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Motivation and Introduction to Axion



Axion/Axion-like Particle

I Hypothetical pseudoscalar initially motivated by strong CP problem:
Neutron electric dipole |θ̄|10−16 e.cm is smaller than 10−26 e.cm.

θ̄ = θQCD + arg detMuMd , Fine tuning!

Why is θ̄ so small? Why instead of ?
Solution: introducing an dynamical field with effective potential

V ∼ −m2
Φf

2
Φ cos(θ̄ +

Φ

fΦ
).

I Extra dimension predicts a wide range of axion mass.
Dimensional reduction from higher form fields:
e.g. AM(5D)→ Aµ(4D) + Φ(4D).

I Cold dark matter candidate behaving like coherent wave:

Φ(xµ) ' Φ0(x) cosωt; Φ0 '
√
ρ

mΦ
; ω ' mΦ.

Amplifications of the signals:
Tabletop experiments on earth: ρDM ∼ 0.4 GeV/cm3;
Astrophysical: larger ρ, e.g., GC or near Kerr black hole.



Hunting Axions with Event Horizon Telescope

Polarimetric Measurements

based on
arxiv: 1905.02213, Phys. Rev. Lett. 124 (2020) no.6, 061102,
arxiv: 2105.04572,
arxiv: 2110.XXXXX,

YC, Chunlong Li, Yuxin Liu, Ru-Sen Lu, Yosuke Mizuno, Jing Shu,
Xiao Xue, Qiang Yuan, Yue Zhao, Zihan Zhou



Superradiance and Gravitational Atom

I Rotational and dissipational medium can amplify the wave around.

[Zeldovichi 72’]

I Superradiance: the wave-function is exponentially amplified from
extracting BH rotation energy when λc ' rg . [Penrose, Starobinsky,
Damour et al]

I Gravitational bound state between BH and axion cloud:

Φ(xµ) = e−iωte imφSlm(θ)Rlm(r).

I Most efficient for (l ,m) = (1, 1) state
where S11 ' Y11 ∝ sin θ.

I Self interaction saturating phase: Φmax ' fΦ.
[Yoshino, Kodama 12’, Baryakht et al 20’]



Axion QED: Birefringence

L = −1

4
FµνF

µν − 1

2
gΦγΦFµν F̃

µν +
1

2
∂µΦ∂µΦ− V (Φ),

I Equation of motion for photon under axion background:

[∂2
t −∇2]AL,R = ∓ 2gΦγn

µ∂µΦkAL,R .

I Birefringent effect with different dispersion relations:

ωL,R ∼ k∓gΦγn
µ∂µΦ.

I The electric vector position angle of linear polarization is shifted by

∆χ = gΦγ

∫ obs

emit

nµ∂µΦ dl

= gΦγ [Φ(tobs, xobs)− Φ(temit, xemit)],

I This only depends on the initial and final background axion field values.
Φ(temit, xemit) ∼ fΦ from superradiant cloud.



Radiative Transfer with Axion Cloud (IPOLE simulation)

I Radiative transfer in terms of linearly polarized Stokes parameters:

d(Q + i U)

ds
= jQ + i jU + i

(
ρFR
V − 2gΦγ

dΦ

ds

)
(Q + i U).

Observable on the sky plane: EVPA χ ≡ arg(Q + i U)/2.

I An almost face-on disk (17◦ for M87?):

Φ ∝ cos [ωt − φ] sin θ → ∆〈χ(ϕ)〉 ∝ A(ϕ) cos [ωt + ϕ+ δ(ϕ)].

I Propagating wave along ϕ due to l = 1,m = 1:



Axion Birefringence Around RIAF (IPOLE simulation)

∆〈χ(ϕ)〉 = −A(ϕ) cos [ωt + ϕ+ δ(ϕ)].

I Benchmark: sub-Keplerian RIAF with vertical ~B.

Axion mass: α ≡ GNMBHmΦ ∈ [0.10, 0.44] with period [5, 20] days.
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I Phase delay is well fit by δ(ϕ) ≈ −5 α sin 17◦ cosϕ.

I The dominant washout/asymmetry of A(ϕ) = O(1)gΦγ fΦ comes from
the lensed photon due to the incoherent phase!

I For smaller mΦ, washout is negligible due to longer λc ≡ 1/mΦ.



Stringent Constraints on Axion-Photon Coupling

I Differential EVPA in the time domain:

〈χ(ϕ, tj)〉 − 〈χ(ϕ, ti )〉 ' 2 sin [ωtint/2]∆〈χ(ϕ)〉
where tint ≡ tj − ti = 1 day.

I Uncertainty of azimuthal bin EVPA in EHT data

→ dimensionless axion photon coupling c ≡ 2πgΦγfΦ.
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I Weaker bound at small α is due to R11/Rmax and sin [ωtint/2].

[YC, Liu, Lu, Mizuno,
Shu, Xue, Yuan, Zhao 21’]



Prospect for next generation EHT

I Horizon scale SMBH landscape with ngEHT (space, L2):
Broader range of axion mass: 10−22 eV to 10−17 eV.

I Universal birefringence signals for direct emission only:
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I Future improvements:
Correlation between ∆EVPA at radius without
lensed photon and different frequency;
Longer observations;
Better resolution of EVPA;
Better understanding of accretion flow and jet.
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Axion Haloscope Array

With PT Symmetry

based on
arxiv: 2103.12085

YC, Minyuan Jiang, Yiqiu Ma, Jing Shu and Yuting Yang



Inverse Primakoff and Haloscope [P.Sikivie 83’]

∇× B = ∂tE + J− gΦγ (E×∇Φ− B∂tΦ) .

I Inverse Primakoff: Jeff(t) = gΦγB∂tΦ.

I Sikivie cavity Haloscope:
(
∂2
t + γ∂t + ω2

)
Ec = ∂tJeff(t).

I Static B0 and resonant when ω = mΦ ∼ V−1/3 ∼ O(1) GHz.

e.g. ADMX, HAYSTACK



Resonant Detection for Lower mΦ

I Resonant LC circuit [P.Sikivie et al 14’]: mΦ = ωLC = 1√
LC

.
• Axion field converts to oscillating electromagnetic signal in 

background DC magnetic field (inverse Primakoff effect)
• Detect using a tunable resonator (an AM radio)

Probing QCD axion through electromagnetism

6

Cavity
Proposal: Sikivie (1983)
ʆ>300 MHz:
Cavity-based searches
(ADMX, HAYSTAC)

Proposal: Cabrera, Thomas (2010)
ʆ<300 MHz:
Lumped-element searches
(DM Radio, ABRACADABRA, Florida LC)
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I Resonant SRF Cavity with AC B0 [Berlin et al 19’]

∂tB0 = iω0B0, ω1 − ω0 = mΦ.
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FIG. 2. The anticipated reach to axion dark matter in the ga�� � ma plane, for various experimental configurations, compared
to existing constraints, shown in gray. Along the right axis, we relate the axion-photon coupling to the symmetry breaking scale
fa by ga�� ⇠ ↵em/2⇡fa. As two representative examples, we show the projected sensitivity assuming an intrinsic quality factor
and readout-pump mode coupling (see Section V B) of Qint = 1010, 1012 and ✏1d = 10�5, 10�7, respectively. The dashed line
shows the thermal noise limited sensitivity for Qint = 1012 and ✏1d = 10�7. In all cases, we assume a pump mode frequency of
!0/2⇡ = GHz, a cavity volume of V = 1 m3, a peak magnetic field of B0 = 0.2 T, a mode overlap of ⌘10 = 1 (see Eq. (20)),
a cavity temperature of T = 1.8 K, an average wall displacement of qrms = 10�1 nm (as defined in Section V C), and an e-fold
time of te = 107 s. The orange band denotes the range of couplings and masses as motivated by the strong CP problem. Along
the red band, axion production through the misalignment mechanism is consistent with the observed dark matter energy density,
assuming an O(1) initial misalignment angle. As discussed in Section V C, the feature near ma ⇠ kHz is due to our assumption
that there are no mechanical resonances below a kHz.

However, frequency conversion in SRF cavities is particularly powerful because of the combination of high Q-factors
and the large amount of stored energy in the pump mode. In this work, we highlight the parametric advantages of this
approach at low axion masses, discuss scenarios for realizing the mode overlap and tunability requirements for such an
experiment, and analyze key sources of noise. In the latter two aspects, we benefit from the decades-long e↵ort to detect
kHz-to-MHz gravitational waves with SRF cavity resonators [42]. The results from the prototypes of Refs. [43–46] are
particularly useful in anticipating the experimental challenges of our proposed approach.

Our study shows that axion-induced frequency conversion in SRF cavities could be sensitive to QCD axions for
10�8 eV . ma . 10�6 eV and axion DM as light as ma ⇠ 10�14 eV. The projected sensitivity for two representative
sets of experimental parameters is shown in Figure 2, with a larger set of parameters shown in Figure 5. Compared to
traditional resonant searches, fixing the signal to GHz frequencies leads to several advantages for lower axion masses:

1. High frequency readout leverages the large quality factors of SRF cavities, which are typically of order Q & 1010.
In this case, the signal power saturates once Q & (GHz/ma) Qa, unlike static-field detectors whose signal power
saturates once Q & Qa.

2. Only a small fraction of the signal power (ma/GHz ⌧ 1) is sourced directly by the axion DM field. Therefore, the
signal is not suppressed by the small axion mass when its Compton wavelength is much larger than the detecting
apparatus. This is unlike static-field electromagnetic resonators, where the signal power scales as ma in this limit.

3. Operating readout electronics near the standard quantum limit has been demonstrated at GHz frequencies [18].

3

Qint ≡ ω/γ > 1010 due to the superconducting nature.



Quantum noise limit for resonant detection

I Standard quantum limit for power law detection:
[Chaudhuri, Irwin, Graham, Mardon 18’]

resonant intrinsic noise Sint + flat readout noise Sr .

I Sensitivity to Ssig and Sint is the same.

SNR2 ∝ range where Sint � Sr.

I Beyond quantum limit:

Squeezing Sr, e.g., HAYSTACK.

Increasing the sensitivity to Ssig, e.g., white light cavity in
optomechanics/GW detection [Miao, Ma, Zhao, Chen 15’].



White Light Cavity [X.Li, M.Goryachev, Y.Ma et al 20’]
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↵<latexit sha1_base64="5uI7OHd2r47MUtx08AblU4N6pQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGt1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd169vL+o1G7yOIpwBMdwCh5cQQ3uoA4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB43Fjx8=</latexit>

vr<latexit sha1_base64="79BIo0UOSpTuVqGeUUPl9guW1Rk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmd5AWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+a8y1EbF6xEnC/YgOlAgFo2ilh3FP98oVt+rOQf4SLycVyFHvlT+7/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUpOrNInYaxtKSRz9edERiNjJlFgOyOKQ7PszcT/vE6K4bWfCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb/8lzTPqt559fL+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7gBV4d6Tw7b877orXg5DOH8AvOxzdtbI3m</latexit>

Loss
<latexit sha1_base64="uwDspmDkIBVQLBwZGCdc1nWbntU=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexGRI9BLx48RDAPSJYwO5lNhsxjmZkVQsgvePGgiFd/yJt/42yyB00saCiquunuihLOjPX9b6+wtr6xuVXcLu3s7u0flA+PWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofJv57SeqDVPy0U4SGgo8lCxmBNtMulfG9MsVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwynWlhFOZ6VeamiCyRgPaddRiQU14XR+6wydOWWAYqVdSYvm6u+JKRbGTETkOgW2I7PsZeJ/Xje18XU4ZTJJLZVksShOObIKZY+jAdOUWD5xBBPN3K2IjLDGxLp4Si6EYPnlVdKqVYOL6uVDrVK/yeMowgmcwjkEcAV1uIMGNIHACJ7hFd484b14797HorXg5TPH8Afe5w8bFY5I</latexit> �

<latexit sha1_base64="LWabUoIKIZiasu0ISC7ofFwBTKY=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc1uwMsBO6VK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vg6zJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWD8+rl/UWldpPHUYQjOIZTCOAKanAHdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/iS+PHA==</latexit>

Single Cavity Design
<latexit sha1_base64="RdRuI4QXBHgUhd496pWkKnHoeFE=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5JURJfFunBZ0T6gDWUyvUmHTiZhZlKIpfgrblwo4tb/cOffOG2z0NYDFw7n3Mu993gxZ0rb9reVW1ldW9/Ibxa2tnd294r7B00VJZJCg0Y8km2PKOBMQEMzzaEdSyChx6HlDWtTvzUCqVgkHnQagxuSQDCfUaKN1Cse3TMRcMA1MmI6xTegWGDkkl22Z8DLxMlICWWo94pf3X5EkxCEppwo1XHsWLtjIjWjHCaFbqIgJnRIAugYKkgIyh3Prp/gU6P0sR9JU0Ljmfp7YkxCpdLQM50h0QO16E3F/7xOov0rd8xEnGgQdL7ITzjWEZ5GgftMAtU8NYRQycytmA6IJFSbwAomBGfx5WXSrJSd8/LFXaVUvc7iyKNjdILOkIMuURXdojpqIIoe0TN6RW/Wk/VivVsf89aclc0coj+wPn8A7pmU5A==</latexit>

�a
<latexit sha1_base64="GM2iFZA/HOnvKwqrXaMfUAfh3rY=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKez6QI9BLx4jmAckS+idzCZDZmbXmVkhLPkJLx4U8ervePNvnCR70MSChqKqm+6uMOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO0RNOZO0YZjhtJ0oiiLktBWObqd+64kqzWL5YMYJDQQOJIsYQWOldneAQmAPe+WKV/VmcJeJn5MK5Kj3yl/dfkxSQaUhHLXu+F5iggyVYYTTSambapogGeGAdiyVKKgOstm9E/fEKn03ipUtadyZ+nsiQ6H1WIS2U6AZ6kVvKv7ndVITXQcZk0lqqCTzRVHKXRO70+fdPlOUGD62BIli9laXDFEhMTaikg3BX3x5mTTPqv559fL+olK7yeMowhEcwyn4cAU1uIM6NIAAh2d4hTfn0Xlx3p2PeWvByWcO4Q+czx/7OY/w</latexit>

�c
<latexit sha1_base64="TrHQ0uaKmUN0Asyf1bg9J1kP4RA=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKez6QI9BLx4jmAckS+idzCZDZmbXmVkhLPkJLx4U8ervePNvnCR70MSChqKqm+6uMOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO0RNOZO0YZjhtJ0oiiLktBWObqd+64kqzWL5YMYJDQQOJIsYQWOldneAQmCP9MoVr+rN4C4TPycVyFHvlb+6/ZikgkpDOGrd8b3EBBkqwwink1I31TRBMsIB7VgqUVAdZLN7J+6JVfpuFCtb0rgz9fdEhkLrsQhtp0Az1IveVPzP66Qmug4yJpPUUEnmi6KUuyZ2p8+7faYoMXxsCRLF7K0uGaJCYmxEJRuCv/jyMmmeVf3z6uX9RaV2k8dRhCM4hlPw4QpqcAd1aAABDs/wCm/Oo/PivDsf89aCk88cwh84nz/+QY/y</latexit>

with PT symmetry
<latexit sha1_base64="G10p/8Ya/HhszelKxPn/MR37C34=">AAACBXicbVC7TsMwFHV4lvIKMMJg0SIxVUkZYKxgYSxSX1IbVY7rtlYdJ7JvQFHUhYVfYWEAIVb+gY2/wWkzQMuRLB2dc6987vEjwTU4zre1srq2vrFZ2Cpu7+zu7dsHhy0dxoqyJg1FqDo+0UxwyZrAQbBOpBgJfMHa/uQm89v3TGkeygYkEfMCMpJ8yCkBI/XtkwcOY1zuBQTGlIi03piWsU6CgIFK+nbJqTgz4GXi5qSEctT79ldvENI4YBKoIFp3XScCLyUKOBVsWuzFmkWETsiIdQ2VJGDaS2dXTPGZUQZ4GCrzJOCZ+nsjJYE2yXwzmaXVi14m/ud1YxheeSmXUQxM0vlHw1hgCHFWCR5wxSiIxBBCFTdZMR0TRSiY4oqmBHfx5GXSqlbci0r1rlqqXed1FNAxOkXnyEWXqIZuUR01EUWP6Bm9ojfryXqx3q2P+eiKle8coT+wPn8AOEuYZQ==</latexit>

Φ(t)

a, a†b, b†c, c†

signal

TXDQWXP�DPSOLÀHU FRQYHQWLRQDO�GHWHFWRU

DPSOLÀHG�UHDGRXW FRQYHQWLRQDO�UHDGRXW

I Beam-splitting: ~g(âb̂† + â†b̂).
I Non-degenerate parametric amplifier: ~G (b̂ĉ + b̂†ĉ†).

I PT -symmetry (â↔ ĉ†) emerges when g = G .

( ˙̂a + ˙̂c†) = −i(g − g)b̂ − iαΦ + · · · ;

˙̂b = −γr b̂ − ig(â + ĉ†) + · · · .
I Coherent cancellation leads to double resonance.

Ssig is largely enhanced when g � intrinsic dissipation γ:

SWLC
sig (Ω) =

2γrα
2SΦ(Ω)

(γ + γr )2 + Ω2

(
g2

γ2 + Ω2

)
.



Resonator Chain Haloscope

I Generalization to chain detector:

I PT -invariant mode: Âi ≡ âi + ĉ†i .
˙̂A1 = −iαΦ + · · · ,
˙̂Ai = −ig Âi−1 + · · · ,
˙̂b = −γr b̂ − ig Ân.

n + 1-times resonance!

I The whole Hamiltonian is explitly PT broken.

I Ssig is n-times enhanced:

SRC
sig (Ω) =

2γrα
2SΦ(Ω)

(γ + γr )2 + Ω2

(
g2

γ2 + Ω2

)n

.

vr
<latexit sha1_base64="79BIo0UOSpTuVqGeUUPl9guW1Rk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmd5AWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+a8y1EbF6xEnC/YgOlAgFo2ilh3FP98oVt+rOQf4SLycVyFHvlT+7/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUpOrNInYaxtKSRz9edERiNjJlFgOyOKQ7PszcT/vE6K4bWfCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb/8lzTPqt559fL+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7gBV4d6Tw7b877orXg5DOH8AvOxzdtbI3m</latexit>

b̂
<latexit sha1_base64="duxywz/jU6bnlo0tsZcfkypy5OI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZjZneWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWj26nfeuLaCBU/4DjhfkQHsQgFo2ilZndIkQS9csWtujOQZeLlpAI56r3yV7evWBrxGJmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LI1pxI2fza6dkBOr9EmotK0YyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J47WciTlLkMZsvClNJUJHp66QvNGcox5ZQpoW9lbAh1ZShDahkQ/AWX14mzbOqd169vL+o1G7yOIpwBMdwCh5cQQ3uoA4NYPAIz/AKb45yXpx352PeWnDymUP4A+fzByHkjtg=</latexit>

�<latexit sha1_base64="+AZwEx4h0iZeQzonc8MtAGC6ra0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L3L+tVDo9a8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfk/Y4m</latexit>

↵<latexit sha1_base64="5uI7OHd2r47MUtx08AblU4N6pQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGt1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd169vL+o1G7yOIpwBMdwCh5cQQ3uoA4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB43Fjx8=</latexit>

â1
<latexit sha1_base64="hjiDNO3smudKh/k8trfTCWCJbEQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS+idzCZDZmfXmVkhLPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfywYwT5kc4kDzkFI2V2t0hGoI9r1euuFV3BrJMvJxUIEe9V/7q9mOaRkwaKlDrjucmxs9QGU4Fm5S6qWYJ0hEOWMdSiRHTfja7d0JOrNInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxEJRuCt/jyMmmeVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aAAFAc/wCm/Oo/PivDsf89aCk88cwh84nz9JII97</latexit>

â2
<latexit sha1_base64="d7E4+qXwhmCfSkoDBHyHb+5nYGI=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3AzBcCsUbKFDydqI5RIHkrWB0O/VbT1wbEasHHCfcj2CgRCgYoJXa3SEghV61Vyq7FXcGuky8nJRJjnqv9NXtxyyNuEImwZiO5yboZ6BRMMknxW5qeAJsBAPesVRBxI2fze6d0FOr9GkYa1sK6Uz9PZFBZMw4CmxnBDg0i95U/M/rpBhe+5lQSYpcsfmiMJUUYzp9nvaF5gzl2BJgWthbKRuCBoY2oqINwVt8eZk0qxXvvHJ5f1Gu3eRxFMgxOSFnxCNXpEbuSJ00CCOSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w9KpI98</latexit>

ĉ†
n<latexit sha1_base64="H2Utrrnb7A/hBFGNiOmu5/d28GA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5L4QJdFNy4r2Ac0MUwmk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIGVUKtv+Niorq2vrG9XN2tb2zm7d3NvvyiQTmHRwwhLRD5AkjHLSUVQx0k8FQXHASC8Y3xR+75EISRN+ryYp8WI05DSiGCkt+WbdHSFl4Qc3REM/51PfbNhNewZrmTglaUCJtm9+uWGCs5hwhRmScuDYqfJyJBTFjExrbiZJivAYDclAU45iIr18FnxqHWsltKJE6Md1jEL9vZGjWMpJHOjJGKmRXPQK8T9vkKnoysspTzNFOJ4fijJmqcQqWrBCKghWbKIJwoLqrBYeIYGw0l3VdAnO4peXSfe06Zw1L+7OG63rso4qHMIRnIADl9CCW2hDBzBk8Ayv8GY8GS/Gu/ExH60Y5c4B/IHx+QOYIpMP</latexit>

ĉ†
1

<latexit sha1_base64="Bb/BofR2KLBDP0NPvDNk71jFKiI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5L4QJdFNy4r2Ac0MUwmk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIGVUKtv+Niorq2vrG9XN2tb2zm7d3NvvyiQTmHRwwhLRD5AkjHLSUVQx0k8FQXHASC8Y3xR+75EISRN+ryYp8WI05DSiGCkt+WbdHSFl4Qc3REM/d6a+2bCb9gzWMnFK0oASbd/8csMEZzHhCjMk5cCxU+XlSCiKGZnW3EySFOExGpKBphzFRHr5LPjUOtZKaEWJ0I/rGIX6eyNHsZSTONCTMVIjuegV4n/eIFPRlZdTnmaKcDw/FGXMUolVtGCFVBCs2EQThAXVWS08QgJhpbuq6RKcxS8vk+5p0zlrXtydN1rXZR1VOIQjOAEHLqEFt9CGDmDI4Ble4c14Ml6Md+NjPloxyp0D+APj8wc7cZLS</latexit>

ĉ†
2

<latexit sha1_base64="+Ya3+MIySliLx0zmw+/XiC37T0c=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0WXRjcsK9gFNDJPJpB06eTAzEWrol7hxoYhbP8Wdf+OkzUJbDwwczrmXe+b4KWdSWda3sbK6tr6xWdmqbu/s7tXM/YOuTDJBaIckPBF9H0vKWUw7iilO+6mgOPI57fnjm8LvPVIhWRLfq0lK3QgPYxYygpWWPLPmjLBC5MEJ8NDLm1PPrFsNawa0TOyS1KFE2zO/nCAhWURjRTiWcmBbqXJzLBQjnE6rTiZpiskYD+lA0xhHVLr5LPgUnWglQGEi9It1jEL9vZHjSMpJ5OvJCKuRXPQK8T9vkKnwys1ZnGaKxmR+KMw4UgkqWkABE5QoPtEEE8F0VkRGWGCidFdVXYK9+OVl0m027LPGxd15vXVd1lGBIziGU7DhElpwC23oAIEMnuEV3own48V4Nz7moytGuXMIf2B8/gA89pLT</latexit>

â3
<latexit sha1_base64="y6XeDctal0mAZrT6PsgKWM1U0Qo=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKez6QI9BLx4jmAcmS+idzCZDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HYDhUijeQIGStxPNIQokbwWj26nfeuLaiFg94DjhfgQDJULBAK302B0CUuhl55NeueJW3RnoMvFyUiE56r3yV7cfszTiCpkEYzqem6CfgUbBJJ+UuqnhCbARDHjHUgURN342u3hCT6zSp2GsbSmkM/X3RAaRMeMosJ0R4NAselPxP6+TYnjtZ0IlKXLF5ovCVFKM6fR92heaM5RjS4BpYW+lbAgaGNqQSjYEb/HlZdI8q3rn1cv7i0rtJo+jSI7IMTklHrkiNXJH6qRBGFHkmbySN8c4L8678zFvLTj5zCH5A+fzBxQnkIk=</latexit>

ûa1<latexit sha1_base64="dThhOS7F5j98fQiVZ68AAA8y97w=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQtlsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3U799hPXRiTqAccpD2I6UCISjKKVfH9IkWS9nPa8Sa9ac+vuDGSZeAWpQYFmr/rl9xOWxVwhk9SYruemGORUo2CSTyp+ZnhK2YgOeNdSRWNugnx284ScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo+sgFyrNkCs2XxRlkmBCpgGQvtCcoRxbQpkW9lbChlRThjamig3BW3x5mTye1b3z+uX9Ra1xU8RRhiM4hlPw4AoacAdNaAGDFJ7hFd6czHlx3p2PeWvJKWYO4Q+czx+kq5Fv</latexit>

ûa2<latexit sha1_base64="9pUEmOEFzkRJCUTNVvqWAYyjd2o=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVZKq6LLoxmUF+4AmhJvppB06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe++JMs6Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWS0DZJeSp7ESjKmaBtzTSnvUxSSCJOu9H4buZ3n6hULBWPepLRIIGhYDEjoK3k+yPQ2IQ5hI1pWK25dXcOvEq8gtRQgVZY/fIHKTEJFZpwUKrvuZkOcpCaEU6nFd8omgEZw5D2LRWQUBXk85un+MwqAxyn0pbQeK7+nsghUWqSRLYzAT1Sy95M/M/rGx3fBDkTmdFUkMWi2HCsUzwLAA+YpETziSVAJLO3YjICCUTbmCo2BG/55VXSadS9i/rVw2WteVvEUUYn6BSdIw9doya6Ry3URgRl6Bm9ojfHOC/Ou/OxaC05xcwx+gPn8wemMJFw</latexit>

ûa3
<latexit sha1_base64="ZETyPzxVo7j5mts2tXdudDzzKO8=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRKr6LLoxmUF+4AmhJvppB06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe++JMs6Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWS0DZJeSp7ESjKmaBtzTSnvUxSSCJOu9H4buZ3n6hULBWPepLRIIGhYDEjoK3k+yPQ2IQ5hI1pWK25dXcOvEq8gtRQgVZY/fIHKTEJFZpwUKrvuZkOcpCaEU6nFd8omgEZw5D2LRWQUBXk85un+MwqAxyn0pbQeK7+nsghUWqSRLYzAT1Sy95M/M/rGx3fBDkTmdFUkMWi2HCsUzwLAA+YpETziSVAJLO3YjICCUTbmCo2BG/55VXSuah7jfrVw2WteVvEUUYn6BSdIw9doya6Ry3URgRl6Bm9ojfHOC/Ou/OxaC05xcwx+gPn8wentZFx</latexit>

ûb
<latexit sha1_base64="ePbK4VKdepc7casVD70dhm0Swvk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAcmS5idzCZDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKj90hRZL2smDSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbxhJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEym75O+0JyhHFtCmRb2VsKGVFOGNqSSDcFbfHmZNM+q3nn18v6iUrvJ4yjCERzDKXhwBTW4gzo0gIGCZ3iFN8c4L8678zFvLTj5zCH8gfP5A3oykMw=</latexit>

û†
c1

<latexit sha1_base64="X5omQpngNYwpe8+GAkKJjcjc9RI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclcQHuiy6cVnBPqCNYTKZtEMnkzBzo5TYT3HjQhG3fok7/8Zpm4W2HrhwOOde7r0nSAXX4Djf1tLyyuraemmjvLm1vbNrV/ZaOskUZU2aiER1AqKZ4JI1gYNgnVQxEgeCtYPh9cRvPzCleSLvYJQyLyZ9ySNOCRjJtyu9AQGc3fdC0vdz6rtj3646NWcKvEjcglRRgYZvf/XChGYxk0AF0brrOil4OVHAqWDjci/TLCV0SPqsa6gkMdNePj19jI+MEuIoUaYk4Kn6eyInsdajODCdMYGBnvcm4n9eN4Po0su5TDNgks4WRZnAkOBJDjjkilEQI0MIVdzciumAKELBpFU2IbjzLy+S1knNPa2d355V61dFHCV0gA7RMXLRBaqjG9RATUTRI3pGr+jNerJerHfrY9a6ZBUz++gPrM8f03WTug==</latexit>

û†
c2

<latexit sha1_base64="4fTLz+ioieFSgMHBTz6cHuN81Ds=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRV0WXRjcsK9gFNDJPJpB06eTBzo5TYT3HjQhG3fok7/8Zpm4W2HrhwOOde7r3HTwVXYFnfRmlldW19o7xZ2dre2d0zq/sdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3R9dTvPjCpeBLfwThlbkQGMQ85JaAlz6w6QwI4u3cCMvBy6jUmnlmz6tYMeJnYBamhAi3P/HKChGYRi4EKolTftlJwcyKBU8EmFSdTLCV0RAasr2lMIqbcfHb6BB9rJcBhInXFgGfq74mcREqNI193RgSGatGbiv95/QzCSzfncZoBi+l8UZgJDAme5oADLhkFMdaEUMn1rZgOiSQUdFoVHYK9+PIy6TTq9mn9/Pas1rwq4iijQ3SETpCNLlAT3aAWaiOKHtEzekVvxpPxYrwbH/PWklHMHKA/MD5/ANT6k7s=</latexit>

û†
cn

<latexit sha1_base64="rD70Pm0BKqmVYpppB/XYsH5b2eg=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclcQHuiy6cVnBPqCN4WYyaYdOJmFmopTYT3HjQhG3fok7/8Zpm4W2HrhwOOde7r0nSDlT2nG+raXlldW19dJGeXNre2fXruy1VJJJQpsk4YnsBKAoZ4I2NdOcdlJJIQ44bQfD64nffqBSsUTc6VFKvRj6gkWMgDaSb1d6A9A4u++F0Pdz4ouxb1edmjMFXiRuQaqoQMO3v3phQrKYCk04KNV1nVR7OUjNCKfjci9TNAUyhD7tGiogpsrLp6eP8ZFRQhwl0pTQeKr+nsghVmoUB6YzBj1Q895E/M/rZjq69HIm0kxTQWaLooxjneBJDjhkkhLNR4YAkczciskAJBBt0iqbENz5lxdJ66TmntbOb8+q9asijhI6QIfoGLnoAtXRDWqgJiLoET2jV/RmPVkv1rv1MWtdsoqZffQH1ucPMDWT9w==</latexit>



Binary Tree Haloscope

vr
<latexit sha1_base64="79BIo0UOSpTuVqGeUUPl9guW1Rk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmd5AWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+a8y1EbF6xEnC/YgOlAgFo2ilh3FP98oVt+rOQf4SLycVyFHvlT+7/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUpOrNInYaxtKSRz9edERiNjJlFgOyOKQ7PszcT/vE6K4bWfCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb/8lzTPqt559fL+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7gBV4d6Tw7b877orXg5DOH8AvOxzdtbI3m</latexit>

b̂<latexit sha1_base64="duxywz/jU6bnlo0tsZcfkypy5OI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZjZneWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWj26nfeuLaCBU/4DjhfkQHsQgFo2ilZndIkQS9csWtujOQZeLlpAI56r3yV7evWBrxGJmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LI1pxI2fza6dkBOr9EmotK0YyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J47WciTlLkMZsvClNJUJHp66QvNGcox5ZQpoW9lbAh1ZShDahkQ/AWX14mzbOqd169vL+o1G7yOIpwBMdwCh5cQQ3uoA4NYPAIz/AKb45yXpx352PeWnDymUP4A+fzByHkjtg=</latexit>

�<latexit sha1_base64="+AZwEx4h0iZeQzonc8MtAGC6ra0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L3L+tVDo9a8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfk/Y4m</latexit>

↵<latexit sha1_base64="5uI7OHd2r47MUtx08AblU4N6pQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGt1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd169vL+o1G7yOIpwBMdwCh5cQQ3uoA4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB43Fjx8=</latexit>

â11
<latexit sha1_base64="cUrJi16H3qoahLMqrLUb6TLqyTM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtIQ9lsN+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3U799hPXRiTqAccpD2I6UCISjKKV/O6QIqG93PMmvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMb4nptikFONgkk+qXQzw1PKRnTAfUsVjbkJ8tnJE3JilT6JEm1LIZmpvydyGhszjkPbGVMcmkVvKv7n+RlG10EuVJohV2y+KMokwYRM/yd9oTlDObaEMi3srYQNqaYMbUoVG4K3+PIyeTyre+f1y/uLWuOmiKMMR3AMp+DBFTTgDprQAgYJPMMrvDnovDjvzse8teQUM4fwB87nD4OtkMI=</latexit>

â21
<latexit sha1_base64="T2MMw40bnD/1Tx2fjFZL7GzQwbI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoseiF48V7AekoWy223bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HdzO//cS1EbF6xEnCg4gOlRgIRtFKfndEkdBeVvOmvXLFrbpzkFXi5aQCORq98le3H7M04gqZpMb4nptgkFGNgkk+LXVTwxPKxnTIfUsVjbgJsvnJU3JmlT4ZxNqWQjJXf09kNDJmEoW2M6I4MsveTPzP81Mc3ASZUEmKXLHFokEqCcZk9j/pC80ZyokllGlhbyVsRDVlaFMq2RC85ZdXSatW9S6qVw+XlfptHkcRTuAUzsGDa6jDPTSgCQxieIZXeHPQeXHenY9Fa8HJZ47hD5zPH4UzkMM=</latexit>

â22
<latexit sha1_base64="azv5dw6AstBjANy1920xFplueRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoseiF48V7AekoWy223bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HdzO//cS1EbF6xEnCg4gOlRgIRtFKfndEkdBeVqtNe+WKW3XnIKvEy0kFcjR65a9uP2ZpxBUySY3xPTfBIKMaBZN8WuqmhieUjemQ+5YqGnETZPOTp+TMKn0yiLUthWSu/p7IaGTMJAptZ0RxZJa9mfif56c4uAkyoZIUuWKLRYNUEozJ7H/SF5ozlBNLKNPC3krYiGrK0KZUsiF4yy+vklat6l1Urx4uK/XbPI4inMApnIMH11CHe2hAExjE8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP4a4kMQ=</latexit>

â31
<latexit sha1_base64="SRNn3Ht9dokfYHerZEGhjjW/WL4=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0msoseiF48V7AekoWy223bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HdzO//cS1EbF6xEnCg4gOlRgIRtFKfndEkdBeVvOmvXLFrbpzkFXi5aQCORq98le3H7M04gqZpMb4nptgkFGNgkk+LXVTwxPKxnTIfUsVjbgJsvnJU3JmlT4ZxNqWQjJXf09kNDJmEoW2M6I4MsveTPzP81Mc3ASZUEmKXLHFokEqCcZk9j/pC80ZyokllGlhbyVsRDVlaFMq2RC85ZdXSeui6tWqVw+XlfptHkcRTuAUzsGDa6jDPTSgCQxieIZXeHPQeXHenY9Fa8HJZ47hD5zPH4a5kMQ=</latexit>

â13
<latexit sha1_base64="95myBIQZk5gcWXFEG9h//KEj3nM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0msoseiF48V7AekoWy223bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HdzO//cS1EbF6xEnCg4gOlRgIRtFKfndEkdBe5tWmvXLFrbpzkFXi5aQCORq98le3H7M04gqZpMb4nptgkFGNgkk+LXVTwxPKxnTIfUsVjbgJsvnJU3JmlT4ZxNqWQjJXf09kNDJmEoW2M6I4MsveTPzP81Mc3ASZUEmKXLHFokEqCcZk9j/pC80ZyokllGlhbyVsRDVlaFMq2RC85ZdXSeui6tWqVw+XlfptHkcRTuAUzsGDa6jDPTSgCQxieIZXeHPQeXHenY9Fa8HJZ47hD5zPH4a3kMQ=</latexit>

â14
<latexit sha1_base64="V0+wM8y8I8O7DbxYNHOuBSFc7yo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7AekoWy223bpJht2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ITVcipg3UaDknURzGoWSt8Px3cxvP3FthIofcZLwIKLDWAwEo2glvzuiSGgv82rTXrniVt05yCrxclKBHI1e+avbVyyNeIxMUmN8z00wyKhGwSSflrqp4QllYzrkvqUxjbgJsvnJU3JmlT4ZKG0rRjJXf09kNDJmEoW2M6I4MsveTPzP81Mc3ASZiJMUecwWiwapJKjI7H/SF5ozlBNLKNPC3krYiGrK0KZUsiF4yy+vktZF1busXj3UKvXbPI4inMApnIMH11CHe2hAExgoeIZXeHPQeXHenY9Fa8HJZ47hD5zPH4g8kMU=</latexit>

ĉ†
31

<latexit sha1_base64="tTlkN0f1IE6GdKaBOdSBOxLEXfQ=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRKr6LLoxmUF+4AmhpvJpB06eTAzKZTQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98zxU86ksqxvo7K2vrG5Vd2u7ezu7R+Yh0ddmWSC0A5JeCL6PkjKWUw7iilO+6mgEPmc9vzxXeH3JlRIlsSPappSN4JhzEJGQGnJM01nBAqTJyeAoZc37Zln1q2GNQdeJXZJ6qhE2zO/nCAhWURjRThIObCtVLk5CMUIp7Oak0maAhnDkA40jSGi0s3nyWf4TCsBDhOhX6xzFOrvjRwiKaeRrycjUCO57BXif94gU+GNm7M4zRSNyeJQmHGsElzUgAMmKFF8qgkQwXRWTEYggChdVk2XYC9/eZV0Lxp2s3H1cFlv3ZZ1VNEJOkXnyEbXqIXuURt1EEET9Ixe0ZuRGy/Gu/GxGK0Y5c4x+gPj8wezHpMP</latexit>

ĉ†
21

<latexit sha1_base64="PtHs7VdiR9eBW8qar+e9sozesd8=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZKq6LLoxmUF+4AmhpvJpB06eTAzKZTQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98zxU86ksqxvo7K2vrG5Vd2u7ezu7R+Yh0ddmWSC0A5JeCL6PkjKWUw7iilO+6mgEPmc9vzxXeH3JlRIlsSPappSN4JhzEJGQGnJM01nBAqTJyeAoZc37Zln1q2GNQdeJXZJ6qhE2zO/nCAhWURjRThIObCtVLk5CMUIp7Oak0maAhnDkA40jSGi0s3nyWf4TCsBDhOhX6xzFOrvjRwiKaeRrycjUCO57BXif94gU+GNm7M4zRSNyeJQmHGsElzUgAMmKFF8qgkQwXRWTEYggChdVk2XYC9/eZV0mw37onH1cFlv3ZZ1VNEJOkXnyEbXqIXuURt1EEET9Ixe0ZuRGy/Gu/GxGK0Y5c4x+gPj8wexmJMO</latexit>

ĉ†
22

<latexit sha1_base64="gzxk8iQk2SPf2NqiYJyXJS0RF9E=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZKq6LLoxmUF+4Amhslk0g6dTMLMpFBC/8SNC0Xc+ifu/BsnbRbaemDgcM693DMnSBmVyra/jcra+sbmVnW7trO7t39gHh51ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeM7wq/NyFC0oQ/qmlKvBgNOY0oRkpLvmm6I6Qs/OSGaOjnzebMN+t2w57DWiVOSepQou2bX26Y4CwmXGGGpBw4dqq8HAlFMSOzmptJkiI8RkMy0JSjmEgvnyefWWdaCa0oEfpxnaNQf2/kKJZyGgd6MkZqJJe9QvzPG2QquvFyytNMEY4Xh6KMWSqxihqskAqCFZtqgrCgOquFR0ggrHRZNV2Cs/zlVdJtNpyLxtXDZb11W9ZRhRM4hXNw4BpacA9t6ACGCTzDK7wZufFivBsfi9GKUe4cwx8Ynz+zHZMP</latexit>

ĉ†
11

<latexit sha1_base64="HbWfh4rkyPwZ5hydXChO2Tm06qw=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSuIDXRbduKxgH9DEcDOZtkMnkzAzKZTQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98wJU86Udpxva2V1bX1js7JV3d7Z3du3Dw7bKskkoS2S8ER2Q1CUM0FbmmlOu6mkEIecdsLRXeF3xlQqlohHPUmpH8NAsD4joI0U2LY3BI3JkxfBIMhddxrYNafuzICXiVuSGirRDOwvL0pIFlOhCQeleq6Taj8HqRnhdFr1MkVTICMY0J6hAmKq/HyWfIpPjRLhfiLNEyZHof7eyCFWahKHZjIGPVSLXiH+5/Uy3b/xcybSTFNB5of6Gcc6wUUNOGKSEs0nhgCRzGTFZAgSiDZlVU0J7uKXl0n7vO5e1K8eLmuN27KOCjpGJ+gMuegaNdA9aqIWImiMntErerNy68V6tz7moytWuXOE/sD6/AGwEpMN</latexit>

ĉ†
12

<latexit sha1_base64="om3B8PI2OMtzK1hhdMGLoNdkP5w=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZKq6LLoxmUF+4AmhpvJpB06eTAzKZTQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98zxU86ksqxvo7K2vrG5Vd2u7ezu7R+Yh0ddmWSC0A5JeCL6PkjKWUw7iilO+6mgEPmc9vzxXeH3JlRIlsSPappSN4JhzEJGQGnJM01nBAqTJyeAoZfbzZln1q2GNQdeJXZJ6qhE2zO/nCAhWURjRThIObCtVLk5CMUIp7Oak0maAhnDkA40jSGi0s3nyWf4TCsBDhOhX6xzFOrvjRwiKaeRrycjUCO57BXif94gU+GNm7M4zRSNyeJQmHGsElzUgAMmKFF8qgkQwXRWTEYggChdVk2XYC9/eZV0mw37onH1cFlv3ZZ1VNEJOkXnyEbXqIXuURt1EEET9Ixe0ZuRGy/Gu/GxGK0Y5c4x+gPj8wexl5MO</latexit>

ĉ†
13

<latexit sha1_base64="bE2fvNjpcL8FeZsCLn1SywTsnlk=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRKr6LLoxmUF+4AmhpvJpB06eTAzKZTQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98zxU86ksqxvo7K2vrG5Vd2u7ezu7R+Yh0ddmWSC0A5JeCL6PkjKWUw7iilO+6mgEPmc9vzxXeH3JlRIlsSPappSN4JhzEJGQGnJM01nBAqTJyeAoZfbzZln1q2GNQdeJXZJ6qhE2zO/nCAhWURjRThIObCtVLk5CMUIp7Oak0maAhnDkA40jSGi0s3nyWf4TCsBDhOhX6xzFOrvjRwiKaeRrycjUCO57BXif94gU+GNm7M4zRSNyeJQmHGsElzUgAMmKFF8qgkQwXRWTEYggChdVk2XYC9/eZV0Lxp2s3H1cFlv3ZZ1VNEJOkXnyEbXqIXuURt1EEET9Ixe0ZuRGy/Gu/GxGK0Y5c4x+gPj8wezHJMP</latexit>

ĉ†
14
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I Fully PT -symmetric setup with âij ↔ ĉ†ij brings strong
robustness.

I Multi-probing sensors leads to coherent enhancement:

SBT
sig (Ω) = 22n−2SRC

sig (Ω).



Signal to Noise Ratio and Physics Reach

I SNR2 ∝ range where Sint � Sr ∝ 2n
(

g
γnocc

) 2n
2n+1
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I g/γ can be as large as Qint.

I Large nocc at low frequency for LC circuit makes the
enhancement ineffective.

I High Qint and constant nocc for SRF with BT can cover mΦ >
kHz QCD axion dark matter potentially.



Summary

I Hunting axion cloud with EHT polarimetry:
Most dense axion field saturating Φ ' fΦ.

I PT -symmetric array of axion dark matter detectors:
Multi-resonant systems strongly enhances the sensitivity to
signals.

I Astrophysical observations and quantum metrology
can play huge rules in the fundamental physics!



Thank you!



Appendix



Axion Coupling to the Standard Model

I Axion Fermion coupling: ∂µΦψ̄γµγ5ψ/fΦ,
non-linearization of a chiral global symmetry ∼ ∂µΦJµ5 /fΦ.
Stellar cooling, DM wind/gradient.

I Axion Gluon coupling: ΦTrGµνG̃
µν/fΦ,

generated from anomaly/triangle loop diagram.
Oscillating EDM.

I Axion Photon coupling: ΦFµν F̃
µν/fΦ,

from mixing with neutral π0.
Photon conversion to axion, inverse Primakoff, birefringence.



Axion Field Value

Φ(xµ) = e−iωte imφSlm(θ)Rlm(r),

I R11 at the emission point of the ring
can be near the maximum, e.g. :
whose radius rmax moves farther with
smaller α ≡ GNMBHmΦ ≡ rg/λc .

I The wave function peaks at the equatorial plane of the
black hole since S11 ' Y11 ∝ sin θ.

I Self interaction saturating phase
where Φmax ' fΦ.
[Yoshino, Kodama 12’, Baryakht et al 20’]
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Radiative Transfer and Birefringence

L 3 −1

2
gΦγΦFµν F̃

µν ,

I ∆χ = gΦγ [Φf − Φi ] only applies to point-like source in vacuum.

I Extended sources, plasma and general relativity effect?

Radiative transfer in terms of linearly polarized Stokes parameters:

d(Q + i U)

ds
= jQ + i jU + i

(
ρFR
V − 2gΦγ

dΦ

ds

)
(Q + i U).

ρFR
V : astrophysical faraday rotation, frequency dependent.

2gΦγ
dΦ
ds

: gradient of axion field along geodesics, achromatic.

Observable on the sky plane: EVPA χ ≡ arg(Q + i U)/2.

I Since Φ ∝ cosωt, source size > λc ≡ 1/mΦ can wash out the EVPA
oscillation.



EHT Polarization Data Characterization

I Four days’ polarization map with slight difference on sequential days:

[EHT 2021]

I Uncertainty of the azimuthal bin EVPA from polsolve:

[EHT 2021]

ranging from ±3◦ to ±15◦ for the bins used.



Summary

I Linearly polarized radiation from dense axion field:

Oscillating axion background → EVPA oscillates.

I Dissectinng superradiant axion cloud:

Superradince brings large density of axion cloud carrying angular
momentum. → ∆EVPA(ϕ) is like a propagating wave along ϕ.

I Stringent Constraints from EHT polarimetric measurements:

Using differential EVPA in time domain, the uncertainty of azimuthal
bin EVPA data on 4 days (2 pairs) can already constrain axion-photon
coupling to previously unexplored region.



Axion QED: Inverse Primakoff Effect

I Axion-electrodynamics modifies Maxwell equations:

∇ · E = ρ− gΦγB · ∇Φ

∇× B = ∂tE + J− gΦγ (E×∇Φ− B∂tΦ)

I Neglecting spatial derivative, background B0 and axion dark
matter Φ leads to effective current

Jeff(t) ∼ gΦγB0(t)
√
ρDM cosmΦt.

I Inverse Primakoff effect: the conversion of axion to an
oscillating EM field under background B0.

Φ γ

B0

virtual γ



Astrophysical Birefringence from Soliton Core

∆Θγ = gaγ [a(tobs, xobs)− a(temit, xemit)],

I Large initial axion field values in galaxy center: soliton core.
Fuzzy dark matter [Hu et al 00’], with de Broglie wavelength ∼ kpc scale
suppressing small scale structures and a soliton core formed inside GC.

[Schive et al 14’]

Balance between quantum pressure and gravitational self interaction.



Birefringence from Soliton Core Axion

I Ultralight axion dark matter forms soliton core in the galaxy center.

∆χ = gΦγ [Φ(tobs, xobs)− Φ(temit, xemit)],

I Linearly polarized photon from pulsar. [Liu, Smoot, Zhao, 19’]

I Polarized radiation from Sgr A?.[Yuan, Xia, YC, Yuan et al 20’]



Search Strategies

A region with:

I Large axion density
Outside black hole?

I Source for linearly polarized photon
Stable initial position angle.

Search for:

I Position angle oscillates with time;
Axion is an oscillating background field.

I Oscillation amplitude change as a function of spatial distribution.
Extended light source.

Scenarios: EHT-SMBH
Later we will see to a radiation ring instead of a point source is necessary
for polarimetric probing of axion.



Event Horizon Telescope: an Earth-sized Telescope

I For single telescope with diameter D, the angular resolution for photon of
wavelength λ is around λ

D
;

I VLBI: for multiple radio telescopes, the effective D becomes the
maximum separation between the telescopes.

I As good as being able to see on the moon from the Earth.



Supermassive Black Hole (SMBH) M87?

I To see the shadow and the ring, an excellent spatial resolution is
necessary.

I One of the most massive black hole ever known: 6.5× 109M�;

I Nearly extreme Kerr black hole: aJ > 0.8;

I Almost face-on disk with a 17◦ inclination angle;

I Rich astrophysical information under extremal condition;

I What else can we learn?



Fate of Superradiance

Axion cloud can’t keep growing exponentially. What’s the fate of it?

I Self interaction of axion becomes important for fa < 1016 GeV.

[Yoshino, Kodama 12’, Baryakht et al 20’]

I Black hole spins down until the superradiance condition is violated
for fa > 1016 GeV. [Arvanitakia, Dubovsky 10’]

I Formation of a binary system leads to the decay/transition of the
bound state. [Chia et al 18’]

I Electromagnetic blast for strong (large field value) axion-photon
coupling. [Boskovic et al 18’]



Weakly Saturating Axion Cloud

I When the field value is large enough, one should take into account the
non-perturbative axion potential:

V = µ2f 2
(

1− cos
a

f

)
=
µ2a2

2
− µ2a4

24f 2
+ ...;

I A quasi periodic phase where superradiance and non-linear interaction
induced emission balance each other with Φpeak = a0/f ∼ 1.

[Yoshino, Kodama 12’ 15’, Baryakht et al 20’]



Black Hole Spin Measurements [Arvanitakia et al 10’ 14’]

I Comparing the timescale between the superradiance and
BH accretion, a BH with large spin can typically exclude
axion with fa > 1016 GeV.



Gravitational Collider [Chia et al 18’]

I Resonant transition from one bound state to another happens
when orbital frequency Ω matches the energy gap.

I Due to the GW emission of the binary system, Ω(t) slowly
increases and scan the spectrum.

I Orbits could float or shrink dependent on the transition.



Detectability of EHT

I Average effect due to the limited resolution and angular
dependent phase:∫ ∆φ

0
cos(µt + mφ)dφ =

sin (m∆φ/2)

m∆φ/2
cos (µt + m∆φ/2).

I In the past, we only saw a point instead of a ring, ∆φ = 2π,
no birefringent effect.

I A subset of the EHT configuration previously measured the
position angle at precision of ∼ 3◦. It’s reasonable to expect
better precision.



Misalignment Production of QCD Axion

I For QCD axion, mΦfΦ ∼ Λ2
QCD predicts a thin line in the parameter

space.

I Cosmological parameter: initial misalignment angle θi ≡ Φi/fΦ.

I Assuming θi ∼ 1 leads to the most natural region of QCD axion dark
matter mΦ ∼ 10−6eV ∼ GHz.

I Different cosmological evolutions can still provide a viable dark matter
candidate in other region, e.g., PQ symmetry broken before inflation.



Property of Axion Dark Matter

Galaxy formation: virialization gave ∼ 10−3c velocity fluctuation,
thus kinetic energy ∼ 10−6mΦc

2 currently.
Effectively coherent wave:

Φ(~x , t) =

√
2ρΦ

mΦ
cos
(
ωΦt − ~kΦ · ~x + δ0

)
.

I Bandwidth: δωΦ ' mΦ

〈
v2

DM

〉
' 10−6mΦ, QΦ ' 106.

I Correlation time: τΦ ' ms 10−6eV
mΦ

.

Power law detection is used to make integration time
longer than τΦ.

I Correlation length: λd ' 200 m10−6eV
mΦ

� λc = 1/mΦ.
Sensor array can be used within λd .



Higher Frequency Electromagnetic Resonant Detection

Difficult to detect mΦ � GHz axion dark matter due to short λc .

I II III

I I Dielectric Haloscope: discontinuity of E-field leads to
coherent emission of photons from each surface, up to 50
GHz. [A.Caldwell et al 17’]

I II Plasma Haloscope: using tunable cryogenic plasma to match
axion mass, up to 100 GHz. [M.Lawson et al 19’]

I III Topological Insulator: quasiparticle in it mixing with E field
becomes polariton whose frequency can be tuned by magnetic field,
up to THz. [D.J.E.Marsh et al 19’]



Quantization of Cavity/Circuit Mode

I In Coulomb gauge, vector potential can be quantized

~Ak(~r , t) =
∑
k

(
1

2ωk

)1/2

âkuk(~r)e−iωk t + h.c ..

where uk(~r) form a complete orthonormal set for a given
boundary condition and [âk , âk ′ ] = δkk ′ .

I The Hamiltonian for each mode reduces to harmonic oscillator

Hcavity =
1

2

∫ (
~E 2 + ~B2

)
d3~x =

∑
k

ωk

(
â†k âk +

1

2

)
.

I In the interaction picture, the coupling to axion is

Hint =

∫
gΦγΦ~E · ~B0d

3~x = αΦ(â + â†), α ' gΦγB0

√
mΦV .

I Circuit mode can be quantized in the same way

HLC =
Q̂2

2C
+
φ̂2

2L
= ωLC

(
â†â +

1

2

)
.



Open quantum system

A quantum-mechanical system interacting
with the environment:

I System mode â couples to infinite degrees of freedom ŵω:

i~
√

2γr

∫ +∞

−∞

dω

2π
[â†ŵω − âŵ †ω] +

∫ +∞

−∞

dω

2π
~ωŵ †ωŵω.

I Fourier transformation: 0-dim localized mode â couples to
an 1-dim bulk wξ (transmission line):

i~
√

2γr â
†ŵξ=0 + h.c. + i~

∫ +∞

−∞
dξŵ †ξ∂ξŵξ.

I Equations of motion for â and outgoing mode ŵ0+ :

˙̂a = −γr â +
√

2γr ŵ0− ; ŵ0+ = ŵ0− −
√

2γr â

a w



Single Mode Resonator as Quantum Sensor

I For a resonator â probing weak signal Φ: α
(
â + â†

)
Φ

I Readout for outgoing mode v̂r ≡ ŵ0+ :

v̂r =
Ω− iγr
Ω + iγr

ûr +

√
2γrα

Ω + iγr
Φ.

I Vacuum fluctuation in incoming mode ûr ≡ ŵ0− with white
noise power spectral density Sr = 1.

I Resonant signal spectrum Ssig = 2γrα2

γ2
r +Ω2 SΦ(Ω).

Scan rate:

∫ +∞

−∞

2γrα
2

γ2
r + Ω2

dΩ =
α2

2π
.

I Trade-off between peak sensitivity and bandwidth by tuning
γr .
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Intrinsic loss and fluctuation

I However, intrinsic loss proportional to γ
exists, characterized by the quality factor
Qint ≡ ω/γ.

I According to the fluctuation-dissipation theorem, there is
intrinsic noise Sint(Ω) = 4γγr

(γ+γr )2+Ω2Sua whose PSD contains

both vacuum and thermal fluctuations:

Sua = nocc ≡
(

1

2
+

1

exp (ω/T )− 1

)
'
{

1
2 T � ω;
T
ω T � ω.

I Standard quantum limit for power law detection:
resonant Sint+ flat Sr. [Chaudhuri et al 18’]
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Beam splitting coupling

I Use an additional capacitor to couple two LC circuits:

H =
1

2
C1φ̇

2
1 +

1

2
C2φ̇

2
2 +

1

2L1
φ2

1 +
1

2L2
φ2

2 +
1

2
C0(φ̇1 − φ̇2)2.

I Conjugate momentum to φi involves mixing. Interaction
potential:

β~
√
ω1ω2(â1 − â†1)(â2 − â†2) ∼ â1â

†
2 + h.c.,



Non-Degenerate Parametric amplifier coupling

I Use a DC voltage and a Josephson junction to couple two LC
circuits:

V = −~IJ
2e0

cos (ω0t +
2e0

~
(φ2 + φ3))

= −~IJ
2e0

cos (ω0t + κ2(a2 + a†2) + κ3(a3 + a†3))

∼ ~IJ
4e0

κ2κ3[a2a3 + a†2a
†
3],



Kinetic Mixing Dark Photon Dark Matter

I An additional U(1) vector can have kinetic mixing with electromagnetic
photon field through

εFµνF
′µν .

I It appears generally in theory with extra-dimension with a broad mass
window predicted.

I Cold dark matter candidate behaving like coherent wave:



From Axion QED to Kinetic Mixing Dark Photon

∇× B = ∂tE + J− gΦγ (E×∇Φ− B∂tΦ)

I Axion dark matter leads to an effective current under
background B0 with |Jeff(t)| ∼ gΦγB0(t)

√
ρDM cosmΦt.

−1

4

(
F̃µν F̃

µν + F̃ ′µν F̃
′µν
)

+
1

2
m2
γ′Ã
′
µÃ
′µ−eJµEMÃµ+εm2

γ′ÃµÃ
′µ.

I Similarly, in the interaction basis, the background dark photon
behaves as an effective electromagnetic current with
Jµeff = εm2

γ′Ã
′µ.



Effective current induced magnetic field

I In a space screened by electromagnetic shielding, the effective
current can induce a transverse magnetic field

I For axion:

Ba ≈ | ~Jeff
a | V 1/3,

≈ 10−17T

(
gaγ

10−11 GeV−1

)(
B0

1 T

)(
V 1/3

1 m

)
I For kinetic mixing dark photon (with a factor of 1/3 due to

the isotropic wave-funtion):

Bdp ≈ | ~Jeff
dp | V 1/3,

≈ 10−16T
( ε

10−6

)( mdp

10Hz

)(V 1/3

1 m

)
.

I V is the volume of the EM shielding room. Magnetic field
signal is the strongest at the corner of the room.
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