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Einstein	  angle:

Deflec.on	  angle	  of	  the	  photon	  in	  vacuum	  does	  not	  depend	  on	  the	  photon	  
frequency	  (or	  energy).	  Deflec.on	  in	  vacuum	  is	  achroma'c.	  

!
Gravita'onal	  lensing	  in	  vacuum	  is	  achroma'c.

Vacuum

Vacuum:



How	  is	  this	  situa.on	  changed	  in	  presence	  of	  plasma?	  
In	  plasma	  two	  effects	  should	  be	  taken	  into	  account:	  
!
1)	  Effect	  of	  refrac.ve	  deflec.on	  in	  non-‐homogeneous	  medium

n=n(x) ‘Non-‐homogeneous’	  means	  here	  that	  the	  refrac.ve	  
index	  depends	  explicitly	  on	  space	  coordinates

But	  what	  if	  we	  consider	  a	  homogeneous	  medium?

Plasma:



2)	  A	  rigorous	  treatment	  of	  the	  light	  bending	  in	  gravity	  and	  plasma	  requires	  an	  
answer	  to	  the	  ques.on:	  
!!
is	  the	  gravita.onal	  deflec.on	  of	  the	  light	  rays	  in	  the	  medium	  the	  
same	  as	  in	  vacuum?	  
!!
We	  mean	  here	  the	  homogeneous	  medium,	  so	  there	  is	  no	  refrac.on.

???

Vacuum
Homogeneous 
medium



We	  need	  general	  theory	  for	  geometrical	  op.cs	  in	  arbitrary	  medium	  
(dispersive	  or	  not)	  in	  curved	  space-‐.me	  (in	  presence	  of	  gravity).	  
!
J.L.	  Synge,	  Rela.vity:	  The	  General	  Theory	  (North	  Holland	  Publishing	  
Company,	  Amsterdam,	  1960)	  
The	  first	  self-‐consistent	  approach	  for	  geometrical	  op.cs	  in	  medium	  in	  
presence	  of	  gravity	  	  
!
See	  also:	  
J.	  Bicˇa	  ḱ	  and	  P.	  Hadrava,	  Astron.	  Astrophys.	  44,	  389	  (1975)	  
!
The	  first	  monograph	  completely	  devoted	  to	  review	  of	  general-‐rela.vis.c	  ray	  
op.cs	  in	  medium:	  
V.	  Perlick,	  Ray	  Op.cs,	  Fermat’s	  Principle,	  and	  Applica.ons	  to	  General	  
Rela.vity	  (Springer-‐Verlag,	  Berlin,	  2000)	  
!
On	  language	  of	  gravita.onal	  lensing	  the	  problem	  of	  plasma	  influence	  is	  
considered	  for	  the	  first	  .me:	  
P.V.	  Bliokh	  and	  A.A.	  Minakov,	  Gravita.onal	  Lenses	  [Russian]	  (Naukova	  Dumka,	  
Kiev,	  1989).	  
!
	  	  We	  use	  general	  approach	  of	  Synge	  and	  obtain:



is	  the	  gravita.onal	  deflec.on	  of	  the	  light	  rays	  in	  the	  medium	  the	  
same	  as	  in	  vacuum?	  

We	  mean	  here	  the	  homogeneous	  medium,	  so	  there	  is	  no	  
refrac.on.	  

Answer	  is:	  
yes,	  deflec.on	  is	  the	  same	  as	  in	  vacuum,	  if	  medium	  is	  non-‐dispersive	  
(n=const)	  
No,	  it	  differs,	  if	  medium	  is	  dispersive!	  (n=n(omega))	  

!
The	  physical	  reason	  is	  a	  dependence	  of	  the	  wave	  frequency	  on	  
space	  coordinates	  in	  presence	  of	  gravity	  (gravita.onal	  redship)

???

Vacuum
Homogeneous 
medium

Bisnovatyi-Kogan and Tsupko (2009, 2010)



It	  is	  shown	  for	  the	  first	  'me,	  that	  the	  gravita'onal	  deflec'on	  in	  
homogeneous	  plasma	  differs	  from	  the	  vacuum	  deflec'on	  angle,	  and	  
depends	  on	  frequency	  of	  the	  photon:

in	  vacuum

Chroma'c	  gravita'onal	  deflec'on!

Gravitational deflection of light rays in presence of plasma

Refraction index 
of plasma:

in	  homogeneous	  plasma

Bisnovatyi-Kogan and Tsupko (2009, 2010)



Effect of ‘Gravitational radiospectrometer'

vacuum

Point-mass gravitational lens 
in homogeneous plasma: 
it acts like spectrometer!

!!
 !
 

!
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	  λ1	  <	  λ2	  <	  λ3	  	  

vgr1	  >	  vgr2	  >	  vgr3	  	  

α1	  <	  α2	  <	  α3	  

Effect is significant only for radiowaves

Instead	  of	  two	  concentrated	  images	  with	  complicated	  spectra,	  we	  will	  have	  two	  
‘rainbow’	  images,	  formed	  by	  the	  photons	  with	  different	  frequencies,	  which	  are	  
deflected	  by	  different	  angles.
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Gravita'onal	  lensing	  in	  non-‐homogeneous	  plasma:

In	  non-‐homogeneous	  plasma	  two	  effects	  should	  be	  taken	  into	  
account:	  
!
1)	  Difference	  of	  gravitaKonal	  deflecKon	  from	  vacuum	  case	  
due	  to	  plasma	  presence	  
!
2)	  RefracKon	  
!
Both	  effects	  are	  chromaKc	  in	  plasma



Total	  deflec'on	  angle

Addi1onal	  correc1on	  to	  the	  gravita1onal	  deflec1on	  due	  to	  
plasma	  presence.	  It	  depends	  on	  the	  photon	  frequency.	  It	  takes	  
place	  both	  in	  homogeneous	  and	  inhomogeneous	  plasma

The	  refrac1on	  connected	  with	  the	  plasma	  inhomogeneity.	  
It	  depends	  on	  the	  photon	  frequency	  because	  the	  plasma	  is	  
dispersive	  medium.	  This	  angle	  equals	  to	  zero	  if	  the	  plasma	  
is	  homogeneous.

Vacuum	  gravita1onal	  
deflec1on	  (Einstein)

↵̂ = ↵einst + ↵add + ↵refr
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gravitaKonal	  deflecKon	  in	  plasma

Bisnovatyi-Kogan and Tsupko (2009, 2010)



Observa'onal	  predic'ons:
Xinzhong	  Er,	  Shude	  Mao,	  2014	  

Angular	  difference	  between	  opKcal	  and	  radio	  images	  is	  up	  to	  10^(-‐3)	  arcsec	  due	  
to	  presence	  of	  inhomogeneous	  plasma



What	  we	  propose	  for	  observa'ons:

1)	  Compare	  observaKons	  of	  
strong	  lens	  system	  with	  mulKple	  
images	  in	  opKcal	  and	  radio	  
band,	  or	  compare	  observaKons	  
in	  two	  radio	  bands	  
!
2)	  ShiY	  of	  angular	  posiKon	  of	  
every	  image	  can	  be	  observed	  
!
3)	  As	  a	  result:	  invesKgaKon	  of	  
plasma	  properKes	  in	  vicinity	  of	  
lens



Exact	  formula	  for	  the	  photon	  deflec'on	  in	  spherically	  distributed	  plasma	  
and	  Schwarzschild	  metric	  
   

V. Perlick (2000)!
O.Yu. Tsupko and G.S. Bisnovatyi-Kogan (2013)



Conclusions:	  

1.	  In	  presence	  of	  both	  gravity	  and	  plasma	  the	  deflecKon	  angle	  is	  physically	  defined	  by	  
mutual	  combinaKon	  of	  different	  phenomena:	  gravity,	  dispersion,	  refracKon.	  

2.	  In	  weak	  deflecKon	  approximaKon	  two	  effects	  should	  be	  taken	  into	  account: 
-‐	  difference	  of	  gravitaKonal	  deflecKon	  from	  vacuum	  case 
-‐	  refracKve	  deflecKon	  (usually	  bigger) 
Presence	  of	  plasma	  always	  makes	  gravitaKonal	  lensing	  chromaKc	  

3.	  It	  leads	  to	  difference	  in	  angular	  posiKon	  of	  the	  same	  image	  at	  different	  (radio)	  
wavelengths.	  

!
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