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1. Introduction



Axion and axion-like particles (ALPSs)

® A solution to the strong CP problem (for axion)

DM candidates

nspired by superstring theory

mpacts on cosmology (axion strings, domain walls, mini-clusters,
etc.)



Axion and ALPs search
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Axion and axion-like particles (ALPSs)

® A solution to the strong CP problem (for axion)
® DM candidates

® |nspired by superstring theory

® |Impacts on cosmology (axion strings, domain walls, mini-clusters,
etc.)

® | ots of searching using various techniques are ongoing



Axion and axion-like particles (ALPS)

® A solution to the strong CP problem (for axion)
® DM candidates

® |nspired by superstring theory

® |Impacts on cosmology (axion strings, domain walls, mini-clusters,
etc.)

® | ots of searching using various techniques are ongoing
® ‘Axion’ is predicted in topological insulators

® ‘Axion’ in insulators can be used for axion detection



Axion is predicted in topological magnetic insulators

nature
ARTICLES hvsi
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Dynamical axion field in topological
magnetic insulators
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(Topological insulator)



Axion induces instability in insulators

Ooguri, Oshikawa 12
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Axion-photon coupling —> Instability of the electric field
—> Magnetic field is induced



Axion Coupling |g,| [GeV™}]

Proposals for axion/ALPs search using ‘axion’ in insulators
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Keywords: topological insulator, magnetism

Today, | would like to address

® \What is topological insulator?
® How does magnetism play a role?

® How is ‘axion’ in insulators described?



Plan to talk

2. Brief review of condensed matter physics (related to axion)
3. Axion in antiferromagnetic topological insulators

4. Conclusions and discussion



2. Brief review of condensed matter physics
(related to axion)



Topics related to axion in condensed matter physics

a). Insulators

).
b). Anomalous quantum Hall effect
c). Topological insulators

).

d). Magnetoelectric effect



a). Insulators

Minimum basics

E, : energy of electron

k :wavenumber of electron

Energy bands /\/
(Energy levels) \/\
>

<«— Band gap

BZ (Brillouin zone)

The region where there is no energy level is called band gap
(important for insulators)



a). Insulators

Insulator Metal

> k

Fermi energy is in the band gap Fermi energy is in the band

Er : Fermi energy

Fermi energy are important to distinguish
iInsulators and metals



a). Insulators

Insulator

<—— Main topic today

> k

Fermi energy is in the band gap



b). Anomalous quantum Hall effect

Quantum Hall (QH) effect

e.g., 2D insulator QH effect appears in
semiconductor too

(® B : magnetic field

T E : electric field



b). Anomalous quantum Hall effect

Quantum Hall (QH) effect

e.g., 2D insulator QH effect appears in
semiconductor too

(® B : magnetic field

T E : electric field

Y

z <£—> X Hall current (jz)

===m

Quantized electric current is induced in x direction



b). Anomalous quantum Hall effect

Thouless, Kohmoto, Nightingale, den Nijs '82

It seems weird but there was theoretical prediction:

Hall conductivity: ko """"""""" :
0y = () By =2 [ G Ve anb)
’ E . 0 '

— v - an(k) = —i (unk| o un)

lu,k) : Bloch state
n : label of band

--------------------------------------

TKNN formula

—> L/ Is given by (half-) integer

“(Integer) QH effect”



b). Anomalous quantum Hall effect

The current flows at the edge



b). Anomalous quantum Hall effect

e.d., a toy model in 2D
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b). Anomalous quantum Hall effect

The band structure

m > 0
E—|— ........ \/

-1oL

Normal insulator



b). Anomalous quantum Hall effect

The band structure

-10- -10L-

Band inversion

Normal insulator QH insulator



b). Anomalous quantum Hall effect

The band structure

Gapless states at edge
m > 0 “ m < 0

-10- -10L-

Normal insulator QH insulator



b). Anomalous quantum Hall effect

The band structure

Band inversion

Normal insulator QH insulator

Band inversion is important



b). Anomalous quantum Hall effect

Anomalous quantum Hall (AQH) effect

The same effect by magnetization M, not magnetic field

—>  Anomalous QH effect



b). Anomalous quantum Hall effect

Anomalous quantum Hall (AQH) effect

The same effect by magnetization M, not magnetic field

—>  Anomalous QH effect

QH effect AQH effect

“AQH insulators”

“Chern insulators”



Topics related to axion in condensed matter physics

c). Topological insulators

d). Magnetoelectric effect



c). Topological insulators

Topological insulators (Tls)




c). Topological insulators

Topological insulators (Tls)

. . i Kane, Mele '05
ldea: combination of two QH insulators




c). Topological insulators

Topological insulators (Tls)

. . i Kane, Mele '05
ldea: combination of two QH insulators

A
@, spin current

Hall current is zero, but
—_— spin current exists
E



c). Topological insulators

Topological insulators (Tls)

. . i Kane, Mele '05
ldea: combination of two QH insulators

— A
@, spin current

Hall current is zero, but
—_— spin current exists
E

Such a system can be realized due to SOC
(without magnetic field)

SOC: spin orbit coupling



c). Topological insulators

Spin-orbit coupling (SOQC)

e.d.,
HSO — V(T)L . S

Electrons with spin up or down are scattered off
to the opposite directions



c). Topological insulators

The band structure

—> The same as (A)QH insulators

Band inversion
30C . ersio
\/ \/
Normal insulator Topological insulator

(NI) (T1)



c). Topological insulators

Keywords for topological insulators

® Time reversal invariance (7 )

® Strong spin-orbit coupling (SOC)



c). Topological insulators

Keywords for topological insulators

® Time reversal invariance (7 )

— A
@, spin current

B breaks 7 but the combination of B and —B keeps T



c). Topological insulators

Keywords for topological insulators

® Time reversal invariance (7 )

® Strong spin-orbit coupling (SOC)

—> T
2 6 . 240, spincurrent
—>
E

Strong SOC is crucial for the realization



d). Magnetoelectric effect

predicted by Landau&Lifshitz

Magnetoelectric (ME) effect

discovered by Dzyaloshinskii ‘60

- Electric field ( /) induces magnetization M
- Magnetic field (B) induces electric polarization P

1
Fr=—— dBCIZ‘ OéijEZ'Bj
HoC
Mj — OéijEf,; | 9F
C— .. R. M; = —
P = ang] V OL; |5,
1 OF
p=_L2Y
V 0B;|p_,

- (@, : constant

- [ |
4 EEEEEEEEEEEEEEEEEEER v



d). Magnetoelectric effect

3D TI cylinder coated with magnetization directing outside
Qi, Hughes, Zhang '08

Half-integer AQH current

|

The current induces magnetization
in Z direction

S 5
HoC

|}
|}
|}

|

Hall current (Y : fine-structure constant



d). Magnetoelectric effect

3D TI cylinder coated with magnetization directing outside
Qi, Hughes, Zhang '08

Half-integer AQH current

|

The current induces magnetization
In Z direction

«— LI TTLEETTTRPEEEE e e .
= : The coefficient is given by :

: fine-structure constant

|}
|
|}

|

Hall current (Y : fine-structure constant



d). Magnetoelectric effect

This ME effect can be understood from the following free energy:

1 QL
F@Z—— dgilf —O0 E-B with 6 = +7
Ho CT




d). Magnetoelectric effect

This ME effect can be understood from the following free energy:

-----------------

Qv ~
—_— ——0F,,, F""
Ar *

0 = *+ i is called static axion

(6 =0inNI)



Quick summary

® Fermi energy is in the band gap for insulators
® SOC and 7 are crucial for Tl

® ME effect in Tl is described by “static axion”



3. Axion in antiferromagnetic
topological insulators



Let’s consider 3D TI, B1,Se;
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Let’s consider 3D TI, B1,Se; H. Zhang et al. ‘09
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Band inversion due to strong SOC



Two bands near the Fermi energy are important

—> 4 by 4 matrices




Two bands near the Fermi energy are important

P1; g= == === -
P2,1.P2, | i
g
L . G I . > 4 by 4 matrices
P2, PP,
Ho (k)
( €0<k) + ./\/l(k) 0 —iAl sin k‘z A2 (sin kw — ¢ sln ]{iy) \
B 0 eo(k) + M(k) As(sink, +isink,) —iA; sink,
N iAq sink, As(sink, —isink,) eo(k) — M(k) 0
K As(sink, +isink,) iAqsink, 0 eo(k) — M(k) )

basis: (|P17,1),|P17,1),|P27,1),|P2;,1))

“Effective Hamiltonian for 3D TI”



The Hamiltonian can be written in the Gamma matrices:

eo(k) + M(k) 0 —iAysink, As(sink, —isink,)
0 eo(k) + M(k) As(sinky, + isink,y) —i Ay sink,
iA;sink, As(sink, —isink,) eo(k) — M(k) 0
As(sink, + isink,) 1A1sink, 0 eo(k) — M(k)

5
= eglaxq + Z d*T¢

a=1

H=d-o

(d', d?, d*, d*, d°) = (Agsink,, Assink,, A;sink,, M(k),0)

M(k) =M — 2B, — 4By + 2B, cosk, + 2Ba(cos k, + cos k)
1 0 o 2 0 oY 3 0 —11
A B I

------------------------------------------------------

'----------
A - E E E E E E E = =E = = = = = = = ==



The Hamiltonian can be written in the Gamma matrices:

eo(k) + M(k) 0 —iAysink, As(sink, —isink,)
0 eo(k) + M(k) As(sinky, + isink,y) —i Ay sink,
iA;sink, As(sink, —isink,) eo(k) — M(k) 0
As(sink, + isink,) 1A1sink, 0 eo(k) — M(k)

= eglaxq + Z dT

a=1

H=d-o

---------------------------------------------------- r

(d', d?, d*, d*, d°) = (Agsink,, Assink,, A;sink,, /\/l(k') 0)

M(k) =M — 2By — 4By + 2By cos k, + 2B5(cos k,, + cos k )
1 0 o 2 0 oY 3 0 —11
A B I

------------------------------------------------------

ds =0

(see later discussion)

'----------



The Hamiltonian can be written in the Gamma matrices:

eo(k) + M(k) 0 —iAysink, As(sink, —isink,)
0 eo(k) + M(k) As(sinky, + isink,y) —iA;sink,
iA;sink, As(sink, —isink,) eo(k) — M(k) 0

As(sink, + isink,) 1A sink, 0 eo(k) — M(k)
+cf. 2D toy model

— eolyns + Z d°T® important for : H=d-o

a=1 topological state ~ =——t—w__ s

: d ::’(m,:x,]ﬁy>

(d', d?, d*, d*, d°) = Ay sink,, Assink,, A;sink,, M(k),0)

L 4

M(k) = M = 2B, — 4B3 + 2B cos k, + 2B3(cos k, + cos k)
1 0 o 2 0 oY 3 0 —11
v %) Tl D) r=(

------------------------------------------------------

'----------
A - E E E E E E E = =E = = = = = = = ==



Partition function (given by path integral)

Sp = /d4x VT (x) [0y — Hol ()

— Zy= / DyDiple™

---------------------------------------

. (z) : wavefunction of electron

~ (|[P1f, 1), |P1E, L), P20, 1), | P20, )T

---------------------------------------



Now we introduce antiferromagnetism (AFM) by hand

( 7 violation)

R. Lietal.’10

Suppose electrons at Bi
are AFM order -

T~




Now we introduce antiferromagnetism (AFM) by hand

( 7 violation)

R. Lietal. 10
Uv
Hint = W d°z (nATnA¢ + nBT’leU
“Hubbard term”
U : parameter to give AFM ®:ico
@ s
@ s

V' :volume
N : number of site .

NAc = w;&g wAO—

-----------------------



uv

Hint = W d°z (nATnA¢ + nBT’leU

T

Difficult to handle since they're four-body int.

-----------------------

-----------------------



Hubbard-Stratonovich (HS) transformation

uv

Hint = W d°z (nATnA¢ + TLBTTLBL)



Hubbard-Stratonovich (HS) transformation

Uv

Hint = W d°z (nATTlA¢ + nBTnBO

l HS transformation

® A dynamical scalar ¢ that gives I'°ds (ds = ¢)

® Mass term of @



This can be understood from

-----------------------------------------------------

. HS transformation
' ~ Inverse of integrating out a scalar :

-----------------------------------------------------



This can be understood from

-----------------------------------------------------

' HS transformation
' ~ Inverse of integrating out a scalar

-----------------------------------------------------

Integrate out ¢

NANNAL, BB, Gl , ey
(i) b))

Four Fermi int. Yukawa int.



This can be understood from

-----------------------------------------------------

. HS transformation
' ~ Inverse of integrating out a scalar :

-----------------------------------------------------

Integrate out ¢

NANNAL, BB, Gl , ey
(i) b))

Four Fermi int. Yukawa int.



Hubbard-Stratonovich (HS) transformation

Uv

Hint = W d°z (nATnA¢ + nBTnBO

l HS transformation

® A dynamical scalar ¢ that gives I'°ds (ds = ¢)

® Mass term of §b S missed in  Sekine, Nomura '16

Sekine, Nomura ’20
Schutte-Engel 21

(confirmed by private communication
with Sekine-san)



Hubbard-Stratonovich (HS) transformation

Uv

Hint = W d°z (nATTlA¢ + nBTnBO

l HS transformation

® A dynamical scalar ¢ that gives I'°ds (ds = ¢)
® Mass term of ¢

® VVEV of ¢ is the order parameter of the AFM



PM (paramagnetic)



Partition function (T1 + AFM)

Z:i/IMﬂMND¢ew+”?M
5 — / diz 1 (2) i, — H] () H = Hy+0H

3k 2
mass 4 2 12 M2 —
5% ——/dl’Mqﬁb /(QW)SU




Partition function (T1 + AFM)

-----

S(rbnass _ —/d4£l’} M£¢2

¢
H=Hy+0H
172 :/ d°k 2
(2m)3 U



Partition function (T1 + AFM)

Z— [ DyDyiDs ST [
S = /d45’5 1 (x) [i0 — H] ¢ () H = Ho +0H
d’k 2

mass 4 2 2
5 :—/di’?MqﬁbQ . /(ZW)BU

Integrate out 1, 1
.......................... ) EffeCtive acti()n f()r ¢



Effective potential for ¢

Kl 21

d3k
Vo= =2 [ o5 (VIR + 8 — |do]) + D37

-----------------------

-----------------------



Effective potential for ¢

Kl 21

--------------------------------------------------------------------------

[ 1N
Vo= =2 [ s (VI + 82~ dol) + M36

__________________________________________________________________________

Negative potential A

The mass term stabilizes the potential

-----------------------

-----------------------



Eftfective m

odel for 3D TI, M [eV] = 0.1
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Kl 21



Effective model for 3D TI, M [eV] = 0.1

4

> i

QO 2L

i

-)

—  _U=47

" I

'S o _U=5,

f —U=53
. U=56 - i ’
 U=59 AFM

-2 U=62
) ~1 0 1 2

¢ [eV]

Phase transition from PM to AFM

Mq%ocl/U

Kl 21

ives VEV of ¢



M dependence

Kl 21

—-0.1

Effective model for 3D TI, M [eV]

Effective model for 3D TI, M [eV] = 0.1

—U

5.3
- U=56

-U=59

6.2

U

[A2,_01 ._7]1%A

¢eV]

¢eV]



M dependence

Kl 21

-------- --------‘

Eﬁectlve model for 3D TI M [eV] =0.1 | Effective model for 3D TI M [eV] = —O0. 1 |

-------- --------
T L ) T T T T

Vsla™ 1072 eV]
Vsla™ 1072 eV]

-2 -1 0 1 2 -2 -1 0 1 2
¢ eV] ¢ eV]
NI Tl

The difference between Tl and NI is not clear



Recall ME effect in Tl is described by

@7

4 1%
Lo = - /d r 0F,, F" with

T

® ) = 47 forTl
® =0 for NI

0




Recall ME effect in Tl is described by

@7 4 nJ%
E@Z—E/d CUQF,LWFM with 0 =+mr

® () =+ forTl 0 is the order parameter of
—> phase transition between TI and
® /=10 for NI NI

We need potential for 6



6 can be computed from Hamiltonian:

1 2ld| +d* ... |
® 0= — | &Pk TR O, 7, d*O. d
Arr (|d] + d*)2|dJ3 o ey TR R Lietal 10

® Approximately given by chiral anomaly (Fujikawa method)



6 can be computed from Hamiltonian:

® Approximately given by chiral anomaly (Fujikawa method)



Derivation as chiral anomaly

H(k)=") d*(k)I*

(d', d?, d°, d*, d°) = (Aysink,, Assink,, A;sink,, M(k), ¢)

M(k) =M —2B; — 4By + 2B, cosk, + 2Bs(cos k; + cos k)



Derivation as chiral anomaly

H(k)=") d*(k)I*

(d', d?, d°, d*, d°) = (Aysink,, Assink,, A;sink,, M(k), ¢)

M(k) =M —2B; — 4By + 2B, cosk, + 2Bs(cos k; + cos k)

- expand around k = 0
: - redefine k

\/
H(k) = kT + k, 1% + k,T° + MT* + ¢

“Dirac model”



H(k) = kT + k, 1% + k,T° + MT* + ¢

Unitary transformation of the basis

------- > 5= [ da dlin (0, — ied,) ~ M idyali

-----------

[°¢ reducesto iv°¢



i~° ¢ term can be rotated away, which gives rise to 6 term:

4 1%
Se = ~ I d a:‘@FWF“
O = z[1 — sgn(M)]sgn(¢) + tan™* L
2 M
It IS consistent with
1 2|d| + d*

- — [ &k
4m (Id] + d*)?|d]?

e d' Oy, &7 Oy, d" 0. '

N



i~° ¢ term can be rotated away, which gives rise to 6 term:

G 4 1
Se = ~ I d a:@FWF“
O = z[1 — sgn(M)]sgn(¢) + tan™* L
2 M
E it is consistent with E
! 1 2/d +d* i ; :
= ) T |+|d4>2|d|3€ Ok Ok 0
: ¢ = ¢(0) :
: V¢(¢) ................ > VH(Q) :



Effective potential in terms of 6

NI phase

Potential minimum:

® /=0 (small U ,i.e., PM)
0 (large U ,i.e., AFM)



Effective potential in terms of 6
Effective model for 3D TI, é-]\;-[e-:\-/i -:- -—-0-.{ -

Tl phase

Vola 1072 eV]

00 01 02 03 04 05
0/2n

Potential minimum:
o 0=m: (small U,i.e. PM)

0 (large U ,i.e., AFM)



Axion in antiferromagnetic insulators

Effective model for 3D TI, M [eV] = —0.1

“static axion”

— U =47
— U =5.

— U=353
--U=5.6
- U=59
- U=6.2

LoE T fluctuation around the VEV
A “dynamical axion”
0.0 A 0.1 0.2 0.3 04 0.5
: 0/2m



Axion in antiferromagnetic insulators

Effective model for 3D TI, M [eV] = 0.1

40

2

0
: : T

I . axion

_2, E

000 002 A0.04 006 008 010 012
E 0/2n

“static axion”



Axion in antiferromagnetic insulators

Effective model for 3D TI, M [eV] = 0.1

Effective model for 3D TI, M [eV] = -0.1
4 "; —U=47 —_U=47
"-. —U=5. —U=5s.
_ —U=53 —U=53
> _ _
O 5 - U=56| | - U=56
ch ‘.\ . U=59 ---U=59
— L U=62 L U=62
T *
S0 :
(n)
~
) i
000 002 004 006 008 010 0.2 00 01 02 03 04 05
6/2n

0/2n

Dynamical axion exits in both Tl and NIl phases



Axion in antiferromagnetic insulators

“dynamical axion”

v

¢ = (¢) + ¢
é
“static :axion”

“dynamical axion”™ = amplitude mode of magnon

magnon: quantum of magnetization

Note: magnon can be dynamical axion

see Chigusa, Moroi, Nakayama '21



AXIon mass

Effective model for 3D TI

5| Lt

04 —02 00 02 o4

M [eV]

AXion mass Is O(eV)

Axion mass [eV]



Axion is predicted in topological magnetic insulators

nature
ARTICLES hvsi
PUBLISHED ONLINE: 7 MARCH 2010 | DOI: 10.1038/NPHYS1534 p ySICS

Dynamical axion field in topological
magnetic insulators

Rundong Li', Jing Wang'?, Xiao-Liang Qi' and Shou-Cheng Zhang'* E 9 F F'Lb v
: /,l, 1%
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; Stot = SMaxwell T Stopo + Saxion l
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Axion mass ~ O(meV)
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Axion is predicted in topological magnetic insulators

nature
ARTICLES hvsi
PUBLISHED ONLINE: 7 MARCH 2010 | DOI: 10.1038/NPHYS1534 p ySICS

Dynamical axion field in topological
magnetic insulators

Rundong Li', Jing Wang'?, Xiao-Liang Qi' and Shou-Cheng Zhang'* E 9 F F'Lb v
: /,l, 1%

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
*

; Stot = SMaxwell T Stopo + Saxion l
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The thing would be ...

R. Lietal.’10

® (¢) (=ms5) =1 meV is taken

(i.e., (¢) is considered to be a free parameter)

—> AXIONn mass ~ O(meV) (‘.‘ mi X m%)

But this is not naively possible since

ms ~ U ~ eV (in AFM order)



AXIon mass

Effective model for 3D TI
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Suppressed U —> No AFM
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The thing would be ...

R. Lietal.’10

® AFM order is assumed

No AFM in Tl in the first place

- Fe-doped BisSes is considered



® ke -doped BisSes, BiyTes

“likely to be AFM” J.M. Zhang et al. '13
(by first-principles calculation)

—> |t loOks unlikely to be realized ...

® MnsBisTes J. Zhang et al. '19

“rich magnetic topological quantum states” Y. Lietal. 20
(by first-principles calculation)
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AXIon mass

Effective model for 3D TI

Axion mass [eV]

04 —02 00 02 o4

M [eV]

It can be suppressed Rich magnetic topological
near the phase boundary states in that region?



4. Conclusions and discussion



We have formulated static and dynamical axions in AFM Tl
consistently by using path integral

® Nonzero (¢) is obtained from the effective potential,
which gives rise to AFM order and breaks T

® Dynamical axion appears both in Tl and NI

® Axion mass is < O(eV)



Discussion

® How do we describe axion in Mn,BisTes ?
® \What about axion in N| ?

® Dynamical axion in ferromagnetic state or other
magnetic states?



Backups



a). Insulators and metals

Basics

® \Vavefunction of electrons is periodic (due to the crystal
structure of the material)

electron

nucleus

translation vector

® Consequently there is periodicity in the wavenumber space

allowed k

k
A

X



a). Insulators and metals

® Periodicity * — o + a correspondsto kK — k+ K
( K: reciprocal lattice vector)

® |t is enough to consider region, |k| < | K /2|(1st Brillouin zone)

® The wavefunction of the electrons is given by

Y(x) = fuk(w)e“{m3 where ug(x + a) = ug(x)

; (Bloch's theorem)

Bloch function (state)



b). Anomalous quantum Hall effect

Hall effect
e.g., semiconductor
B® | (I
_|_ —_
_|_ _ —
€ cadp <-oneo
P Lorentz force
+ | -
Y 4+ _
Vi

Electromotive force V}; is induced in the direction
perpendicular to both the electric current and magnetic field

(In metal, V, is too small to observe)



b). Anomalous quantum Hall effect

Singularat £ =0

. m = —0.1

—— Integer v

Note: v is half-integer if the dispersion
relation is Dirac type



c). Topological insulators

Example of 2D TI: HgTe/(Hg , Cd) Konig et al. '07
CdTe HgTe CdTe CdTe HgTe CdTe
—
Thicker HgTe layer
(stronger SOC)
NI Tl

Band inversion happens in the energy band of HgTe



6 as function of M Kl 21
Effective model for 3D T1
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calculation for Dirac
model is done by
Zhang 19
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0 as function of M Kl 21

Effective model for 3D T1
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0 as function of M

Kl 21
Effective model for 3D T1
O°6j “““““““““ m5 p— ¢
=
N
SN
-06-
-1.0 —05b 0.0 0.5 1.0
M [eV]
¢ # 0 E = . |
(F) <> AFM order. —> 0 takes continuum variable
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Effective model for 3D T1I
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