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What is “GRAMORs”	
 
•  GRAMORs = “Gravitationally highly magnified yet  �
                  morphologically regular images”�

( Futamase et al. 1998) �

•  The definition of GRAMORs : 1/3<R<3 and 10<A.�
    R : the ratio between the length and width of image�

                 A : the magnification parameter �

•  The existence of this image was expected in the end of 
1990’s (Williams&Lewis 1998, Futamase et al. 1998).�
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these two relations with the assumption that M!! 2
v
, we

arrive at the cluster mass function,

dN (M )/dM!M "3.9. (16)

The absolute normalization is irrelevant, since we will only
be dealing with ratios. We need not assume upper or lower
cluster mass limits: the lower mass cut-off is effectively
achieved because low-mass clusters have a negligible lens-
ing cross-section, while at the upper mass end the lensing
cross-section increases more slowly than the rate at which
the numbers of clusters decrease as a result of the steep
slope of their mass function.

We fix the core radius rc at 50 h"1 kpc, which is substan-
tially smaller than the derived X-ray ‘core’ sizes, but is con-
sistent with lensing observations (Fort & Mellier 1994). For
the NFW clusters, we fix rs at 300 h"1 kpc, which is close to
a typical value obtained in the Navarro et al. (1996) simu-
lations.

With the physical length-scale of the two cluster models
fixed, we can now derive the correspondence between the
one-parameter ISC and NFW models, i.e., we ask what is
the relation between "0 and "s of clusters that have the same
mass within 2.5 h"1 Mpc. The latter is roughly equal to r200,
and corresponds to 50rc and 8.33rs, respectively. Using equa-
tions (4), (5) and (6), we obtain "0#4.615"s.

4.2 Sources

We assume that the unlensed parent population of HMUs is
the same as that of arcs in clusters. The half-light radii of the
sources of arc images are almost the same as the observed
widths of the arcs, because the cluster potential is not
expected to distort tangential arc images in the radial direc-
tion. Smail et al. (1996) measure half-light radii for a sample
of eight HST arcs (see their fig. 5). The average half-light
radius is about 0.5 arcsec, which is what we will adopt in the
present paper. We further assume that all the sources are
circular with a uniform surface brightness.
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At any given redshift the luminosity function (LF) of
sources is assumed to be a power law, with the slope corre-
sponding to that of the Schechter LF, #. The value of # is
estimated to be about 1.1 locally, but it may have been
steeper in the past, #$1.5 (Ellis et al. 1996). We use both
values below, to account for the possible range of #s,
depending on the type of galaxies and their evolution. The
results are not very sensitive to #. We neglect the sources
brighter than L

*
, the characteristic luminosity of Schechter

LF, because of their small numbers.
We need not make any further assumptions about the

source LF, as we explain below. The number of images of
type i, where i can be HMU or arcs, for a given cluster
characterized by "0 or "s (or cluster mass M ), is given by

ni!! y dy !
L lim/$ (y)

L
*

" L

L
*#

"#

dL %Hi, (17)

where Hi is the Heaviside step function, which is 1 if the
image selection criteria are satisfied (Section 4.3), and 0
otherwise; L lim is the faintest observable luminosity. The
outer integral is over the source impact parameter, y, in the
source plane. The integral can be written as

ni!! y$" L lim

$ (y) L
*#

1"#

"1% dy%Hi

#"L lim

L
* #

1"#

! y[$ (y)]#"1 dy%Hi, (18)

The function $ (y) is determined by the ISC or NFW model.
The last step in the above equation is justified, because the
minimum magnification $ required for a detectable image is
large (Section 4.3) and # is always &1. Both L lim and L

* 
are

functions of source redshift, but since we are only interested
in the ratio of nHMU to nArcs, the dependency on these quanti-
ties cancels out.

As the results are quite insensitive to zs, we make no
assumptions about the source redshift distribution.

4.3 Image selection criter ia

Images are selected on the basis of their size or morphology.
To be selected as either a giant arc or an HMU, an image
has to be lensed appreciably. For an arc to be detected, its
L/W has to exceed 10, a commonly used criterion for giant
luminous arcs. An HMU is defined as an image with central
$&10 and L/W'3. Additionally, the undistorted nature of
the image is guaranteed by requiring that the change in L/W
ratio across the image should not exceed 50 per cent.

5 R E S U LT S

Fig. 5 shows the numbers of giant arcs and HMUs per
cluster, weighted by the cluster mass function. The numbers
plotted along the vertical axis are proportional to
ni%dN (M )/dM, where ni is given by equation (18), and

Figure 5. Number of HMU and arc images convolved with the
cluster mass function, as a function of cluster mass. The vertical
axis has arbitrary normalization. Solid lines are for the ISC model,
while dashed lines are for the NFW model. Source and lens red-
shifts were fixed at zs!0.3 and zl!1.0; the Schechter LF slope was
assumed to be #!1.5.
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Fig. 1.— vs. the redshift of the source. The redshift of the lens is setD /Dds s

at 0.3. The solid line is for the Einstein–de Sitter universe model,
, the dashed line is for an open model with(Q , l ) � (1, 0) (Q , l ) �0 0 0 0

, and the long-dashed line is for the flat model with(0.2, 0) (Q , l ) �0 0
(0.2, 0.8)

Fig. 2.—The area in which source galaxies become GRAMORs as a function
of the source redshift. The normalizations are arbitrary. The parameters of the
King model are set at km s�1, kpc, where the Hubble�1j � 500 r � 25 hcv
constant km s�1 Mpc�1 and the redshift of the lens is set at 0.3.H � 100 h0
The meaning of lines are the same as in Fig. 1.

discuss their applications. From equations (2) and (5),

Dds ˆk(v) � k(v), (9)
Ds

with

4pG
k̂(v) { D S(v). (10)d2c

For the center of a nonsingular isothermal cluster of galaxies,
scales as , with being the velocity dispersion of2ˆ ˆk k ∝ j /r jcv v

the dark matter halo and the core radius. The source redshiftrc
dependence on the distance combination is shown inD /Dds s

Figure 1. This distance combination rapidly increases with the
source redshift near the lens and is differentially flattened at
high redshift, and then it approaches unity.
In the case of the clusters with , k approaches unity atk̂ ∼ 1

high redshift. Accordingly, the high-redshift background gal-
axies are highly magnified, although the lensed images are not
distorted. Such clusters act like a natural telescope.
For the case of clusters with a large , k becomes unity whenk̂

the distance combination has an appropriate small value. It can
be shown in Figure 1 that when the distance combination has
a small value, it rapidly increases with the redshift of the source;
therefore, the condition that k becomes unity is sensitive to the
redshift of the source. It can also be seen in Figure 1 that the
distance combination depends on the cosmological parameters;
in particular, it is sensitive to the cosmological constant. Con-
sequently, the redshift range of producing GRAMORs is sen-
sitive to the cosmological constant.
Now we show an example of this by taking the King model

as the density distribution of the lensing cluster. The thin lens

equation becomes (Wu & Hammer 1993)

2˜D ln (1� v )ds˜ ˜ ˆb � v � k , (11)0 ˜D vs

with

2j Ddvk̂ � 18 . (12)0 ( )c rc

Here , , and . We take the conditions˜ ˜b � b/v v � v/v v � r /Dc c c c d

of the GRAMORs as and . We calculate the1A 1 10 ! R ! 33
areas in the source plane in which the sources are gravitationally
lensed and observed as GRAMORs. Figure 2 presents the areas
in which the above two conditions are satisfied as a function
of the source redshift for three combinations of the cosmolog-
ical parameters.
One can immediately see in Figure 2 that there is a low-

redshift peak and a high-redshift tail of the area. The low-
redshift peak is produced when k equals unity at a central region
of the lensing cluster, where g is sufficiently small. On the
other hand, the high-redshift tail is due to the GRAMORs being
produced around the critical lines. The behavior of the high-
redshift tail is sensitive to the definitions of the GRAMOR. On
the other hand, the source redshift of the low-redshift peak
does not depend on the definitions but is determined by the
fact that k equals unity at the center of clusters. Since we fixed
the density profile of the cluster, the redshift of the peak depends
on the cosmological parameter through the distance combi-
nation . The peak shifts monotonically to the low redshiftD /Dds s

as the cosmological constant increases. Therefore, if the uni-
verse has a large cosmological constant, it can be expected that
the GRAMOR, whose redshift of the source is lower than a
possible range of small cosmological constant models, will
appear. Accordingly, one can use a single GRAMOR event to
place a lower limit on the cosmological constant, if we have

(Ωm,ΩΛ)=(1,0)	
 

(Ωm,ΩΛ)=(0.2,0.8)	
 
(Ωm,ΩΛ)=(0.2,0)	
 

The dependence of the cross-
section for GRAMORs on zs 
and (Ωm,ΩΛ). �

The dependence of the expected 
number of GRAMORs(HMU) on 
the lens mass. �

(Futamase,Ha4ori&Hamana	
  1998)	
 (Williams	
  &	
  Lewis	
  1998)	
 



•  In 2009, first GRAMOR is detected at the center of 
cluster, MACS J1149.5+2223(Zitrin & Broadhurst 
2009) , and this is the only one GRAMOR that is 
detected so far.�

What is “GRAMORs”	
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Figure 1. Top left: V555/I814-band color picture showing the full ACS field of view. Red contours show the luminosity density of cluster galaxies—cluster halos were
centered on the five luminous structures labeled A–E in the lens model (Section 3.2). The white boxes marked 1, 2, and 3 show the regions displayed in more detail
in the three numbered panels. Panel 1: the central ∼80′′ × 80′′ of the cluster showing the multiple-image systems discussed in the text. The cyan (outer), magenta,
and yellow curves show the z = 1.491, z = 1.894, and z = 2.497 tangential critical curves, respectively. The inner cyan curve shows the radial critical curve for
z = 1.491. Panel 2: a faint triply imaged galaxy next to a cluster galaxy within a group of galaxies ∼50′′ NNW of the BCG. Panel 3: two candidate triply imaged
systems adjacent to a bright cluster galaxy ∼100′′ north of the BCG; A6.4 marks the location of a possible fourth image of A6. Bottom row: zoom into the four
images of A1; morphological features used to constrain the lens model are marked by numbered white circles. The black crosses and circle in the A1.1/A1.2 panels
are discussed in Sections 3.2 and 3.5. North is up east is left in all panels.

a cluster elliptical in the same group to the NNW of the BCG;
and A6.1/2/3 and A7.1/2/3 surround a bright elliptical galaxy
∼100′′ north of the BCG. Numerous other faint blue background
galaxies can be seen through the cluster core, however, the
lack of concordant colors and morphologies preclude a reliable
identification of them as being multiply imaged at this time.

MACS J1149 was observed with the Low Resolution Imaging
Spectrograph (LRIS; Oke et al. 1995) on the Keck I 10 m

telescope11 on 2004 March 28 and 2005 March 6 employing
a single multislit mask per run. In 2004, we used the 400/3400
grism, D560 dichroic, and 400/8500 grating centered at 7200 Å.
A total integration of 10.8 ks yielded the redshift of A2.1/2 as
z = 1.894 via detection of Lyα in emission at 3519 Å (A2.3 was

11 The W. M. Keck Observatory is operated as a scientific partnership among
the California Institute of Technology, the University of California, and NASA.
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a single multislit mask per run. In 2004, we used the 400/3400
grism, D560 dichroic, and 400/8500 grating centered at 7200 Å.
A total integration of 10.8 ks yielded the redshift of A2.1/2 as
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(Smith et al. 2009)	
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Questions	
 

•  Which clusters are good to search for GRAMORs??�

•  Can we use GRAMORs for constrain the cosmological 
parameter?? 	
 



Method	
 
•  Lens Statistics �
•  The useful tool in observational cosmology because the 

statistics of strong lensing event are sensitive to the 
cosmological parameters. �

dN
dzs

=! (zs )ns (zs )
cdt
dzs

=! (zs )ns (zs )
c
H0

dzs
(1+ zs ) !0 (1+ zs )

3 +!"
・Lens model�
・Cosmological�
　 parameters	
 ・Cosmological parameters	
 

・The source �
    distribution	
 



Lens model	
 
• ＊NFW profile＊�
•  4 set of the NFW profile parameter�
•  This data sets are based on LoCuSS 

sample.�
v To investigate the feature of the cluster 

which make it easy to discover other 
GRAMORs�

�
• ＊MACS J1149.5+2223＊�
•  We derived the κ-profile of MACS 

J1149.5+2223 from the black solid line of 
the figure.�

v To use GROMARs as the constraint to the 
cosmological parameters.�
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Figure 4. Density profile of MACS J1149 from our fiducial model (black solid),
our ZB-constrained model with all redshifts as free parameters (red dashed),
and the latter with the redshifts of A1, A2, A3, and A4 fixed (blue, dot-dashed),
as described in Section 3.5. In each case, the gray filled regions show the 95%
confidence interval around the best-fit model. The horizontal line marks the
critical density required for strong-lensing (κ = 1), and the vertical dotted lines
mark the average cluster-centric radius at which (from left to right) images of
A1, A2, A3, and A4 are observed.

We also estimate the star formation rate from the observed
V555-band flux—adopting the calibration of Kennicutt (1998),
we obtain a global star formation rate of ∼6 M" yr−1. Individ-
ual H ii regions in local galaxies typically span ∼50–100 pc
(Gonzalez Delgado & Perez 1997), which translates to
∼6–12 mas at z = 1.491. The lens magnification of µ = 23
suffered by A1.1 boosts the angular scale of H ii regions in this
galaxy to ∼30–60 mas, bringing them within reach of instru-
ments such as OSIRIS on Keck and NIFS on Gemini North. This
galaxy therefore offers a unique opportunity to study the dis-
tribution of star formation, chemical abundance gradients, and
even the physics of individual star-forming regions at a look-
back time of 9.3 Gyr at a level of detail similar to that achieved
at z = 0.1.

3.5. Density Profile

We show the density profile from our fiducial model in
Figure 4. Parameterizing the profile as κ ∼ rγ , we obtain
γ $ −0.3 ± 0.05 in the radial range r ∼ 3–30′′. During peer
review of this Letter, Zitrin & Broadhurst (2009, hereafter ZB)
claimed that the density profile of MACS J1149 is flat and
critically convergent (κ $ 1) out to r ∼ 200 kpc, equivalent
to ∼30′′. Inspection of ZB’s Figure 5 reveals that the average
slope of their profile at r ∼ 3–30′′ is γ $ −0.1 ± 0.02 (68%
confidence, assuming their error bars are 1σ ). We therefore rule
out ZB’s model at ∼7σ confidence; a flat model (i.e., γ = 0)
within this radial range is ruled out at 12σ .

The two main differences between ZB’s model and ours
are the following. First, ZB’s multiple-image interpretation is
different from ours: they claim to find a fifth image of A1,
plus six additional multiple-image systems (their 5–10), all of
which do not pass the strict criteria described in Section 3.2; in
addition, ZB do not identify our systems A6 and A7. Second,
ZB’s analysis contains no spectroscopic or photometric redshift
information for their multiple images and, more importantly, ZB
do not treat these unknown redshifts as free parameters in their
model—their model contains just six free parameters, which
describe the cluster mass distribution.

We attempt to reproduce ZB’s flat profile by fitting a model to
all of their multiple-image identifications, including the putative
fifth image of system A1 (marked by a black circle in the A1.2
panel of Figure 1). We treat the redshifts of all multiple images as
free parameters. The resulting best-fit “ZB-constrained” model
has an image-plane rms of 〈σi〉 = 1.′′2, i.e., more than twice
that of our fiducial model, dominated by the fifth image of A1
and ZB’s systems 5–10. The density profile associated with
this model is shown in Figure 4 and is in fact steeper than
ours. However, once redshifts are no longer included as free
parameters in the fit, but fixed at values that differ, to varying
degrees, from the true, measured values, the sensitivity of the
density profile to a chosen set of fixed redshift values becomes
apparent. We demonstrate this by setting the redshifts of A1,
A2, A3, and A4 to z = 1.5, 1.6, 1.8, and 1.8, i.e., to values that
are permitted by the model uncertainties but are in fact not the
measured ones. The density profile (Figure 4) resulting from
these erroneous assumptions is nearly flat, with γ ∼ −0.14.

We conclude that ZB’s claim of a flat density profile is
highly sensitive to the details of the method by which they
chose to assign fixed redshifts to multiple-image systems. These
problems may have been compounded by misidentification of
some multiple-image systems.

4. SUMMARY

We have presented new HST/ACS and Keck I/LRIS observa-
tions of MACS J1149, a massive X-ray-selected galaxy cluster
at z = 0.544 discovered in the Massive Cluster Survey. These
data reveal seven robustly identified multiply imaged galaxies,
three of which we have confirmed spectroscopically. The most
spectacular system is a multiply imaged face-on disk galaxy at
z = 1.491 that we identify as an L$ (MB $ −20.7) late-type
(B/T ! 0.5) galaxy with an ongoing star formation rate of
∼6 M" yr−1; the brightest images of this galaxy are magnified
by µ = 23. Future observations using integral field spectro-
graphs should probe its properties in exquisite detail, thanks to
the combination of lens magnification and fortuitous viewing
angle.

We use the positions and redshifts of robustly identified
multiply imaged galaxies to constrain a detailed model of the
mass and structure of the cluster core. Our fiducial model
contains the main cluster halo plus three group-scale halos;
the probability of a model this complex, relative to less complex
models is P (Nhalo = 4)/P (Nhalo < 4) " 1012 where Nhalo
is the number of cluster/group-scale halos. We measure the
mass and fraction of mass residing in substructures to be
M(# 500 kpc) = 6.7 ± 0.4 × 1014 M" and fsub(# 500 kpc) =
0.25 ± 0.12, respectively. In summary, MACS J1149 is the
most complex strong-lensing cluster core studied to date, its
relatively disassembled nature being qualitatively consistent
with the expectation that clusters at high redshifts are on average
less mature than those at lower redshifts. A more complete view
will emerge from our analysis of the full sample of MACS
clusters at z > 0.5 (G. P. Smith et al. 2010, in preparation).

We also obtain a power-law density profile slope of γ =
−0.3 ± 0.05 (95% confidence error bars) on scales of r ∼
3–30′′, thereby ruling out density profile slopes as flat as
those recently proposed by Zitrin & Broadhurst (2009) at
$7σ confidence. In summary, Zitrin & Broadhurst’s result
can be explained by an absence of multiple-image redshifts
of any form in their study, and by them not treating the
unknown redshifts as free parameters in their model. These
issues are probably compounded by them misidentifying some

! = 3.5Dds

Ds

" !0.3

(Smith+09)	
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              Results with NFW profile	
 

•  The dependence on the NFW profile parameters	
 

•  zl=0.2 �

•  (Ωm,ΩΛ) =(0.27,0.73)�

•  (MA,CA)=(3.230,5.76) �
•  (MB CB)=(6.011,4.41) �
•  (MC CC)=(7.587,4.29) �
•  (MD CD)=(12.678,3.66)�
�
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•  The dependence on the redshift of the lens (zl)�
�
•  zl=0.2, 0.3, 0.544, 0.7 �

•  (Ωm,ΩΛ)�
　　 =(0.27,0.73) �
�

•  Lens model : D �
•  (MD CD)=(12.678,3.66)�
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The expected number of GRAMORs�
          N=2.17	
 



• The dependence on the cosmological 
parameters �

•  zl=0.544 �

•  (Ωm,ΩΛ)�
　　 =(0.27,0.73)�
      =(1,0)�
�

•  Lens model : D �
•  (MD CD)=(12.678,3.66)�
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Comparison between 
GRAMORs & Arcs	
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           Result with MACS J1149.5	
 

•  The dependence on the cosmological parameters in 
the case of MACS J1149.5+2223 �

•  zl=0.544 �

•  (Ωm,ΩΛ)�
　　 =(0.27,0.73)�
      =(1,0)�
�

•  Lens model : �
         MACS J1149.5 �

•  22<A<24 �
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Answers�
(Summary)	
 

•  Which clusters are good to search for GRAMORs??�
•  The massive and flatter core�
•  The lens redshift zl~0.5-0.6 �

•  Can we use GRAMORs for constrain the cosmological 
parameter?? �
•  YES!! �
•  The strong dependence of the expected number on 

the cosmological parameters.�
•  The calculation for the MACS J1149 can reproduce 

the observed results.�



Future Works	
 
•  Take into account of the source size in order to 
estimate the more realistic detectability.�

•  Estimate the actual impact of having a GRAMOR 
compared not having a GRAMOR.�



Thank You.	
 


