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Classification of T=0 phases

Systems described by
Hamiltonian with symmetry G

Yes . No
Spontaneous symmetry breaking?
Ordered phase (G—H) Disordered phase

Yes / Excitation gapr Ye:/ Excitation gap?\:‘lo

Gapped Gapless Gapped
Ordered phase Ordered phase Disordered phase

e Continuous symmetry breaking

Degeneracy
more than |G/H|?

Yes Degeneracy? | No

Long-range entangled Short-range entangled
phases phases
Topologically ordered phases (FQHE, QSL, ...) * Trivial phases

e Topological insulators
e Symmetry-protected
topological phases

Fracton topological orders

Gapless
Disordered phase

e Fermiliquids
e (Critical phases
e (Gapless spin liquids



Nambu-Goldstone modes in
relativistic systems

Upon spontaneous breaking of G into H E(k) Energy dispersion
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Nambu-Goldstone modes in
relativistic systems

Upon spontaneous breaking of G into H E(k) Energy dispersion
Counting rule:  ZNGM = ”BG /
= dim G/H = dimG — dimH -, o
low-E effective Lagrangian Maurer-Cartan one-form
1 ; ; i e,
Lefr = Z Z Zga;, n“”wﬁwf’, +..., Za)lﬂ} = —zUTBMU, U(m)=¢2a™1
ab v i

a G/H=S €C G/H=S5




Nambu-Goldstone modes in
non-relativistic systems

HW, H. Murayama, PRL (2012), HW, Annual Review of Condensed Matter Physics (2020)

[ 7NGM = 7BG — El‘ankp Pij = Q Q, Zf k |
-2 0
E(k) quadratic 0 A

linear
V / e
| k | k p = '

E(k)




Nambu-Goldstone modes in
non-relativistic systems

HW, H. Murayama, PRL (2012), HW, Annual Review of Condensed Matter Physics (2020)

1

- Qk)
g’ NNGM = NBG — Erankp Pij = —f = ( Q Qj Zf 3 i
o ~3¥; 0
V / o
| k | k P = '
0 i
] 1— a_ b 1 a_ b —Am 0
Eeffz—Zeia)t+Z§gabwta)t—Z Z Ega;,a)ra)r+.... 0
ab r=x,2
\ )
NZ = g 0, " +Z gbanan —ZZ—gban8n+
ab r=xyz

Q G/H=S b ¢H=5 C G/H=S




Quantum Time Crystals

F. Wilczek. PRL (2012)

(conventional) crystal

<p(x)> : ground-state expectation
value of density of ions, atoms, ...

position X

e e S e S e R e S s S,



Quantum Time Crystals

F. Wilczek, PRL (2012)
(conventional) crystal Quantum Time Crystal

<O(t)> : ground-state expectation
value of an observable
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L ||

<p(x)> : ground-state expectation
value of density of ions, atoms, ...

L[] || \ 1 |
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Quantum Time Crystals

F. Wilczek, PRL (2012)
(conventional) crystal Quantum Time Crystal
<O(t)> : ground-state expectation

value of an observable

<p(x)> : ground-state expectation
value of density of ions, atoms, ...

nuim nuim
| ) RN | ) I
I I
Biull \ LD position x Bl \ L time't
lim ($(%,0)h(¥',0) — f(% - %) limy .o (B(E. 1)$(0,0)) — £(1)
() G @ (b) :
6/ p(X,,t,)P(X, 1) | 5 g
- e L3 el ]
-~ \ f '\ / \ ,\ /\ AL &
¢ C \J j\ / \ \t1-t2 . g }\

We showed f(1) is time-independent — absence of QTC HW, M. Oshikawa, PRL (2015)

— Recent realization of Discrete Time Crystals (in driven systems) D. V. Else, et al, ARCMP (2020)



Classification of T=0 phases

Systems described by
Hamiltonian with symmetry G

Yes . No
Spontaneous symmetry breaking?
Ordered phase (G—H) Disordered phase

Yes / Excitation gapr Ye:/ Excitation gap?\:‘lo

Gapped Gapless Gapped
Ordered phase Ordered phase Disordered phase

e Continuous symmetry breaking

Degeneracy
more than |G/H|?

Yes Degeneracy? | No

Long-range entangled Short-range entangled
phases phases
Topologically ordered phases (FQHE, QSL, ...) * Trivial phases

e Topological insulators
e  Symmetry-protected
topological phases

Fracton topological orders

Gapless
Disordered phase

e Fermiliquids
e (Critical phases
e (Gapless spin liquids



Classification of
short-range entangled phases

e Assume a symmetry G and excitation gap A

e Hi~ H>if H1 and H2 are connected without breaking symmetry G
or closing gap A (with or without ancillas)

...........................................................................................................................

H1

Ho>

product state 1 .
5 § product state 2



Classification of
short-range entangled phases

e Assume a symmetry G and excitation gap A

e Hi~ H>if H1 and H2 are connected without breaking symmetry G
or closing gap A (with or without ancillas)

...........................................................................................................................

H1

Ho>

product state 1 .
| ¥ product state 2

* Trivial phases are connected to a real-space product state.
B 2n o 2 o 3

* Jopological phases contain irremovable quantum entanglement.




Bulk-boundary correspondence
of topological phases

2D topological insulator

Hall Spin Hall Anomalous Hall
(1879) (2004) (1881)

Quantum Hall
(1980)

/ |

Quantum Hall Quantum spin Hall Quantum anomalous Hall

S. Oh, Science (2013)

C. L. Kane and E. J. Mele, PRL (2005

p

e Haldane phase —¢ * ¢ * * ** 2?%(;%\13&: E'JZVIN 'P}?{hs
4‘ , /‘ _,'l - ! ." & 3

S = 1 Heisenberg model S = 1/2 edge spin
I — JE 8- Snga 4} oo oo oo oo 00§ avid J. Thouless
no=n F. Duncan M. Haldane
n

J. Michael Kosterlitz

Nooelprize.org

Bulk topology implies nontrivial boundary.
Boundary states(=degrees of freedom) / surface topological order
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Bulk-boundary correspondence |
— anomaly inflow —

1+1 dim
edge
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Bulk-boundary correspondence |
— anomaly inflow —

1+1 dim
_ edge
2+1 dim bulk:
Chern Simons theory
k 3 . ijk
[eff = — d’ze” AzE)JAk
47T M5
90000000000

- Gauge invariant if no boundary
- Gauge dependent with boundary



Bulk-boundary correspondence |
— anomaly inflow —

1+1 dim
. edge .
2+1 dim bulk: 1+1 dim edge
Chern Simons theory Chiral edge mode
k (T > - . 0
Ieff — d°xe” A,ﬁjAk H=v dz ’Lp =l ’Qb
4 M5 —00 ox
EA
P
90000000000

- Gauge invariant if no boundary Chiral anomaly

- Gauge dependent with boundary s
83" = sign(v) ;" Fly

0



Bulk-boundary correspondence |
— anomaly inflow —

1+1 dim
. edge .
2+1 dim bulk: 1+1 dim edge
Chern Simons theory Chiral edge mode
k 3, ijk > . 0
L= — [ &Pz A8, H— v/ Rl DL P
4 Ms —00 ox
EA
' I b
gauge dependence
90000000000 cancels between
bulk and edge
- Gauge invariant if no boundary . Chiral anomal
- Gauge dependent with boundary robust against y 5
decoration / perturbation B, = Sign(’v)ge‘“’FW

of surface Ath

0



Bulk-boundary correspondence |
for higher-order topology

Inversion symmetric 3D topological
2D gapless : _—
1D gapless mode insulator under magnetic field

a First order d=1 mode d=2 d=3
A
obzero ! | -,
mode & = [ t
et

----- 1D chital mode

b Second order o ® 1 D gapleS
Z_node” _ . :
0D zero Higher order topology in Bismuth
mode (111)
Quadsupolo— ° Z | N B *

€ Third order

2,
S N

M. Fruchart et al, Nature (2018)

\

F. Schindler et al, Nature Physics (2018)
F. Schindler et al, Science Advances (2018)

Boundary states can be localized to corners and hinges
depending on the bulk topology.

1



Symmetry indicators of
band topology

* A handy diagnosis of topology

(a) W=1 (b) W=2

e Similar relation holds in the band structure of electrons in solids

—
—
-’

Na”

—/\\/\

= E—Eyp (eV)

ARTICLE

Symmetry-based indicators of band topology in the
230 space groups

ff(( 1) & Fy(1) Hoi Chun Po"2, Ashvin Vishwanath? & Haruki Watanabe3




A paradigm shift
IN material search

* Investigation of topological properties for all materials listed on database

Material ?. ' inci ' Topological property
Data indi : of materials



https://www.google.com/search?client=safari&rls=en&q=A+paradigm+shift&spell=1&sa=X&ved=2ahUKEwj2scrMluDyAhUJG6YKHbc8AOYQkeECKAB6BAgBEDA

A paradigm shift
IN material search

* Investigation of topological properties for all materials listed on database

b Fist principles calculations E Topological property
¥ + symmetry indicator method { of materials

Material

Data

[ MENU ¥ ] nature

.:'. Topological Materials Database

d)/ \ NEWS - 08 AUGUST 2018 - CORRECTION 17 AUGUST 2018
i == Thousands of exotic ‘topological materials
:¢ ¢ i discovered through sweeping search
§ g : Haul thrills physicists, who previously knew of just a few hundred of these peculiar
\; / Flizabetn i i B B € N O F Ne
q) Na Mg Al S P s cl Ar
v f
K Ca $ Ti v Cr Mn F C N Cu 2 G. Ge As B Kr
& Rb Sr Y 4] Nb Mo Te R Rh Pd Ag Cd I Sa Sb T I Xe
ReLs Fr Ra Ac Rf Db Sg Bh Hs M Ds Rg Cn N F Me Lv Ts 0Og
The
phy: Ce Nd Pm  Sm E Gd T Dy H: E Tm b
Higher-order topology in Bismuth et Wit B ) Wl Wl Bl W Wl Kl B Bl B i
Schindler et al, Nat. Phys. (2018)

jature 547, 298-305 (2017,


https://www.google.com/search?client=safari&rls=en&q=A+paradigm+shift&spell=1&sa=X&ved=2ahUKEwj2scrMluDyAhUJG6YKHbc8AOYQkeECKAB6BAgBEDA
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Bulk-boundary correspondence |
of trivial insulators

e
(d) quadrupole 6 3 le] le| |§|
lel ° \ 3 l
vy o1
; 6 lel
e -
’ 200 ‘
- Fractionally quantized
(g) octupole

— something topological
W. A. Benalcazar, B. A. Bernevig, T. L. Hughes,

Science (2017) / PRB (2017) W. A. Benalcazar, T. Li, T. L. Hughes,
PRB (2019)

Bulk multipole moment implies boundary charges.
Charges are “frozen” i.e., not degrees of freedom



Polarization and Edge charge

e Assume U(1) symmetry and translation symmetry

—e —te
e
o0 0 ¢ 0 ¢ 0 ¢
* For classical point charges d
Pagclassical) _ 1 Z Qix; = (_e)(ﬂjO) + (‘|‘€) (330 + d) _ eé
1€unit cell d @
~
Qedge — —/ dx &EP(:U) = Px
edge
\_ W,
Polarization Polarization charge
Py (z) b p(r) = =0, Pr(7)
4 \, i 1,
0 L 0 L

Edge charge is given by bulk polarization!



Solitons in polyacetylene

R. Jackiw and C. Rebbi, “Solitons with fermion number 1/2,” PRD (1976).
W. P. Su, J. R. Schrieffer, and A. J. Heeger, “Solitons in polyacetylene,” PRL (1979).

A. J. Heeger, S. Kivelson, J. R. Schrieffer, and W. P. Su, “Solitons in conducting polymers,” RMP (1988).

H:H
H H-H

from: wikipedia
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Formula of bulk polarization
“Modern theory”

Periodic Boundary Condition (PBC): éLFL =él

r~x+ L

Conserved U(1) charge and polarization operator

A

L T o | |
A R 1 P
0= / dz p(x) P = _/ dz () . is inconsistent with PBC.
0 0

L (P.) does not work in general!
Berry phase formula Band insulators R. D. King-Smith, D. VanderbiltPRB (1993)
27
“ : U r = U
v = — Z dk u, .10k Unk ”OSWL% nk
A (& neocc 0 L0 ~ X
P, = <Px> T 5=
2m Interacting svstems G. Ortiz, R. M. Martin, PRB (1994)

HW, M. Oshikawa, PRX (2017)

27
v = — / do Z<¢‘@¢‘¢> Twisted Boundary Condition
0

& =e7el ¢+ 27) = ¢)

Resta’s formula
p, — ;Imlog<eizwﬁx/e> We know how to compute the bulk Px
-

R. Resta, PRL (1998) even for interacting systems!



Formula of bulk
higher-order multipoles?

Difficulties in generalizing the Berry phase formula

dk, o
E / Uy, g, 10k, Unk, — Ej / E w110k, 10, Unik —>gauge dependent
BZ . . ’L@k,
0y 10y ~ XYy k= € TUnk

n&eocc ne&eocce

Attemps in generalizing Resta’s formula

p(z,y)

(2 I d g By [ dn [ dy 2

B. Kang, K. Shiozaki, G. Y. Cho, PRB (2019)
W. A. Wheeler, L. K. Wagner, T. L. Hughes, PRB (2019)
S. Ono, L. Trifunovic, HW, PRB (2019)

Nested Wilson loop approach for band insulators (gives only the edge polarization.)

W. A. Benalcazar, B. A. Bernevig, T. L. Hughes, Science (2017) / PRB (2017)

More direct generalization of the “modern theory”?

HW, S. Ono, PRB (2020)

L. Trifunovic, PRR (2020)

S. H. Kooi, G. van Miert, C. Ortix, npj QM (2021)
S. Ren, I. Souza, D. Vanderbilt, PRB (2021)
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Our goal

1. Give a general formulation of the bulk multipole moments
— Characterization of trivial phases of matter

e ——
—
—_—

2. Clarify the relation to corner / hinges charges ) ‘ /

3. Propose materials / experiments

Halite Crystals N— Table Salt Table Salt
NaCl NaCl NaCl

.........

Images from http://www.atomsinmotion.com/book/chapter4/salts
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Polarization
In 1D systems



Polarization and Edge charge

e Assume U(1) symmetry and translation symmetry

—e —te
e
o0 0 ¢ 0 ¢ 0 ¢
* For classical point charges d
Pagclassical) _ 1 Z Qix; = (_e)(ﬂjO) + (‘|‘€) (330 + d) _ eé
1€unit cell d @
~
Qedge — —/ dx &EP(:U) = Px
edge
\_ W,
Polarization Polarization charge
Py (z) b p(r) = =0, Pr(7)
4 \, i 1,
0 L 0 L

Edge charge is given by bulk polarization!
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Ambiguity of bulk polarization

—e +e
/ S
o0 o000 o0 o
S d a—d
p(classica y L Z Q,1; — (—e)(xo0) + (+e)(zo + d) - egl
“ reunit cell a
pfelassic al) _ 1 S Qui = (—e)(zo) + (+€)(xo +m:€g_e

Bulk polarization has an integer ambiguity.
(Choice of unit cell)



Ambiguity of edge charge

—e +e
r'\'""'/'i : """""
¢e—-——0————0@-—0@—-——0—
d a—d
+-e —€
v ¢

® o 0 o0 o0 o0 ¢ =

\4

— € @ @ =0 66— 60

X

Edge charge also has an integer ambiguity.
(Choice of edge termination & decoration)
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Quantization under symmetry

e Assume inversion symmetry (x—-x) in addition to U(1) and translation.

* Inversion symmetry flips the sign of polarization — quantization to O or e/2.

1
—P,=PFP, mode » P.=0or 56 mod e

* There are at least two phases — trivial phases are not unigque!

Y. Fuiji, F. Pollmann, M. Oshikawa, PRL (2015)
H. C. Po, A. Vishwanath, HW, Nature Comm (2017)
+ many other works in the context of TCI

P, = mod e P, =0 mode

® ¢ @ ¢ @ ¢ @ ¢ @ o
00 @ = o+ o

00000000 +2e  te e

—€ +e
. 0.0.0.0.

—2e +2e

The U(1) charge Q mod 2e at the inversion center
is a topological invariant.




“Filling anomaly”

e Sometimes charge neutrality and point-group symmetry

cannot be simultaneously respected.  w.A Benalcazar, . Li, T. L. Hughes,
PRB (2019)

i _f e Qtot = +e€

0000i¢0000

1
Qedge — §Qtot mod e

Note:
1. This formula assumes charges are localized to edges.
2. Termination has to be designed carefully.
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“Filling anomaly”

e Sometimes charge neutrality and point-group symmetry

cannot be simultaneously respected.  w. A Benalcazar, T. L, T. L. Hughes,
PRB (2019)

i_f 1€ Qtot:+€
0 o0 ¢0 00

1
Qedge — §Qtot mod e

Note:
1. This formula assumes charges are localized to edges.
2. Termination has to be designed carefully.

Qtot =0

Corner charge is a local property.
Not affected by the other edge
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Definition of the edge charge

Conserved charge of the U(1) symmetry:
Q= [ dapla)

Microscopic charge density:
ptmier) () = (p(x))

Coarse-grained charge density:

p(smooth) (LIZ') — / dx’g(a: . x/)p(micro) (ZE/>

(@) = e P77
gaj: E 2
2T \2

Definition of edge charge:

w
Quige = [ dz g™ (@)

— OO

p(micro) (.CC)

0 L T

KL< ALK WKL
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(Definition of the bulk
polarization)

e Translation invariance
— a repetition unit of charge density S

p(micro) (.CC)
(m1cro) Z /00 - na

n=-—oo

po(T) is not unique. po(x) = 0 when |z > a X

We require S / d po(x) = 0
\

_m PR |

e Definition of bulk polarization (smooth) (x)

po() Po

1 0
Py = _/ dz xpo(x)

1 > Moo ) T y T
Il
a4 .J_

P ) = [ da gl — o) pola)

— OO

)



(Definition of the bulk
polarization)

* For band insulators, po(x) is given by Wannier function

p(micro) (.CC)
(el) __ﬂYY‘wnz :C—R—ZC@)
R né&occ
© dk z
W, Z(R) ~ / —— Unk zGZkR
0o 27

* Qur expression of Px reduces to the Berry phase formula

1 @)
P, = —/ dx xpo(x)
a — o0

o dk
) —e Z / —unkzakunk

ne&eocc
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(Proof of the bulk-edge correspondence)

Infinite system Semi-infinite svstem
(mlcro) Z /00 v — na » (mlcro) Z /OO T TLCL
p(smooth) (ZC) — / dx’g(:v B x/)p(micro) (ZC)
> - - smooth
=[x gla—a)Y poo = na) = 3 pf™ M @ - na
—o© n=0 n=0
1 > / (smooth) N 1 ; /1 (smooth) ,
~ — dx’ p, (x —2') = - dx” p, (")
A>a @ J0 a J_oo

%4
Quise = | da g™ (a)

/ dCIZ‘/ Az’ (smooth) / dCE/ (smooth) )

_ _/ A’ (W )p(()smooth) (33 ) ~ __/ dx’ /p(()smooth) (33 ) —_p,

a



Higher order multipoles
In higher D systems



2D: Quadrupole moment and
corner charge

e (Charge density
(mlcro) Z /00 r— Z 1nzaz)

n; >0
* The total charge in the region R

QR — / ddrp(smooth) (T) — WIUZ + WQUI + Qcorner
R

e Surface charge density

R
P = — d” P;
y /Rd reolr)Eilr) a; - bj = 0y
PZ(’I“) p— bz T
e (Corner charge
Qcorner — /d ddT,OO(’T’)Q12(T‘)
R
. as - a a; - as
Qia(r) = (b -7)(ba-7) + 22 (b1 -T)* + 22 (by - 7)?
1 2 2
= (ZC Y COS(9—|—£UySiH9> : a; = ay(1,0)
aiaz 2 as = as(cosf,sinf)
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3D: Octupole moment and
corner/hinge charge

 (Charge density
Pl () = polr = 3L, mias).

* The total charge in the region R

3 3 )
QR - / ddrp(smOOth) (’I") - Z Sio_i —|_ Z Wz)\z ‘|‘ Qcorner L &
" i=1 i=1
* Hinge charge density

)\32/ drpo(r)Q12(r) N -
Rd ;

CL1’b1><CL3

(b)

QlQ('r‘) = (b1 ' T)(bg - ’P) + (bl : T)Q +

20,2 y b1 X as

 (Corner charge

o = a; - Cl,j b
1] — — i =0; T
Qcorner :/ dd?“ﬂo("“)@m:%("“) ’ a? "
Rd
1 1 1
O123(7) = riraors — 5(0237“32 + 6327°22)7“1 — 5(6317“12 + 0137"32)7“2 — 5(6127“22 + 6217“12)7°3

2 2 2 2 2 2
C23C31° + 2¢c21C31 + C32C21 3 c31C12° + 2¢32¢12 + €13C32 3 C12€23° + 2¢13C23 + C21C13 .3
1 2 3
6(1 — 623632) 6(1 — 631613) 6(1 — 612621)
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(Ambiguities in
bulk multipole moment)

e po(x) is not unique!

r/ dd?“ﬂo("“)zo
¢ /R

per () = (p(r)) = > polr — Yy mias)

n; €7 * po(r) — 0 when || > a
27
_ea o dk :
(el) S‘ S‘ ’wn Z ZIZ _p_ ZEZ) wn,i(R) N 2_ Unk,z'GZkR
R m€Eocc 0) T

* Wannier center has only integer ambiguity
— fractional part of polarization is well-defined.
But spread of Wannier function is gauge-dependent.

 Higher moments depend on the specific choice of po(r)

/ddT/OO(T)Ti /ddTPO(’l“)"“iTj /ddrpo("“)rirjrk
Rd Rd Rd



Ambiguities In
corner/hinger charge

Qcorner — Qcorner + P;c + Py Qcorner — Qcorner + Pa: + Py + Pz + Qxy + -

-Px +Px ) ' : \

- v 7 D 5P~
+Py

<

/
Corner charge not well-defined.

(Choice of termination & decoration)
Point group symmetry is required!!
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2D system under C4 rotation

Qcorner = / dd?“ﬂo("“)@u("“) = 1% = 1% mod e The U(1) charge
Rd 4 4 on high-symmetry points

(b) QC = T3¢ (C) Qc: =€

D=

ClaSSificatiOn Of B B ® @ © ® @ e O @ O ©® O @ O @ O ® O @
. . o o o) o 0 o) o o o o o o o
hlgh_symmetry pOIntS: ® ® o ® ° ® ) ® O @ O ©® O @ O © O @ O @
. o o) o] o) o) o) o o o o o o o
(Sp@Clal) Wyckoﬁ pOSItlon ° ° ° . ° ° ® ® O @ 0O ® 0O ® O ® O ® O @
o) o o) o o) o) o 0 o o o o o
® ° ° ° ° ® o ® O @€ O € O © O ® O © O ®
o) o o) o o o o 0 o o o o o
(d) 1e ° ° ® ° ° ® ° 1 ® O ® O ® O © O @ O ® O ®
20 | o o) o) o o) o) 26 o o o o o o o
0«2/( ___________________________________________ ° ] e 2e L] e o e O @ O @ O4e O ®© O @ O o
1e o) o o) 20 o (o 3@ 20 o o o 20 o o o]
((O %) b(l l) ® ° ® ie 3 ° ® e O ¢ 0O ¢ 03020 @ O ® 0O e
271 9
® ® " - 1 1
(d) QC T o Z% o o o o o (e) QP - _16

O e 0O @ 0O @ O @ O ©®€ O @ O @ O O ©¢ O © O © O @ O @ O © O
a@ @ > ©O 0O OO0 OOCOO OOO OO O ® O e O e O e O © O © O @
O C(:i;’ ()) a O ©®€ 0O € O @€ O @€ O ©®© O @ O ® O O © O ¢ O ® O @® O @ O ® O
0O OO 0OOOO0OOOOO OO0 e O e O ¢ O © O @ O e O o
(LG < ' : O @€ O @ 0O ® O © O © O ©® O ® O O @ O ® O ® O ®# O @ O @ O
5‘ é © O 00O O0OOOO OO0 O e O ¢ 0O ¢ O © O © O O o
% O ®€ O € O ® O @ O © O @ O ® O O ®¢ O ¢ O ¢ O © O ¢ O @ O
Z % OO0 0O0OO0OO0OO0OOOO OO0 o0 e O ¢ O ® O © O © O © O @
<Z,: 9 O @ O @ O @ O @ O @ O @ O e O O ¢ O ¢ O ¢ O ¢ O ©¢ O & O
o zt_| 10 00 0 DO OO0 O o0 .00 1. 10 ® O e O @ O ¢ O @ O © O o
I<_( (}/_) . i 3'1 O @ O @ O ® O ©®€ O @€ O @ O ® O ; : O @ O ¢ O ¢ O ¢ O ¢ O e O
EE O 0O 0 OO 01010 © O © O © 1 0] @ e O ©® O @ 0D1e10 @ O e O o
E O 4 16 O @ O @ 0O @@ 03010 @€ O @ O @ O O ¢ O e O e101e O ¢ O e O

E ...§ s o o o o o o o
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2D system under C3 or Ce rotation

Qcorner _ d dd,r,po(,r)le(r) _ dc mod e (n — 6)
R

Wl D=
K
Q
|

Wl W
K
o
_|_

g = 2q. mode (n=3)

() Qc=+3e (d) Qc=+3e

o L] L ® L ] o L ] [+] L] o] L ] (o]
o o o o
& o & 5 5 © 0 0o 0o 0O 0 0 0 © o
(a) ° ° ° ° ° ° ©O @ O @ 0O ® O ® ©
> o o o o o
P P 5 7S S & e 010 00,00 10 0k 107 (0L (07 (O
° ° ° ° ° ° ° o @ o @ 0O @ O @ O ® ©
o o o o o o
& 7 > > = & = o 0 O 0 W0 0} i IOl O o o o
° ° ° ° ° ° ° ° 0O @ O ® O @ O @ O @ O @ ©
o o o o o o [}
- o s o - x & A o o o o 0o o o o o 0o 0 o o
® ° ° ° ° ° ° L] ® O @ O @ O ® O @ O @ O ® O ® O @
o o o o o ) (o} [}
o - o o - o o 0 0 o0 0 O 6 0 B O o6 0 0 o 0
e [ ° L) ° L) ° ® ® O @ O ® O @ O @ C @ O @ O @
o o o o o o o
o o o o p - © 00 o0 0 0 00 © 0 6 o 0 o
L) L] L ] ® L ] L ] © ® O ®¢ 0O @€ O @€ O e O e o »
; o o o o o o
1 10 & o 6 o o 1e ©O 0 0O 0O O 0O 0O O 0O 0 0 ©
O ® ° ° 2e ° . e 0o @ 0o @ 030 0 ® 0 @
1o 1o
1o O o 1o e © 0o 0o o o1lofo o ¢ o o
o ] 1o o 3
1e o ° 1e ° ° 2® 1o @ O ® 02 1o e o e
1 1
e) Q.= —Le (f) Q.= —1Le
( € 6 C 3
O ¢ O ¢ O ¢ O ¢ O o
o o o o
..........
o o o o o .
O = O {o X S o N S o O RN o) °
L .O. .o. .O. .O. .O. Ll 2 L]
...... S o o o o o o P p
2 2 O e O O O O e O O o
Clas o o o o o o o e o
3 gt eEereseYese e s Se e e e e °
. o o o o) o o] o P P
o [e] O e O e O e 0 e O o O .
o (o} o o o o o o o
&£ eA_eTe. e @678 -0 0°-0 07 _67h 0
o o o ] o o o o
O ¢ O ¢ O » O » O ¢ O ¢« O ¢« O = O & 4
.O. .0. .O. .O. .O. .0. .O. .O. =] o
c o (o} o o o o o .
3 O e O O © O ¢ O ¢ O o O ¢ O o o o o o
a .o. .O. .o. .o. lo. .O. .O. L] ot . L]
1 o o o o o o s
O @ O ¢ O » O ¢ O @ O ¢ O o o ] o
............. O o9 By 85 Q% 85
16 o o o o (e} o o ° o
o} B 'Y e O e O ‘e O
Te = ol o o 10 o o 1o *
h 01 oooooo 1 e . . . o o
o o ol o 2. (] 1o
10--o1 e« 0 «10 ¢l O o
10 (-] o 1o ] o

The U(1) charge Q mod ne at a Cj, rotation axis is topological invariant.
Our results implies Qcorner = Q/N Mmod e



3D system under O, symmetry

1 1 1
d
Qcorner — / d 7“,00(7°)Q123(7°) — Z{4a — Z(qp mod —e
e 8 8 4
m
< <
= [0
e,
< O
Z o
O«
l_
X%
=z
oy X
w O ¢
=
T 0,4, 1,0, 1,4,0
T 13
4 1 T‘T‘< 29293
N ‘jfﬂ?fll-;jfﬁ ! L 1 a mim 0,0,0

The U(1) charge Q mod 2e at a On center is topological invariant.
Our formula is Qcormer = Q/8 mod e/4.
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Filling anomaly

e Simple formula for the corner charge

. W. A. Benalcazar, T. Li, T. L. Hughes,
Qcorner — Qtot /Ncorner PRB (2019)

Quwt = The total U(1) charge in the system
Ncormer = The number of point-group related corners

(a) 31 (b)
. : lel
\glel , ) 0s 18l ) e
\ *:;ﬁ"?f‘f‘?if‘;i‘%?i? = = =
2l / \ ‘Tﬂ%i;.r:‘e?.-@;“‘i‘f‘" T1] e
3 A I Sl
L E o Beasanss
\ 5 l\u\.jy,__ L 11 x‘/;“.‘
0 '\\‘ l—’T |
() ) . = e B |
lel lgl le] ‘K"\u\ T T 24 -
6 2 |6| el 3 ] E\.,\: e I T"*“Tﬁ.‘ ,/-/T e l
el ) 3 - auPE=agl
z oot
& 6 lel ‘\T 7 ps o
A 3 B
~ i
Qtot = +e, Q = Le (mod e) Qiot = +e, Q = le (mod +e)
tot — 9 corner — tot — ’ corner — g 4

W. A. Benalcazar, T. Li, T. L. Hughes,
PRB (2019) HW, S. Ono, PRB (2020)
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Coupled-wire/layer argument

—~
o '
R . QO
..... . d ‘9! - it
o 1 o - ‘0] -
. o + o o ¢ > 9, {
. * . 3 9, :
* e ° + > Y "
AR I pé = "
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Similarity to HOTI

(a) 3D Higher-Order TI (b) 2D Chern Insulator (€]
1D Chiral Edge Mode

1 — remain

}—» gap out

(d) 2D Higher-Order TI (e) 1D Class AIII Insulator (f)

0D zero modes l l
= J—» gap out

@ 9
Ce o ¢ O, ¢ — remain

! [ gap out

Matsugatani-Watanabe PRB (2018)
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Traditional measurement of
the bulk polarization

e Change a parameter and measure the electric current during
the process.

Polarization 4
(D)

Saturation polarization

I Non-remanent polarization

.......................................

T
I Remanent polarization (P.) 2P, = / dtJ,(t)
0

Electric field (E)

Figure from https://www.globalsino.com/EM/



Possible direct measurement
via atomic force microscope

Robustness

(b) . . .
against impurities

i ' 0.0005

¢ - (d)
Fz/E)

€y

S ; i - ()2 - 1 (JQ
"L dmeq &2 Tl Tmeg a2 ~Tme 377
8 100 e 100 L ATEQ A 100 ~|aTTEN d
r) - o . .-‘
6 1 _e” % B
e_ il : _ < N
dmey d? 2 1 Bts 5 1 - :
: L _1 . I - Seds 1 e e 1 e
) Ameg 8d S ldrme, 8d2 Jdmeg 4d’?
; 0.01F “\\ 0.01 0.01F =
g 2 e .
2+ * - $ad R
1 e ~. -S";& \
., 4’/76() 8(1"’ 2 X ] : Kz ; : s s ‘ . ‘
- 1" """""" 0.05 0.10 0.50 1 5 10 0.05 0.10 0.50 1 5 10 ({/(I 0.05 0.10 0.50 1 5 10 d//a

- 4dmega’

=725 x 1071 kgms™ =725 pN for a = 5.64 A



Corrections from surface

dipoles & hinge polarizations

J. Vogt, H. Weiss | Surface Science 491 (2001) 155-168

® | )‘ ® % A
¥
K} o
d Q| g i A
g {/ ? . ./ ¢ 2 surface composite layer
a S :
d, //-, ; p- > , —;“ \3
P : e -
% | e P ® 0
dg ‘/’ o =0 <Y 1st bulk composite layer
~ u I
3 o= Py (.D . z
° o : ¥ x :
/o/ . '/:,/‘ 2nd bulk composite layer
o o—i
<
ro = (07 07 d)
Q 4dpp, + 2p% + pS — 2
. c 1 1 1 h Ps Ps ds -3
B(r)=(0,01)%  +(~§~§3) gz +OL™)

o= (d7 d, d)/\/§

c 4 2p% c—2q,
LLDEe 01, E Pt WP, | (ay

E(T‘) — d2 1 d2

=l
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M. Fruchart et al, Nature (2018)

a First ord d
*———o
Dipole
I I I I I I b Second order
€ Third order

* Jopological vs Trivial

* Higher-order topological insulators * Higher-order trivial insulators
e Gapless modes on hinges / corners €= « Fractional charges on hinges / corners

* |rremovable quantum entanglement * Connected to product state
 We bridged “multipole moments” and “filling anomaly”

T
Quadrupole moment  Qcorner = G~ = /ddrpo(r)a_g

1 1

Filling anomaly Qcorner = 100 = 7% mod e



