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Introduction
0000

Context: the relativistic O(2) model

It IS now We”—esta b||shed that [Hellerman, Orlando, Reffert, Watanabe "15] [Cuomo ’20]

Qs Q4
+Q° [ﬁo+ﬁ12+524+...]+...,
Qi Qd

in (d 4 1)-dimensions. The second line comes from the one-loop

Casimir energy, based on the spectrum

I(/+d—-1 _2
W) = (R2d)+0(Q ‘21)7

with multiplicity (z/+g(7+1)1§§/&;1_1) on the d-sphere.
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Context: the relativistic O(2) model

Typically,

AY™ = 01QF +a2/Q —0.0937 + ...,

and

A((;I:3) = 1Q3 + Q5 —

log Q@+ a3z +...

1
48+/3
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Today's results

In the nonrelativistic case with Schrddinger symmetry, I'll show that

[VP '21]
AQ:QT{a+ + 34, }

Qd

2
d
d— b
—|—Qz3d1 [b1+ b22 + ?; —1—]
QR3d Q34
d— c c
+Q3d3[c1+ -+ 34+..}+...

Q3d Q3d

Does not include quantum corrections, and some b;’s contain
log Q-terms when d is even. Dispersion relation [ravec, pal ‘18]

4
w,,,:\/dn(n+/+d—1)+/+0(Q‘32d),

)

with multiplicity (2/?(7;12)){(((/1?1’)_2) on the (d — 1)-sphere.
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Today's results

Typ|Ca||y, [Kravec, Pal '18] [Orlando, VP, Reffert, '20] [Hellerman, Swanson '20] [VP '21]

A=) = 4,03 + dhy/Qlog Q + dsy/Q + ds Q5 —0.2942 + ...,

and [Son, Wingate '05] [Kravec, Pal '18] [Orlando, VP, Reffert, '20] [VP '21] [Hellerman, Orlando,

VP, Reffert, Swanson, to appear]

_ 1
MY = Q3 +hQ3+05QF +hQ¥-+cb @3+ = log Q..
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Outline

Classical expansion of Ag

® Leading-order effective action

® Subleading operators

® Structure of the expansion
Intermezzo
Casimir energy in d = 3

® Finding the (-function

® Renormalizing the Casimir energy

Conclusion

b UNIVERSITAT
u BERN



Introduction Classical expansion of Ag Intermezzo Casimir energy in d = 3 Conclusion
0000 @0000 0000 000 0000

Classical expansion of Ag
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Leading-order effective action

State-operator correspondence: couple to external harmonic trap.

[Werner, Castin '05] [Nishida, Son '07] [Goldberger, Khandker, Prabhu '14]

The leading-order nlsm Lagrangian reads (A= m = w = 1)

Lio= U,
(relativistic: L0 = co(Ix)9*!) where

R BN PP
U=X-3r 2(8»()

(imposed by general coordinate invariance [son, Wingate '05]).

Superfluid GS: (x) = p - t, where u = chemical potential. Then,

1
<U>:N_§r2EM'Za

2

where z=1 — 5—# =1- ,;—221, with Ry = +/2u.
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Leading-order effective action

Ground-state charge density:

) = (%52 = (%t ~ (U

d
2

)~ (- 2)2,

i.e. particles confined in a (classically) spherical cloud of radius Ry.

Thus, 1 depends on the charge as (¢ = constant)
1
p=CQd.
Grou nd—State €NErgy [Kravec, Pal '18] [Orlando, VP, Reffert, '20] [VP "21]

Ag=—-CQ
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Remark on the dimensionless z-coordinate

The GS preserves spherical symmetry — use z=1 — % with

(0:F(2) (918 (%)) = Q(:‘Z’f’mg'(z)?

— _g — 2\ _ﬂ (7
v =2 0= ) - 1)
d > _(27W)g
/cloudd Xf(X)_ d

r(s)

where primes refer to derivatives with respect to z and f, g are
spherically invariant functions.

1 d—2
/ dz(1— 2)22 F(2),
0
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Subleading operators

Besides U and (9;U)?, the only operator with a nonzero VEV is

1
0— =

Z=V?A d(V2X)27

with (Z) = d. Therefore, in the bulk, all operators are of the form
Ofﬂf) — (aiU)2mZnU%+1—(3m+2n)7

where m and n are integers. Using Eq. (8), we see that

1
/ d9x (@5)7]7,7:)> ~ ﬂd+1—2(m+n) / dz (1 — Z)g—1+ng+1_(3m+2n)
cloud 0

o pHL2men) F(g§+mr(§+2—(3m+2n))
F(d12_2(m+n)
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(Classical) structure of the large-charge expansion of Ag

Generic contribution
/ d9x <(§£r:/,kn)> ~ Md+1—2(m+n) T (Z +2—-(Bm+ 2,7)>
cloud

e |f [-function is finite — expansion in ;=2 ~ Q™4 starting at
1 ~ @74 , as in the relativistic case.

® In particular, when d is odd and d +1 =2(m + n) —
QP-term. This hints at a pole in the Casimir energy.
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(Classical) structure of the large-charge expansion of Ag

Generic contribution
Alm,n _ d
/ dx (O d+1=2(min) (2 +2— (3m+ 2n)>
cloud

® When d is even and d +4 = 6m + 4n — pole.
® Let d+4 =6m+4n— 2¢, so that

. e [ 12
/ dhx (BSTD) ~ ™ [—+Iogu—75+0(6)}
loud € 3

— 1 2n
i.e. a classical non-universal ,u, S Iogu Q log Q.
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(Classical) structure of the large-charge expansion of Ag

Edge counterterms [Hellerman, Swanson '20] [VP '21]

d+4(1—n)
3

gdge =Z"- 6(U) ’ (aIU)

with contribution

—1-2n 2n—1—-2n

AQauzns ~ @ 3d

The corresponding Wilsonian coefficient k,, thus gets renormalized:

cst
Kn=Fkn " +—.
€
On top of taking care of edge divergences, counterterms trigger an

N | _2 : 2d—1 2d-1
expansion in 3 ~ Q734 starting at u 3 ~ Q 39 .
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ir energy in d =3

(Classical) structure of the large-charge expansion of Ag

Moreover, since p = CQi [1 + 0O (Q_%)} we get

an 2k}
Ag = pdt? [al+++..}
p? ot

by b
SRS S L R
u3 n3
szdl{aw g+—+ }
d d
_ b
+ Q% [b1+ 2By ]
3d Q3d
— C C
+ Q5 [C1+ =+ .}+
3d 3d

where some b, = cst + cst - log Q when d is even. 1 snvensimar
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Intermezzo
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Experiments

Trapped gases were observed in the lab long before the
state-operator correspondence was found!

Cf. e.g. reviews [Dalfovo, Giorgini, Pitaevskii, Stringari '98] [Giorgini, Pitaevskii, Stringari '08]
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BCS-BEC crossover and the unitary Fermi gas

(.6 T *
paly Pairing
0.5 / pseudogap:
MR, Trivedi,
* Moreo, Scalettar
0.44 @] Preformed PRL (92)
Uanu ncl fermion pairs  Bose Trivedi & MR,

& unl fermions ® liquid PRL (95)

2 1.5 1 05 0 0.5 1 1.5 2

1/kea

Weak attraction Strong attraction

Based on from: Sa de Mele, I'I‘vsnsrn"\r
Sa de Melo, MR & Engelbrecht, PRL (1993) Phys. Today (Oct, 2008)
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BEC in a harmonic trap

Ground-state energy of the BEC for a large number Q of trapped

partIC|eS [Dalfovo, Giorgini, Pitaevskii, Stringari '98]
z 3
Ey = di Q5 + dr @5 |OgQ+...

The log Q-term is obtained by regularizing edge divergences.

Can we understand this better now?
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Casimir energy in d =3
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Finding the (-function

Compute

15~ [4n @2/ +d—2)r(|+d—2)
mir =5 > A/ o+l +d—1)+ 1 |
s Qn;\/d(H L R () T F Ry

Define instead

d

E(s)zli/rn (2 +d=2)I(1+d~-2)

)4
Z (nt/+d=1)+ M 1)r(d— 1)

and focus on d = 3 — 2e.
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Finding the (-function

Use the binomial expansion:
d\° —s\ (1\[—s—k\[—s—k
fo-(5) 2 (D))
4 ks ka0 k kq ko k3
15\ k 1\« 1\ ke 3 ks
“\ 16 2 4 4

X Cur (ki + 26 — 1;s + k + ko; s + k + k3),

where the Mordell-Tornheim zeta function {y7(s1, 52, 53) is

CmT(s1,%2,53) Z [7tn=%2(n 4 1)~

n,/=1
It leads to )
ECasimir = 27\/§6 + Fegular. ub ::'L\:‘ERSITAT



Casimir energy in d =3
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Renormalizing the Casimir energy
Pick any operator with m 4+ n = 2 and Wilsonian coefficient c:

c- / dx (@2’:,}(")> = cap™* = ca [1—2¢logpu+ (9(62)] ,
cloud
where « is a constant. Renormalize ¢ to cancel the pole:

N dy (Hmmy] _
ell—% ‘ |:EC35/m’f * C/cloudd X <Obulk >:| O’

1 1
c = cren _ =,
2v/3¢c

where ¢ is regular. Then,

~ 1
Ecasimir + € - / dx (Ofﬂ’knb = —logu+ Q° x (regular)
cloud \/§

1
= = |O Q + QO X (re ula‘r UNIVERSITAT
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Summary
a d
AQ:Q% |:31+22+?;+...:|
Qi Qe
d— b
L Q% [M b, b +]
3d Q3
d— c. c
_|_Q3d3|:c1—|— 22—1— 34 —|—...:|+...
3d Q3

where some b, = cst + cst - log @ when d is even. In particular,

AY™ = Q7 + do/Qlog Q + d3/Q + da Qs —0.2942 + ...,
and

L
3v3

where we included the leading qu. correction, which,is universaH

AY™) = Q5 +drQ5+d5Q5+ds Q5 +d5 Q5 + = log Q+ds+ . .,
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Outlook

InCIUde Spln [Kravec, Pal '19]
Gravity dual [Son '08] [Balasubramanian, McGreevy '08]
BCS-BEC crossover

NOn-Abelian SP(N) at |arge-N [Veillette, Sheehy, Radzihovsky '06] [Sachdev,

Nikolic '06]
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Thanks for the attention!
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