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AuI Indium Al2Cu CeSiO4 (Sr1.9Ba0.1)IrO4 Simpsonite SheldrickiteStillwellite-Ce Mg(SO3)(H2O)6 K2TeO3 Dolomite RbGe(IO6) Sr3(TaGa3Si2O14) Muscovite 3T Berlinite CrCl3

P3221 (#154) R32 (#155) P3m1 (#156) P31m (#157) P3c1 (#158) P31c (#159) R3m (#160) R3c (#161) P31m (#162) P31c (#163) P3m1 (#164) P3c1 (#165) R3m (#166) R3c (#167) P6 (#168)

Quartz Tincalconite Fencooperite Galeite RuCl3 LiNaSO4 Tourmaline Proustite Li2ZrF6 Coquimbite Portlandite Fluocerite-(La) PCN-6 Calcite K2Ta4F4O9

P61 (#169) P65 (#170) P62 (#171) P64 (#172) P63 (#173) P6 (#174) P6/m (#175) P63/m (#176) P622 (#177) P6122 (#178) P6522 (#179) P6222 (#180) P6422 (#181) P6322 (#182)

Al2S3 NaCoPO4 Sr(S2O6)(H2O)4 Ca (S2O6)(H2O)4 Nepheline LiNaCO3

catena-[2,2'-(biphenyl-4,4'-
diyldiimino)dibenzene-1,3,5-triol] Fluorapatite

tetracosakis(µ2-Methoxo)-
dodecakis(µ2-proline)-dodeca-

iron(iii) dodecaperchlorate AgF3 LaBTB Rhabdophane-(Ce) β-Eucryptite Ca(Ta,Nb)4O11

P6mm (#183) P6cc (#184) P63cm (#185) P6m2 (#187) P6c2 (#188) P62m (#189) P62c (#190) P6/mmm (#191)P6/mcc (#192) P63/mcm (#193) P63/mmc (#194) P23 (#195) F23 (#196) I23 (#197) P213 (#198)

AuCN AlPO-5 KNiCl3

P63mc (#186)

KCaF(CO3)AgI BaTi(Si3O9) Na2O2 SrBe3O4 AlB2 Beryl ZrI3 Graphite Ba(AuF6)2
tetrakis((18-Crown-6)-
thallium) MnCl4 (TlCl4)2

Bi2O3 Langbeinite

I213 (#199) Pm3 (#200) Pn3 (#201) Fm3 (#202) Fd3 (#203) Im3 (#204) Pa3 (#205) Ia3 (#206) P432 (#207) P4232 (#208) F432 (#209) F4132 (#210) I432 (#211) P4332 (#212) P4132 (#213) I4132 (#214)

K2Pb2O3 Sr3C60 MgSn(OH)6 K2Pb(Cu(NO2)6) Dodecasil Na1-xWO3 Pyrite Yttria BIF-9-Cu Be3P2 PCN-20 Te(OH)6 NiHg4 LiFe5O8 C(NH2)3)2(SO4) Gd3Cl3C

P43m (#215) F43m (#216) I43m (#217) P43n (#218) F43c (#219) I43d (#220) Pm3m (#221) Pn3n (#222) Pm3n (#223) Pn3m (#224) Fm3m (#225) Fm3c (#226) Fd3m (#227) Fd3c (#228) Im3m (#229) Ia3d (#230)

Co3L2(tpt)2 Fe3O4 Zeolite Rho Sodalite Mn3B7O13I
Katoite 

hydrogarnet ZIF-71-RHO Co-Squarate V6SnSi (NH4)[(Mo12O36)(AsO4)Mo(MoO)] NaCl LTA Spinel (Cr(NH3)6)(CuCl5) BaCuO2 Ba3(Al(OH)6)2

Crystal structures drawn with VESTA
K. Momma and F. Izumi, J. Appl. Crystallogr. 2011, 44, 1272-1276

“Quantum Mechanical Systems”

at “Large Quantum Number”
(The topic today is unfortunately  

not really quantum or with large quantum number)



Classification of T=0 phases
3

Systems described by 
Hamiltonian with symmetry G

Ordered phase (G→H)

Spontaneous symmetry breaking?

Disordered phase

Excitation gap?Yes NoExcitation gap?Yes No

• Fermi liquids

• Critical phases

• Gapless spin liquids

• …

Gapless 
Disordered phase

Gapped 
Disordered phase

Short-range entangled 
phases

Topologically ordered phases (FQHE, QSL, …) 
Fracton topological orders

• Trivial phases

• Topological insulators

• Symmetry-protected  

topological phases

Degeneracy  
more than |G/H|?

Gapless 
Ordered phase

Gapped 
Ordered phase

Long-range entangled 
phases

• Continuous symmetry breaking

• …

Degeneracy?Yes No Yes No

Yes No
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Nambu-Goldstone modes in 
relativistic systems

4

k

E(k) Energy dispersion

Gap Δ

Maurer–Cartan one-formlow-E effective Lagrangian

Counting rule:

Upon spontaneous breaking of G into H
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HW, H. Murayama, PRL (2012), HW, Annual Review of Condensed Matter Physics (2020)

Nambu-Goldstone modes in 
non-relativistic systems

k

E(k) E(k)

k

linear quadratic
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HW, H. Murayama, PRL (2012), HW, Annual Review of Condensed Matter Physics (2020)
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HW, M. Oshikawa, PRL (2015)

Quantum Time Crystals
<ρ(x)> : ground-state expectation 
value of density of ions, atoms, …

position x time t

<O(t)> : ground-state expectation 
value of an observable

F. Wilczek, PRL (2012)

We showed f(t) is time-independent → absence of QTC

(conventional) crystal Quantum Time Crystal

→ Recent realization of Discrete Time Crystals (in driven systems) D. V. Else, et al, ARCMP (2020)
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Classification of  
short-range entangled phases
• Assume a symmetry G and excitation gap Δ


• H1 ~ H2 if H1 and H2 are connected without breaking symmetry G 
or closing gap Δ (with or without ancillas)


• Trivial phases are connected to a real-space product state. 


• Topological phases contain irremovable quantum entanglement.

8

H1

H2

product state 1

H3

product state 2
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• 2D topological insulator


• Haldane phase

9

C. L. Kane and E. J. Mele, PRL (2005)

Bulk topology implies nontrivial boundary. 
Boundary states(=degrees of freedom) / surface topological order

S. Oh, Science (2013)

Bulk-boundary correspondence 
of topological phases

S = 1/2 edge spin
<latexit sha1_base64="nTIGcnQyuqQxy8Vc0I6LL7mPGkU=">AAACJHicbZDLSgMxFIYzXmu9VV26GSyCoJQZUexGKLgprirYC3SGIZOmbWiSGZIzQhnmVVz6JC7VjXThxmcxnXahrT8E/nznHJLzhzFnGhzny1pZXVvf2CxsFbd3dvf2SweHLR0litAmiXikOiHWlDNJm8CA006sKBYhp+1wdDett5+o0iySjzCOqS/wQLI+IxgMCkpVb4ghrWe3955ORJDKLAdeKFKdZfmd9CJYgOduFpTKTsXJZS8bd27KaK5GUJp4vYgkgkogHGvddZ0Y/BQrYITTrOglmsaYjPCAdo2VWFDtp/mGmX1qSM/uR8ocCXZOf0+kWGg9FuFFKEyzwDDUi+Up/K/WTaBf9VMm4wSoJLO3+gm3IbKnidk9pigBPjYGE8XMd20yxAoTMLkWTQ7u4tbLpnVZca8rzsNVuVadJ1JAx+gEnSEX3aAaqqMGaiKCntErekcf1ov1Zn1ak1nrijWfOUJ/ZH3/AD4MpvI=</latexit>

Ĥ = J

X

n

ŝn · ŝn+1

S = 1 Heisenberg model



Bulk-boundary correspondence 
— anomaly inflow —

10

2+1 dim

bulk

1+1 dim

edge

1+1 dim edge 
Chiral edge mode

2+1 dim bulk: 
Chern Simons theory

- Gauge invariant if no boundary

- Gauge dependent with boundary Chiral anomaly

…

gauge dependence

cancels between 


bulk and edge


robust against  
decoration / perturbation  

of surface
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Bulk-boundary correspondence 
for higher-order topology

F. Schindler et al, Nature Physics (2018)  
F. Schindler et al, Science Advances (2018) 

Higher order topology in Bismuth

M. Fruchart et al, Nature (2018) 

Boundary states can be localized to corners and hinges

depending on the bulk topology.

Inversion symmetric 3D topological 
insulator under magnetic field

1D chiral mode

0D zero

mode

0D zero

mode

0D zero

mode

2D gapless

mode1D gapless


mode

1D gapless

mode



Symmetry indicators of 
band topology

• A handy diagnosis of topology


• Similar relation holds in the band structure of electrons in solids  



• Investigation of topological properties for all materials listed on database

A paradigm shift 
in material search

Higher-order topology in Bismuth
Schindler et al, Nat. Phys. (2018)

Material 
Data

Topological property 
of materials

Fist principles calculations 
+ symmetry indicator method

https://www.google.com/search?client=safari&rls=en&q=A+paradigm+shift&spell=1&sa=X&ved=2ahUKEwj2scrMluDyAhUJG6YKHbc8AOYQkeECKAB6BAgBEDA


• Investigation of topological properties for all materials listed on database

A paradigm shift 
in material search

Higher-order topology in Bismuth
Schindler et al, Nat. Phys. (2018)

Material 
Data

Topological property 
of materials

Fist principles calculations 
+ symmetry indicator method

https://www.google.com/search?client=safari&rls=en&q=A+paradigm+shift&spell=1&sa=X&ved=2ahUKEwj2scrMluDyAhUJG6YKHbc8AOYQkeECKAB6BAgBEDA


14

Bulk-boundary correspondence 
of trivial insulators

W. A. Benalcazar, B. A. Bernevig, T. L. Hughes,  
Science (2017) / PRB (2017) W. A. Benalcazar, T. Li, T. L. Hughes,  

PRB (2019)

Bulk multipole moment implies boundary charges. 
Charges are “frozen” i.e., not degrees of freedom

Fractionally quantized

→ something topological



• Assume U(1) symmetry and translation symmetry  
 

• For classical point charges

15

Polarization and Edge charge

Polarization Polarization charge
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Px

Edge charge is given by bulk polarization!
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⇢(x) = �@xPx(x)
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d
<latexit sha1_base64="dHTjY3EXNJEpnRS40SWJuaqiVpY="></latexit>

P (classical)
x =

1

a

X

i2unit cell

Qixi =
(�e)(x0) + (+e)(x0 + d)

a
= e

d

a

Qedge ⌘ �
Z

edge
dx @xP (x) = Px

<latexit sha1_base64="kmvUyyXH7CbEJ+vV2PYRF20sJKI="></latexit>



Solitons in polyacetylene
• R. Jackiw and C. Rebbi, “Solitons with fermion number 1/2,” PRD (1976). 


• W. P. Su, J. R. Schrieffer, and A. J. Heeger, “Solitons in polyacetylene,” PRL (1979).


• A. J. Heeger, S. Kivelson, J. R. Schrieffer, and W. P. Su, “Solitons in conducting polymers,” RMP (1988).
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q/2

from: wikipedia

q = 2e



Formula of bulk polarization 
“Modern theory”

• Periodic Boundary Condition (PBC):


• Conserved U(1) charge and polarization operator


• Berry phase formula 

• Resta’s formula
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<latexit sha1_base64="LlNqeAKxYRzWpm9vJrbdz99ciVg="></latexit>

Px =
e

2⇡
Im log

⌦
ei2⇡P̂x/e

↵

<latexit sha1_base64="NMyBksZ+kXE6AVUHMTv9T3oopWY=">AAACD3icbVBNS8NAEN34WetX1KOXYFEqSElEsceCFw8eWrAf0MSy2W7bpZtN3J2UltB/4MW/4sWDIl69evPfuG1z0NYHA4/3ZpiZ50ecKbDtb2NpeWV1bT2zkd3c2t7ZNff2ayqMJaFVEvJQNnysKGeCVoEBp41IUhz4nNb9/vXErw+oVCwUdzCKqBfgrmAdRjBoqWWeuD0MSWXs0oeYDVwmoGXf37aH7tnUcGUvHOeHpy0zZxfsKaxF4qQkh1KUW+aX2w5JHFABhGOlmo4dgZdgCYxwOs66saIRJn3cpU1NBQ6o8pLpP2PrWCttqxNKXQKsqfp7IsGBUqPA150Bhp6a9ybif14zhk7RS5iIYqCCzBZ1Ym5BaE3CsdpMUgJ8pAkmkulbLdLDEhPQEWZ1CM78y4ukdl5wLgt25SJXKqZxZNAhOkJ55KArVEI3qIyqiKBH9Ixe0ZvxZLwY78bHrHXJSGcO0B8Ynz9W55zM</latexit>

Q̂ ⌘
Z L

0
dx ⇢̂(x)

<latexit sha1_base64="Hkwyakr+jfF5kDVlRVdwr8fbd1o="></latexit>

P̂x ⌘ 1

L

Z L

0
dx x⇢̂(x)

<latexit sha1_base64="xtUP53V9aGHnJO6FyPizvfFcxcM=">AAACHHicbVDLSsNAFJ34rPUVdekmWARBLIkP7EYouHHhooJ9QJOGyfSmHTp5MDORlpAPceOvuHGhiBsXgn/jtM1CWw8MHM45lzv3eDGjQprmt7awuLS8slpYK65vbG5t6zu7DRElnECdRCziLQ8LYDSEuqSSQSvmgAOPQdMbXI/95gNwQaPwXo5icALcC6lPCZZKcvUzu49lSrJOandxrwc8c9Ph8W12BZ30hNpxn2Z5wh128oirl8yyOYExT6yclFCOmqt/2t2IJAGEkjAsRNsyY+mkmEtKGGRFOxEQYzLAPWgrGuIAhJNOjsuMQ6V0DT/i6oXSmKi/J1IcCDEKPJUMsOyLWW8s/ue1E+lXnJSGcSIhJNNFfsIMGRnjpowu5UAkGymCCafqrwbpY46JVH0WVQnW7MnzpHFati7K5t15qVrJ6yigfXSAjpCFLlEV3aAaqiOCHtEzekVv2pP2or1rH9PogpbP7KE/0L5+AOQ3oxM=</latexit>

ĉ†x+L = e�i�ĉ†x

<latexit sha1_base64="9ijwJFhx3spgoJ55H4ymOF0iyXs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQhJKIYjdCwY0LFxXsA5o0TCaTdOjkwcxEWkK+wY2/4saFIm5dufNvnLZZaOuBC4dz7uXee9yEUSEN41srLS2vrK6V1ysbm1vbO/ruXlvEKcekhWMW866LBGE0Ii1JJSPdhBMUuox03OH1xO88EC5oHN3LcULsEAUR9SlGUkmOfmINkMxw3s8sDwUB4bmTjU5v86tCd0b9wnD0qlEzpoCLxCxIFRRoOvqX5cU4DUkkMUNC9EwjkXaGuKSYkbxipYIkCA9RQHqKRigkws6mL+XwSCke9GOuKpJwqv6eyFAoxDh0VWeI5EDMexPxP6+XSr9uZzRKUkkiPFvkpwzKGE7ygR7lBEs2VgRhTtWtEA8QR1iqFCsqBHP+5UXSPquZFzXj7rzaqBdxlMEBOATHwASXoAFuQBO0AAaP4Bm8gjftSXvR3rWPWWtJK2b2wR9onz/F9Z7B</latexit>

ĉ†x+L = ĉ†x

<latexit sha1_base64="PRCBNoYzARIT7qYv6kNNR5lDOEE=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIIghF1R9CIIXjxGMFHIhqV30psMzswuM7NiWPY7vPgrXjwo4k28+DdOHgdfBQ1FVTfdXXEmuLG+/+lNTc/Mzs0vLFaWlldW16rrGy2T5pphk6Ui1dcxGBRcYdNyK/A60wgyFngV35wN/atb1Ian6tIOMuxI6CmecAbWSVE1aER3J6EA1RNIwz7YolFGd6EeCXthooEVWBb7YcbLsAdSQlSt+XV/BPqXBBNSIxM0oup72E1ZLlFZJsCYduBntlOAtpwJLCthbjADdgM9bDuqQKLpFKPXSrrjlC5NUu1KWTpSv08UII0ZyNh1SrB989sbiv957dwmx52Cqyy3qNh4UZILalM6zIl2uUZmxcARYJq7Wynrg4vDujQrLoTg98t/SWu/HhzW/YuD2unxJI4FskW2yS4JyBE5JeekQZqEkXvySJ7Ji/fgPXmv3tu4dcqbzGySH/A+vgBcsqGt</latexit>

Px = hP̂xi+
e

2⇡
�

R. Resta, PRL (1998)

R. D. King-Smith, D. VanderbiltPRB (1993)

is inconsistent with PBC.

does not work in general!

̂Px
⟨ ̂Px⟩

<latexit sha1_base64="mt+kSwfxhq8Rb4jgF/WW5iLoOIk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRZBUMquKPZY8OLBQwX7Ie1Ssmm2DU2yS5KVlqW/wqN6Ea/+HA/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfBm6jefqNIskg9mHFNf4L5kISPYWOlx1NFMoNHZXbdYcsvuDGiZeBkpQYZat/jV6UUkEVQawrHWbc+NjZ9iZRjhdFLoJJrGmAxxn7YtlVhQ7aezgyfoxCo9FEbKljRopv6eSLHQeiyC80DYZoHNQC/aU/E/r52YsOKnTMaJoZLMd4UJRyZC0wBQjylKDB9bgoli9lxEBlhhYmxMBZuDt/j1MmlclL2rsnt/WapWskTycATHcAoeXEMVbqEGdSAg4Ble4c1JnBfn3fmYt+acbOYQ/sD5/AEhNJEH</latexit>

x ⇠ x+ L

<latexit sha1_base64="m4xLhiIkRfJiSrLG1BAV+x8pJjg=">AAACCnicbVDLSgMxFM3UV62vUZeCBIsgKGWmKHYjFNy4rGAf0BlKJs20oZlMSDJCGbtz6Ze4VDfi1l9w4d+YTmehrQcunJxzL7n3BIJRpR3n2yosLa+srhXXSxubW9s79u5eS8WJxKSJYxbLToAUYZSTpqaakY6QBEUBI+1gdD312/dEKhrzOz0WxI/QgNOQYqSN1LMPHzwxpKdVT1BPIj5g5CpT8kfPLjsVJwNcJG5OyiBHo2d/ef0YJxHhGjOkVNd1hPZTJDXFjExKXqKIQHiEBqRrKEcRUX6a3TGBx0bpwzCWpriGmfp7IkWRUuMoOAsi0xwhPVTz9lT8z+smOqz5KeUi0YTj2V9hwqCO4TQX2KeSYM3GhiAsqVkX4iGSCGuTXsnk4M5fvUha1Yp7UXFuz8v1Wp5IERyAI3ACXHAJ6uAGNEATYPAInsEreLOerBfr3fqYtRasfGYf/IH1+QM3z5qJ</latexit>

|�+ 2⇡i = |�i

Band insulators

G. Ortiz, R. M. Martin, PRB (1994)

HW, M. Oshikawa, PRX (2017)

Interacting systems

Twisted Boundary Condition

We know how to compute the bulk Px 
even for interacting systems!

i∂k ∼ x

<latexit sha1_base64="2KN1DIdvqmi/VoTRpr6hVBgEvy8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgKCUpit0IBTcuK9gHNCFMppN2yGQSZiZCCdm58VfcuFDErb/gzr9x0mah1QMXDufcy733+AmjUlnWl1FZWl5ZXauu1zY2t7Z3zN29noxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT98Lrw+/dESBrzOzVNiBuhMacBxUhpyTMPUy/jzll46gQC4azpJDTPUJ5fFXqYe2bdalgzwL/ELkkdlOh45qczinEaEa4wQ1IObStRboaEopiRvOakkiQIh2hMhppyFBHpZrM/cnislREMYqGLKzhTf05kKJJyGvm6M0JqIhe9QvzPG6YqaLkZ5UmqCMfzRUHKoIphEQocUUGwYlNNEBZU3wrxBOlAlI6upkOwF1/+S3rNhn3RsG7P6+1WGUcVHIAjcAJscAna4AZ0QBdg8ACewAt4NR6NZ+PNeJ+3VoxyZh/8gvHxDY/ambs=</latexit>unk+ 2⇡
a

= unk

<latexit sha1_base64="K0n/wccHev/wIcSre23ZleV5K98="></latexit>

� = �
Z 2⇡

0
d� ih�|@�|�i

<latexit sha1_base64="kDn+yn4r9hi2CCc95jRgo5Svn/8="></latexit>

� = �
X

n2occ

Z 2⇡
a

0
dk u⇤

nki@kunk



Formula of bulk 
higher-order multipoles?
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• Difficulties in generalizing the Berry phase formula


• Attemps in generalizing Resta’s formula 
 
 
 

• Nested Wilson loop approach for band insulators (gives only the edge polarization.) 

• More direct generalization of the “modern theory”?

W. A. Benalcazar, B. A. Bernevig, T. L. Hughes,  Science (2017) / PRB (2017)

HW, S. Ono, PRB (2020)

L. Trifunovic, PRR (2020)

S. H. Kooi, G. van Miert, C. Ortix, npj QM (2021)

S. Ren, I. Souza, D. Vanderbilt, PRB (2021)

B. Kang, K. Shiozaki, G. Y. Cho, PRB (2019) 
W. A. Wheeler, L. K. Wagner, T. L. Hughes, PRB (2019) 
S. Ono, L. Trifunovic, HW, PRB (2019)

<latexit sha1_base64="YRVtu8QieL9WGAh4eT2fwqhQwAg="></latexit> X

n2occ

Z

BZ

dkx
2⇡

u⇤
nkx

i@kxunkx !
X

n2occ

Z

BZ

d2k

(2⇡)2
u⇤
nki@kxi@kyunk →gauge dependent
i∂kx

i∂ky
∼ xy unk ! ei✓kunk

<latexit sha1_base64="DKy/PS9RM92SvM4Ub6virYtmflk=">AAACNnicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdRS8eIxgVMjGZXbSSYbMzC4zvUpY9k/8EM9e9Qe8eBPx5ic4iXvwVdBQVFXTdMWpFBZ9/9mbmp6ZnZuvLFQXl5ZXVmtr6xc2yQyHFk9kYq5iZkEKDS0UKOEqNcBULOEyHp6M/csbMFYk+hxHKXQU62vRE5yhk6LaQRblOoxVPiyK0Ij+AJkxyS2F61yEOABkUV7axbdoVKv7DX8C+pcEJamTEs2o9h52E54p0Mgls7Yd+Cl2cmZQcAlFNcwspIwPWR/ajmqmwHbyyX8F3XZKl/YS40YjnajfN3KmrB2p2CUVw4H97Y3Ff71Y/Se3M+wddXKh0wxB86/7vUxSTOi4Q9oVBjjKkSOMG+FeoHzADOPomq66boLfTfwlF7uNYK+xf7ZXPz4qW6qQTbJFdkhADskxOSVN0iKc3JEH8kievHvvxXv13r6iU165s0F+wPv4BEc4rsc=</latexit>



Our goal
1. Give a general formulation of the bulk multipole moments 

→ Characterization of trivial phases of matter


2. Clarify the relation to corner / hinges charges


3. Propose materials / experiments
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Images from http://www.atomsinmotion.com/book/chapter4/salts



Polarization  
in 1D systems



• Assume U(1) symmetry and translation symmetry  
 

• For classical point charges

21

Polarization and Edge charge

Polarization Polarization charge

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="GWjewyERa53FsQpgIukf7NpORTg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURxR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSwwX2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6r3nXVvb+q1Gt5HEU4gVM4Bw9uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzERjRo=</latexit>�e
<latexit sha1_base64="+kQmhFHqx6WICfqKYe2mDqxw48s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiij0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Wveuqe39VqdfyOIpwAqdwDh7cQB3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBy4HjRg=</latexit>

+e

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="yekXo91nr6xxMVs1QdJ2WmEQFQA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx03+g/9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5V1b27rNRreRxFOIFTOAcPrqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AE4rI25</latexit>

Px

Edge charge is given by bulk polarization!

<latexit sha1_base64="YncSotVauE/pTTVebMbOn//Xyns=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEurDMiKIboeDGZQX7gM4wZNJMG5pJhiQjLaW48VfcuFDErV/hzr8x085CWw9cOJxzb3LvCRNGlXacb6uwtLyyulZcL21sbm3v2Lt7TSVSiUkDCyZkO0SKMMpJQ1PNSDuRBMUhI61wcJP5rQciFRX8Xo8S4seox2lEMdJGCuwDT/ZFZXhyfeolSGqKWDCsB0OjBHbZqTpTwEXi5qQMctQD+8vrCpzGhGvMkFId10m0P85exYxMSl6qSILwAPVIx1COYqL88fSECTw2ShdGQpriGk7V3xNjFCs1ikPTGSPdV/NeJv7ndVIdXfljypNUE45nH0Upg1rALA/YpZJgzUaGICyp2RXiPpIIa5NayYTgzp+8SJpnVfei6tydl2u1PI4iOARHoAJccAlq4BbUQQNg8AiewSt4s56sF+vd+pi1Fqx8Zh/8gfX5Aw0vlo8=</latexit>

⇢(x) = �@xPx(x)
<latexit sha1_base64="hPb6D15tAGu6KTZ+RoR4UyFnSaA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquKHosePFYwX5Au5Rsmm1js8mSZKVl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJv57SeqNJPiwUxj6kd4KFjICDZWajX6k+rkvF+uuDV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWti5p3VXPvLyv1eh5HEU7gFKrgwTXU4Q4a0AQCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8A3sKOqA==</latexit>

Px(x)

<latexit sha1_base64="9kkvNJLWhcSba9Ey/kG8p0S4p4g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5EPOqLFSMxyUK27VXYCsEy8nFcjRGJS/+mHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVVCMoyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNcOan3GZpAYlWy4apoKYmMy/JiFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rbvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBxjmM4g==</latexit>

d
<latexit sha1_base64="dHTjY3EXNJEpnRS40SWJuaqiVpY="></latexit>

P (classical)
x =

1

a

X

i2unit cell

Qixi =
(�e)(x0) + (+e)(x0 + d)

a
= e

d

a

Qedge ⌘ �
Z

edge
dx @xP (x) = Px

<latexit sha1_base64="kmvUyyXH7CbEJ+vV2PYRF20sJKI="></latexit>



Ambiguity of bulk polarization
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<latexit sha1_base64="GWjewyERa53FsQpgIukf7NpORTg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURxR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSwwX2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6r3nXVvb+q1Gt5HEU4gVM4Bw9uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzERjRo=</latexit>�e
<latexit sha1_base64="+kQmhFHqx6WICfqKYe2mDqxw48s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiij0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Wveuqe39VqdfyOIpwAqdwDh7cQB3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBy4HjRg=</latexit>

+e

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

Bulk polarization has an integer ambiguity.  
(Choice of unit cell)

<latexit sha1_base64="9kkvNJLWhcSba9Ey/kG8p0S4p4g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5EPOqLFSMxyUK27VXYCsEy8nFcjRGJS/+mHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVVCMoyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNcOan3GZpAYlWy4apoKYmMy/JiFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rbvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBxjmM4g==</latexit>

d
<latexit sha1_base64="M4JPRLxFvI7lUzxNlMzjWaERXS0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURxR4LXjxWtB/QhjLZbNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZoqxJE5GoToCaCS5Z03AjWCdVDONAsHYwup357SemNE/koxmnzI9xIHnEKRorPeBF2C9X3Ko7B1klXk4qkKPRL3/1woRmMZOGCtS667mp8SeoDKeCTUu9TLMU6QgHrGupxJhpfzI/dUrOrBKSKFG2pCFz9ffEBGOtx3FgO2M0Q73szcT/vG5mopo/4TLNDJN0sSjKBDEJmf1NQq4YNWJsCVLF7a2EDlEhNTadkg3BW355lbQuq9511b2/qtRreRxFOIFTOAcPbqAOd9CAJlAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AHoOY2E</latexit>

a� d

<latexit sha1_base64="fSWXUWjnvZ4aOu7MyLWn/EiPj1U="></latexit>

P (classical)
x =

1

a

X

i2unit cell

Qixi =
(�e)(x0) + (+e)(x0 + d� a)

a
= e

d

a
� e

<latexit sha1_base64="dHTjY3EXNJEpnRS40SWJuaqiVpY="></latexit>

P (classical)
x =

1

a

X

i2unit cell

Qixi =
(�e)(x0) + (+e)(x0 + d)

a
= e

d

a



Ambiguity of edge charge
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<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

Edge charge also has an integer ambiguity. 
(Choice of edge termination & decoration)

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="GWjewyERa53FsQpgIukf7NpORTg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURxR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSwwX2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6r3nXVvb+q1Gt5HEU4gVM4Bw9uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzERjRo=</latexit>�e
<latexit sha1_base64="+kQmhFHqx6WICfqKYe2mDqxw48s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiij0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Wveuqe39VqdfyOIpwAqdwDh7cQB3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBy4HjRg=</latexit>

+e

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x
<latexit sha1_base64="9kkvNJLWhcSba9Ey/kG8p0S4p4g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5EPOqLFSMxyUK27VXYCsEy8nFcjRGJS/+mHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVVCMoyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNcOan3GZpAYlWy4apoKYmMy/JiFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rbvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBxjmM4g==</latexit>

d
<latexit sha1_base64="M4JPRLxFvI7lUzxNlMzjWaERXS0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURxR4LXjxWtB/QhjLZbNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZoqxJE5GoToCaCS5Z03AjWCdVDONAsHYwup357SemNE/koxmnzI9xIHnEKRorPeBF2C9X3Ko7B1klXk4qkKPRL3/1woRmMZOGCtS667mp8SeoDKeCTUu9TLMU6QgHrGupxJhpfzI/dUrOrBKSKFG2pCFz9ffEBGOtx3FgO2M0Q73szcT/vG5mopo/4TLNDJN0sSjKBDEJmf1NQq4YNWJsCVLF7a2EDlEhNTadkg3BW355lbQuq9511b2/qtRreRxFOIFTOAcPbqAOd9CAJlAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AHoOY2E</latexit>

a� d
<latexit sha1_base64="GWjewyERa53FsQpgIukf7NpORTg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURxR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSwwX2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6r3nXVvb+q1Gt5HEU4gVM4Bw9uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzERjRo=</latexit>�e

<latexit sha1_base64="+kQmhFHqx6WICfqKYe2mDqxw48s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiij0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Wveuqe39VqdfyOIpwAqdwDh7cQB3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBy4HjRg=</latexit>

+e



• Assume inversion symmetry (x→−x) in addition to U(1) and translation.


• Inversion symmetry flips the sign of polarization → quantization to 0 or e/2.


• There are at least two phases → trivial phases are not unique!

24

Quantization under symmetry

<latexit sha1_base64="uCzK32gA0xQDNjRCxFu//fd7yXY=">AAACC3icbVC7SsRAFJ34XNfXqqXN4CJYLYkobiMINpYruA/YhDCZvdHBSSbM3IhLSG/jr9hYKGLrD9j5N84+Cl091eGce7nnniiTwqDrfjlz8wuLS8uVlerq2vrGZm1ru2NUrjm0uZJK9yJmQIoU2ihQQi/TwJJIQje6PR/53TvQRqj0CocZBAm7TkUsOEMrhbW9Vnh/6voI91hQpWnpx5rxwiuLwxL8RA0ohLW623DHoH+JNyV1MkUrrH36A8XzBFLkkhnT99wMg4JpFFxCWfVzAxnjt+wa+pamLAETFONfSrpvlQGNbZRYpUjH6s+NgiXGDJPITiYMb8ysNxL/8/o5xs2gEGmWI6R8cijOJUVFR8XQgdDAUQ4tYVwLm5XyG2bLQFtf1Zbgzb78l3QOG95xw708qp81p3VUyC7ZIwfEIyfkjFyQFmkTTh7IE3khr86j8+y8Oe+T0TlnurNDfsH5+AZfsZqY</latexit>

Px = 0 or
1

2
e mod e

<latexit sha1_base64="LJsUVMjY/h1G0gppEwFLxbPpAh8=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwY5kRxW6EghuXFewD2mHIZDJtaB5DkimWoX/ixoUibv0Td/6NaTsLbT1wL4dz7iU3J0oZ1cbzvp3S2vrG5lZ5u7Kzu7d/4B4etbXMFCYtLJlU3QhpwqggLUMNI91UEcQjRjrR6G7md8ZEaSrFo5mkJOBoIGhCMTJWCl33ohk+wVtoe5/LGJLQrXo1bw64SvyCVEGBZuh+9WOJM06EwQxp3fO91AQ5UoZiRqaVfqZJivAIDUjPUoE40UE+v3wKz6wSw0QqW8LAufp7I0dc6wmP7CRHZqiXvZn4n9fLTFIPcirSzBCBFw8lGYNGwlkMMKaKYMMmliCsqL0V4iFSCBsbVsWG4C9/eZW0L2v+dc17uKo26kUcZXACTsE58MENaIB70AQtgMEYPINX8Obkzovz7nwsRktOsXMM/sD5/AGvG5Je</latexit>

�Px = Px mod e

<latexit sha1_base64="Px+NR54fmuwgXc68NTRnaChwTsU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpih4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSwwX2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqadWq3lXVvb+s1Gt5HEU4gVM4Bw+uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ay9DjRQ=</latexit>�e
<latexit sha1_base64="SWue4KGKpwZI7TnixNGYhX2IkNw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSFD0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0qpVvauqe39ZqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzByw5jRI=</latexit>

+e

<latexit sha1_base64="oz1+3enmm18/8/dwuc9wnWzFSd4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reddVtXlXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AdZuMqA==</latexit>

0
<latexit sha1_base64="oz1+3enmm18/8/dwuc9wnWzFSd4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reddVtXlXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AdZuMqA==</latexit>

0

<latexit sha1_base64="9zJ1U5o5+JSaWBS08OAnB1GeiX0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSFD0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh4sa9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqt5V1b2/rNRreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGdRI1O</latexit>

+2e
<latexit sha1_base64="zndZINlBSHNLddtsi2QSxs8R2X4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpih4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0UN++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+q6t5fVuq1PI4inMApnIMH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCgUI1Q</latexit>

�2e

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ms9Mq06qduhg5ax+qUjOyBGuWGY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSFD0WvHhswdZCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nimGLxSJWnYBqFFxiy3AjsJMopFEg8CEY3878hydUmsfy3kwS9CM6lDzkjBorNS/65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76rqNi8r9VoeRxFO4BTOwYNrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AG4HjKM=</latexit>

+
<latexit sha1_base64="9zJ1U5o5+JSaWBS08OAnB1GeiX0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSFD0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh4sa9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqt5V1b2/rNRreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGdRI1O</latexit>

+2e
<latexit sha1_base64="SWue4KGKpwZI7TnixNGYhX2IkNw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSFD0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0qpVvauqe39ZqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzByw5jRI=</latexit>

+e
<latexit sha1_base64="SWue4KGKpwZI7TnixNGYhX2IkNw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSFD0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0qpVvauqe39ZqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzByw5jRI=</latexit>

+e

Y. Fuji, F. Pollmann, M. Oshikawa, PRL (2015) 
H. C. Po, A. Vishwanath, HW, Nature Comm (2017) 
+ many other works in the context of TCI

The U(1) charge Q mod 2e at the inversion center 
is a topological invariant.



• Sometimes charge neutrality and point-group symmetry  
cannot be simultaneously respected.
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“Filling anomaly”
W. A. Benalcazar, T. Li, T. L. Hughes,  

PRB (2019)

Note: 

1. This formula assumes charges are localized to edges.

2. Termination has to be designed carefully.

<latexit sha1_base64="SqnIWjhzGg19HO9J3wgzVTpULY8=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4qjOi6EYQ3LhUsBfolJLJnKnBZDIkZ8QyzGP4IK7d6jOIG3HbtzCtRbz9EPj5/3MI54syKSz6/qs3NT0zOze/sFhZWl5ZXauubzStzg2HBtdSm3bELEiRQgMFSmhnBpiKJLSim7NR37oFY4VOr3CQQVexfioSwRm6qFfdu+wVIcIdFhD3oSxPwsQwXgRlsV9+VaixLEOlYwq9as2v+2PRvyaYmBqZ6KJXHYax5rmCFLlk1nYCP8NuwQwKLqGshLmFjPEb1oeOsylTYLvF+LCS7rgkpok27qVIx+n3jYIpawcqcpOK4bX93Y3Cf7tI/Rd3ckyOu4VIsxwh5Z//J7mkqOkIHo2FAY5y4AzjRrgTKL9mDhg6xBXHJvhN4q9p7teDw7p/eVA7PZ5QWiBbZJvskoAckVNyTi5Ig3ByTx7JE3n2HrwX7817/xyd8iY7m+SHvOEHpqGqxA==</latexit>

Qedge =
1

2
Qtot mod e

<latexit sha1_base64="GWjewyERa53FsQpgIukf7NpORTg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURxR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSwwX2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6r3nXVvb+q1Gt5HEU4gVM4Bw9uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzERjRo=</latexit>�e
<latexit sha1_base64="+kQmhFHqx6WICfqKYe2mDqxw48s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiij0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Wveuqe39VqdfyOIpwAqdwDh7cQB3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBy4HjRg=</latexit>

+e



• Sometimes charge neutrality and point-group symmetry  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“Filling anomaly”
W. A. Benalcazar, T. Li, T. L. Hughes,  

PRB (2019)

Note: 

1. This formula assumes charges are localized to edges.

2. Termination has to be designed carefully.

<latexit sha1_base64="SqnIWjhzGg19HO9J3wgzVTpULY8=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4qjOi6EYQ3LhUsBfolJLJnKnBZDIkZ8QyzGP4IK7d6jOIG3HbtzCtRbz9EPj5/3MI54syKSz6/qs3NT0zOze/sFhZWl5ZXauubzStzg2HBtdSm3bELEiRQgMFSmhnBpiKJLSim7NR37oFY4VOr3CQQVexfioSwRm6qFfdu+wVIcIdFhD3oSxPwsQwXgRlsV9+VaixLEOlYwq9as2v+2PRvyaYmBqZ6KJXHYax5rmCFLlk1nYCP8NuwQwKLqGshLmFjPEb1oeOsylTYLvF+LCS7rgkpok27qVIx+n3jYIpawcqcpOK4bX93Y3Cf7tI/Rd3ckyOu4VIsxwh5Z//J7mkqOkIHo2FAY5y4AzjRrgTKL9mDhg6xBXHJvhN4q9p7teDw7p/eVA7PZ5QWiBbZJvskoAckVNyTi5Ig3ByTx7JE3n2HrwX7817/xyd8iY7m+SHvOEHpqGqxA==</latexit>

Qedge =
1

2
Qtot mod e

<latexit sha1_base64="GWjewyERa53FsQpgIukf7NpORTg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURxR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSwwX2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6r3nXVvb+q1Gt5HEU4gVM4Bw9uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzERjRo=</latexit>�e
<latexit sha1_base64="+kQmhFHqx6WICfqKYe2mDqxw48s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiij0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwvslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Wveuqe39VqdfyOIpwAqdwDh7cQB3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBy4HjRg=</latexit>

+e

Corner charge is a local property.

Not affected by the other edge

Qtot = 0

<latexit sha1_base64="czfAVm1bxaISsoCOzPN+WDXUFqE=">AAACEHicbZDLSgMxGIUz9VbrbdSlm2ARXJUZUexGKLhx2YK9QDsMmTTThiYzQ/JPsQx9Cddu9RnciVvfwEfwLUzbWWjbA4GPc/6fJCdIBNfgON9WYWNza3unuFva2z84PLKPT1o6ThVlTRqLWHUCopngEWsCB8E6iWJEBoK1g9H9LG+PmdI8jh5hkjBPkkHEQ04JGMu37Yaf9YA9QQYxTKd3jm+XnYozF14FN4cyylX37Z9eP6apZBFQQbTuuk4CXkYUcCrYtNRLNUsIHZEB6xqMiGTay+Yvn+IL4/RxGCtzIsBz9+9GRqTWExmYSUlgqJezmbk2C+Q6u5tCWPUyHiUpsIgu7g9TgSHGs3ZwnytGQUwMEKq4+QKmQ6IIBdNhyXTjLjexCq2rintduWlcl2vVvKUiOkPn6BK56BbV0AOqoyaiaIxe0Ct6s56td+vD+lyMFqx85xT9k/X1C2xYnQA=</latexit>



• Conserved charge of the U(1) symmetry: 

• Microscopic charge density:


• Coarse-grained charge density: 

• Definition of edge charge:

Definition of the edge charge
26

<latexit sha1_base64="sNV6ySaOXAVB0Zo3bLiouy5jwtc=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0WoC0sSFLsRCm5cVrAPaNIymUzaoZOHMxNpCfkdN/6KGwVF3fojTh/4aD1w4XDOvXfmHjdmVEjDeNdyS8srq2v59cLG5tb2jr671xBRwjGp44hFvOUiQRgNSV1SyUgr5gQFLiNNd3A59pt3hAsahTdyFBMnQL2Q+hQjqaSuXu2VhscXts8RTs0stcUtl6llxxTaTG3xUMfKMtJJT75brB9jqKqrF42yMQFcJOaMFMEMta7+bHsRTgISSsyQEG3TiKWTIi4pZiQr2IkgMcID1CNtRUMUEOGkk0szeKQUD/oRVxVKOFF/T6QoEGIUuKozQLIv5r2x+J/XTqRfcVIaxokkIZ4+5CcMygiOY4Me5QRLNlIEYU7VXyHuIxWJVOEWVAjm/MmLpGGVzbOycX1arFZmceTBATgEJWCCc1AFV6AG6gCDe/AIXsCr9qA9aW/ax7Q1p81m9sEfaJ9fIDOnJQ==</latexit>

g(x) =
1p
2⇡�2

e�
1

2�2 x2

<latexit sha1_base64="ApLAgJ+JeVebO1jr9lNqnBV0ovs=">AAACHnicbVBNSwMxFMz6bf2qevQSLEJ7KbtisRdB8OJRwarQrSWbvrbBbLIkb6Vl6S/x4l/x4kERwZP+G7O1B7UOBIaZeby8iRIpLPr+pzczOze/sLi0XFhZXVvfKG5uXVqdGg4NrqU21xGzIIWCBgqUcJ0YYHEk4Sq6Pcn9qzswVmh1gcMEWjHrKdEVnKGT2sVaaPr6JgsRBpiVY8GNroxG5UHlKJRM9STQsM8wy1O5Gpqx2C6W/Ko/Bp0mwYSUyARn7eJ72NE8jUEhl8zaZuAn2MqYQcEljAphaiFh/Jb1oOmoYjHYVjY+b0T3nNKhXW3cU0jH6s+JjMXWDuPIJWOGffvXy8X/vGaK3XorEypJERT/XtRNJUVN865oRxjgKIeOMG6E+yvlfWYYR9dowZUQ/D15mlzuV4Na1T8/KB3XJ3UskR2yS8okIIfkmJySM9IgnNyTR/JMXrwH78l79d6+ozPeZGab/IL38QUHuKL/</latexit>

⇢(micro)(x) = h⇢̂(x)i

<latexit sha1_base64="ApLAgJ+JeVebO1jr9lNqnBV0ovs=">AAACHnicbVBNSwMxFMz6bf2qevQSLEJ7KbtisRdB8OJRwarQrSWbvrbBbLIkb6Vl6S/x4l/x4kERwZP+G7O1B7UOBIaZeby8iRIpLPr+pzczOze/sLi0XFhZXVvfKG5uXVqdGg4NrqU21xGzIIWCBgqUcJ0YYHEk4Sq6Pcn9qzswVmh1gcMEWjHrKdEVnKGT2sVaaPr6JgsRBpiVY8GNroxG5UHlKJRM9STQsM8wy1O5Gpqx2C6W/Ko/Bp0mwYSUyARn7eJ72NE8jUEhl8zaZuAn2MqYQcEljAphaiFh/Jb1oOmoYjHYVjY+b0T3nNKhXW3cU0jH6s+JjMXWDuPIJWOGffvXy8X/vGaK3XorEypJERT/XtRNJUVN865oRxjgKIeOMG6E+yvlfWYYR9dowZUQ/D15mlzuV4Na1T8/KB3XJ3UskR2yS8okIIfkmJySM9IgnNyTR/JMXrwH78l79d6+ozPeZGab/IL38QUHuKL/</latexit>

⇢(micro)(x) = h⇢̂(x)i

<latexit sha1_base64="ZNbQdCclvrqYHdvS5tZbPoOuuOA="></latexit>

⇢(smooth)(x) =

Z
dx0g(x� x0)⇢(micro)(x)

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="ZhkVTgfEBNEXbQdnbI4SV8mumIA=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlEsRuh4MZlC/YBTSiTyaQdOsmEmYm0hGzc+CtuXCji1n9w5984TbPQ1gMDZ865l3vv8WJGpbKsb2NldW19Y7O0Vd7e2d3bNw8OO5InApM25oyLnockYTQibUUVI71YEBR6jHS98e3M7z4QISmP7tU0Jm6IhhENKEZKSwPzxBkhlbayG4dGCvqT/OuIEc+qk/OBWbFqVg64TOyCVECB5sD8cnyOk5BECjMkZd+2YuWmSCiKGcnKTiJJjPAYDUlf0wiFRLppfkUGz7Tiw4AL/fQuufq7I0WhlNPQ05UhUiO56M3E/7x+ooK6m9IoThSJ8HxQkDCoOJxFAn0qCFZsqgnCgupdIR4hgbDSwZV1CPbiycukc1Gzr2pW67LSqBdxlMAxOAVVYINr0AB3oAnaAINH8AxewZvxZLwY78bHvHTFKHqOwB8Ynz9wBJh+</latexit>

Q̂ =

Z
dx⇢̂(x)

<latexit sha1_base64="ga31h6OUoa1jgJIamCb7Cyhb1O8="></latexit>

Qedge ⌘
Z W

�1
dx ⇢(smooth)(x)

<latexit sha1_base64="+s6XH6TKzRy4PGQLDZIRGhOwEHs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi2GXBjcsK9gEzQ8lkMm1oMhmSO0IZ+hluXCji1q9x59+YtrPQ1gOBwznnkntPlAluwHW/ncrG5tb2TnW3trd/cHhUPz7pGZVryrpUCaUHETFM8JR1gYNgg0wzIiPB+tHkbu73n5g2XKWPMM1YKMko5QmnBKzkB4bLQNh4TIb1htt0F8DrxCtJA5XoDOtfQaxoLlkKVBBjfM/NICyIBk4Fm9WC3LCM0AkZMd/SlEhmwmKx8gxfWCXGidL2pYAX6u+JgkhjpjKySUlgbFa9ufif5+eQtMKCp1kOLKXLj5JcYFB4fj+OuWYUxNQSQjW3u2I6JppQsC3VbAne6snrpHfV9G6a7sN1o90q66iiM3SOLpGHblEb3aMO6iKKFHpGr+jNAefFeXc+ltGKU86coj9wPn8AWwiRRA==</latexit>

⇠ �

<latexit sha1_base64="cXDKXUtW0baLmw7B7nlz/WONAlA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKwRwDXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0TCA/KFb/qL4DWSZCTCuRoDspf/aEiqaDSEo6N6QV+YsMMa8sIp7NSPzU0wWSCR7TnqMSCmjBbXDtDF04ZolhpV9Kihfp7IsPCmKmIXKfAdmxWvbn4n9dLbVwPMyaT1FJJlovilCOr0Px1NGSaEsunjmCimbsVkTHWmFgXUMmFEKy+vE7aV9WgVvXvryuNeh5HEc7gHC4hgBtowB00oQUEHuEZXuHNU96L9+59LFsLXj5zCn/gff4ALtKO1g==</latexit>⇠ a



• Translation invariance  
→ a repetition unit of charge density 
 
 
 
 

• Definition of bulk polarization
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<latexit sha1_base64="/fINFEmv1e29mI53CDG8oVq5Eyw="></latexit>

⇢(micro)(x) =
+1X

n=�1
⇢0(x� na)

<latexit sha1_base64="ApLAgJ+JeVebO1jr9lNqnBV0ovs=">AAACHnicbVBNSwMxFMz6bf2qevQSLEJ7KbtisRdB8OJRwarQrSWbvrbBbLIkb6Vl6S/x4l/x4kERwZP+G7O1B7UOBIaZeby8iRIpLPr+pzczOze/sLi0XFhZXVvfKG5uXVqdGg4NrqU21xGzIIWCBgqUcJ0YYHEk4Sq6Pcn9qzswVmh1gcMEWjHrKdEVnKGT2sVaaPr6JgsRBpiVY8GNroxG5UHlKJRM9STQsM8wy1O5Gpqx2C6W/Ko/Bp0mwYSUyARn7eJ72NE8jUEhl8zaZuAn2MqYQcEljAphaiFh/Jb1oOmoYjHYVjY+b0T3nNKhXW3cU0jH6s+JjMXWDuPIJWOGffvXy8X/vGaK3XorEypJERT/XtRNJUVN865oRxjgKIeOMG6E+yvlfWYYR9dowZUQ/D15mlzuV4Na1T8/KB3XJ3UskR2yS8okIIfkmJySM9IgnNyTR/JMXrwH78l79d6+ozPeZGab/IL38QUHuKL/</latexit>

⇢(micro)(x) = h⇢̂(x)i

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x <latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="+s6XH6TKzRy4PGQLDZIRGhOwEHs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi2GXBjcsK9gEzQ8lkMm1oMhmSO0IZ+hluXCji1q9x59+YtrPQ1gOBwznnkntPlAluwHW/ncrG5tb2TnW3trd/cHhUPz7pGZVryrpUCaUHETFM8JR1gYNgg0wzIiPB+tHkbu73n5g2XKWPMM1YKMko5QmnBKzkB4bLQNh4TIb1htt0F8DrxCtJA5XoDOtfQaxoLlkKVBBjfM/NICyIBk4Fm9WC3LCM0AkZMd/SlEhmwmKx8gxfWCXGidL2pYAX6u+JgkhjpjKySUlgbFa9ufif5+eQtMKCp1kOLKXLj5JcYFB4fj+OuWYUxNQSQjW3u2I6JppQsC3VbAne6snrpHfV9G6a7sN1o90q66iiM3SOLpGHblEb3aMO6iKKFHpGr+jNAefFeXc+ltGKU86coj9wPn8AWwiRRA==</latexit>

⇠ �
<latexit sha1_base64="cXDKXUtW0baLmw7B7nlz/WONAlA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKwRwDXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0TCA/KFb/qL4DWSZCTCuRoDspf/aEiqaDSEo6N6QV+YsMMa8sIp7NSPzU0wWSCR7TnqMSCmjBbXDtDF04ZolhpV9Kihfp7IsPCmKmIXKfAdmxWvbn4n9dLbVwPMyaT1FJJlovilCOr0Px1NGSaEsunjmCimbsVkTHWmFgXUMmFEKy+vE7aV9WgVvXvryuNeh5HEc7gHC4hgBtowB00oQUEHuEZXuHNU96L9+59LFsLXj5zCn/gff4ALtKO1g==</latexit>⇠ a

<latexit sha1_base64="BbSBjDwpiXZXiwYCEUaBrZBpV0U="></latexit>

⇢0(x) ! 0 when |x| � a

(Definition of the bulk 
polarization)

<latexit sha1_base64="P4iqPRKd/V+qEUwImrvnVOV881A=">AAACB3icbZDLSgMxGIX/qbdab1WXboJFqJsyI4pdFty4rGAv0g4lk2ba0GQyJBmxDH0A1271GdyJWx/DR/AtTNtZaNsDgY9z/p8kJ4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8amqZKEIbRHKp2gHWlLOINgwznLZjRbEIOG0Fo5tp3nqkSjMZ3ZtxTH2BBxELGcHGWg9dNZQ9t/x03iuW3Io7E1oGL4MSZKr3ij/dviSJoJEhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdihAXVfjp78ASdWaePQqnsiQyauX83Uiy0HovATgpshnoxm5ors0CssjuJCat+yqI4MTQi8/vDhCMj0bQU1GeKEsPHFjBRzH4BkSFWmBhbXcF24y02sQzNi4p3VXHvLku1atZSHk7gFMrgwTXU4Bbq0AACAl7gFd6cZ+fd+XA+56M5J9s5hn9yvn4BHKaY/Q==</latexit>

⇢0(x) <latexit sha1_base64="zkL+c3CS7YXS/yQAjPO1C7YuPu0=">AAACAHicbZDLSgMxGIX/eK31VnXpJlgEV2VGFLssuHFZxV6gHUomzbShSWZIMkIZunHtVp/Bnbj1TXwE38K0nYW2PRD4OOf/SXLCRHBjPe8bra1vbG5tF3aKu3v7B4elo+OmiVNNWYPGItbtkBgmuGINy61g7UQzIkPBWuHodpq3npg2PFaPdpywQJKB4hGnxDrroZv1SmWv4s2El8HPoQy56r3ST7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcaiIZCbIZi+d4HPn9HEUa3eUxTP370ZGpDFjGbpJSezQLGZTc2UWylV2J7VRNci4SlLLFJ3fH6UC2xhP28B9rhm1YuyAUM3dFzAdEk2odZ0VXTf+YhPL0Lys+NcV7/6qXKvmLRXgFM7gAny4gRrcQR0aQCGCF3iFN/SM3tEH+pyPrqF85wT+CX39ApkzlpE=</latexit>

{is not unique.


          We require

<latexit sha1_base64="J2bweqgJ/VhN1gKyt1V/W48FvqU=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxYUVmjEaWJG5cQiI/CUxIp1ygoZ2ZtB0TMmHh2q0+gzvj1kfxEXwLC8xCgZM0+XLOvWl7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ch5i03AjsBMrpDIQ2A4m9/O8/YRK8yh8NNMYfUlHIR9yRo21GuV+seRW3IXIOngZlCBTvV/86Q0ilkgMDRNU667nxsZPqTKcCZwVeonGmLIJHWHXYkglaj9dPHRGrqwzIMNI2RMasnD/bqRUaj2VgZ2U1Iz1ajY3N2aB3GR3EzOs+ikP48RgyJb3DxNBTETmZZABV8iMmFqgTHH7BcLGVFFmbGUF24232sQ6tK4r3m3FbdyUatWspTxcwCWUwYM7qMED1KEJDBBe4BXenGfn3flwPpejOSfbOYd/cr5+AVrYldg=</latexit>

(
<latexit sha1_base64="J2bweqgJ/VhN1gKyt1V/W48FvqU=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxYUVmjEaWJG5cQiI/CUxIp1ygoZ2ZtB0TMmHh2q0+gzvj1kfxEXwLC8xCgZM0+XLOvWl7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ch5i03AjsBMrpDIQ2A4m9/O8/YRK8yh8NNMYfUlHIR9yRo21GuV+seRW3IXIOngZlCBTvV/86Q0ilkgMDRNU667nxsZPqTKcCZwVeonGmLIJHWHXYkglaj9dPHRGrqwzIMNI2RMasnD/bqRUaj2VgZ2U1Iz1ajY3N2aB3GR3EzOs+ikP48RgyJb3DxNBTETmZZABV8iMmFqgTHH7BcLGVFFmbGUF24232sQ6tK4r3m3FbdyUatWspTxcwCWUwYM7qMED1KEJDBBe4BXenGfn3flwPpejOSfbOYd/cr5+AVrYldg=</latexit>

(



• For band insulators, ρ0(x) is given by Wannier function


• Our expression of Px reduces to the Berry phase formula

(Definition of the bulk 
polarization)
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<latexit sha1_base64="ApLAgJ+JeVebO1jr9lNqnBV0ovs=">AAACHnicbVBNSwMxFMz6bf2qevQSLEJ7KbtisRdB8OJRwarQrSWbvrbBbLIkb6Vl6S/x4l/x4kERwZP+G7O1B7UOBIaZeby8iRIpLPr+pzczOze/sLi0XFhZXVvfKG5uXVqdGg4NrqU21xGzIIWCBgqUcJ0YYHEk4Sq6Pcn9qzswVmh1gcMEWjHrKdEVnKGT2sVaaPr6JgsRBpiVY8GNroxG5UHlKJRM9STQsM8wy1O5Gpqx2C6W/Ko/Bp0mwYSUyARn7eJ72NE8jUEhl8zaZuAn2MqYQcEljAphaiFh/Jb1oOmoYjHYVjY+b0T3nNKhXW3cU0jH6s+JjMXWDuPIJWOGffvXy8X/vGaK3XorEypJERT/XtRNJUVN865oRxjgKIeOMG6E+yvlfWYYR9dowZUQ/D15mlzuV4Na1T8/KB3XJ3UskR2yS8okIIfkmJySM9IgnNyTR/JMXrwH78l79d6+ozPeZGab/IL38QUHuKL/</latexit>

⇢(micro)(x) = h⇢̂(x)i

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="iUZblGsJMqCUHaUw571GdDLUGVo="></latexit>

⇢(el)0 (x) = �ea

L

X

R

X

n2occ

|wn,i(R)|2�(x�R� xi)

<latexit sha1_base64="tfzXEYaT9KCJstJNKXbvqgMbeq4=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqGClkQUuxTcuKxgW6GJYTKd2MHJJM7cSErIr7jxV9y4UMSd+DNOHwutHhju4Zx7uXNPmAquwXE+rZnZufmFxaXlysrq2vqGvbnV1kmmKGvRRCTqOiSaCS5ZCzgIdp0qRuJQsE54dz70Ow9MaZ7IKxikzI/JreQRpwSMFNiNZpB77D7jD16kCC3csiClxyUExaEpEQzKm3HFvdw7yD3VTwKnlu8HdtWpOyPgv8SdkCqaoBnYH14voVnMJFBBtO66Tgp+QRRwKlhZ8TLNUkLvyC3rGipJzLRfjC4s8Z5RejhKlHkS8Ej9OVGQWOtBHJrOmEBfT3tD8T+vm0HU8Asu0wyYpONFUSYwJHgYF+5xxSgIcz0nVHHzV0z7xCQFJtSKCcGdPvkvaR/V3ZO6c3lcPWtM4lhCO2gX1ZCLTtEZukBN1EIUPaJn9IrerCfrxXq3PsatM9ZkZhv9gvX1DfaXpIo=</latexit>

Px ⌘ 1

a

Z 1

�1
dx x⇢0(x)

<latexit sha1_base64="w0SLASdT7H1ae43fGZ9/l56Ecj8="></latexit>

Px = hP̂xi � e
X

n2occ

Z 2⇡
a

0

dk

2⇡
u⇤
nki@kunk



(Proof of the bulk-edge correspondence) 
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<latexit sha1_base64="/fINFEmv1e29mI53CDG8oVq5Eyw="></latexit>

⇢(micro)(x) =
+1X

n=�1
⇢0(x� na)

Semi-infinite systemInfinite system



Higher order multipoles  
in higher D systems



• Charge density 

• The total charge in the region R 

• Surface charge density 
 
 

• Corner charge

31

<latexit sha1_base64="/mkMjMUIq7GPGkaLItfhiPIXyjA="></latexit>

�i = �
Z

Rd

ddr⇢0(r)Pi(r)

Pi(r) ⌘ bi · r

<latexit sha1_base64="JCGJp1VJucMfyKETGSKjGg665MY="></latexit>

Qcorner =

Z

Rd

ddr⇢0(r)Q12(r)

Q12(r) ⌘ (b1 · r)(b2 · r) +
a2 · a1

2a22
(b1 · r)2 +

a1 · a2

2a21
(b2 · r)2

=
1

a1a2

✓
x2 � y2

2
cos ✓ + xy sin ✓

◆
.

<latexit sha1_base64="ZYjfqUYsgJZcSoLBatazfkUmruc=">AAACD3icbVDLSgMxFM3Ud31VXboZLEKFUmaKohtBcONSwWqhMwx30rQNTTJDckcoQz/ApV/iUt2IWz/AhX9j+lho64HA4ZxzubknTgU36HnfTmFhcWl5ZXWtuL6xubVd2tm9M0mmKWvQRCS6GYNhgivWQI6CNVPNQMaC3cf9y5F//8C04Ym6xUHKQgldxTucAlopKpWDWOYwjOrnENUrAU1MgD2GUA0MVxN6ZFNezRvDnSf+lJTJFNdR6StoJzSTTCEVYEzL91IMc9DIqWDDYpAZlgLtQ5e1LFUgmQnz8TFD99AqbbeTaPsUumP190QO0piBjKuxtGEJ2DOz9kj8z2tl2DkLc67SDJmik12dTLiYuKNy3DbXjKIYWAJUc/tdl/ZAA0VbYdH24M9ePU/u6jX/pObdHJcvzqaNrJJ9ckAqxCen5IJckWvSIJQ8kmfySt6cJ+fFeXc+JtGCM53ZI3/gfP4AEPeb/A==</latexit>

a2 = a2(cos ✓, sin ✓)

<latexit sha1_base64="7Ue3pVkGjQPspnuqYDuFsCvoaHA=">AAAB/XicbVDLSgMxFM3UV62vqS7dBItQoZSJKHYjFNy4rGAf0A5DJk3b0CQzJBmlDMUvcaluxK1f4sK/MW1noa0HLhzOuZd77wljzrTxvG8nt7a+sbmV3y7s7O7tH7jFw5aOEkVok0Q8Up0Qa8qZpE3DDKedWFEsQk7b4fhm5rcfqNIskvdmElNf4KFkA0awsVLgFnuhSPE0QNc4QGVU8c4Ct+RVvTngKkEZKYEMjcD96vUjkggqDeFY6y7yYuOnWBlGOJ0WeommMSZjPKRdSyUWVPvp/PQpPLVKHw4iZUsaOFd/T6RYaD0RYSUUtllgM9LL9kz8z+smZlDzUybjxFBJFrsGCYcmgrMoYJ8pSgyfWIKJYvZcSEZYYWJsYAWbA1r+epW0zqvosurdXZTqtSyRPDgGJ6AMELgCdXALGqAJCHgEz+AVvDlPzovz7nwsWnNONnME/sD5/AHfsJN8</latexit>

a1 = a1(1, 0)

<latexit sha1_base64="7f6rpYQsy/zarKVRlhrW9irY+VU=">AAACDXicbVDLSsNAFJ34rPUVdekmWgQXUhJR7EYouHFZwT6gKWEymbbTziRh5kYoIWuXfolLdSNu/QIX/o2TNgttPXDhzDn3MvceP+ZMgW1/G0vLK6tr66WN8ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2Pb3K//UClYlF4D5OY9gQehKzPCAYteeaR64sUZx5zSRBB/vAzb3TtBpQD9lI2yjyzYlftKaxF4hSkggo0PPPLDSKSCBoC4ViprmPH0EuxBEY4zcpuomiMyRgPaFfTEAuqeun0lMw60Upg9SOpKwRrqv6eSLFQaiL8M1/oZoFhqObtXPzP6ybQr/VSFsYJ0JDM/uon3ILIyqOxAiYpAT7RBBPJ9LoWGWKJCegAyzoHZ/7qRdI6rzqXVfvuolKvFYmU0CE6RqfIQVeojm5RAzURQY/oGb2iN+PJeDHejY9Z65JRzBygPzA+fwCGs5xp</latexit>

ai · bj = �ij

<latexit sha1_base64="v2UJAKoumo3w5QiEbekJ4xBIkW0="></latexit>

⇢(micro)(r) =
X

ni�0

⇢0(r �
Pd

i=1 niai).

<latexit sha1_base64="9dLUKACsd0dtRRvvA/HGBPzVqNw="></latexit>

QR =

Z

R
ddr⇢(smooth)(r) = W1�2 +W2�1 +Qcorner

2D: Quadrupole moment and 
corner charge



• Charge density 

• The total charge in the region R 

• Hinge charge density 

• Corner charge

32

<latexit sha1_base64="v2UJAKoumo3w5QiEbekJ4xBIkW0="></latexit>

⇢(micro)(r) =
X

ni�0

⇢0(r �
Pd

i=1 niai).

3D: Octupole moment and 
corner/hinge charge

<latexit sha1_base64="QLVIaCqwhA2J4OyeiDcm73veGOo="></latexit>

QR =

Z

R
ddr⇢(smooth)(r) =

3X

i=1

Si�i +
3X

i=1

Wi�i +Qcorner

<latexit sha1_base64="hCZ3UfatgKaMpIuLlzVx1+EnUQs="></latexit>

�3 =

Z

Rd

ddr⇢0(r)Q12(r)

Q12(r) ⌘ (b1 · r)(b2 · r) +
a1 · b1 ⇥ a3

2a2 · b1 ⇥ a3
(b1 · r)2 +

a2 · b2 ⇥ a3

2a1 · b2 ⇥ a3
(b2 · r)2

<latexit sha1_base64="W7AvoEZjwwatKqwx9XLJLV5rJII="></latexit>

Qcorner =

Z

Rd

d
d
r⇢0(r)Q123(r)

O123(r) = r1r2r3 �
1

2
(c23r3

2 + c32r2
2)r1 �

1

2
(c31r1

2 + c13r3
2)r2 �

1

2
(c12r2

2 + c21r1
2)r3

+
c23c31

2 + 2c21c31 + c32c21
2

6(1� c23c32)
r1

3 +
c31c12

2 + 2c32c12 + c13c32
2

6(1� c31c13)
r2

3 +
c12c23

2 + 2c13c23 + c21c13
2

6(1� c12c21)
r3

3

<latexit sha1_base64="bTlfdRriR4Zn8Rq77H/QfFGBzXo=">AAACCHicbVC7TsMwFHXKq5RXgBGGiAqJAVVJBYKxEgtjkehDaqLIcZzWqu0E26lURVkY+RJGYEGs/AMDf4PTZoCWI1k695x7dX1PkFAilW1/G5WV1bX1jepmbWt7Z3fP3D/oyjgVCHdQTGPRD6DElHDcUURR3E8EhiyguBeMbwq/N8FCkpjfq2mCPQaHnEQEQaUl3zwWPnHxQ0ombsCyINcVCmNVFCL3zbrdsGewlolTkjoo0fbNLzeMUcowV4hCKQeOnSgvg0IRRHFec1OJE4jGcIgHmnLIsPSy2RW5daqV0IpioR9X1kz9PZFBJuWUBecB080MqpFctAvxP2+QqujaywhPUoU5mu+KUmqp2CpSsUIiMFJ0qglEgujvWmgEBURKZ1fTOTiLVy+TbrPhXDbsu4t6q1kmUgVH4AScAQdcgRa4BW3QAQg8gmfwCt6MJ+PFeDc+5q0Vo5w5BH9gfP4A3F+abA==</latexit>

ri ⌘ bi · r
<latexit sha1_base64="YD1pvj9Bac1IPM7EjJq226B5WIg=">AAACHHicbVDLSsNAFJ34rPUVdekmWAQXWpKi6LLgxmUF+4Amhslk0k47k8SZSaEM+Q2XfolLdSMuFfwbp20W2nrgwplz7mXuPUFKiZC2/W0sLa+srq2XNsqbW9s7u+befkskGUe4iRKa8E4ABaYkxk1JJMWdlGPIAorbwfB64rdHmAuSxHdynGKPwV5MIoKg1JJv2shXZJC7+CEjozM34hApN2AK5j5xUZjI4jHIFfTJfS33zYpdtaewFolTkAoo0PDNTzdMUMZwLBGFQnQdO5WeglwSRHFedjOBU4iGsIe7msaQYeGp6WW5dayV0IoSriuW1lT9PaEgE2LMgtOA6WYGZV/M2xPxP6+byejKUyROM4ljNPsryqglE2uSlBUSjpGkY00g4kSva6E+1AFJnWdZ5+DMX71IWrWqc1G1b88r9VqRSAkcgiNwAhxwCergBjRAEyDwCJ7BK3gznowX4934mLUuGcXMAfgD4+sH8l6jDA==</latexit>

cij ⌘ �ai · aj

a2i



(Ambiguities in  
bulk multipole moment)

•           is not unique! 
 
 
 
 

• Wannier center has only integer ambiguity 
→ fractional part of polarization is well-defined. 
But spread of Wannier function is gauge-dependent.


• Higher moments depend on the specific choice of ρ0(r)

33

<latexit sha1_base64="iUZblGsJMqCUHaUw571GdDLUGVo="></latexit>

⇢(el)0 (x) = �ea

L

X

R

X

n2occ

|wn,i(R)|2�(x�R� xi)

<latexit sha1_base64="4Y9kcPFD/sbveL+/S9cglCDBw5o=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUkTIjil0W3LisYh/QaYckk7ahSWZIMkIZ5h9c+iUu1Y24dePCvzF9LLR64MLhnHu59x4cc6aN6345uaXlldW1/HphY3Nre6e4u9fUUaIIbZCIR6qNkaacSdowzHDajhVFAnPawqOrid+6p0qzSN6ZcUy7Ag0k6zOCjJWC4onPpAlSXyAzxDi9zXphBsNeqHw1jAK37GORquwYqoAFxZJbcaeAf4k3JyUwRz0ofvphRBJBpSEcad3x3Nh0U6QMI5xmBT/RNEZkhAa0Y6lEgupuOv0pg0dWCWE/UrakgVP150SKhNZjgU+xsM2T8/WiPRH/8zqJ6Ve7KZNxYqgks139hEMTwUlGMGSKEsPHliCimD0XkiFSiBibZMHm4C1+/Zc0zyreRcW9OS/VqvNE8uAAHIIy8MAlqIFrUAcNQMADeAIv4NV5dJ6dN+d91ppz5jP74Becj29CuZ9W</latexit>Z

Rd

ddr⇢0(r)ri

<latexit sha1_base64="gaQgNckBi96oN7jpOez9PmTNZvI=">AAACGXicbVDLSgMxFM3UV62vUZdugkWooGVGFF0KblxWsVXojEOSSdvYJDMkGaEM8xUu/RKX6kbcigv/xvSx0OqBwOGce7k5B6ecaeN5X05pZnZufqG8WFlaXlldc9c3WjrJFKFNkvBE3WCkKWeSNg0znN6kiiKBOb3G/bOhf31PlWaJvDKDlIYCdSXrMIKMlSJ3P2DSRHkgkOlhnF8Wt3EB49tYBaqXRF4twCJXxS5UEVPRXeRWvbo3AvxL/AmpggkakfsZxAnJBJWGcKR12/dSE+ZIGUY4LSpBpmmKSB91adtSiQTVYT6KVcAdq8Swkyj7pIEj9edGjoTWA4H3sLDDwwR62h6K/3ntzHROwpzJNDNUkvGtTsahSeCwJhgzRYnhA0sQUcx+F5IeUogYW2bF9uBPp/5LWgd1/6juXRxWT08mjZTBFtgGNeCDY3AKzkEDNAEBD+AJvIBX59F5dt6c9/FoyZnsbIJfcD6+AcVFoK8=</latexit>Z

Rd

ddr⇢0(r)rirj

<latexit sha1_base64="KM3hwbWl+5PV3CeBLr1C69aXYZE=">AAACHHicbVDLSgMxFM34rPVVdekmWIQKUmZEscuCG5dV7AM67ZBk0jY2yQxJRijD/IZLv8SluhGXCv6N6WOhrQcCh3Pu5eYcHHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oaNEEVonEY9UCyNNOZO0bpjhtBUrigTmtImHV2O/+UCVZpG8M6OYdgTqS9ZjBBkrBQXXZ9IEqS+QGWCc3mbdMINhN1S+GkSBW/KxSFV2AlXAVHCvgmFQKLpldwK4SLwZKYIZakHh0w8jkggqDeFI67bnxqaTImUY4TTL+4mmMSJD1KdtSyUSVHfSSbIMHlslhL1I2ScNnKi/N1IktB4JfIqFHR6H0PP2WPzPayemV+mkTMaJoZJMb/USDk0Ex03BkClKDB9Zgohi9ruQDJBCxNg+87YHbz71Immclb2LsntzXqxWZo3kwCE4AiXggUtQBdegBuqAgEfwDF7Bm/PkvDjvzsd0dMmZ7RyAP3C+fgBNKqIJ</latexit>Z

Rd

ddr⇢0(r)rirjrk

<latexit sha1_base64="fQlfYEX8K0gV2y4L+baqub8qJV0="></latexit>

⇢(micro)(r) ⌘ h⇢̂(r)i =
X

ni2Z
⇢0(r �

Pd
i=1 niai).

<latexit sha1_base64="ML4qaB+cQhjLHoGsbETLMWUXOA4=">AAACFHicbVDLSgMxFM34rPVVdekmWIQKUmZEsRuh4MZlFfuATjskmbQNTTJDkhHKML/g0i9xqW7ErTsX/o3pY6GtBy4czrmXe+/BMWfauO63s7S8srq2ntvIb25t7+wW9vYbOkoUoXUS8Ui1MNKUM0nrhhlOW7GiSGBOm3h4PfabD1RpFsl7M4ppR6C+ZD1GkLFSUCj5TJog9QUyA4zTu6wbZjDshspXgyhwSz4WqcpOrtygUHTL7gRwkXgzUgQz1ILClx9GJBFUGsKR1m3PjU0nRcowwmmW9xNNY0SGqE/blkokqO6kk48yeGyVEPYiZUsaOFF/T6RIaD0S+BQL2zw+Xs/bY/E/r52YXqWTMhknhkoy3dVLODQRHCcEQ6YoMXxkCSKK2XMhGSCFiLE55m0O3vzXi6RxVvYuyu7tebFamSWSA4fgCJSABy5BFdyAGqgDAh7BM3gFb86T8+K8Ox/T1iVnNnMA/sD5/AFvRJ5V</latexit>Z

Rd

ddr⇢0(r) = 0

<latexit sha1_base64="HhZVWfTJ5hzWNbLRirkJUMZRmCg="></latexit>

⇢0(r) ! 0 when |x| � a

<latexit sha1_base64="zkL+c3CS7YXS/yQAjPO1C7YuPu0=">AAACAHicbZDLSgMxGIX/eK31VnXpJlgEV2VGFLssuHFZxV6gHUomzbShSWZIMkIZunHtVp/Bnbj1TXwE38K0nYW2PRD4OOf/SXLCRHBjPe8bra1vbG5tF3aKu3v7B4elo+OmiVNNWYPGItbtkBgmuGINy61g7UQzIkPBWuHodpq3npg2PFaPdpywQJKB4hGnxDrroZv1SmWv4s2El8HPoQy56r3ST7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcaiIZCbIZi+d4HPn9HEUa3eUxTP370ZGpDFjGbpJSezQLGZTc2UWylV2J7VRNci4SlLLFJ3fH6UC2xhP28B9rhm1YuyAUM3dFzAdEk2odZ0VXTf+YhPL0Lys+NcV7/6qXKvmLRXgFM7gAny4gRrcQR0aQCGCF3iFN/SM3tEH+pyPrqF85wT+CX39ApkzlpE=</latexit>

{
<latexit sha1_base64="P4iqPRKd/V+qEUwImrvnVOV881A=">AAACB3icbZDLSgMxGIX/qbdab1WXboJFqJsyI4pdFty4rGAv0g4lk2ba0GQyJBmxDH0A1271GdyJWx/DR/AtTNtZaNsDgY9z/p8kJ4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8amqZKEIbRHKp2gHWlLOINgwznLZjRbEIOG0Fo5tp3nqkSjMZ3ZtxTH2BBxELGcHGWg9dNZQ9t/x03iuW3Io7E1oGL4MSZKr3ij/dviSJoJEhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdihAXVfjp78ASdWaePQqnsiQyauX83Uiy0HovATgpshnoxm5ors0CssjuJCat+yqI4MTQi8/vDhCMj0bQU1GeKEsPHFjBRzH4BkSFWmBhbXcF24y02sQzNi4p3VXHvLku1atZSHk7gFMrgwTXU4Bbq0AACAl7gFd6cZ+fd+XA+56M5J9s5hn9yvn4BHKaY/Q==</latexit>

⇢0(x)



34

Ambiguities in  
corner/hinger charge 

-Px +Px

+Py

-Py

<latexit sha1_base64="JxZKrQghCTMwWTl86wfBGXSdTW4=">AAACInicbVDLSgNBEJz1bXxFPXoZDIKghF3xdRS8eIxgNJCEZXbSSYbMziwzvZqw5E88+iUe1YuIB8GPcfI4aGJBQ1HVTXdXlEhh0fe/vJnZufmFxaXl3Mrq2vpGfnPr1urUcChzLbWpRMyCFArKKFBCJTHA4kjCXdS5HPh392Cs0OoGewnUY9ZSoik4QyeF+dPrMKshdDHj2igw/X7NiFYbmTH6gU6ZB6Ww66oX5gt+0R+CTpNgTApkjFKY/6w1NE9jUMgls7Ya+AnWM2ZQcAn9XC21kDDeYS2oOqpYDLaeDf/r0z2nNGhTG1cK6VD9PZGx2NpeHB1GsWuOGbbtpD0Q//OqKTbP65lQSYqg+GhXM5UUNR3kRRvCAEfZc4RxI9y5lLeZYRxdqjmXQzD59TS5PSoGJ0X/+rhwcT5OZInskF2yTwJyRi7IFSmRMuHkkTyTV/LmPXkv3rv3MWqd8cYz2+QPvO8fKyKlzA==</latexit>

Qcorner ! Qcorner + Px + Py

+Px

+Py

+Pz
Qzx

Qxy

Qyz

<latexit sha1_base64="TEnFAd+TKFQ6asQ93zG/CsgVN7c="></latexit>

Qcorner ! Qcorner + Px + Py + Pz +Qxy + · · ·

Corner charge not well-defined. 
(Choice of termination & decoration) 
Point group symmetry is required!!



2D system under C4 rotation
35

<latexit sha1_base64="aZIec8NvuI1TCrYewwauLJIu6AY="></latexit>

Qcorner =

Z

Rd

ddr⇢0(r)Q12(r) =
1

4
qa =

1

4
qb mod e The U(1) charge


on high-symmetry points

Classification of  
high-symmetry points: 

(special) Wyckoff position



2D system under C3 or C6 rotation
36

<latexit sha1_base64="Kf8DdQrvpFn1I7/PDUsFoDI/1DQ="></latexit>

Qcorner =

Z

Rd

ddr⇢0(r)Q12(r) =

(
1
6qa = 2

3qb +
1
2qc mod e (n = 6)

1
3qa = 1

3qb =
1
3qc mod e (n = 3)

The U(1) charge Q mod ne at a Cn rotation axis is topological invariant. 
Our results implies Qcorner = Q/n  mod e



3D system under Oh symmetry
37

<latexit sha1_base64="aO0Uh9rftkubBYXpYb6F6EM9Ffw="></latexit>

Qcorner =

Z

Rd

ddr⇢0(r)Q123(r) =
1

8
qa =

1

8
qb mod

1

4
e.

The U(1) charge Q mod 2e at a Oh center is topological invariant. 
Our formula is Qcorner = Q/8   mod e/4.



Filling anomaly
• Simple formula for the corner charge 

 
 
Qtot = The total U(1) charge in the system 
Ncorner = The number of point-group related corners

38

W. A. Benalcazar, T. Li, T. L. Hughes,  
PRB (2019)

<latexit sha1_base64="uLwUdFpJ1i4AszT5xEQxG5iq0PE=">AAACMnicbZDNSsNAFIUn/tb6F3XpJlgEVzUpim6EghtXomBtoQ1lMr3VoZOZMHMjlpD38EFcu9VX0J24EnwIpzWIVg8MHL5zL8M9USK4Qd9/dqamZ2bn5ksL5cWl5ZVVd2390qhUM2gwJZRuRdSA4BIayFFAK9FA40hAMxocj/LmDWjDlbzAYQJhTK8k73NG0aKuWzvvZh2EW8yY0hJ0nh99E1SY57unkwNdt+JX/bG8vyYoTIUUOuu6752eYmkMEpmgxrQDP8Ewoxo5E5CXO6mBhLIBvYK2tZLGYMJsfFvubVvS8/pK2yfRG9OfGxmNjRnGkZ2MKV6byWwE/82i+D/cTrF/GGZcJimCZF//91PhofJG/Xk9roGhGFpDmeb2BI9dU00Z2pbLtptgsom/5rJWDfar/vlepV4vWiqRTbJFdkhADkidnJAz0iCM3JEH8kienHvnxXl13r5Gp5xiZ4P8kvPxCZMQrOg=</latexit>

Qcorner = Qtot/Ncorner

<latexit sha1_base64="j0gmiQPDB84szmvcSz/6Z60GQnk="></latexit>

Qtot = +e, Qcorner =
1
8e (mod 1

4e)
<latexit sha1_base64="UpSMTgUe0ATSUwXXpqVWfWphG/w="></latexit>

Qtot = +e, Qcorner =
1
ne (mod e)

W. A. Benalcazar, T. Li, T. L. Hughes,  
PRB (2019) HW, S. Ono, PRB (2020)



Coupled-wire/layer argument
39



Similarity to HOTI
40

Matsugatani-Watanabe PRB (2018)



Traditional measurement of 
the bulk polarization

• Change a parameter and measure the electric current during 
the process. 

41

2Px =

Z T

0
dtJx(t)

<latexit sha1_base64="T9KP2YNu+GuzHZZs+CXBs09eOAc=">AAACFnicbZDLSgMxGIUz9VbrbVRw4yZYhLopM6ViN0LBjbiq0Bu0dcikaRuayQzJP9JS+x6u3eozuBO3bn0E38L0stC2BwIf5/w/SY4fCa7Bcb6txNr6xuZWcju1s7u3f2AfHlV1GCvKKjQUoar7RDPBJasAB8HqkWIk8AWr+f2bSV57ZErzUJZhGLFWQLqSdzglYCzPPsmVvMF1k0vwnIcybsOdN8jAhWennawzFV4Gdw5pNFfJs3+a7ZDGAZNABdG64ToRtEZEAaeCjVPNWLOI0D7psoZBSQKmW6Pp+8f43Dht3AmVORLw1P27MSKB1sPAN5MBgZ5ezCbmyswPVtmNGDqF1ojLKAYm6ez+TiwwhHjSEW5zxSiIoQFCFTdfwLRHFKFgmkyZbtzFJpahmsu6+ezlfT5dLMxbSqJTdIYyyEVXqIhuUQlVEEVP6AW9ojfr2Xq3PqzP2WjCmu8co3+yvn4BwXKeEw==</latexit>

Figure from https://www.globalsino.com/EM/ 



Possible direct measurement 
via atomic force microscope  

42

<latexit sha1_base64="Usmzmdw2NvX8f/l82O5mUdDNVzQ="></latexit>

F0 ⌘ e2

4⇡✏0a2
= 7.25⇥ 10�10 kgm s�2 = 725 pN for a = 5.64 Å

Robustness 
against impurities



Corrections from surface 
dipoles & hinge polarizations

43

E(r) = (0, 0, 1)
Qc

d2

<latexit sha1_base64="oDJMQF/nGjywohhy1IwhV4f9U3k=">AAACJXicbZDLSsNAFIYn9VbrLerSTbAUWiglKRXdCAURXLZgL9DWMJlM2qEzSZiZCCXkCXwQ1271GdyJ4Mq1b+GkzULbHhjm5//P4XA+J6RESNP80nIbm1vbO/ndwt7+weGRfnzSFUHEEe6ggAa870CBKfFxRxJJcT/kGDKH4p4zvUnz3iPmggT+vZyFeMTg2CceQVAqy9ZLQ4fFt0k5/XhSuS6bVbNqVYYehyhu2yiJ3Yd6YutFs2bOy1gVViaKIKuWrf8M3QBFDPsSUSjEwDJDOYohlwRRnBSGkcAhRFM4xgMlfciwGMXzcxKjpBzX8AKuni+Nuft3IoZMiBlzVCeDciKWs9RcmzlsnT2IpHc1iokfRhL7aLHfi6ghAyNFZriEYyTpTAmIOFEnGGgCFSCpwBYUG2uZxKro1mtWo3bRbhSbjYxSHpyBc1AGFrgETXAHWqADEHgCL+AVvGnP2rv2oX0uWnNaNnMK/pX2/QsYjKP9</latexit>

E(r) =
1p
3
(1, 1, 1)

Qc

d2

<latexit sha1_base64="o1nS1ZFjNpghxuaxnFSsjaBOt7k="></latexit>

+

+



Summary
• Topological vs Trivial


• We bridged “multipole moments” and “filling anomaly”

44

• Higher-order topological insulators


• Gapless modes on hinges / corners


• Irremovable quantum entanglement

• Higher-order trivial insulators


• Fractional charges on hinges / corners


• Connected to product state

M. Fruchart et al, Nature (2018) 

<latexit sha1_base64="aZIec8NvuI1TCrYewwauLJIu6AY="></latexit>

Qcorner =

Z

Rd

ddr⇢0(r)Q12(r) =
1

4
qa =

1

4
qb mod e

<latexit sha1_base64="aZIec8NvuI1TCrYewwauLJIu6AY="></latexit>

Qcorner =

Z

Rd

ddr⇢0(r)Q12(r) =
1

4
qa =

1

4
qb mod eFilling anomaly

Quadrupole moment Qcorner = qbulk12 =

Z
ddr⇢0(r)

xy

a2

<latexit sha1_base64="v35FsOoeAtkUgoReBu6N5dbmqYs="></latexit>

=


