue
error band correspond to the combination of fit variations as-
sosciated to N .

fit variations is plotted in figure 10, where we see that
our final result is insensitive to such variations.

We also investigate the e↵ect of including fewer poles
in (26) by repeating our analysis including only the first
Npoles resonances listed in table XIV. Figure 11 shows the
magnitude of the coe�cient corresponding to the order z

term, a1, coming from fits including di↵erent numbers of
poles, as well as the resultant value of �. We use priors
of 0(1), 0(2), 0(3) and 0(4) for each b

ijk

n
, for Npoles = 4,

Bc ! J/ `⌫
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Heavy-HISQ approach covers full q2 range - 
expands with mass range on finer lattices.  
Fit in z-space - shows simple behaviour 

Resulting  
helicity  
amplitudes 
combining 
all 
form 
factors

Continuum  
result at b mass

Contributes for 𝜏

*FIRST* lattice QCD calculationBottom form factors 2

ated with the heavy quarks. The c quark is handled very
accurately in lattice QCD as long as improved discreti-
sations of the Dirac equation are used. A particularly
accurate approach is that of HPQCD’s Highly Improved
Staggered Quark (HISQ) action [7] and it is the one that
we will use here for all quarks. For c quarks a recent
calculation using HISQ [8] obtained a 0.4% uncertainty
in the J/ decay constant and showed good control of
lattice discretisation e↵ects all the way to very coarse
lattices with a spacing of 0.15 fm. Discretisation e↵ects
are larger for the b quark. Indeed, since we expect dis-
cretisation e↵ects to grow as a power of the heavy quark
mass in lattice units, amh, we need to work on fine lat-
tices to approach the b quark mass, and this is what we
will do here. The dominant discretisation e↵ects in the
HISQ action behave as a

4, since tree-level a
2 errors are

removed and those that include powers of ↵s are heavily
suppressed. This means that discretisation e↵ects can
be controlled for quarks with masses mh between that
of the c and the b on lattices with lattice spacing below
0.1 fm. By working with a range of quark masses reach-
ing up to that of the b on a range of lattice spacings, we
can map out both the dependence on mh and the de-
pendence on amh, both of which are smooth functions,
and obtain a physical value in the continuum limit for
the b quark. This ‘heavy-HISQ’ approach was developed
by HPQCD for B meson decay constants [9, 10] and is
now being extended to form factors [11]. Its e�cacy has
been demonstrated for Bs ! Ds form factors for the full
q
2 range in [12] and here we apply it to Bc ! J/ . A

big advantage of this approach is that the lattice current
operators that couple to the W boson can be normalised
fully nonperturbatively, e.g.[12–15], avoiding the system-
atic errors associated with the perturbative normalisa-
tion needed if a nonrelativistic approach is used for the
b quark in lattice QCD [3, 4].

A further motivation for studying Bc ! J/ semilep-
tonic decay in detail is to calculate the ratio, R(J/ ), of
the partial widths for the outgoing lepton to be a ⌧ com-
pared to that for it to be an e or µ. The analogous results
for B decays, R(D) and R(D⇤), e.g.[16–19], have been
a source of tension between experiment and the Stan-
dard Model [20], implying lepton-universality violation.
Recent results from Belle, on the contrary, show good
agreement with the Standard Model [21]. This makes
it very important to test lepton-universality violation in
other processes and we can obtain R(J/ ) from our form
factors for comparison with ongoing LHCb analyses. We
will present those results and analyses of other lepton-
universality violation tests separately [22]; here we focus
on the form factors and di↵erential rates for W decay to
µ or e.

The subsequent sections are organised as follows:

• In section II we begin by outlining the relevant ex-
perimental observables and relate them to the in-
variant form factors coming from QCD matrix ele-
ments.

J/ 

µ
+

µ
�

`
�

⌫`

B
�
c

�

✓W

✓J/ 

W
�
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FIG. 1. Definitions of the angular variables �, ✓W and ✓J/ 
defined in the rest frame of the decaying B

�
c , W� and J/ 

respectively.

• Section III gives an overview of methods generic
to the extraction of matrix elements from HISQ
three-point and two-point correlation functions in
lattice QCD, and discusses our choices of operators,
polarisations and momenta appropriate to extract
the form factors specified in II.

• Section IV details the specifics of our lattice cal-
culation including our non-perturbative current
renormalisation.

• In section V we present the direct results of the
lattice calculation and discuss the extraction of the
physical continuum form factors as a function of q

2

• Finally in sections VI and VII we use our form fac-
tors to compute the physical di↵erential rates for
B

�
c

! J/ µ
�
⌫µ and discuss the significance of

these results and implications for future work.

II. THEORETICAL BACKGROUND

Here we give the partial rates for B
�
c

! J/ (!
µ

+
µ

�)`�⌫` where ` is the final state lepton as di↵er-
entials with respect to q

2 and angular variables defined
in the standard way in Fig. 1. In this work we consider
only the cases ` = µ and ` = e. The partial rates are ob-
tained from the full di↵erential decay rate assuming the
J/ decay is purely electromagnetic and summing over
µ

+
µ

� helicities (assuming that the µ
+
µ

� are massless
and hence pure helicity eigenstates) [23]. This gives

d�

dq2
=

G
2
F

(2⇡)3
|⌘EWVcb|

2 (q2
� m

2
`
)2|~p0|

12M
2
Bc

q2

⇥

h �
H�

2 + H0
2 + H+

2
�

+
m

2
`

2q2

�
H�

2 + H0
2 + H+

2 + 3Ht
2
�i

, (1)

A1(z)
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diffl. distns. for (massless) 
µ or (massive) τ

lepton universality test

First LHCb result : 

LHCb, 1711.05623

We find, in SM: 

close to SM value for R(D*)
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FIG. 3. d�/dq2 in the SM for the ` = µ and ` = ⌧ cases,
normalised to the total rate for ` = µ, �µ.

for F = A0, A1, A2, V and where

z(t+, t0, q
2) =

p
t+ � q2 �

p
t+ � t0p

t+ � q2 +
p

t+ � t0
. (6)

t� is the maximum value of q2, t� = (MBc �MJ/ )
2, t+

is the pair production threshold, t+ = (MB + MD⇤)2

and P (q2) =
Q

Mpole
z(t+, Mpole, q2). The meson and

subthreshold resonance masses, Mpole, that need to be
used in reconstructing the form factors are given in [25].
We assemble the helicity amplitudes using Eq. (4); these
are plotted as a function of q2 in Figure 2 (Figure 10
of [25]). Di↵erential and total decay rates are then cal-
culated. Where an integration over q2 is necessary we use
a simple trapezoidal interpolation in order to ensure co-
variances are carried through correctly, taking su�ciently
many points that the results are insensitive to the addi-
tion of any further points.

The di↵erential rate d�/dq2 is plotted in Figure 3, com-
paring SM rates for l = µ and l = ⌧ . We also compute
the total decay rates, and from these R(J/ ) = B(B�

c !

J/ ⌧�⌫⌧ )/B(B�
c ! J/ µ�⌫µ). We find

�(B�
c ! J/ µ�⌫µ)/|⌘EWVcb|

2 = 1.74(12) ⇥ 1013 s�1

= 11.45(79) ⇥ 10�12 GeV

�(B�
c ! J/ ⌧�⌫⌧ )/|⌘EWVcb|

2 = 4.54(29) ⇥ 1012 s�1

= 2.99(19) ⇥ 10�12 GeV, (7)

and their ratio

R(J/ ) = 0.2601(36). (8)

The error budget for these results is given in Table II. The
largest contributions for both �(` = ⌧) and �(` = µ) are

TABLE II. Error budget for � for the cases ` = ⌧ and ` = µ

and their ratio, R(J/ ). Errors are given as a percentage of
the final answer. See [25] for more details.

�/|⌘EWVcb|
2

Source ` = µ ` = ⌧ R(J/ )

mh dependence 2.4 2.2 0.6

continuum limit 3.9 3.6 0.8

sea-quark mass e↵ects 3.5 3.3 0.3

lattice spacing determination 1.2 1.2 0.1

Statistics 3.5 3.1 1.0

Other 1.4 1.3 0.0

Total(%) 6.9 6.4 1.4

the discretisation e↵ects from the heavy quark mass, the
statistical uncertainty in the lattice data and the quark
mass mistunings e↵ects. These errors and their potential
improvement are discussed in [25]. There is significant
cancellation of these correlated errors in R, resulting in a
factor of ⇡ 5 reduction in uncertainty compared to �, and
leaving the dominant error that from lattice statistics.
The value for R(J/ ) is very close to that expected in
the SM for R(D⇤) [12]. R(J/ ) is given here as the ratio
of the rates to ⌧ and µ; we showed in [25] that the decay
rates to µ and e di↵er by 0.4%.

R
NP (J/ ), ANGULAR OBSERVABLES AND

TESTS OF LEPTON FLAVOR UNIVERSALITY

The e↵ects of new physics (NP) may be considered
through the inclusion of complex-valued NP couplings,
gi, i 2 S, P, V, A, T, T5, in the e↵ective Hamiltonian de-
scribing b ! c`⌫ decays [36]. Ref. [37] takes new physics
to appear in the ` = ⌧ channel only and fits the gi indi-
vidually against the experimental average values of R(D)
and R(D⇤). Angular observables sensitive to the di↵er-
ent NP scenarios are then constructed. Here we use the
values of g for left-handed and right-handed vector cou-
plings given in [37], which we reproduce here in Eq. (9),
and examine their impact on R(J/ ) and the angular
observables for Bc ! J/ .
In Figure 4 (left-hand plot) we see that the semitauonic

di↵erential rate increases very markedly for the best fit
value of gVL or gVR inferred from R(D(⇤)) [37]. This
results in a corresponding 10� increase of R(J/ ), to
give the values below.

gVR = �0.01 � i 0.39; RgVR (J/ ) = 0.3045(42), (9)

gVL = 0.07 � i 0.16; RgVL (J/ ) = 0.3045(42),

These increased values of R(J/ ) are then in agreement
with the current experimental average value of R(D⇤)
that gVL and gVR were designed to reproduce.

J. Harrison et al, HPQCD, 
2007.06956, 2007.06957

Bc ! J/ `⌫
<latexit sha1_base64="IfG4RBFo92u44Bm9veZhszgKKK8="></latexit>

R(J/ ) =
Br(Bc ! J/ ⌧⌫⌧ )

Br(Bc ! J/ µ⌫µ)

R(J/ ) = 0.2601(36)
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1.4%

HFLAV, 
1909.12524

R(D⇤)|SM = 0.258(5)
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R(D⇤)|expt.av. = 0.295(14)
<latexit sha1_base64="CVgkh+qPb1y41J+pB57AAyDtkI8="></latexit>

R(J/ ) = 0.71(17)(18)
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*TENSION*

Uncty from ff. 

�(Bc ! J/ µ⌫)

|⌘EWVcb|2
= 1.74(12)⇥ 1013s�1

<latexit sha1_base64="i3NR8YbK+kyqLKM10PDuGt1bgy8="></latexit>

Br(Bc ! J/ µ⌫) = 0.0151(10)(10)(3)
<latexit sha1_base64="HxF97oW2q6TJ4sK/k05YzljHzsg="></latexit>

LQCD Vcb 𝜏
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Bottom form factors 
J. Harrison et al, 
HPQCD, in progress

Bs ! D⇤
s`⌫
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preliminary

preliminary

Similar analysis to that for 
Bc ! J/ `⌫

<latexit sha1_base64="IfG4RBFo92u44Bm9veZhszgKKK8="></latexit>

R(D⇤
s) = 0.246(7)
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preliminary

3%

Will also give total rate and branching 
fractions …..



Bottom form factors B ! D⇤`⌫
<latexit sha1_base64="VtmwKNXnv2WTzZjhbL7eVO8PBoQ="></latexit>

Work under way - FNAL/
MILC using FNAL b and c 
quarks and asqtad light 
quarks, nf=2+1.  
Analysis blinded

Work under way - JLQCD 
using Mobius domain-wall 
quarks, nf=2+1.  
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See FNAL/MILC 
1912.05886

Bĺ'
ƐȞ IRUP�IDFWRUV
1Ah w vs Vh w vs 

z mild a, Mʌ, ms, mb dependence
z hA1, hV ~ 1 - ����VWDW�����– ����V\VWHPDWLF�HUURUV�(a��)

� � � � � �, VD p V B p h w

Pc cH � � � � � � � � �

1
, AD p A B p h w


Pc c c cH � Ap H

See JLQCD 
1912.11770 + 
Taneko (APLAT20)

est. errors : 1-2% stat, 1-3% syst.



Bottom form factors b to light decay 
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Bs ! K : z-expansion

BCL imposes additional constraint on f+ which determines coe�cient bK ,
so choose K+ = 1(+1), K0 = 2 and impose f+(q2 = 0) ⌘ f0(q2 = 0).

f
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"
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⇣
z
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z
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| {z }
for f+

⌘#

16 / 18 J Tobias Tsang (CP3-Origins, SDU) Semileptonic Bs ! K and Bs ! Ds decays

Work under way - RBC/
UKQCD calc. with RHQ b 
quark and domain-wall light 
quarks, nf=2+1.  

J. Tsang, APLAT20.
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Work under way - 
HPQCD, heavy-
HISQ. Tensor current 
normln. accurately 
using RI-SMOM + 
analysis of non-pert. 
effects
W. Parrott, APLAT20.

HPQCD, 2008.02024

Also work on B to 𝜋 ,  
e.g. JLQCD 1912.02409 



Conclusion

• Lots of work on b and c form factors underway. Use of 
relativistic approach for b on fine lattices improves 
current normalisation and coverage of q2 range.  
• First                            lattice calculation has 7% 
accuracy for total rate, 1.4% in R(J/𝜓).  
                        under way. 

Bc ! J/ `⌫

• 0.6% uncertainty on mc, now includes effect of QED. 
<0.5% uncertainty on mb - inclusion of QED underway. 

Bs ! D⇤
s`⌫
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• Results for                         away from zero recoil 
available soon 

B ! D⇤`⌫
<latexit sha1_base64="cZtFyggC7v5n7J1zwgrf24r67OE=">AAACA3icdVDLSgMxFM34rPU16k43wSKIizKpYttdqS5cVrAP6Iwlk6ZtaCYzJBmlDAU3/oobF4q49Sfc+Tdm2goqeuDC4Zx7ufceP+JMacf5sObmFxaXljMr2dW19Y1Ne2u7ocJYElonIQ9ly8eKciZoXTPNaSuSFAc+p01/eJb6zRsqFQvFlR5F1AtwX7AeI1gbqWPvVqErWX+gsZThLTy/PoIu5Ry6Iu7YOSfvOA5CCKYEFU8dQ8rlUgGVIEotgxyYodax391uSOKACk04VqqNnEh7CZaaEU7HWTdWNMJkiPu0bajAAVVeMvlhDA+M0oW9UJoSGk7U7xMJDpQaBb7pDLAeqN9eKv7ltWPdK3kJE1GsqSDTRb2YQx3CNBDYZZISzUeGYCKZuRWSAZaYaBNb1oTw9Sn8nzQKeXScL1ye5CrVWRwZsAf2wSFAoAgq4ALUQB0QcAcewBN4tu6tR+vFep22zlmzmR3wA9bbJ7sqlvQ=</latexit>

• Improved calculations available soon for D ! K`⌫
<latexit sha1_base64="HV3dZhzBx4h1u3QxuukRI3+cKRA=">AAACAXicdVBNSwMxEM3Wr1q/Vr0IXoJF8FQ2VWx7K+pB8FLBtkJ3Kdk024Zms0uSVcpSL/4VLx4U8eq/8Oa/MdtWUNEHA4/3ZpiZ58ecKe04H1Zubn5hcSm/XFhZXVvfsDe3WipKJKFNEvFIXvtYUc4EbWqmOb2OJcWhz2nbH55mfvuGSsUicaVHMfVC3BcsYARrI3XtnTPoStYfaCxldAsvoEs5h65IunbRKTmOgxCCGUGVY8eQWq1aRlWIMsugCGZodO13txeRJKRCE46V6iAn1l6KpWaE03HBTRSNMRniPu0YKnBIlZdOPhjDfaP0YBBJU0LDifp9IsWhUqPQN50h1gP128vEv7xOooOqlzIRJ5oKMl0UJBzqCGZxwB6TlGg+MgQTycytkAywxESb0AomhK9P4f+kVS6hw1L58qhYP5nFkQe7YA8cAAQqoA7OQQM0AQF34AE8gWfr3nq0XqzXaWvOms1sgx+w3j4BoKyWYQ==</latexit>

B ! K`+`�
<latexit sha1_base64="inA1VKxssEYQGP39sKh5Zuy3QOc=">AAACBnicdVDLSgMxFM3UV62vUZciBIsgiGVSxba7UjeCmwr2AZ2xZNJMG5p5kGSUMnTlxl9x40IRt36DO//GTFtBRQ9c7uGce0nucSPOpLKsDyMzN7+wuJRdzq2srq1vmJtbTRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyh2ep37qhQrIwuFKjiDo+7gfMYwQrLXXN3Rq0BesPFBYivIUX0KacXx9O21HXzFsFy7IQQjAlqHRqaVKplIuoDFFqaeTBDPWu+W73QhL7NFCEYyk7yIqUk2ChGOF0nLNjSSNMhrhPO5oG2KfSSSZnjOG+VnrQC4WuQMGJ+n0jwb6UI9/Vkz5WA/nbS8W/vE6svLKTsCCKFQ3I9CEv5lCFMM0E9pigRPGRJpgIpv8KyQALTJROLqdD+LoU/k+axQI6LhQvT/LV2iyOLNgBe+AAIFACVXAO6qABCLgDD+AJPBv3xqPxYrxORzPGbGcb/IDx9gmvbJf/</latexit>


