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Introduction

Conformal field theories are characterized by dimensionless numbers.

Perturbative methods: ε-expansion, large N, large Q, …

Non-perturbative methods: Monte Carlo, bootstrap,….
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Example:

OQ
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DQ
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Q
<latexit sha1_base64="N57eTEYxbVYjPcMFl6/HvmxDaGs="></latexit>

labels some set of quantum numbers

Usually no small parameters in the theory, so difficult to compute DQ
<latexit sha1_base64="Woio3Tsk3fm6Lwa7pIvfFbb8ufc="></latexit>



Large Q Prediction: expansion of the form

DQ = c3/2Q
3/2 + c1/2Q

1/2 + c0 +O(1/Q1/2)
<latexit sha1_base64="5eNuGwRgTh8yxHbYdgSygaEEPUY="></latexit>

Casimir energy and can be computed analytically
Hellerman, Orlando, Reffert, Watanabe, JHEP 12 (2015) 71. 
Alvarez-Gaume, Loukas, Orlando, Reffert, JHEP 4 (2017) 59.

c3/2, c1/2
<latexit sha1_base64="fUMzLfg4GDwVe9nyvcWyc67Pswc="></latexit>

are unkown low energy constants. c0
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is related to the

Q: How well does this approach work in practice?

A: Our goal is to compute       using a Monte Carlo method and check!DQ
<latexit sha1_base64="Sb87eklV7PFzSBWWY2GNokW8w8k="></latexit>

Challenge: Computing         using Monte Carlo methods 
suffers from severe signal to noise ratio problems with 
conventional methods for large Q.

DQ
<latexit sha1_base64="Sb87eklV7PFzSBWWY2GNokW8w8k="></latexit>

related to the sign problem that 
arise due to chemical potential
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brokenmassive

Conformal Field Theory at the 
Wilson-Fisher fixed point

Traditional model
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~�x
<latexit sha1_base64="P9I0BxNhDV/lYmNW/kO71wZWaUo="></latexit>

3d lattice

Global charges are now labeled with
<latexit sha1_base64="GzvJBF2vV/o1ML5NGUvBq046Ags="></latexit>

Q ⌘ (jL, jR)

since O(4) ∼ SU(2) x SU(2).

Traditional O(4) model:  
Large Charge Predictions



Conformal Dimensions 
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Clebsch-Gordon Coefficients
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O
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x requires the use of group theory.
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Large charge predictions:

is one new low energy constant.
<latexit sha1_base64="a58VPuUx7X/7HH6060tRaglHtfs="></latexit>

�2
<latexit sha1_base64="YgVuWnlBktRm1NnGUPRrV42zsko="></latexit>

lim
j!1

�̃(j) = 0

Interesting prediction
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Leading Sector:

c0 = �0.094...
<latexit sha1_base64="2AuFDPHCHuChKrAF/NUS6SQXQUA="></latexit>

jL = jR = j
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Alvarez-Gaume, Loukas, Orlando, Reffert, JHEP 4 (2017) 59.
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Alvarez-Gaume, Orlando, Reffert, arXiv:2008.03308.
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Subleading Sector:
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jL = jR + 1 = j
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jLarge
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D(j , j � 1) = D(j , j) + �̃(j) ,



Sign Problems:

Computing conformal dimensions for large charges, using 
the traditional model suffers from sign problems.
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D(jL, jR) ! 1

At large charges
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smallcancellations 
from fluctuations

A new approach is desirable!



Qubit Regularized O(4) model: Loop Gas

From a quantum mechanical perspective, the traditional lattice 
model has an infinite dimensional Hilbert space at every lattice site.

<latexit sha1_base64="MdAKSwvMz3/gYzhksLki9OXfNms="></latexit>Z
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completeness relation:
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|~�xi

Basis states:

Position:

Qubit Regularization:  
Lattice models with a finite dimensional Hilbert space  

at every lattice site.

Momentum:
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Simplest qubit regularization involves a five dimensional Hilbert space:
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|` = 0,m1 = 0,m2 = 0ix
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|` = 1/2,m1 = ±1/2,m2 = ±1/2i

|s, ri
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Fock vacuum
(jL = 0, jR = 0)
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As discussed in the supplementary material, when ⌃ =
S
2(r0), the eom (7) admits di↵erent branches of smooth

solutions, parameterized by an integer ` which counts the
zeros of p(r). The energy is minimal in the first non-trivial
branch (` = 1), where 2  r
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the divergence can be computed numerically in terms of
an expansion in |jl � jr|/jm to give
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with �2 ⇡ 0.2455. This is the leading contribution in the
large-charge expansion. There will be in general higher-
order corrections suppressed by inverse powers of the large
charges due to sub-leading terms in the tree-level action
in Eq. (1) and to quantum corrections.

There is only one term of order O
�
j
0
�
: the Casimir

energy of the Goldstones resulting from the spontaneous
symmetry breaking SO(3)⇥D ⇥ SO(2)2 ! SO(2)⇥D

0

discussed in the supplementary material. The two broken
generators of the isometries on the sphere only give rise
to one Goldstone degree of freedom (dof). Together with
the 2 dof from the broken internal symmetries, they
are arranged into one type-I and one type-II Goldstone
field in the notation of [24]. Only the former contributes
to the Casimir energy as E0 = ⇣(�1/2|S1)/(2

p
2). The

zero-point energy is di↵erent from the one in the (j, j)
sector because the low-energy excitations only propagate
in the direction of the unbroken sphere isometry. Once
again we can use the state/operator correspondence and
obtain the final formula for the conformal dimension of
the lowest operator in the representation (jl, jr) of SO(4)
when jl 6= jr:
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As we have stressed, the conformal dimensions only de-
pend on the two Wilsonian couplings c3/2 and c1/2, which
are the same coe�cients that appear in Eq. (5) for the
jl = jr case. We now explain how we determine them
using mc methods with our lattice model.

FIG. 2. Illustration of an O(4) worldline configuration in
two dimensions. The solid circles represent vacuum sites,
each of which have a weight U . All other sites have a single
O(4) particle with charge (ql, qr) = (±1/2,±1/2) moving in
space-time.

LATTICE SIMULATIONS

Our lattice model was first introduced in Ref. [18] as
a model for pion physics in two-flavor qcd and studied
with an e�cient mc algorithm. It is constructed using
four Grassmann fields  ↵(x), ↵(x),↵ = 1, 2 at every
three-dimensional periodic cubic lattice site x = (r, t) of
size L in all the directions. If we arrange these four-fields
into a 2 ⇥ 2 matrix of the form g↵�(x) =  ↵ � we can
write the lattice action as

S = �

X

hxyi

Tr(gxgy)�
U

2

X

x

det(gx), (11)

where hxyi are nearest-neighbor bonds. This action is
invariant under the SU(2)⇥SU(2) transformations gx !

VlgxV
�1
r on odd sites and gx ! VrgxV

�1
l on even sites.

The partition function of the model can be expressed as a
sum over configurations where each site either contains a
vacuum site or a worldline of an O(4) particle in the vector
representation. Thus, each worldline has four possible
states that label the eigenvalues (ql, qr) = (±1/2,±1/2)
of particles that travel through the sites. These can be
thought of as oriented loops with two colors (say red
and green). An illustration of a configuration is shown
in Fig. 2.
The weight of a worldline configuration is given by

U
Nm where Nm is the number of vacuum sites. As U is

tuned, the model undergoes a phase transition between
the massive symmetric phase at large values to a phase
where the O(4) symmetry is spontaneously broken at

(0,0)

sector

|qzL, qzR , ri, qzL, q
z
R = 1/2,�1/2
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VlgxV
�1
r on odd sites and gx ! VrgxV

�1
l on even sites.

The partition function of the model can be expressed as a
sum over configurations where each site either contains a
vacuum site or a worldline of an O(4) particle in the vector
representation. Thus, each worldline has four possible
states that label the eigenvalues (ql, qr) = (±1/2,±1/2)
of particles that travel through the sites. These can be
thought of as oriented loops with two colors (say red
and green). An illustration of a configuration is shown
in Fig. 2.
The weight of a worldline configuration is given by

U
Nm where Nm is the number of vacuum sites. As U is

tuned, the model undergoes a phase transition between
the massive symmetric phase at large values to a phase
where the O(4) symmetry is spontaneously broken at

3

As discussed in the supplementary material, when ⌃ =
S
2(r0), the eom (7) admits di↵erent branches of smooth

solutions, parameterized by an integer ` which counts the
zeros of p(r). The energy is minimal in the first non-trivial
branch (` = 1), where 2  r
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the divergence can be computed numerically in terms of
an expansion in |jl � jr|/jm to give
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with �2 ⇡ 0.2455. This is the leading contribution in the
large-charge expansion. There will be in general higher-
order corrections suppressed by inverse powers of the large
charges due to sub-leading terms in the tree-level action
in Eq. (1) and to quantum corrections.

There is only one term of order O
�
j
0
�
: the Casimir

energy of the Goldstones resulting from the spontaneous
symmetry breaking SO(3)⇥D ⇥ SO(2)2 ! SO(2)⇥D

0

discussed in the supplementary material. The two broken
generators of the isometries on the sphere only give rise
to one Goldstone degree of freedom (dof). Together with
the 2 dof from the broken internal symmetries, they
are arranged into one type-I and one type-II Goldstone
field in the notation of [24]. Only the former contributes
to the Casimir energy as E0 = ⇣(�1/2|S1)/(2

p
2). The

zero-point energy is di↵erent from the one in the (j, j)
sector because the low-energy excitations only propagate
in the direction of the unbroken sphere isometry. Once
again we can use the state/operator correspondence and
obtain the final formula for the conformal dimension of
the lowest operator in the representation (jl, jr) of SO(4)
when jl 6= jr:
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As we have stressed, the conformal dimensions only de-
pend on the two Wilsonian couplings c3/2 and c1/2, which
are the same coe�cients that appear in Eq. (5) for the
jl = jr case. We now explain how we determine them
using mc methods with our lattice model.

FIG. 2. Illustration of an O(4) worldline configuration in
two dimensions. The solid circles represent vacuum sites,
each of which have a weight U . All other sites have a single
O(4) particle with charge (ql, qr) = (±1/2,±1/2) moving in
space-time.

LATTICE SIMULATIONS

Our lattice model was first introduced in Ref. [18] as
a model for pion physics in two-flavor qcd and studied
with an e�cient mc algorithm. It is constructed using
four Grassmann fields  ↵(x), ↵(x),↵ = 1, 2 at every
three-dimensional periodic cubic lattice site x = (r, t) of
size L in all the directions. If we arrange these four-fields
into a 2 ⇥ 2 matrix of the form g↵�(x) =  ↵ � we can
write the lattice action as

S = �
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where hxyi are nearest-neighbor bonds. This action is
invariant under the SU(2)⇥SU(2) transformations gx !

VlgxV
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r on odd sites and gx ! VrgxV
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l on even sites.

The partition function of the model can be expressed as a
sum over configurations where each site either contains a
vacuum site or a worldline of an O(4) particle in the vector
representation. Thus, each worldline has four possible
states that label the eigenvalues (ql, qr) = (±1/2,±1/2)
of particles that travel through the sites. These can be
thought of as oriented loops with two colors (say red
and green). An illustration of a configuration is shown
in Fig. 2.
The weight of a worldline configuration is given by

U
Nm where Nm is the number of vacuum sites. As U is

tuned, the model undergoes a phase transition between
the massive symmetric phase at large values to a phase
where the O(4) symmetry is spontaneously broken at
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with �2 ⇡ 0.2455. This is the leading contribution in the
large-charge expansion. There will be in general higher-
order corrections suppressed by inverse powers of the large
charges due to sub-leading terms in the tree-level action
in Eq. (1) and to quantum corrections.

There is only one term of order O
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j
0
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: the Casimir

energy of the Goldstones resulting from the spontaneous
symmetry breaking SO(3)⇥D ⇥ SO(2)2 ! SO(2)⇥D
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discussed in the supplementary material. The two broken
generators of the isometries on the sphere only give rise
to one Goldstone degree of freedom (dof). Together with
the 2 dof from the broken internal symmetries, they
are arranged into one type-I and one type-II Goldstone
field in the notation of [24]. Only the former contributes
to the Casimir energy as E0 = ⇣(�1/2|S1)/(2
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2). The

zero-point energy is di↵erent from the one in the (j, j)
sector because the low-energy excitations only propagate
in the direction of the unbroken sphere isometry. Once
again we can use the state/operator correspondence and
obtain the final formula for the conformal dimension of
the lowest operator in the representation (jl, jr) of SO(4)
when jl 6= jr:
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As we have stressed, the conformal dimensions only de-
pend on the two Wilsonian couplings c3/2 and c1/2, which
are the same coe�cients that appear in Eq. (5) for the
jl = jr case. We now explain how we determine them
using mc methods with our lattice model.

FIG. 2. Illustration of an O(4) worldline configuration in
two dimensions. The solid circles represent vacuum sites,
each of which have a weight U . All other sites have a single
O(4) particle with charge (ql, qr) = (±1/2,±1/2) moving in
space-time.

LATTICE SIMULATIONS

Our lattice model was first introduced in Ref. [18] as
a model for pion physics in two-flavor qcd and studied
with an e�cient mc algorithm. It is constructed using
four Grassmann fields  ↵(x), ↵(x),↵ = 1, 2 at every
three-dimensional periodic cubic lattice site x = (r, t) of
size L in all the directions. If we arrange these four-fields
into a 2 ⇥ 2 matrix of the form g↵�(x) =  ↵ � we can
write the lattice action as

S = �

X

hxyi

Tr(gxgy)�
U

2

X

x

det(gx), (11)

where hxyi are nearest-neighbor bonds. This action is
invariant under the SU(2)⇥SU(2) transformations gx !

VlgxV
�1
r on odd sites and gx ! VrgxV

�1
l on even sites.

The partition function of the model can be expressed as a
sum over configurations where each site either contains a
vacuum site or a worldline of an O(4) particle in the vector
representation. Thus, each worldline has four possible
states that label the eigenvalues (ql, qr) = (±1/2,±1/2)
of particles that travel through the sites. These can be
thought of as oriented loops with two colors (say red
and green). An illustration of a configuration is shown
in Fig. 2.
The weight of a worldline configuration is given by

U
Nm where Nm is the number of vacuum sites. As U is

tuned, the model undergoes a phase transition between
the massive symmetric phase at large values to a phase
where the O(4) symmetry is spontaneously broken at
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FIG. 3. The critical scaling plots of ⇢sL (circles) and �L
2�⌘

as a function of the scaling variable (U � Uc)L
1/⌫ . The solid

lines show the goodness of the combined fit of all the data
shown to polynomials to fourth order.

small values. Using well-established mc methods [18,
19] we first demonstrate that at the critical point we
obtain the O(4) Wilson–Fisher cft by computing the
critical exponents ⌫ and ⌘. For this purpose we compute
the current susceptibility ⇢s and the order parameter
susceptibility �, details of which can be found in the
Supplementary Material. Finite-size scaling theory near
a second-order phase transition predicts that ⇢sL and
�L

2�⌘ must be simple polynomials of (U � Uc)L1/⌫ . A
combined fit of our data gives Uc = 1.655394(3), ⌫ =
0.746(3) and ⌘ = 0.0353(10). In Fig. 3 we plot our data
and the fit. These exponents are in excellent agreement
with earlier results, ⌫ = 0.749(2) and ⌘ = 0.0365(10),
obtained from the traditional lattice model [25].

Having established that our lattice model indeed re-
produces the O(4) cft when U = Uc, we can use the
method we developed in Ref. [12] to accurately compute
the conformal dimensions D(j, j) at the O(4) cft. We
can create configurations in a specific (jl, jr) sector by
placing appropriately charged sources and sinks at t = 0
and t = L/2 respectively. More concretely, sources that
create a red loop are assigned the charge (1/2, 1/2) and
the sinks that annihilate them are assigned the charge
(�1/2,�1/2). Similarly, those that create and annihi-
late the green loops are assigned charges (1/2,�1/2) and
(�1/2, 1/2). Using these fundamental sources we can con-
struct sources and sinks with any charge (ql, qr). However,
since each site can only have one red or one green source,
to create a source with a large charge we distribute the
fundamental sources in a local region near the origin (see
Supplementary Material for more details). Since the cou-
plings c3/2 and c1/2 can be computed by fitting the data

j D(j, j) j D(j, j)
(this work) (from [26]) (this work) (from [26])

1/2 0.515(3) 0.5180(3) 1 1.185(4) 1.1855(5)
3/2 1.989(5) 1.9768(10) 2 2.915(6) 2.875(5)
5/2 3.945(6) - 3 5.069(7) -
7/2 6.284(8) - 4 7.575(9) -
9/2 8.949(10) - 5 10.386(11) -

TABLE I. Results for the conformal dimensions D(j, j) up
to j = 5 computed using worldline mc methods in this work
(second and fifth column). We also compare our results with
earlier calculations up to j = 2 found in [26].

for D(j, j) to the predicted form in (5), in this work we
only study the sector with jl = jr = j, j = 1/2, 1, 3/2, . . . .
For this purpose we only work with sources and sinks
of equal charges by creating 2j sources of red loops at
t = 0 and annihilating them at t = L/2. This naturally
projects us into the highest-weight representation sector
with jl = jr = j. Let Zj(L) be the partition function
in the presence of these sources and sinks. In Ref. [12]
we developed an e�cient algorithm to compute the ratio
Rj(L) = Zj(L)/Zj�1/2(L), which is expected to scale as

C/L
2�(j) for large values of L. By evaluating Rj(L) for

various values of j, L and fitting to the expected form we
can accurately compute the di↵erence in the conformal
dimensions �(j) = D(j, j)�D(j � 1/2, j � 1/2). From
these di↵erences we can also estimate D(j, j), since con-
formal invariance fixes D(0, 0) = 0. Our final results are
tabulated in Table I up to j = 5. As the table shows,
our results are also in good agreement with earlier calcu-
lations up to j = 2 [26]. Fitting the data in Table I to
the large j form in Eq. (5) we obtain c3/2 = 1.068(4) and
c1/2 = 0.083(3) (see Fig. 1).

CONCLUSIONS

In this letter we provide a new prediction for the anoma-
lous dimensions D(jl, jr) (see (10)) at the O(4) Wilson–
Fisher fixed point in terms of the two couplings that
appear in the fixed large-charge e↵ective action (1). Our
prediction is valid in the limit of large (jl, jr) and small
|jl � jr|/max(jl, jr). We then use a discrete lattice O(4)
model to compute the two couplings by fitting the data
for D(j, j) to the prediction in Eq. (5) obtained from an
earlier work. We also demonstrate that this prediction
provides an excellent approximation even at small val-
ues of j (see Fig. 1). Our estimate c3/2 = 1.068(4) and
c1/2 = 0.083(3) can be used in (10) to predict D(jl, jr)
even for jl 6= jr. While our lattice model can in principle
be used to check the validity of these predictions, our
method is likely to su↵er from signal to noise ratio prob-
lems when jl and jr are su�ciently large and di↵erent.
Discrete lattice models like ours can in principle also be
designed for other non-Abelian symmetry groups, thus

Uc = 1.655394(3)

⌫ = 0.746(3), ⌘ = 0.0353(10)
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48 ≤ L ≤ 128

Qubit Model Results

Near the critical point we expect
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<latexit sha1_base64="o6NN7Qw0Gae+gCRMCFNm8azu8/s="></latexit>

Pelisetto, Vicari Phys. Repts. (2002)

Traditional Model Results



Conformal Dimensions: Leading sector
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CjL,jR = hOjL,jR O(jL,jR )i

To compute the conformal dimensions we need to compute
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separated by L/2

To construct the correct sources and sinks it is helpful to use the 
fermionic reperesentation of the qubit regularized model. 



Fermionic Representation

Introduce a 2 x 2 fermion bilinear matrix on each site:
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(Mx)ab =  a,x b,x

Introduce four-Grassmann variables per lattice site:
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The partition function of the model:
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Action is invariant under SU(2) x SU(2) symmetry:

M(x) ! L M(x) R†, x even
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Action:
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Constructing requires some group theory!
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We can find conformal dimensions through appropriate correlation functions:
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Let us be a bit more explicit and define
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Mapping to worldlines
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with �2 ⇡ 0.2455. This is the leading contribution in the
large-charge expansion. There will be in general higher-
order corrections suppressed by inverse powers of the large
charges due to sub-leading terms in the tree-level action
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discussed in the supplementary material. The two broken
generators of the isometries on the sphere only give rise
to one Goldstone degree of freedom (dof). Together with
the 2 dof from the broken internal symmetries, they
are arranged into one type-I and one type-II Goldstone
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to the Casimir energy as E0 = ⇣(�1/2|S1)/(2

p
2). The
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sector because the low-energy excitations only propagate
in the direction of the unbroken sphere isometry. Once
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As we have stressed, the conformal dimensions only de-
pend on the two Wilsonian couplings c3/2 and c1/2, which
are the same coe�cients that appear in Eq. (5) for the
jl = jr case. We now explain how we determine them
using mc methods with our lattice model.

FIG. 2. Illustration of an O(4) worldline configuration in
two dimensions. The solid circles represent vacuum sites,
each of which have a weight U . All other sites have a single
O(4) particle with charge (ql, qr) = (±1/2,±1/2) moving in
space-time.

LATTICE SIMULATIONS

Our lattice model was first introduced in Ref. [18] as
a model for pion physics in two-flavor qcd and studied
with an e�cient mc algorithm. It is constructed using
four Grassmann fields  ↵(x), ↵(x),↵ = 1, 2 at every
three-dimensional periodic cubic lattice site x = (r, t) of
size L in all the directions. If we arrange these four-fields
into a 2 ⇥ 2 matrix of the form g↵�(x) =  ↵ � we can
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where hxyi are nearest-neighbor bonds. This action is
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The partition function of the model can be expressed as a
sum over configurations where each site either contains a
vacuum site or a worldline of an O(4) particle in the vector
representation. Thus, each worldline has four possible
states that label the eigenvalues (ql, qr) = (±1/2,±1/2)
of particles that travel through the sites. These can be
thought of as oriented loops with two colors (say red
and green). An illustration of a configuration is shown
in Fig. 2.
The weight of a worldline configuration is given by
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two dimensions with a creation and annihilation event which
contributes to Eq. 20

.

way the detailed balance is implemented, they can be
constructed in di↵erent ways. Some algorithms can be
found in the earlier work mentioned in the main paper. In
this work we have used two di↵erent algorithms to make
sure that each one is free of errors. When we compute
the physical observables ⇢s and � in order to establish
the O(4) Wilson–Fisher fixed point, we used an algorithm
which we refer to as ALGO1. This algorithm works in the
absence of external charges (sources and sinks). We used
a di↵erent algorithm, which we call ALGO2, when updating
configurations in the presence of sources and sinks. Below
we give some details of ALGO2. In fact, in the absence of
the sources and sinks, ALGO2 can also be used to compute
� and ⇢s, and we have verified that they give the same
numerical results as ALGO1 within errors.

In the absence of the sources and sinks, ALGO2 begins in
a configuration that contributes to the partition function
but samples “worm sectors” with one additional source
(tail) at y and sink (head) at x of a given color as illus-
trated in Fig. 4. Each configuration in the worm sector is
given a unique weight W (x, y) depending on the location
of the source and the sink. At the end of each worm
update the source and the sink disappear and the con-
figuration returns to the partition function sector. The
configurations generated during the worm update with
a source and a sink help measure the order parameter
susceptibility Eq. (20). A brief description of the worm
update is given below:

Begin: Choose a random initial site y and a random color
c (red or green).

1. If y is a vacuum site, then propose to create the
configuration in the worm sector with color c
with a probability W (y, y)/U . If the proposal
is accepted based on a Metropolis accept/reject

decision, create a configuration in the worm
sector with both the head and the tail located
on the site y.

2. If y contains a loop of color c, and this loop en-
ters the site y from x, break the loop between
y and x and create a worm configuration with
the tail at y and the head at x with a proba-
bility W (x, y).

3. If y contains a loop of di↵erent color than c or
the proposal is rejected, then the worm update
ends and no sources and sinks are created.

Move: In the worm sector propose to move the head of
the worm located at x, in any of the d = 2D + 1
directions (d = 0,±1,±2, · · · ,±D) equally. Here
D = 3 is the dimension of the lattice. If we label
the next site as xf = x+ î where i is obtained from
the direction d, the following possibilities can occur,
assuming xf is not y:

1. If there is a vacuum site at xf , then propose to
remove it with weight W (xf , y)/(UW (x, y)).
If accepted, move the worm head to the site
xf , otherwise keep the worm head at x.

2. If there is a loop of a di↵erent color at site xf ,
then keep the worm head at x.

3. If there is a loop of the same color at the site
xf , then propose to merge the worm loop with
the existing loop and move the worm head to
the site x1, from where the existing loop of
the same color enters site xf . This is a two
site move of the worm head and is accepted
with a probability of W (x1, y)/W (x, y). If the
proposal is accepted move the head to x1 oth-
erwise keep the worm head at x.

4. If the direction d = 0 is chosen then propose
to move the worm backwards to site xf by re-
moving the bond at x and creating a monomer
on the site x. The proposal is accepted with
probability W (xf , y)U/W (x, y).

End: During the move update if xf turns out to be the
location of the tail y or if the head and the tail
are on the same site (i.e. x = y) and the chosen
direction is d = 0, we propose to exit the worm
sector. In the former case we propose to move the
head to y and close the loop and with probability
1/W (x, y). In the latter case we propose to create
a vacuum site at x with a probability U/W (x, x).
In both cases if the proposal is accepted the worm
update ends, otherwise the worm head remains at
its current location of x.

It is easy to verify that the above updates satisfy detailed
balance at each step. While in the worm sector, the worm
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(tail) at y and sink (head) at x of a given color as illus-
trated in Fig. 4. Each configuration in the worm sector is
given a unique weight W (x, y) depending on the location
of the source and the sink. At the end of each worm
update the source and the sink disappear and the con-
figuration returns to the partition function sector. The
configurations generated during the worm update with
a source and a sink help measure the order parameter
susceptibility Eq. (20). A brief description of the worm
update is given below:

Begin: Choose a random initial site y and a random color
c (red or green).

1. If y is a vacuum site, then propose to create the
configuration in the worm sector with color c
with a probability W (y, y)/U . If the proposal
is accepted based on a Metropolis accept/reject

decision, create a configuration in the worm
sector with both the head and the tail located
on the site y.

2. If y contains a loop of color c, and this loop en-
ters the site y from x, break the loop between
y and x and create a worm configuration with
the tail at y and the head at x with a proba-
bility W (x, y).

3. If y contains a loop of di↵erent color than c or
the proposal is rejected, then the worm update
ends and no sources and sinks are created.

Move: In the worm sector propose to move the head of
the worm located at x, in any of the d = 2D + 1
directions (d = 0,±1,±2, · · · ,±D) equally. Here
D = 3 is the dimension of the lattice. If we label
the next site as xf = x+ î where i is obtained from
the direction d, the following possibilities can occur,
assuming xf is not y:

1. If there is a vacuum site at xf , then propose to
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the site x1, from where the existing loop of
the same color enters site xf . This is a two
site move of the worm head and is accepted
with a probability of W (x1, y)/W (x, y). If the
proposal is accepted move the head to x1 oth-
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head to y and close the loop and with probability
1/W (x, y). In the latter case we propose to create
a vacuum site at x with a probability U/W (x, x).
In both cases if the proposal is accepted the worm
update ends, otherwise the worm head remains at
its current location of x.

It is easy to verify that the above updates satisfy detailed
balance at each step. While in the worm sector, the worm
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Monte Carlo Algorithm: Leading Sector
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FIG. 6. The figures (top and bottom) show the quantity Rj(L)
for a range of lattice sizes L/a = 24, . . . , 96 and di↵erent
representations jl = jr = j. The straight line fit on a log-log
plot is indicative of the power law behavior, and the slope
gives the di↵erence of the conformal dimensions 2�(j). A
very good �

2
/DOF . 1 is obtained with a single power law

for data points, indicating negligible scaling corrections, as
well accurate extraction of the conformal dimension of the
lowest operator in the (j, j) sector. Due to the e�cient worm
algorithm, there is no visible signal-to-noise problem in these
correlators.

Using the extracted values of �(j) and D(j, j), we
perform a fit to the predicted conformal dimensions in
the sector jl = jr = j as given by formula 5. For this, we
simultaneously fit the quantities �(j) andD(j, j), keeping
the value of c0 = �0.09372 fixed. This yields the values of
the coe�cients to be c3/2 = 1.068(4) and c1/2 = 0.083(3).
The systematic errors, as determined by changing the fit
range exceeded the statistical error, and is the main source
of the quoted errors. Although c0 is known analytically, in
order to determine how well our data is able to estimate
this constraint, we performed a di↵erent fit where we
allowed all the three coe�cients c3/2, c1/2 and c0 to vary.
The values of c3/2 and c1/2 obtained with this strategy are
consistent with the previously quoted values, but the fit
gives c0 = �0.072(10), which agrees with the theoretical
estimate within two sigmas. The �

2
/DOF in all the fits

was around 0.01� 0.20, indicating the very good quality
of the fits. The presence of the subleading terms in the
expansion in Eq. 5 is not observable in our calculations.
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We study the O(4) Wilson–Fisher fixed point in 2 + 1 dimensions in fixed large-charge sectors
identified by products of two spin-j representations (jl, jr). Using e↵ective field theory we derive a
formula for the conformal dimensions D(jl, jr) of the leading operator in terms of two constants, c3/2
and c1/2, when the sum jl + jr is much larger than the di↵erence |jl � jr|. We compute D(jl, jr)
when jl = jr with Monte Carlo calculations in a discrete formulation of the O(4) lattice field
theory, and show excellent agreement with the predicted formula and estimate c3/2 = 1.068(4) and
c1/2 = 0.083(3).

INTRODUCTION

Conformal field theory (cft) holds a central place in
the study of quantum field theory (qft), as it is relevant
to both particle physics and condensed matter systems at
criticality, and via the gauge/gravity correspondence even
to the description of quantum gravity. Generically, cfts
do not contain any small couplings that can be used in a
perturbative analysis. However, the conformal symmetry
constrains its observables such that we can determine any
n-point function using only operator dimensions and three-
point function coe�cients. While it is possible to treat
strongly coupled theories with methods such as the large-
N expansion, the ✏-expansion (see [1] for a review) and
the conformal bootstrap [2], they are notoriously di�cult
to access analytically. In simple cases, Monte Carlo (mc)
techniques o↵er a reliable numerical alternative [3, 4].

Recently, it has been shown in a series of papers [5–10]
that working in a sector of large global charge results in im-
portant simplifications and gives us a perturbative handle
to study cfts using e↵ective field theories (efts): it is pos-
sible to write an e↵ective action as an expansion in terms
of a large conserved charge with unknown coe�cients. For
the Wilson–Fisher point in the three-dimensional O(N)
vector model [11], except for two low-energy couplings,
all terms are suppressed by inverse powers of the large
charge [6]. The approximate physics of the cft becomes
accessible as a function of these two couplings which we
label as c3/2 and c1/2. This suggests a double-pronged
approach to cfts, which involves using the large-charge
expansion to determine the e↵ective action, paired with
mc calculations to determine the low-energy couplings.
For the case of the O(2) Wilson–Fisher cft, this approach
has been successfully implemented recently [12]. In partic-
ular, it was shown that the predictions obtained with the
two couplings remain very accurate even for low charges.

In this letter, we explore the viability of this approach
for the O(4) Wilson–Fisher cft, which has qualitatively
distinct features from the O(2) model studied earlier.
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FIG. 1. Plot ofD(j, j) as a function of j. The squares represent
the data obtained using mc calculations with the lattice model
in Eq. (11). The solid line is the large-charge prediction Eq. (5)
with c3/2 = 1.068(4) and c1/2 = 0.083(3).

The fact that O(4) symmetry is non-Abelian and that it
leads to two conserved global charges jl and jr, creates
novel challenges. The ground state can become spatially
inhomogeneous requiring a di↵erent analysis in the eft,
and the construction of a worldline-based lattice model
becomes necessary to access easily the large-charge sectors.
The cft with O(4) symmetry is also interesting in many
subfields of physics. For example, it arises naturally in
the study of finite-temperature chiral phase transitions in
two-flavor quantum chromodynamics (qcd) with massless
quarks [13, 14]. It is also of interest in studies of strongly
correlated electronic systems at half filling built out of
models of interacting electrons with spin [15].

Traditional O(4) lattice models are constructed using
classical vectors. Unfortunately, in the study of large
charge sectors, using traditional mc methods based on
sampling classical vectors leads to severe signal-to-noise
ratio problems. While worldline representations can in
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c3/2 = 1.068(4), c1/2 = 0.083(3)
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Conformal Dimensions: Sub-leading sector

Consider the “2j” sources constructed as

7

FIG. 4. Illustration of the O(4) worldline configuration in
two dimensions with a creation and annihilation event which
contributes to Eq. 20

.

way the detailed balance is implemented, they can be
constructed in di↵erent ways. Some algorithms can be
found in the earlier work mentioned in the main paper. In
this work we have used two di↵erent algorithms to make
sure that each one is free of errors. When we compute
the physical observables ⇢s and � in order to establish
the O(4) Wilson–Fisher fixed point, we used an algorithm
which we refer to as ALGO1. This algorithm works in the
absence of external charges (sources and sinks). We used
a di↵erent algorithm, which we call ALGO2, when updating
configurations in the presence of sources and sinks. Below
we give some details of ALGO2. In fact, in the absence of
the sources and sinks, ALGO2 can also be used to compute
� and ⇢s, and we have verified that they give the same
numerical results as ALGO1 within errors.

In the absence of the sources and sinks, ALGO2 begins in
a configuration that contributes to the partition function
but samples “worm sectors” with one additional source
(tail) at y and sink (head) at x of a given color as illus-
trated in Fig. 4. Each configuration in the worm sector is
given a unique weight W (x, y) depending on the location
of the source and the sink. At the end of each worm
update the source and the sink disappear and the con-
figuration returns to the partition function sector. The
configurations generated during the worm update with
a source and a sink help measure the order parameter
susceptibility Eq. (20). A brief description of the worm
update is given below:

Begin: Choose a random initial site y and a random color
c (red or green).

1. If y is a vacuum site, then propose to create the
configuration in the worm sector with color c
with a probability W (y, y)/U . If the proposal
is accepted based on a Metropolis accept/reject

decision, create a configuration in the worm
sector with both the head and the tail located
on the site y.

2. If y contains a loop of color c, and this loop en-
ters the site y from x, break the loop between
y and x and create a worm configuration with
the tail at y and the head at x with a proba-
bility W (x, y).

3. If y contains a loop of di↵erent color than c or
the proposal is rejected, then the worm update
ends and no sources and sinks are created.

Move: In the worm sector propose to move the head of
the worm located at x, in any of the d = 2D + 1
directions (d = 0,±1,±2, · · · ,±D) equally. Here
D = 3 is the dimension of the lattice. If we label
the next site as xf = x+ î where i is obtained from
the direction d, the following possibilities can occur,
assuming xf is not y:

1. If there is a vacuum site at xf , then propose to
remove it with weight W (xf , y)/(UW (x, y)).
If accepted, move the worm head to the site
xf , otherwise keep the worm head at x.

2. If there is a loop of a di↵erent color at site xf ,
then keep the worm head at x.

3. If there is a loop of the same color at the site
xf , then propose to merge the worm loop with
the existing loop and move the worm head to
the site x1, from where the existing loop of
the same color enters site xf . This is a two
site move of the worm head and is accepted
with a probability of W (x1, y)/W (x, y). If the
proposal is accepted move the head to x1 oth-
erwise keep the worm head at x.

4. If the direction d = 0 is chosen then propose
to move the worm backwards to site xf by re-
moving the bond at x and creating a monomer
on the site x. The proposal is accepted with
probability W (xf , y)U/W (x, y).

End: During the move update if xf turns out to be the
location of the tail y or if the head and the tail
are on the same site (i.e. x = y) and the chosen
direction is d = 0, we propose to exit the worm
sector. In the former case we propose to move the
head to y and close the loop and with probability
1/W (x, y). In the latter case we propose to create
a vacuum site at x with a probability U/W (x, x).
In both cases if the proposal is accepted the worm
update ends, otherwise the worm head remains at
its current location of x.

It is easy to verify that the above updates satisfy detailed
balance at each step. While in the worm sector, the worm
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the next site as xf = x+ î where i is obtained from
the direction d, the following possibilities can occur,
assuming xf is not y:

1. If there is a vacuum site at xf , then propose to
remove it with weight W (xf , y)/(UW (x, y)).
If accepted, move the worm head to the site
xf , otherwise keep the worm head at x.

2. If there is a loop of a di↵erent color at site xf ,
then keep the worm head at x.

3. If there is a loop of the same color at the site
xf , then propose to merge the worm loop with
the existing loop and move the worm head to
the site x1, from where the existing loop of
the same color enters site xf . This is a two
site move of the worm head and is accepted
with a probability of W (x1, y)/W (x, y). If the
proposal is accepted move the head to x1 oth-
erwise keep the worm head at x.

4. If the direction d = 0 is chosen then propose
to move the worm backwards to site xf by re-
moving the bond at x and creating a monomer
on the site x. The proposal is accepted with
probability W (xf , y)U/W (x, y).

End: During the move update if xf turns out to be the
location of the tail y or if the head and the tail
are on the same site (i.e. x = y) and the chosen
direction is d = 0, we propose to exit the worm
sector. In the former case we propose to move the
head to y and close the loop and with probability
1/W (x, y). In the latter case we propose to create
a vacuum site at x with a probability U/W (x, x).
In both cases if the proposal is accepted the worm
update ends, otherwise the worm head remains at
its current location of x.

It is easy to verify that the above updates satisfy detailed
balance at each step. While in the worm sector, the worm

7

FIG. 4. Illustration of the O(4) worldline configuration in
two dimensions with a creation and annihilation event which
contributes to Eq. 20

.

way the detailed balance is implemented, they can be
constructed in di↵erent ways. Some algorithms can be
found in the earlier work mentioned in the main paper. In
this work we have used two di↵erent algorithms to make
sure that each one is free of errors. When we compute
the physical observables ⇢s and � in order to establish
the O(4) Wilson–Fisher fixed point, we used an algorithm
which we refer to as ALGO1. This algorithm works in the
absence of external charges (sources and sinks). We used
a di↵erent algorithm, which we call ALGO2, when updating
configurations in the presence of sources and sinks. Below
we give some details of ALGO2. In fact, in the absence of
the sources and sinks, ALGO2 can also be used to compute
� and ⇢s, and we have verified that they give the same
numerical results as ALGO1 within errors.

In the absence of the sources and sinks, ALGO2 begins in
a configuration that contributes to the partition function
but samples “worm sectors” with one additional source
(tail) at y and sink (head) at x of a given color as illus-
trated in Fig. 4. Each configuration in the worm sector is
given a unique weight W (x, y) depending on the location
of the source and the sink. At the end of each worm
update the source and the sink disappear and the con-
figuration returns to the partition function sector. The
configurations generated during the worm update with
a source and a sink help measure the order parameter
susceptibility Eq. (20). A brief description of the worm
update is given below:

Begin: Choose a random initial site y and a random color
c (red or green).

1. If y is a vacuum site, then propose to create the
configuration in the worm sector with color c
with a probability W (y, y)/U . If the proposal
is accepted based on a Metropolis accept/reject

decision, create a configuration in the worm
sector with both the head and the tail located
on the site y.

2. If y contains a loop of color c, and this loop en-
ters the site y from x, break the loop between
y and x and create a worm configuration with
the tail at y and the head at x with a proba-
bility W (x, y).

3. If y contains a loop of di↵erent color than c or
the proposal is rejected, then the worm update
ends and no sources and sinks are created.

Move: In the worm sector propose to move the head of
the worm located at x, in any of the d = 2D + 1
directions (d = 0,±1,±2, · · · ,±D) equally. Here
D = 3 is the dimension of the lattice. If we label
the next site as xf = x+ î where i is obtained from
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a di↵erent algorithm, which we call ALGO2, when updating
configurations in the presence of sources and sinks. Below
we give some details of ALGO2. In fact, in the absence of
the sources and sinks, ALGO2 can also be used to compute
� and ⇢s, and we have verified that they give the same
numerical results as ALGO1 within errors.

In the absence of the sources and sinks, ALGO2 begins in
a configuration that contributes to the partition function
but samples “worm sectors” with one additional source
(tail) at y and sink (head) at x of a given color as illus-
trated in Fig. 4. Each configuration in the worm sector is
given a unique weight W (x, y) depending on the location
of the source and the sink. At the end of each worm
update the source and the sink disappear and the con-
figuration returns to the partition function sector. The
configurations generated during the worm update with
a source and a sink help measure the order parameter
susceptibility Eq. (20). A brief description of the worm
update is given below:

Begin: Choose a random initial site y and a random color
c (red or green).

1. If y is a vacuum site, then propose to create the
configuration in the worm sector with color c
with a probability W (y, y)/U . If the proposal
is accepted based on a Metropolis accept/reject

decision, create a configuration in the worm
sector with both the head and the tail located
on the site y.

2. If y contains a loop of color c, and this loop en-
ters the site y from x, break the loop between
y and x and create a worm configuration with
the tail at y and the head at x with a proba-
bility W (x, y).

3. If y contains a loop of di↵erent color than c or
the proposal is rejected, then the worm update
ends and no sources and sinks are created.

Move: In the worm sector propose to move the head of
the worm located at x, in any of the d = 2D + 1
directions (d = 0,±1,±2, · · · ,±D) equally. Here
D = 3 is the dimension of the lattice. If we label
the next site as xf = x+ î where i is obtained from
the direction d, the following possibilities can occur,
assuming xf is not y:

1. If there is a vacuum site at xf , then propose to
remove it with weight W (xf , y)/(UW (x, y)).
If accepted, move the worm head to the site
xf , otherwise keep the worm head at x.

2. If there is a loop of a di↵erent color at site xf ,
then keep the worm head at x.

3. If there is a loop of the same color at the site
xf , then propose to merge the worm loop with
the existing loop and move the worm head to
the site x1, from where the existing loop of
the same color enters site xf . This is a two
site move of the worm head and is accepted
with a probability of W (x1, y)/W (x, y). If the
proposal is accepted move the head to x1 oth-
erwise keep the worm head at x.

4. If the direction d = 0 is chosen then propose
to move the worm backwards to site xf by re-
moving the bond at x and creating a monomer
on the site x. The proposal is accepted with
probability W (xf , y)U/W (x, y).

End: During the move update if xf turns out to be the
location of the tail y or if the head and the tail
are on the same site (i.e. x = y) and the chosen
direction is d = 0, we propose to exit the worm
sector. In the former case we propose to move the
head to y and close the loop and with probability
1/W (x, y). In the latter case we propose to create
a vacuum site at x with a probability U/W (x, x).
In both cases if the proposal is accepted the worm
update ends, otherwise the worm head remains at
its current location of x.

It is easy to verify that the above updates satisfy detailed
balance at each step. While in the worm sector, the worm
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FIG. 4. Illustration of the O(4) worldline configuration in
two dimensions with a creation and annihilation event which
contributes to Eq. 20

.
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3. If there is a loop of the same color at the site
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the site x1, from where the existing loop of
the same color enters site xf . This is a two
site move of the worm head and is accepted
with a probability of W (x1, y)/W (x, y). If the
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End: During the move update if xf turns out to be the
location of the tail y or if the head and the tail
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FIG. 3. Worldline Monte Carlo results for the ratio Rj as a function
of L for various values of j. The solid lines show the fits given in
Table III.

IV. SUBLEADING SECTOR

In this work our goal is to compute D(j, j � 1) for j � 1.
For this we need to construct source and sink operators that
transform in the representation (j, j � 1). We know we can
construct the state |j, j; j � 1, j � 1i by applying the lowering
operator J�

R to the |j, j; j, ji and then constructing orthogonal
states in the tensor product space. This procedure naturally
leads to 2j � 1 orthonormal states which we can label with an
additional index M = 1, 2..., (2j�1). In terms of sources we
now introduce the source O` = R1R2...G`...R2j where the
red source on one lattice site ` is replaced by a green source
where ` = 1, 2..., 2j. Similarly we introduce the correspond-
ing sinks as O` = R1R2...G`...R2j . We can then argue that
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where the right hand side is a sum over the 2j source terms we
introduced above. Note that there are 2j � 1 sources orthog-
onal to Eq. (20), which can label as M = 1, 2..., 2j � 1, that
will naturally fall in the (j, j � 1) representation. Explicitly
they are given by
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Since all 2j � 1 sources and sinks transform under the same
irreducible representation (j, j � 1) any combination of them
can be used in Eq. (7) to extract D(j, j � 1). Let us define
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�2D(j,j�1) for large val-

ues of L. Practically it is more convenient to compute the
average correlation function
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Note that we expect Cj,j�1 ⇠ Aj,j�1L
�2D(j,j�1).

In our worldline approach it much easier to compute the
ratio Rj = Cj,j�1/Cj,j . For this one constructs a world-
line Monte Carlo method to generate configurations with 2j
red sources and sinks that contribute to Cj,j . In every con-
figuration of this ensemble we imagine flipping each of the
2j sources located at the sites ` = 1, 2..., 2j to a green
source. The worldline of the green source then naturally trav-
els through the lattice to a sink at some location `

0. Then we
compute the contribution to Rj from that configuration using
Eq. (25), which means we use the value of 1/2j if ` = `

0, or
subtracting the value 1/(2j(2j � 1)) if ` 6= `

0. Averaging this
contribution we then obtain the ratio Rj which is expected to
scale as (Aj/Aj�1)L�2�̃j where �̃j = D(j, j�1)�D(j, j).
Using the values of D(j, j) we can then compute D(j, j � 1).

j L-range Aj,j�1/Aj,j
e�(j) �

2/DOF
1 24� 128 5.93(24) 0.815(6) 1.16

3/2 32� 96 2.43(12) 0.746(7) 1.00

2 32� 96 2.15(14) 0.723(9) 0.52

5/2 32� 96 1.75(08) 0.685(6) 1.28

3 32� 96 1.54(08) 0.659(7) 0.93

7/2 32� 96 1.35(05) 0.633(5) 0.38

4 32� 96 1.18(04) 0.607(4) 0.40

9/2 40� 160 1.05(04) 0.586(5) 0.95

5 40� 160 0.94(04) 0.566(5) 0.90

11/2 48� 160 0.88(03) 0.553(4) 0.86

6 48� 160 0.83(03) 0.541(5) 1.40

13/2 64� 160 0.75(04) 0.525(7) 1.11

7 64� 160 0.71(03) 0.513(5) 1.18

15/2 64� 160 0.69(04) 0.506(6) 1.45

8 64� 160 0.60(03) 0.486(5) 0.77

17/2 64� 160 0.61(03) 0.484(5) 0.83

9 80� 160 0.54(04) 0.467(8) 0.98

19/2 80� 160 0.53(03) 0.463(7) 0.47

10 80� 160 0.49(02) 0.454(5) 0.62

20 96� 256 0.32(01) 0.378(3) 0.91

TABLE III. Results of the fit of Rj shown in Fig. 3 to the form
(Aj/Aj�1)L

�2�̃j . The range of L values used in the fit are given in
the second column. We observe that as j increases this range needs
to become larger for a good fit.

Results of fit to the form

at various values of j.
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Prediction: 
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We cannot of course rule out the possibility that the true large j 
predictions only begin for much larger values of j than we are 
currently exploring.



Conclusions
The recent proposal of Q-expansion for CFTs continues to be a 
promising approach.

In the sub-leading sector, the Q-expansion in the O(4) model 
seems to suggest the presence of an extra term.

To study the O(4) model we used a drastically simpler formulation of 
the theory called a “Qubit regularization.”  

These are new ways of studying CFTs and QFTs. 

Is the large Q expansion valid only for much larger 
values of Q in some sectors?


