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1-MINUTE SUMMARY

• we characterize HWP non-ideal parameters
• differential efficiency,
• phase-shift,
• cross-polarization

• simulation pipeline with parameters varying in frequency,
including foreground, no noise

• we estimate ∆r caused by limited sensitivity on each non-ideal
parameters

• requirements on sensitivity for each systematic parameter
setting a threshold on ∆r

1



INTRODUCTION

A rapidly rotating Half-Wave Plate (HWP) is introduced in the design
of different future CMB experiments

Realistic HWP has non-idealities measured with a given precision.

We want to asses the accuracy required in measurements of HWP
non-idealities in order to mitigate possible bias on r, in the case of
LiteBIRD.

Sensitivity constraints

∆r(∆syst.) < 10−5 −→ limit on ∆syst.
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SIMULATION SCHEME

• We adopt a pair of orthogonal detectors at boresight.
• We consider light orthogonally incident on the HWP
• Systematics described in Jones formalism, results in Mueller
formalism

Our system:
source → rotating HWP → polarizer → detector

↙ ↘

For an rotating HWP:
JrHWP = JTrot(θ) JHWP Jrot(θ)

For our two detectors:

Jpol =
(
1 0
0 0

)
/

(
0 0
0 1

)

Modulation of observed light:

Eout =
(
Ex,out
Ey,out

)
= Jpol JrHWP Jdetector Ein = J

(
Ex,in
Ey,in

)
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THE HALF-WAVE PLATE (HWP)

Ideal case

In Jones formalism:

(
E′x
E′y

)
=

(
1 0
0 −1

)(
Ex
Ey

)
←− ideal HWP, with a

phase-shift ψ = 180◦

TOD (time ordered data) for a single frequency, along x:

Vi =
1
2 [T(n̂) + cos(4θi)Q(n̂) + sin(4θi)U(n̂)] + ni
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THE HALF-WAVE PLATE (HWP)

Non-ideal case(
E′x
E′y

)
=

(
1+ h1 ζ1eiχ1
ζ2eiχ2 −(1+ h2)eiβ

)(
Ex
Ey

)

Meaning of non-ideal parameters:

• h1 and h2 is the transmissivity of light components Ex, Ey: i.e.
h1,2 < 0→ light absorption

• β = ψ − 180◦, describes a departure of the phase-shift ψ
between x and y axes from its ideal value ψ = 180

• ζ1 and ζ2 describe the leakage from one axes to the other, giving
cross-polarization; χ1 and χ2: their phases
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TOD IN SINGLE FREQUENCY

The signal in the Stokes parameters is modulated by:(
T+ Q U
U T− Q

)
obs

= J
(
T+ Q U
U T− Q

)
J†

where J = Jpol JTrot(θ) JHWP Jrot(θ) Jdetector.

A detector with a polarizer along x, for a single frequency receives:

Vi =
1
2
[
(|J11|2 + |J12|2)iT(n̂) + (|J11|2 − |J12|2)iQ(n̂) + 2(J11J∗12)iU(n̂)

]
+ ni =

=
1
2
[
MTT
i T(n̂) +MTQ

i Q(n̂) +MTU
i U(n̂)

]
+ ni
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MUELLER MATRIX TERMS, FOR SMALL NON-IDEALITIES

Let us focus on Jpol JrHWP. At linear order:

|J11|2 + |J12|2 = 1+ h1 + h2 + (h1 − h2)cos(2θ)+
+ (ζ1 cosχ1 cosβ − ζ2 cosχ2) sin(2θ);

|J11|2 − |J12|2 ≃
1
2 (1+ h1 + h2) (1+ cosβ) cos(4θ) + (h1 − h2)cos(2θ)

+
1
2 (1+ h1 + h2) (1− cosβ)− (ζ1 cosχ1 − ζ2 cosχ2 cosβ) sin(2θ)

− 1
2 (ζ1 cosχ1 + ζ2 cosχ2) (1+ cosβ) sin(4θ);

2(J11J∗12) ≃
1
2 (1+ h1 + h2) (1+ cosβ) sin(4θ) + (h1 − h2)sin(2θ)+

1
2 (ζ1 cosχ1 − ζ2 cosχ2) (1− cosβ) + (ζ1 cosχ1 − ζ2 cosχ2 cosβ) cos(2θ)

+
1
2 (ζ1 cosχ1 + ζ2 cosχ2) (1+ cosβ) cos(4θ)
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MUELLER MATRIX TERMS, FOR SMALL NON-IDEALITIES

With only h1, h2 ̸= 0 :

|J11|2 + |J12|2 = 1+ h1 + h2 + (h1 − h2)cos(2θ)
+ (ζ1 cosχ1 cos(β)− ζ2 cosχ2) sin(2θ);
|J11|2 − |J12|2 ≃ (1+ h1 + h2) cos(4θ) + (h1 − h2)cos(2θ)
1
2 (1− cosβ) (1+ h1 + h2)− (ζ1 cosχ1 − ζ2 cosχ2 cosβ) sin(2θ)

− 1
2 (ζ1 cosχ1 + ζ2 cosχ2) (1+ cosβ) sin(4θ);

2(J11J∗12) ≃ (1+ h1 + h2) sin(4θ) + (h1 − h2)sin(2θ)
1
2 (ζ1 cosχ1 − ζ2 cosχ2) (1− cosβ) + (ζ1 cosχ1 − ζ2 cosχ2 cosβ) cos(2θ)+

+
1
2 (ζ1 cosχ1 + ζ2 cosχ2) (1+ cosβ) cos(4θ)
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MUELLER MATRIX TERMS, FOR SMALL NON-IDEALITIES

With only β ̸= 0:

|J11|2 + |J12|2 = 1+ h1 + h2 + (h1 − h2)cos(2θ)
+ (ζ1 cosχ1 cos(β)− ζ2 cosχ2) sin(2θ);

|J11|2 − |J12|2 ≃
1
2 (1+ cosβ) cos(4θ) + (1+ h1 + h2) + (h1 − h2)cos(2θ)

+
1
2 (1− cosβ) (1+ h1 + h2)− (ζ1 cosχ1 − ζ2 cosχ2 cosβ) sin(2θ)

− 1
2 (ζ1 cosχ1 + ζ2 cosχ2) (1+ cosβ) sin(4θ);

2(J11J∗12) ≃
1
2 (1+ cosβ) sin(4θ) (1+ h1 + h2) + (h1 − h2)sin(2θ)+

1
2 (ζ1 cosχ1 − ζ2 cosχ2) (1− cosβ) + (ζ1 cosχ1 − ζ2 cosχ2 cosβ) cos(2θ)

+
1
2 (ζ1 cosχ1 + ζ2 cosχ2) (1+ cosβ) cos(4θ)
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MUELLER MATRIX TERMS, FOR SMALL NON-IDEALITIES

With only ζ1, ζ2, χ1, χ2 ̸= 0 :

|J11|2 + |J12|2 = 1+ h1 + h2 + (h1 − h2)cos(2θ)
+ (ζ1 cosχ1 − ζ2 cosχ2) sin(2θ);
|J11|2 − |J12|2 ≃ cos(4θ) + (1+ h1 + h2) cos(4θ) + (h1 − h2)cos(2θ)

− (ζ1 cosχ1 − ζ2 cosχ2) sin(2θ)
1
2 (1− cosβ) (1+ h1 + h2)

− (ζ1 cosχ1 + ζ2 cosχ2) sin(4θ);
2(J11J∗12) ≃ sin(4θ) + +(h1 − h2)sin(2θ)

+ (ζ1 cosχ1 − ζ2 cosχ2) cos(2θ)
1
2 (ζ1 cosχ1 − ζ2 cosχ2) (1− cosβ)+

+ (ζ1 cosχ1 + ζ2 cosχ2) cos(4θ)

−→ we neglect the phases χ1,2 10



EFFECT OF SYSTEMATICS ON Cℓ(CMB), MONOCHROMATIC CASE
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MAP-MAKING, SINGLE FREQUENCY

The TOD is given by: V = Am+ n,

• A is the pointing matrix, A(h1,h2, β, ζ1, ζ2)
• n is the noise vector, with N = ⟨nTn⟩

m =


Tp1
Qp1
Up1
...

.

Map-making procedure, with matrix B(h1,s,h2,s, βs, ζ1,s, ζ2,s):

m̃ =


T̃p1
Q̃p1
Ũp1
...

 = (BTB)−1BTV = (BTB)−1BTAm+ (BTB)−1BTn .

A includes all the systematic effects affecting the observation.
If B ̸= A, which is the effect on m̃? 12



TOD, MULTIFREQUENCY

In a realistic experiment:

• non-ideal parameters depend on frequency
• modulated signal includes also chromatic foreground emissions.

We build the TOD in this more realistic setting (no noise):

Vi(n̂) =
∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)

{
MTT
i (ν)TCMB(n̂) +MTQ

i (ν)QCMB(n̂) +MTU
i (ν)UCMB(n̂)

}∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)

+

∫
dν ∂BB(ν,T)

∂TRJ
τ(ν)

{
MTT
i (ν)TFG(ν, n̂) +MTQ

i (ν)QFG(ν, n̂) +MTU
i (ν)UFG(ν, n̂)

}∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)

In matrix form: V(n̂) = ACMBmCMB(n̂) +
∫
AFG(ν)mFG(ν, n̂)dν.
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MAP-MAKING

Solver parameters h1,2,s(ν), βs(ν), ζ1,2,s(ν)← from our model

used in
Bi =

( ∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)MTT

s,i(ν)∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)

,

∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)MTQ

s,i(ν)∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)

,

∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)MTU

s,i(ν)∫
dν ∂BB(ν,T)

∂TCMB
τ(ν)

)
to compute: mout = (BTB)−1BTACMBmCMB + (BTB)−1BT

∫
AFG(ν)mFG(ν, n̂)dν

We can compute a template with MXX = MXX
s → ACMB = B,AFG = BFG:

mtempl = mCMB + (BTB)−1BT
∫
BFG(ν)mFG(ν, n̂)dν

which is used to get the residual map:
mres = mout −mtempl = (BTB)−1BTACMBmCMB −mCMB +

(BTB)−1BT
∫
AFG(ν)mFG(ν, n̂)dν − (BTB)−1BT

∫
BFG(ν)mFG(ν, n̂)dν
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COMPARISON RESIDUAL MAPS

mout mFG mCMB

-0.10 0.10K

Figure 1: mout −mCMB −mFG

Map with error in some systematic
parameter when removing mCMB

and mFG

mout mtempl

-0.10 0.10K

Figure 2: mout −mtempl

Same map when removing
mtempl

residual map as mout −mtempl depends just on the mismatch
h1,2,s(ν), βs(ν), ζ1,2,s(ν) ̸= h1,2(ν), β(ν), ζ1,2(ν) 15



CHOICE OF NON-IDEAL PARAMETERS

For four MFT LiteBIRD bands:

simulated profiles for
h1,2,s(ν), βs(ν), ζs = 0.01

h(ν) = hs(ν) + ∆h(ν);
β(ν) = βs(ν) + ∆β(ν);

ζ = ζs +∆ζ

−→

−→

matrix B

matrix
ACMB,AFG

These errors are gaussian distributed and uncorrelated (both in
frequency and between different systematics):

∆h(ν),∆ζ(ν) = 0 σ∆h , σ∆ζ
= 10−3, 2× 10−3, 5× 10−3, ... 1√

GHz

∆β(ν) = 0, σ∆β = 0.5◦, 1◦, 2◦, ... 1√
GHz

We do 10 end-to-end simulations for each value of σ∆syst, keeping
CMB and FG fixed. 16



h1,h2 FOR EACH FREQUENCY BAND1
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1we thank Giampaolo Pisano for providing the simulated profiles
17



h WITH ∆h, CHANNEL 140 GHZ
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β FOR EACH FREQUENCY BAND2
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ESTIMATE OF r

Given the fiducial CBBℓ with rfid = 0, we compute the likelihoods:

• L(ĈBBℓ |CBBℓ ), where ĈBBℓ = CBBℓ (mCMB);
• L(C̃BBℓ |CBBℓ ), where C̃BBℓ = CBBℓ (mCMB) +

CBBℓ (mres×mask)
fsky .

using the exact log-likelihood for both ĈBBℓ /C̃BBℓ :

− 2lnL(ĈBBℓ |CBBℓ (r)) =

= fsky
∑
ℓ

(2ℓ+ 1)
{
ĈBBℓ (CBBℓ (r))−1 − ln[ĈBBℓ (CBBℓ (r))−1]− 1

}
.

• L(ĈBBℓ |CBBℓ (r)) peaks around rfid = 0,
• L(C̃BBℓ |CBBℓ (r)) peaks at r = rfid +∆r

∆r = rpeak(p̃) − rpeak(p̂), for L computed between 30 < ℓ < 600

To extend to lowest ℓ, still looking for better Cℓ estimator
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∆r VS. ∆ SYST., FOR BAND [141-190] MFT
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CBBℓ OF (MASKED) RESIDUAL MAPS WITH ERRORS IN ONE SYSTEMATIC
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Figure 3:
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CONSTRAINTS ON SENSITIVITY

• ∆r ∝ σ2∆ syst. for small errors;
• Taking the most conservative constraint for the sensitivity in
each systematic, among the four bands:

σ∆h(∆r ≃ 10−5) σ∆β(∆r ≃ 10−5) σ∆ζ(∆r ≃ 10−5)
MFT ≤ 0.0023 1√

GHz ≤ 1.34 ◦
√
GHz ≤ 0.0026 1√

GHz

• we are working on the coaddition of the constraints from each
band using weights from component separation
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OTHER CONSIDERATIONS

• for our analysis, not really dependent on the shape of
h(ν), β(ν), ζ(ν)

• when combining more systematics, ∆r(σx, σy) ≃ ∆r(σx) +∆r(σy),
where x, y = ∆h,∆β,∆ζ

• we expect to set more stringent requirements when also
including ℓ ≤ 30 in the analysis

• we are working on a more sophisticated model for systematics,
where we would also take into account correlated errors

24



THANK YOU



BACKUP SLIDES



SETUP

• Foreground model: d1 (dust modelled as a single-component
modified black body), s1 (power law scaling for the synchrotron
emission, with a spatially varying spectral index), a1 (AME
modeled as a sum of two spinning dust populations based on
the Commander code), f1 (free-free emission modeled using the
analytic model assumed in the Commander fit to the Planck 2015
data)

• CMB fiducial parameters: r = 0, τ = 0.0544
• nside = 512, smoothing with gaussian beam with fwhm =
[37.8’,33.6’,30.8’,28.9’] for [100,119,140,166] GHz centered bands

• HWP revolution rate = 39 rpm for MFT, sampling rate = 19 Hz
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∆r VS. ∆ SYST., FOR BAND [89-111] MFT
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∆r VS. ∆ SYST., FOR BAND [101-136] MFT
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∆r VS. ∆ SYST., FOR BAND [119-160] MFT
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∆r VS. ∆ SYST., FOR BAND [89-111] LFT, FLAT PROFILES
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∆r VS. ∆ SYST., FOR BAND [166-224] HFT FLAT PROFILES
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