
Axion in antiferromagnetic insulators

Kanazawa University

Workshop on Very Light Dark Matter 2021, September 28, 2021

Koji Ishiwata

Based on PRD 104, no.1, 016004



1. Introduction



Axion and axion-like particles (ALPs)

• A solution to the strong CP problem (for axion) 

• DM candidates 

• Inspired by superstring theory 

• Impacts on cosmology (axion strings, domain walls, mini-clusters, 
etc.)



3 91. Axions and Other Similar Particles

E/N = 0 if the electric charge of the new heavy quark is taken to vanish. In general, a broad range
of E/N values is possible [28, 29], as indicated by the diagonal yellow band in Fig. 91.1. However,
this band still does not exhaust all the possibilities. In fact, there exist classes of QCD axion models
whose photon couplings populate the entire still allowed region above the yellow band in Fig. 91.1,
motivating axion search e�orts over a wide range of masses and couplings [30,31].

The two-photon decay width is
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The second expression uses Eq. (91.5) with E/N = 0. Axions decay faster than the age of the
universe if mA & 20 eV. The interaction with fermions f has derivative form and is invariant

Figure 91.1: Exclusion plot for ALPs as described in the text.

under a shift „A æ „A + „0 as behooves a NG boson,

LAff = Cf

2fA
Œ̄f “

µ
“5Œf ˆµ„A . (91.7)

Here, Œf is the fermion field, mf its mass, and Cf a model-dependent coe�cient. The dimensionless
combination gAff © Cf mf /fA plays the role of a Yukawa coupling and –Aff © g

2
Aff /4fi of a “fine-

structure constant.” The often-used pseudoscalar form LAff = ≠i (Cf mf /fA) Œ̄f “5Œf „A need not
be equivalent to the appropriate derivative structure, for example when two NG bosons are attached
to one fermion line as in axion emission by nucleon bremsstrahlung [32].

In the DFSZ model [25], the tree-level coupling coe�cient to electrons is [33]

Ce = sin2
—

3 , (91.8)

where tan — is the ratio of the vacuum expectation values of the two Higgs doublets giving masses
to the up- and down-type quarks, respectively: tan — = vu/vd.
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FIG. 3. Estimated reach of a germanium (green lines) and silicon (blue lines) target at 90% CL with a 1-kg-year exposure,
assuming solar neutrino backgrounds only, for absorption of pseudoscalar dark matter. The solid lines show the reach for
absorption of halo DM, while the dashed lines are for absorption of pseudoscalars emitted from the sun. The reach of an
aluminum superconducting target is given by the solid grey line [23]. We show constraints from absorption of solar axions
in Xenon100 (shaded red) [52] and stellar emission from white dwarfs (shaded orange) [56]. The range of couplings for the
QCD axion is indicated by the shaded grey region. Constraints on pseudoscalar decays into photons (shaded blue) assume the
coupling in Eq. (12), and come from a line search for ma = 4.5� 7.5 eV [57] as well as from the extragalactic background light,
early reionization, and x-rays [48].

ergy resolutions given in Table I of Ref. [24] and include
an extra data point for the baseline energy resolution,
�2(0) = (14 eV)2. For mV > 100 eV, we then set con-
servative limits using the observed counts within single
100 eV bins, making no assumption for the background
model. For DM masses closer to the experimental thresh-
old, mV = 56�100 eV, we instead use the 90% CL upper
limit on the rate in the lowest energy bin from Table I of
Ref. [24]. Our result is shown in Fig. 2

In Fig. 2, we also show existing Xenon10 limits on ab-
sorption of solar hidden photons, along with other stellar
cooling constraints from the sun, horizontal branch stars,
and red giant stars, assuming the dark photon obtains
its mass via the Stuckelberg mechanism [21]. (For stellar
constraints in the case that the dark photon mass arises
from a dark Higgs mechanism, see Ref. [46].)

We learn that semiconductor targets, such as germa-
nium and silicon, are powerful probes of hidden photon
DM with mass in the meV�keV range, finding a reach
that can supersede all existing terrestrial and astrophys-
ical bounds, with only mild exposure.

B. Pseudoscalars

Next, we consider a pseudoscalar a that couples to elec-
trons:

L �
gaee
2me

(@µa)ē�
µ�5e . (9)

This pseudoscalar may be an axion-like particle, see
for example Ref. [48]. For comparison, we will show
the relation between the mass ma and coupling con-
stant for the QCD axion in our results: then the e↵ec-
tive coupling can be written as gaee = Ceme/fa, with
(0.60 meV/ma) = (fa/1010 GeV), and we take Ce = 1/3
as an upper bound.

For non-relativistic halo DM, the leading
matrix-element-squared for absorption of the
pseudoscalar is related to photon absorption by
|M|

2
⇡ 3(gaee/2me)2(ma/e)2|M� |

2 [22, 23]. Then
the rate for pseudoscalar absorption is related to the
measured conductivity by
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e
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e2

�1(ma) . (10)

The expected 90% CL reach for pseudoscalar DM is
shown in Fig. 3, for germanium and silicon targets with
1 kg-year exposure. Here we consider only the reach from
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FIG. 4. Constraints on the coupling constant gaee between
axions and electrons. The region excluded by this work
with 95% confidence is shown in red. The mass range is
33.117 µeV < ma < 33.130 µeV. Indirect astrophysical
bounds from the solar axion search (CAST experiment [44]),
white dwarf cooling [32], and red giants [45] are illustrated
with dashed lines. The expected coupling constant for the
DFSZ model is represented by a solid line.

is plotted in Fig. 4 and is compared with other previously
established bounds on the axion–electron coupling con-
stant.

IV. DISCUSSION

Although this work set the best upper limits for the
axion mass 33.117 µeV< ma < 33.130 µeV with the di-
rect axion–electron interaction search, several orders of
magnitude improvements are required to reach the the-
oretical predictions. We discuss some possiblilityies to
improve the sensitivity here. The most straightforward
improvement is to increase the statistics with a longer
measurement time and optimize the measurement condi-
tion. The data used for this axion search was originally
taken for a di↵erent purpose [28]. The data acquisition
time was roughly 4 hours for the spectroscopy window
[7.9825� 8.0025 GHz] with a resolution of 100 kHz. As-
suming one week data-taking limiting the frequency win-
dow to [7.9860� 7.9960 GHz], a relevant window for the
measurement of the single-magnon excited state, a 100-
hold statistics increase can easily be made. In addition,
data acquisition over several days could help to uncover
the expected daily and twice-a-day modulations for the
axion signal.

Another 100 times statistics increase for a given mea-
surement time can be made by further limiting the the
spectroscopy window to a few bins which correspond to
the magnon linewidth resolution. It should be noted

that this approach requires some improvements on the
qubit-magnon coupling condition to narrow the relevant
linewidth. With these improvements, it is expected to
lower the bound to a coupling strength gaee ⇠ 10�9.
The sensitivity can also be improved by increasing the

number of electron spin targets. Coupling N pieces of
YIG spheres in the uniform mode to the superconducting
qubit increases the e↵ective coupling constant by a fac-
tor of

p
N . The QUAX experiment deployed five pieces

of Gallium doped YIG spheres of 1 mm diameter and
succeeded in increasing the number of electron spin tar-
gets [24]. This technique can also be used for our case
and would be expected to improve the sensitivity for the
coupling strength.
As aforementioned, Refs. [24–26] showed the upper

bound of the axion-electron coupling using the magnon
in the spherical ferrimagnetic crystals. Even though this
method directly measures the magnon number, the emit-
ted electromagnetic radiation is measured from a mi-
crowave cavity where one cavity mode is hybridized with
one or multiple uniform magnetostatic modes of ferri-
magnetic spheres. Therefore, the background of magnon
detection is di↵erent. There are still open questions on
how to fairly compare this method with the work pre-
sented here.

V. CONCLUSION

Magnons can be utilized for exploring the axion
DM [24–26] and gravitational waves [46, 47]. In partic-
ular, the QND detection of magnons was achieved using
a hybrid quantum system consisting of a superconduct-
ing qubit and a spherical ferrimagnetic crystal [28]. We
applied to the direct axion search based on the axion–
electron coupling and analyzed the background data. No
significant signal was detected, and an upper limit of the
95% confidence level was set to be gaee < 1.6 ⇥ 10�7

for the axion–electron coupling coe�cient for the axion
mass 33.117 µeV< ma < 33.130 µeV. The sensitivity is
presently limited by statistics. Increasing the dispersive
shift or reducing the power-broadened qubit linewidth
and the magnon linewidth will lower the upper bound on
the axion–electron coupling.
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Axion and axion-like particles (ALPs)

• ‘Axion’ is predicted in topological insulators

• ‘Axion’ in insulators can be used for axion detection

• A solution to the strong CP problem (for axion) 

• DM candidates 

• Inspired by superstring theory 

• Impacts on cosmology (axion strings, domain walls, mini-clusters, 
etc.) 
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will

1
Department of Physics, McCullough Building, Stanford University, Stanford, California 94305-4045, USA,

2
Department of Physics, Tsinghua University,

Beijing 100084, China. *e-mail: sczhang@stanford.edu.

refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with
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0
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is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between

frequencies m and
p

m2 +b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ! = c0k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic

field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(hSiAi + hSiBi), the
antiferromagnetic order parameter M� = 1/2(hSiAi � hSiBi) and
the charge-density-wave order parameter ⇢ = 1/2(hniAi � hniBi).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M

�
0 ẑ

if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z
and axion field ✓ 6=0,⇡.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ✓ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +�Mz(x,t ))ẑ+�Mx(x,t )x̂+�My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
�Mz , because ✓ is a pseudo-scalar. In other words, we have
�✓(x, t ) = �m5(x, t )/g = �(2/3)U �Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode �Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field �✓(x, t ).
Considering the coupling term ✓E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8⇡

Z
d3xdt

✓
✏E2 � 1

µ
B2

◆
+ ↵

4⇡2

Z
d3xdt (✓0 +�✓)E ·B

+ g
2
J

Z
d3xdt [(@t�✓)2 � (vi@i�✓)2 �m

2�✓ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode �Mz , E andB are the electric field and themagnetic
field respectively and ✏ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with ↵ ⌘ e

2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
Z

d3k
(2⇡)3

di(k)di(k)
16|d|5 , Jm

2 =
✓
2
3
UM

�
z

◆2Z d3k
(2⇡)3

1
4|d|3

where |d| =
pP5

a=1dad
a and the repeated index indicates summa-

tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ✓ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ✓ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16

@2

@t 2
E� c

02r2E+ ↵B0

⇡✏

@2

@t 2
�✓ = 0

@2

@t 2
�✓ �v

2r2�✓ +m
2
0�✓ � ↵B0

8⇡2g 2J
E= 0

where c
0 is the speed of light in the media and ✏ is the dielectric

constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion

!2
±(k) = 1

2

h
(c 02

k
2 +m

2 +b
2)

±
p
(c 02k2 +m2 +b2)2 �4c 02k2m2

i
(5)

with b
2 = ↵2B0

2/8⇡3✏g 2
J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

p
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

p
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = ↵✓B0/⇡+ ✏E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency !p = p

4⇡ne⇤2/m⇤. The
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ε0E0 ! εEcrit, the energy density has two local minima
in B. Since the time-reversal symmetry is broken explic-
itly for θ "= 0 (θ = π does not preserve the time reversal-
symmetry in the presence of the boundary), the two min-
ima have different energies. In the limit of E0 → ∞, the
more stable of the two behaves as

E → Ecrit, B → B∞ =
√

ε0µE0Ecrit. (14)

One can show that the configuration (11) for small E0

is smoothly connected to (14) for large E0. Namely, the
phase transition at ε0E0 = εEcrit is smoothened out when
θ "= 0. However, for realistic values of θ ∼ π, the smooth-
ing effect is small and the solution is similar to the one at
θ = 0 with a second-order phase transition, except that
the groundstate is chosen uniquely for any E0.

FIG. 2: The electric field E (red) inside the material and
the induced magnetic field B (blue) as functions of the ex-
ternal field E0, evaluated at θ = π. B and E are deter-
mined by the global minimum of the energy density (10).
The fields E0, E and B are normalized by ε

ε0
Ecrit, Ecrit, and

B∞(E0 = 2 ε

ε0
Ecrit), respectively. The behavior appears to

indicate a second-order phase transition, although the transi-
tion is smoothed out by the effect of non-zero θ.

We note that, in realistic systems, higher order terms
of φ are expected in the effective theory, since the range
of ordered magnetic moment, which corresponds to shift
of φ, is bounded. However, although it will be impor-
tant for E ! Ecrit, this does not affect the existence of
the transition, because φ, B ∼ 0 in the vicinity of the
transition.
For experimental realization of the screening effect dis-

cussed below, the Dirichlet boundary condition φ = φ0

will also turn out to be relevant. In this case, the solu-
tion is no longer uniform in the z-direction. Nevertheless,
away from the boundary, the solution asymptotically ap-
proaches to the stationary configuration, which is given
by the solution obtained in the above for the Neumann
boundary condition, with the replacement θ → −φ0. The
screening of the electric field occurs in the transient re-
gion with a finite length.
If we ignore the coupling to the electromagnetic field,

the axion field φ approaches to the stationary solution

exponentially, with the decay length of ν/m. However,
we should take into account mixing of the axion and the
photon via the coupling φEB. This gives the axion field
the effective mass meff , which is given by

m2
eff = m2 +

α2B2

8π3g2Jε
. (15)

When φ0 = −θ = 0 and the applied electric field is above
the critical value ε0E0 > εEcrit, the magnetic field is
given by (13). When φ0 "= 0, this is the asymptotic value
for E0 → ∞. Substituting this value of B in the above,
we find that the screening occurs within the lengthscale

ν

meff
=

ν

m

√

εEcrit

ε0E0
. (16)

Physically, the screening of the electric field occurs be-
cause of the induced charge density ∝ '∇φ · 'B in the axion
electrodynamics [8]. Namely, the axion field φ is shifted
inside the material creating the gradient '∇φ near the
boundary. By generating the magnetic field 'B, this in-
duces a charge density at the boundary, screening the
electric field inside the material.
From this physical picture based on screening, we can

also understand why the second-order transition occurs
when φ0 = 0. Under a given applied electric field, the
sign of the charge needed to screen the electric field is
uniquely determined. However, induced charge is pro-
portional to ∂zφ · B, which is invariant under the time
reversal φ → −φ, B → −B. The symmetry is preserved
for the boundary condition φ0 = 0, and there is no pre-
ferred sign of B. The system breaks the symmetry spon-
taneously to produce screening charge, for E > Ecrit.
On the other hand, φ0 "= 0 introduces a gradient of φ

near the boundary, choosing the preferred sign of B to
produce screening charge. Thus the symmetry is broken
explicitly and the phase transition is smeared.

Possible Experimental Realization in Magnetic
Materials.— Let us discuss possible realization of
the axionic instability in condensed matter systems.
In Ref. [6], Bi2Se3 doped with 3d transition metal
elements such as Fe (Bi2Se3-Fe hereafter) is discussed as
a candidate for TMI, which is described by the axionic
electrodynamics. Although the mechanism proposed in
this paper is not restricted to any particular system,
we shall examine possible physical realization using
Bi2Se3-Fe as a reference. Because of the magnetic dop-
ing, a magnetic order M−, which is ferromagnetic in the
xy-plane and antiferromagnetic along the z-direction,
may appear [6]. In the following, we assume that the
electric field is applied along the z-axis.
The (relative) permittivity, axion mass, and axion cou-

pling in Bi2Se3-Fe are estimated [6] to be ε ∼ 100,
m ∼ 2 meV, and (2π)3g2J = α(0.4 T/meV)2. This
yields a rather high value of Ecrit = 2.4×108 V/m, which
is above the breakdown field of typical semiconductors.

Ooguri, Oshikawa ’12

Axion-photon coupling Instability of the electric field

Magnetic field is induced
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FIG. 4. Axion parameter space. Vertical lines lines show the
projected sensitivity of our proposal using Fe doped Bi2Se3 at
⇠5T applied field for 102 s integration time with dark count
rate �d = 0.001 Hz. Staged designs are described in the text.
Gray shaded regions assume scanning 1 T  B0  10 T. The
KSVZ and DFSZ axion models are shown as the red band.
Existing exclusions from ADMX [17, 18], CAST [27], and su-
pernova 1987A [23] are shown as coloured regions.

given above and setting !+(k = 0) = ma we find
0.7 meV  ma  3.5 meV (the lower limit is approxi-
mately the B0 = 0 spin wave mass). Other materials
with di↵erent anisotropy field strengths can cover a wider
range of masses.

Sensitivity to g� is computed setting the signal to noise
ratio SNR = 3. We take the measurement time on a
single frequency ⌧ = 102 s. The full range can be scanned
in 6 months. The volume of any single, high quality,
sample of A-TI is limited to be less than 1 cm3 to achieve
homogeneous doping [93]. The sensitivity is shown in
Fig. 4 (stage-I).

Using N A-TI samples, either with a simple tiling and
use of lenses, or with coherent addition [34], the gain

in Ve↵ can increase linearly with N , with wide band re-
sponse [56]. With N = 100 (a feasible total number
for solid state synthesis [94]), the increased sensitivity is
shown in Fig. 4 (stage-II).

A further increase in Ve↵ can be achieved by surround-
ing the A-TI samples with a cavity with a volume, Vc.
Long wavelength modes of the cavity E-field can cou-
ple to high frequency AP modes resulting in a TM010

type [95] component to the AP, allowing Ve↵ ⇡ Vc even
with a small sample volume. In Fig. 4 (stage-III) we
show the sensitivity benefit of a Ve↵ = (0.1�dB)3 ⇡
2000(1 meV/ma)3 cm3. The same stage-III sensitivity
could be achieved if technology and investment allowed
for fabrication of a very large volume of A-TI.

In summary, we have shown that A-TIs can host
dynamical axionic quasiparticles which are resonantly
driven in the presence of DAs with mass of order 1
meV and emit THz photons which can be detected us-
ing an SPD, allowing A-TIs to detect dark matter. We
showed that antiferromagnetic Fe-doped Bi2Se3 satisfies
the three Wilczek criteria described earlier, and can be
used to realize a DA detector in the 0.7 to 3.5 meV range.
Fig. 4 shows the projected reach of three possible schemes
with di↵erent e↵ective volumes. Varying the applied B

field scans the resonant frequency, giving sensitivity to
axion dark matter in a parameter space inaccessible to
other methods. Future work on the material characteris-
tics (such as the anisotropy field strength) can allow for
a wider range of DA mass detection.
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Marsh, Fong, Lentz, Smejkal, Ali ’19Figure 1: Sensitivity of the magnon to the ALP DM in the ma vs. ga�� plane. The orange
(green) region corresponds to the sensitivity of the �-mode (↵-mode) with u~0 � v~0 = 10,
while the dot-dashed line in each region shows the sensitivity of the corresponding mode
with u~0 � v~0 = 1. We postulate the target volume V = (10 cm)3 and the magnetic field
scanned over 1T < B0 < 7T (1T < B0 < 10T) for the �-mode (↵-mode). For each step
of the scan, we use �t = 102 s for an observation, which requires ⇠ 1 yr for the whole scan.
See the text for more details of the material properties. Also shown as colored regions are
existing constraints, while the black solid (dashed) line shows the prediction for the KSVZ
(DFSZ) model.

for a single photon detector in the THz regime at the temperature T = 0.05K [52]. We
estimate the sensitivity by requiring the signal-to-noise ratio (SNR)

(SNR) ⌘ (dNsignal/dt)�tscanp
(dNnoise/dt)�tscan

, (5.18)

to be larger than 3 for each scan step.
In the figure, the orange and green regions correspond to the sensitivity using �- and

↵-modes, respectively, with u~0 � v~0 = 10, while the dot-dashed line in each region shows
the sensitivity of the corresponding mode with u~0 � v~0 = 1. The other colored regions
show existing constraints from the Light-Shining-through-Walls (LSW) experiments such as
the OSQAR [53] (yellow), the measurement of the vacuum magnetic birefringence at the
PVLAS [54] (pink), and the observation of the ALP flux from the sun using the helioscope
CAST [55] (blue). We also show the predictions of the KSVZ and DFSZ axion models with
black solid and dashed lines, respectively. We can see that the use of both ↵- and �-modes
gives a detectability over a broad mass range of 10�3–10�2 eV and the sensitivity may reach
both the KSVZ and DFSZ model predictions for some mass range. It is also notable that
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Proposals for axion/ALPs search using ‘axion’ in insulators
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• What is topological insulator?

• How does magnetism play a role?  

• How is ‘axion’ in insulators described?

Today, I would like to address

Keywords: topological insulator, magnetism
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1. Introduction

2. Brief review of condensed matter physics (related to axion)

3. Axion in antiferromagnetic topological insulators

4. Conclusions and discussion



2. Brief review of condensed matter physics 
(related to axion)



a). Insulators

b). Anomalous quantum Hall effect

c). Topological insulators

d). Magnetoelectric effect

Topics related to axion in condensed matter physics
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Quantum Hall (QH) effect
e.g., 2D insulator

 : electric fieldE

 : magnetic fieldB

b). Anomalous quantum Hall effect
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QH effect appears in 
semiconductor too



Quantum Hall (QH) effect
e.g., 2D insulator

Quantized electric current is induced in  directionx

hjxi
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b). Anomalous quantum Hall effect

QH effect appears in 
semiconductor too

Hall currentx
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z

 : electric fieldE

 : magnetic fieldB



Hall conductivity:
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: label of band
: Bloch state

b). Anomalous quantum Hall effect

Thouless, Kohmoto, Nightingale, den Nijs ’82

= ⌫
e2

h

<latexit sha1_base64="rDLDHNEfZ1q3Ig9brTxMEH5GLok=">AAACEHicbZDLSsNAFIYn9VbrLdalm8EiuCpJqehGKLpxWcFeoIllMp00QyeTMDMRQ8hL+ABu9RHciVvfwCfwNZy2WdjWHw78/OcczuHzYkalsqxvo7S2vrG5Vd6u7Ozu7R+Yh9WujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9LzJzbTfeyRC0ojfqzQmbojGnPoUI6WjoVm9cngCHV8gnJGHRp4F+dCsWXVrJrhq7MLUQKH20PxxRhFOQsIVZkjKgW3Fys2QUBQzklecRJIY4Qkak4G2HIVEutns9xye6mQE/Ujo4grO0r8bGQqlTENPT4ZIBXK5Nw3/6w0S5V+6GeVxogjH80N+wqCK4BQEHFFBsGKpNggLqn+FOECag9K4Fq7EQSoplnlFk7GXOayabqNuN+vnd81a67pgVAbH4AScARtcgBa4BW3QARg8gRfwCt6MZ+Pd+DA+56Mlo9g5Agsyvn4BMSidQA==</latexit>

It seems weird but there was theoretical prediction:
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 is given by (half-) integerν
“(Integer) QH effect”
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b). Anomalous quantum Hall effect

The current flows at the edge



b). Anomalous quantum Hall effect

e.g., a toy model in 2D

k = 0

<latexit sha1_base64="L0eQvb1NRUyPDH8nag5VuBgknWw=">AAACBXicbVDLSsNAFL3xWeur6tJNsAjioiRS0Y1QdOOygn1IG8pkOmmHzkzCzKQQQtZ+gFv9BHfi1u/wC/wNp20WtvXAhcM593LvPX7EqNKO822trK6tb2wWtorbO7t7+6WDw6YKY4lJA4cslG0fKcKoIA1NNSPtSBLEfUZa/uhu4rfGRCoaikedRMTjaCBoQDHSRnrqjv3zdJTdOL1S2ak4U9jLxM1JGXLUe6Wfbj/EMSdCY4aU6rhOpL0USU0xI1mxGysSITxCA9IxVCBOlJdOD87sU6P07SCUpoS2p+rfiRRxpRLum06O9FAtehPxP68T6+DaS6mIYk0Eni0KYmbr0J58b/epJFizxBCEJTW32niIJMLaZDS3JRomimKVFU0y7mIOy6R5UXGrlcuHarl2m2dUgGM4gTNw4QpqcA91aAAGDi/wCm/Ws/VufVifs9YVK585gjlYX79WAZkC</latexit>

around

= d · �

<latexit sha1_base64="oAcpMOYoB++8bclUPRI2uC/lOXA=">AAACI3icbZDLSsNAFIYn9VbrLepK3ASLIC5KIhW7EQpuXFawF2hCmUwm7dDJhZmTQgjBp+lWH8SduHHhU/gCTtMubOuBgY//P+fMzO/GnEkwzS+ttLG5tb1T3q3s7R8cHunHJx0ZJYLQNol4JHoulpSzkLaBAae9WFAcuJx23fHDzO9OqJAsCp8hjakT4GHIfEYwKGmgn93bE/c683J74kVQsC3ZMMD5QK+aNbMoYx2sBVTRoloD/cf2IpIENATCsZR9y4zBybAARjjNK3YiaYzJGA9pX2GIAyqdrPhCblwqxTP8SKgTglGofycyHEiZBq7qDDCM5Ko3E//z+gn4DSdjYZwADcn8Ij/hBkTGLA/DY4IS4KkCTARTbzXICAtMQKW2tIkB5ox4zPedLB6lkhGZV1RK1mom69C5qVn12u1TvdpsLPIqo3N0ga6Qhe5QEz2iFmojgl7QFL2iN22qvWsf2ue8taQtZk7RUmnfv15qpX0=</latexit>

H =

✓
m kx � iky

kx + iky �m

◆

<latexit sha1_base64="74mL11iaZNnS/S2cNU0E2WlYMwg="></latexit>

d = (m, kx, ky)

<latexit sha1_base64="KwVjozu81Lpqq9B1CW8N0uP9sAk=">AAACHXicbVDLSsNAFJ34rPUV7dJNsAhVpCRSsRuh4MZlBfuANoTJZNIOnZmEmUkxhH5Lt/oh7sSt+B3+gNM2C9t64MLhnPvi+DElUtn2t7GxubW9s1vYK+4fHB4dmyenbRklAuEWimgkuj6UmBKOW4ooiruxwJD5FHf80cPM74yxkCTizyqNscvggJOQIKi05Jml/ti/yoLJfYVdj7wXXemlZ5btqj2HtU6cnJRBjqZn/vSDCCUMc4UolLLn2LFyMygUQRRPiv1E4hiiERzgnqYcMizdbP78xLrQSmCFkdDFlTVX/05kkEmZMl93MqiGctWbif95vUSFdTcjPE4U5mhxKEyopSJrloQVEIGRoqkmEAmif7XQEAqIlM5raRNRkBIUkDB0s3iYSoLkpKhTclYzWSftm6pTq94+1cqNep5XAZyBc1ABDrgDDfAImqAFEEjBFLyCN2NqvBsfxueidcPIZ0pgCcbXL+6gogA=</latexit>

E+ ' m+
|k|2

2|m|

E� ' �m� |k|2

2|m|

<latexit sha1_base64="C61pGZeLW/GB9rQhpKoQkky8Lxs="></latexit>



b). Anomalous quantum Hall effect

-4 -2 2 4

-10
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5

10

E+

<latexit sha1_base64="3kPHpCReEPLV4QBM0bfzUJ4jr1Q=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiCUBKp2GVBBJcV7QPaWCaTSTt0MgkzN0II/YRu9UPciVs/wu/wB5y2WdjWAxcO59w7c+/xYsE12Pa3tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1PKKZ4JI1gYNgnVgxEnqCtb3R7dRvvzCleSSfII2ZG5KB5AGnBIz0ePd82S+V7Yo9A14lTk7KKEejX/rp+RFNQiaBCqJ117FjcDOigFPBxsVeollM6IgMWNdQSUKm3Wy26hifG8XHQaRMScAz9e9ERkKt09AznSGBoV72puJ/XjeBoOZmXMYJMEnnHwWJwBDh6d3Y54pREKkhhCpudsV0SBShYNJZeIkDEZz6PAjcLB6mmlM9LpqUnOVMVknrquJUK9cP1XK9ludVQKfoDF0gB92gOrpHDdREFA3QBL2iN2tivVsf1ue8dc3KZ07QAqyvX2k3m2s=</latexit>

E�

<latexit sha1_base64="svjo9MmxMKwj8ZEFVNXm5QVh+Gk=">AAACC3icbVDLSsNAFJ34rPVVdelmsAhuLIlU7LIggsuK9gFtLJPJpB06mYSZGyGEfkK3+iHuxK0f4Xf4A07bLGzrgQuHc+6dufd4seAabPvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWKsiaNRKQ6HtFMcMmawEGwTqwYCT3B2t7oduq3X5jSPJJPkMbMDclA8oBTAkZ6vHu+7JfKdsWeAa8SJydllKPRL/30/IgmIZNABdG669gxuBlRwKlg42Iv0SwmdEQGrGuoJCHTbjZbdYzPjeLjIFKmJOCZ+nciI6HWaeiZzpDAUC97U/E/r5tAUHMzLuMEmKTzj4JEYIjw9G7sc8UoiNQQQhU3u2I6JIpQMOksvMSBCE59HgRuFg9TzakeF01KznImq6R1VXGqleuHarley/MqoFN0hi6Qg25QHd2jBmoiigZogl7RmzWx3q0P63PeumblMydoAdbXL2yBm20=</latexit>

m > 0

<latexit sha1_base64="+TBW4YX9RLdc1YXzTGmdY/JdwTY=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYldScOOyon1AO5RMJtOGJpkhyQhl6Cd0qx/iTtz6EX6HP2DazsK2HrhwOOfe5N4TJJxp47rfTmFjc2t7p7hb2ts/ODwqH5+0dJwqQpsk5rHqBFhTziRtGmY47SSKYhFw2g5G9zO//UKVZrF8NuOE+gIPJIsYwcZKT+LO7ZcrbtWdA60TLycVyNHol396YUxSQaUhHGvd9dzE+BlWhhFOJ6VeqmmCyQgPaNdSiQXVfjZfdYIurBKiKFa2pEFz9e9EhoXWYxHYToHNUK96M/E/r5uaqOZnTCapoZIsPopSjkyMZnejkClKDB9bgolidldEhlhhYmw6Sy8xgzkjIYsiP0uGY82InpRsSt5qJuukdVX1rqs3j9eVei3PqwhncA6X4MEt1OEBGtAEAgOYwiu8OVPn3flwPhetBSefOYUlOF+/fsibeA==</latexit>

Normal insulator

The band structure



b). Anomalous quantum Hall effect

-4 -2 2 4

-10
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5

10

E+

<latexit sha1_base64="3kPHpCReEPLV4QBM0bfzUJ4jr1Q=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiCUBKp2GVBBJcV7QPaWCaTSTt0MgkzN0II/YRu9UPciVs/wu/wB5y2WdjWAxcO59w7c+/xYsE12Pa3tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1PKKZ4JI1gYNgnVgxEnqCtb3R7dRvvzCleSSfII2ZG5KB5AGnBIz0ePd82S+V7Yo9A14lTk7KKEejX/rp+RFNQiaBCqJ117FjcDOigFPBxsVeollM6IgMWNdQSUKm3Wy26hifG8XHQaRMScAz9e9ERkKt09AznSGBoV72puJ/XjeBoOZmXMYJMEnnHwWJwBDh6d3Y54pREKkhhCpudsV0SBShYNJZeIkDEZz6PAjcLB6mmlM9LpqUnOVMVknrquJUK9cP1XK9ludVQKfoDF0gB92gOrpHDdREFA3QBL2iN2tivVsf1ue8dc3KZ07QAqyvX2k3m2s=</latexit>

E�

<latexit sha1_base64="svjo9MmxMKwj8ZEFVNXm5QVh+Gk=">AAACC3icbVDLSsNAFJ34rPVVdelmsAhuLIlU7LIggsuK9gFtLJPJpB06mYSZGyGEfkK3+iHuxK0f4Xf4A07bLGzrgQuHc+6dufd4seAabPvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWKsiaNRKQ6HtFMcMmawEGwTqwYCT3B2t7oduq3X5jSPJJPkMbMDclA8oBTAkZ6vHu+7JfKdsWeAa8SJydllKPRL/30/IgmIZNABdG669gxuBlRwKlg42Iv0SwmdEQGrGuoJCHTbjZbdYzPjeLjIFKmJOCZ+nciI6HWaeiZzpDAUC97U/E/r5tAUHMzLuMEmKTzj4JEYIjw9G7sc8UoiNQQQhU3u2I6JIpQMOksvMSBCE59HgRuFg9TzakeF01KznImq6R1VXGqleuHarley/MqoFN0hi6Qg25QHd2jBmoiigZogl7RmzWx3q0P63PeumblMydoAdbXL2yBm20=</latexit>

m > 0

<latexit sha1_base64="+TBW4YX9RLdc1YXzTGmdY/JdwTY=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYldScOOyon1AO5RMJtOGJpkhyQhl6Cd0qx/iTtz6EX6HP2DazsK2HrhwOOfe5N4TJJxp47rfTmFjc2t7p7hb2ts/ODwqH5+0dJwqQpsk5rHqBFhTziRtGmY47SSKYhFw2g5G9zO//UKVZrF8NuOE+gIPJIsYwcZKT+LO7ZcrbtWdA60TLycVyNHol396YUxSQaUhHGvd9dzE+BlWhhFOJ6VeqmmCyQgPaNdSiQXVfjZfdYIurBKiKFa2pEFz9e9EhoXWYxHYToHNUK96M/E/r5uaqOZnTCapoZIsPopSjkyMZnejkClKDB9bgolidldEhlhhYmw6Sy8xgzkjIYsiP0uGY82InpRsSt5qJuukdVX1rqs3j9eVei3PqwhncA6X4MEt1OEBGtAEAgOYwiu8OVPn3flwPhetBSefOYUlOF+/fsibeA==</latexit>

-4 -2 2 4

-10

-5

5

10

m < 0

<latexit sha1_base64="IuF5r/IOQ6/oPdqhXBCcgMgEe0Q=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYhcuCm5cVrQPaIeSyWTa0CQzJBmhDP2EbvVD3IlbP8Lv8AdM21nY1gMXDufcm9x7goQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRWiTxDxWnQBrypmkTcMMp51EUSwCTtvB6H7mt1+o0iyWz2acUF/ggWQRI9hY6Uncuf1yxa26c6B14uWkAjka/fJPL4xJKqg0hGOtu56bGD/DyjDC6aTUSzVNMBnhAe1aKrGg2s/mq07QhVVCFMXKljRorv6dyLDQeiwC2ymwGepVbyb+53VTE9X8jMkkNVSSxUdRypGJ0exuFDJFieFjSzBRzO6KyBArTIxNZ+klZjBnJGRR5GfJcKwZ0ZOSTclbzWSdtK6q3nX15vG6Uq/leRXhDM7hEjy4hTo8QAOaQGAAU3iFN2fqvDsfzueiteDkM6ewBOfrF3t8m3Y=</latexit>

Band inversion 

Normal insulator QH insulator

The band structure



b). Anomalous quantum Hall effect

-4 -2 2 4

-10

-5

5

10

E+

<latexit sha1_base64="3kPHpCReEPLV4QBM0bfzUJ4jr1Q=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiCUBKp2GVBBJcV7QPaWCaTSTt0MgkzN0II/YRu9UPciVs/wu/wB5y2WdjWAxcO59w7c+/xYsE12Pa3tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1PKKZ4JI1gYNgnVgxEnqCtb3R7dRvvzCleSSfII2ZG5KB5AGnBIz0ePd82S+V7Yo9A14lTk7KKEejX/rp+RFNQiaBCqJ117FjcDOigFPBxsVeollM6IgMWNdQSUKm3Wy26hifG8XHQaRMScAz9e9ERkKt09AznSGBoV72puJ/XjeBoOZmXMYJMEnnHwWJwBDh6d3Y54pREKkhhCpudsV0SBShYNJZeIkDEZz6PAjcLB6mmlM9LpqUnOVMVknrquJUK9cP1XK9ludVQKfoDF0gB92gOrpHDdREFA3QBL2iN2tivVsf1ue8dc3KZ07QAqyvX2k3m2s=</latexit>

E�

<latexit sha1_base64="svjo9MmxMKwj8ZEFVNXm5QVh+Gk=">AAACC3icbVDLSsNAFJ34rPVVdelmsAhuLIlU7LIggsuK9gFtLJPJpB06mYSZGyGEfkK3+iHuxK0f4Xf4A07bLGzrgQuHc+6dufd4seAabPvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWKsiaNRKQ6HtFMcMmawEGwTqwYCT3B2t7oduq3X5jSPJJPkMbMDclA8oBTAkZ6vHu+7JfKdsWeAa8SJydllKPRL/30/IgmIZNABdG669gxuBlRwKlg42Iv0SwmdEQGrGuoJCHTbjZbdYzPjeLjIFKmJOCZ+nciI6HWaeiZzpDAUC97U/E/r5tAUHMzLuMEmKTzj4JEYIjw9G7sc8UoiNQQQhU3u2I6JIpQMOksvMSBCE59HgRuFg9TzakeF01KznImq6R1VXGqleuHarley/MqoFN0hi6Qg25QHd2jBmoiigZogl7RmzWx3q0P63PeumblMydoAdbXL2yBm20=</latexit>

m > 0

<latexit sha1_base64="+TBW4YX9RLdc1YXzTGmdY/JdwTY=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYldScOOyon1AO5RMJtOGJpkhyQhl6Cd0qx/iTtz6EX6HP2DazsK2HrhwOOfe5N4TJJxp47rfTmFjc2t7p7hb2ts/ODwqH5+0dJwqQpsk5rHqBFhTziRtGmY47SSKYhFw2g5G9zO//UKVZrF8NuOE+gIPJIsYwcZKT+LO7ZcrbtWdA60TLycVyNHol396YUxSQaUhHGvd9dzE+BlWhhFOJ6VeqmmCyQgPaNdSiQXVfjZfdYIurBKiKFa2pEFz9e9EhoXWYxHYToHNUK96M/E/r5uaqOZnTCapoZIsPopSjkyMZnejkClKDB9bgolidldEhlhhYmw6Sy8xgzkjIYsiP0uGY82InpRsSt5qJuukdVX1rqs3j9eVei3PqwhncA6X4MEt1OEBGtAEAgOYwiu8OVPn3flwPhetBSefOYUlOF+/fsibeA==</latexit>

m < 0

<latexit sha1_base64="IuF5r/IOQ6/oPdqhXBCcgMgEe0Q=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYhcuCm5cVrQPaIeSyWTa0CQzJBmhDP2EbvVD3IlbP8Lv8AdM21nY1gMXDufcm9x7goQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRWiTxDxWnQBrypmkTcMMp51EUSwCTtvB6H7mt1+o0iyWz2acUF/ggWQRI9hY6Uncuf1yxa26c6B14uWkAjka/fJPL4xJKqg0hGOtu56bGD/DyjDC6aTUSzVNMBnhAe1aKrGg2s/mq07QhVVCFMXKljRorv6dyLDQeiwC2ymwGepVbyb+53VTE9X8jMkkNVSSxUdRypGJ0exuFDJFieFjSzBRzO6KyBArTIxNZ+klZjBnJGRR5GfJcKwZ0ZOSTclbzWSdtK6q3nX15vG6Uq/leRXhDM7hEjy4hTo8QAOaQGAAU3iFN2fqvDsfzueiteDkM6ewBOfrF3t8m3Y=</latexit>
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Gapless states at edge

Normal insulator QH insulator

The band structure



b). Anomalous quantum Hall effect
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E+

<latexit sha1_base64="3kPHpCReEPLV4QBM0bfzUJ4jr1Q=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiCUBKp2GVBBJcV7QPaWCaTSTt0MgkzN0II/YRu9UPciVs/wu/wB5y2WdjWAxcO59w7c+/xYsE12Pa3tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1PKKZ4JI1gYNgnVgxEnqCtb3R7dRvvzCleSSfII2ZG5KB5AGnBIz0ePd82S+V7Yo9A14lTk7KKEejX/rp+RFNQiaBCqJ117FjcDOigFPBxsVeollM6IgMWNdQSUKm3Wy26hifG8XHQaRMScAz9e9ERkKt09AznSGBoV72puJ/XjeBoOZmXMYJMEnnHwWJwBDh6d3Y54pREKkhhCpudsV0SBShYNJZeIkDEZz6PAjcLB6mmlM9LpqUnOVMVknrquJUK9cP1XK9ludVQKfoDF0gB92gOrpHDdREFA3QBL2iN2tivVsf1ue8dc3KZ07QAqyvX2k3m2s=</latexit>

E�

<latexit sha1_base64="svjo9MmxMKwj8ZEFVNXm5QVh+Gk=">AAACC3icbVDLSsNAFJ34rPVVdelmsAhuLIlU7LIggsuK9gFtLJPJpB06mYSZGyGEfkK3+iHuxK0f4Xf4A07bLGzrgQuHc+6dufd4seAabPvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWKsiaNRKQ6HtFMcMmawEGwTqwYCT3B2t7oduq3X5jSPJJPkMbMDclA8oBTAkZ6vHu+7JfKdsWeAa8SJydllKPRL/30/IgmIZNABdG669gxuBlRwKlg42Iv0SwmdEQGrGuoJCHTbjZbdYzPjeLjIFKmJOCZ+nciI6HWaeiZzpDAUC97U/E/r5tAUHMzLuMEmKTzj4JEYIjw9G7sc8UoiNQQQhU3u2I6JIpQMOksvMSBCE59HgRuFg9TzakeF01KznImq6R1VXGqleuHarley/MqoFN0hi6Qg25QHd2jBmoiigZogl7RmzWx3q0P63PeumblMydoAdbXL2yBm20=</latexit>

m > 0

<latexit sha1_base64="+TBW4YX9RLdc1YXzTGmdY/JdwTY=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYldScOOyon1AO5RMJtOGJpkhyQhl6Cd0qx/iTtz6EX6HP2DazsK2HrhwOOfe5N4TJJxp47rfTmFjc2t7p7hb2ts/ODwqH5+0dJwqQpsk5rHqBFhTziRtGmY47SSKYhFw2g5G9zO//UKVZrF8NuOE+gIPJIsYwcZKT+LO7ZcrbtWdA60TLycVyNHol396YUxSQaUhHGvd9dzE+BlWhhFOJ6VeqmmCyQgPaNdSiQXVfjZfdYIurBKiKFa2pEFz9e9EhoXWYxHYToHNUK96M/E/r5uaqOZnTCapoZIsPopSjkyMZnejkClKDB9bgolidldEhlhhYmw6Sy8xgzkjIYsiP0uGY82InpRsSt5qJuukdVX1rqs3j9eVei3PqwhncA6X4MEt1OEBGtAEAgOYwiu8OVPn3flwPhetBSefOYUlOF+/fsibeA==</latexit>
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m < 0

<latexit sha1_base64="IuF5r/IOQ6/oPdqhXBCcgMgEe0Q=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYhcuCm5cVrQPaIeSyWTa0CQzJBmhDP2EbvVD3IlbP8Lv8AdM21nY1gMXDufcm9x7goQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRWiTxDxWnQBrypmkTcMMp51EUSwCTtvB6H7mt1+o0iyWz2acUF/ggWQRI9hY6Uncuf1yxa26c6B14uWkAjka/fJPL4xJKqg0hGOtu56bGD/DyjDC6aTUSzVNMBnhAe1aKrGg2s/mq07QhVVCFMXKljRorv6dyLDQeiwC2ymwGepVbyb+53VTE9X8jMkkNVSSxUdRypGJ0exuFDJFieFjSzBRzO6KyBArTIxNZ+klZjBnJGRR5GfJcKwZ0ZOSTclbzWSdtK6q3nX15vG6Uq/leRXhDM7hEjy4hTo8QAOaQGAAU3iFN2fqvDsfzueiteDkM6ewBOfrF3t8m3Y=</latexit>

Band inversion 

Normal insulator QH insulator

Band inversion is important

The band structure



The same effect by magnetization , not magnetic field M
Anomalous QH effect

Anomalous quantum Hall (AQH) effect
b). Anomalous quantum Hall effect



E

hjxi

<latexit sha1_base64="jiPT/gLg2E0LqTbzkqo5ugTfY1g=">AAACCHicdVDLTgIxFO3gC/GFunTTSExcTWZwBnBHdOMSE3kkQEinFKh0Ok3bIZAJP+AHuNVPcGfc+hd+gb9heZiI0ZPc5OSce3PvPYFgVGnH+bBSa+sbm1vp7czO7t7+QfbwqKaiWGJSxRGLZCNAijDKSVVTzUhDSILCgJF6MLye+fURkYpG/E5PBGmHqM9pj2KkjdRqkbEYIZbcd8bTTjbn2IViybtwoWM7pUK+6Bvi+/lLz4Wu7cyRA0tUOtnPVjfCcUi4xgwp1XQdodsJkppiRqaZVqyIQHiI+qRpKEchUe1kfvMUnhmlC3uRNMU1nKs/JxIUKjUJA9MZIj1Qv72Z+JfXjHWv1E4oF7EmHC8W9WIGdQRnAcAulQRrNjEEYUnNrRAPkERYm5hWtojBRFGsphmTzPf78H9Sy9uuZ/u3Xq58tcwoDU7AKTgHLiiCMrgBFVAFGAjwCJ7As/VgvViv1tuiNWUtZ47BCqz3L3YYm2o=</latexit>

B

QH effect

E

hjxi

<latexit sha1_base64="jiPT/gLg2E0LqTbzkqo5ugTfY1g=">AAACCHicdVDLTgIxFO3gC/GFunTTSExcTWZwBnBHdOMSE3kkQEinFKh0Ok3bIZAJP+AHuNVPcGfc+hd+gb9heZiI0ZPc5OSce3PvPYFgVGnH+bBSa+sbm1vp7czO7t7+QfbwqKaiWGJSxRGLZCNAijDKSVVTzUhDSILCgJF6MLye+fURkYpG/E5PBGmHqM9pj2KkjdRqkbEYIZbcd8bTTjbn2IViybtwoWM7pUK+6Bvi+/lLz4Wu7cyRA0tUOtnPVjfCcUi4xgwp1XQdodsJkppiRqaZVqyIQHiI+qRpKEchUe1kfvMUnhmlC3uRNMU1nKs/JxIUKjUJA9MZIj1Qv72Z+JfXjHWv1E4oF7EmHC8W9WIGdQRnAcAulQRrNjEEYUnNrRAPkERYm5hWtojBRFGsphmTzPf78H9Sy9uuZ/u3Xq58tcwoDU7AKTgHLiiCMrgBFVAFGAjwCJ7As/VgvViv1tuiNWUtZ47BCqz3L3YYm2o=</latexit>

M

AQH effect

Anomalous QH effect

Anomalous quantum Hall (AQH) effect

“AQH insulators”
“Chern insulators”

b). Anomalous quantum Hall effect

The same effect by magnetization , not magnetic field M



a). Insulators

b). Anomalous quantum Hall effect

c). Topological insulators

d). Magnetoelectric effect

Topics related to axion in condensed matter physics



c). Topological insulators

Topological insulators (TIs)



c). Topological insulators

Idea: combination of two QH insulators

Topological insulators (TIs)

E

Kane, Mele ’05

z



c). Topological insulators

Idea: combination of two QH insulators

Topological insulators (TIs)

E

spin current

Hall current is zero, but 
spin current exists

z

Kane, Mele ’05



c). Topological insulators

Idea: combination of two QH insulators

Topological insulators (TIs)

E

spin current

Hall current is zero, but 
spin current exists

Such a system can be realized due to SOC 
(without magnetic field)

SOC: spin orbit coupling

z

Kane, Mele ’05



Spin-orbit coupling (SOC)

Electrons with spin up or down are scattered off 
to the opposite directions

e.g.,

V(r)

c). Topological insulators

HSO = V (r)L · S

<latexit sha1_base64="BqC94Ui0XZs3HzzfeuBKhVJhPR4=">AAACInicbVDLSsNAFJ3UV62vqEs3g1WoLkoiFd0IRTddCFZqH9CEMJlM2qGTBzOTQgn5Ab/DD3Crn+BOXAnu/Q2nj4WtHrhw5px7uXOPGzMqpGF8arml5ZXVtfx6YWNza3tH391riSjhmDRxxCLecZEgjIakKalkpBNzggKXkbY7uBn77SHhgkbhgxzFxA5QL6Q+xUgqydGPak5q8QA27rLCVavET6yhe5reZtbQiyScPBqZox eNsjEB/EvMGSmCGeqO/m15EU4CEkrMkBBd04ilnSIuKWYkK1iJIDHCA9QjXUVDFBBhp5NrMnisFA/6EVcVSjhRf0+kKBBiFLiqM0CyLxa9sfif102kf2mnNIwTSUI8XeQnDMoIjqOBHuUESzZSBGFO1V8h7iOOsFQBzm2J+yNBscgKKhlzMYe/pHVWNivl8/tKsXo9yygPDsAhKAETXIAqqIE6aAIMHsEzeAGv2pP2pr1rH9PWnDab2Qdz0L5+AGkHo5M=</latexit>



The band structure
c). Topological insulators

The same as (A)QH insulators

SOC
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Normal insulator Topological insulator

Band inversion 

(NI) (TI)



Keywords for topological insulators

• Strong spin-orbit coupling (SOC)
• Time reversal invariance (    )T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

c). Topological insulators



Keywords for topological insulators

E

spin current

 breaks     but the combination of  and  keeps B B −BT

<latexit sha1_base64="kf1hmql2eCRvu3Hegb1CtcHPpqc="></latexit>

T

<latexit sha1_base64="kf1hmql2eCRvu3Hegb1CtcHPpqc="></latexit>

c). Topological insulators

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

• Strong spin-orbit coupling (SOC)
• Time reversal invariance (    )T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>



Keywords for topological insulators

Strong SOC is crucial for the realization

c). Topological insulators

E

spin current

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

• Strong spin-orbit coupling (SOC)
• Time reversal invariance (    )T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>



Magnetoelectric (ME) effect

- Electric field (    ) induces magnetization 
- Magnetic field (    ) induces electric polarization

d). Magnetoelectric effect

predicted by Landau&Lifshitz 

M

<latexit sha1_base64="yu1/BhEedgp23lZKL++qPoc7/Xs=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgLkoiFV0W3bgRKtgHtKFMppN26GQSZiaFELL0A9zqJ7gTt36IX+BvOG2zsK0HLhzOuZd77/EizpS27W+rsLa+sblV3C7t7O7tH5QPj1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sZ3U789oVKxUDzpJKJugIeC+YxgbaR2b+JdpA9Zv1yxq/YMaJU4OalAjka//NMbhCQOqNCEY6W6jh1pN8VSM8JpVurFikaYjPGQdg0VOKDKTWfnZujMKAPkh9KU0Gim/p1IcaBUEnimM8B6pJa9qfif1421f+OmTESxpoLMF/kxRzpE09/RgElKNE8MwUQycysiIywx0SahhS3RKFGMqKxkknGWc1glrcuqU6tePdYq9ds8oyKcwCmcgwPXUId7aEATCIzhBV7hzXq23q0P63PeWrDymWNYgPX1Cyf2mGM=</latexit>
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discovered by Dzyaloshinskii ’60

Mj = ↵ijEi

Pi = ↵ijBj
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: constant

F = � 1

µ0c

Z
d3x ↵ijEiBj
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アクシオンઊ縁ର、トポロジカルు気ࣕ気効果

“アクシオンઊ縁ର”

どうやって∇ɽをؔۯదに
੏ޜするか?

θ = S
θ = 0

ՎްـࣕـԿుࢢྖ

X.-L. Qi, T. L. Hughes, S.-C. Zhang,
PRB 78, 195424 (2008)

3D TI cylinder coated with magnetization directing outside

Hall current

Half-integer AQH current

The current induces magnetization 
in  directionz

d). Magnetoelectric effect

↵
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: fine-structure constant

magnetization

TI

M = ± ↵

µ0c
E
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Hall current

Half-integer AQH current

The current induces magnetization 
in  directionz

d). Magnetoelectric effect
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The coefficient is given by 
fine-structure constant
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This ME effect can be understood from the following free energy:
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Quick summary

• Fermi energy is in the band gap for insulators

• SOC and      are crucial for TIT
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• ME effect in TI is described by “static axion”



3. Axion in antiferromagnetic 
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Topological insulators in Bi2Se3, Bi2Te3 and Sb2Te3
with a single Dirac cone on the surface
Haijun Zhang1, Chao-Xing Liu2, Xiao-Liang Qi3, Xi Dai1, Zhong Fang1 and Shou-Cheng Zhang3*
Topological insulators are new states of quantum matter in which surface states residing in the bulk insulating gap of such
systems are protected by time-reversal symmetry. The study of such states was originally inspired by the robustness to
scattering of conducting edge states in quantum Hall systems. Recently, such analogies have resulted in the discovery of
topologically protected states in two-dimensional and three-dimensional band insulators with large spin–orbit coupling. So
far, the only known three-dimensional topological insulator is BixSb1−x, which is an alloy with complex surface states. Here, we
present the results of first-principles electronic structure calculations of the layered, stoichiometric crystals Sb2Te3, Sb2Se3,
Bi2Te3 and Bi2Se3. Our calculations predict that Sb2Te3, Bi2Te3 and Bi2Se3 are topological insulators, whereas Sb2Se3 is not.
These topological insulators have robust and simple surface states consisting of a single Dirac cone at the ! point. In addition,
we predict that Bi2Se3 has a topologically non-trivial energy gap of 0.3 eV, which is larger than the energy scale of room
temperature. We further present a simple and unified continuum model that captures the salient topological features of this
class of materials.

Recently, the subject of time-reversal-invariant topological
insulators has attracted great attention in condensed-matter
physics1–12. Topological insulators in two or three dimensions

have insulating energy gaps in the bulk, and gapless edge or
surface states on the sample boundary that are protected by
time-reversal symmetry. The surface states of a three-dimensional
(3D) topological insulator consist of an odd number of massless
Dirac cones, with a single Dirac cone being the simplest case.
The existence of an odd number of massless Dirac cones on the
surface is ensured by the Z2 topological invariant7–9 of the bulk.
Furthermore, owing to the Kramers theorem, no time-reversal-
invariant perturbation can open up an insulating gap at the Dirac
point on the surface. However, a topological insulator can become
fully insulating both in the bulk and on the surface if a time-
reversal-breaking perturbation is introduced on the surface. In
this case, the electromagnetic response of three-dimensional (3D)
topological insulators is described by the topological θ term of
the form Sθ = (θ/2π)(α/2π)

∫
d3x dt E ·B, where E and B are

the conventional electromagnetic fields and α is the fine-structure
constant10. θ = 0 describes a conventional insulator, whereas θ =π
describes topological insulators. Such a physically measurable and
topologically non-trivial response originates from the odd number
of Dirac fermions on the surface of a topological insulator.

Soon after the theoretical prediction5, the 2D topological
insulator exhibiting the quantum spin Hall effect was experimen-
tally observed in HgTe quantum wells6. The electronic states of the
2D HgTe quantum wells are well described by a 2+1-dimensional
Dirac equation where the mass term is continuously tunable by
the thickness of the quantum well. Beyond a critical thickness,
the Dirac mass term of the 2D quantum well changes sign from
being positive to negative, and a pair of gapless helical edge states
appears inside the bulk energy gap. This microscopic mechanism
for obtaining topological insulators by inverting the bulk Dirac
gap spectrum can also be generalized to other 2D and 3D sys-
tems. The guiding principle is to search for insulators where the

1Beijing National Laboratory for Condensed Matter Physics, and Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China, 2Center for
Advanced Study, Tsinghua University, Beijing 100084, China, 3Department of Physics, McCullough Building, Stanford University, Stanford, California
94305-4045, USA. *e-mail: sczhang@stanford.edu.
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Figure 1 | Crystal structure. a, Crystal structure of Bi2Se3 with three
primitive lattice vectors denoted as t1,2,3. A quintuple layer with
Se1–Bi1–Se2–Bi1′–Se1′ is indicated by the red square. b, Top view along
the z-direction. The triangle lattice in one quintuple layer has three different
positions, denoted as A, B and C. c, Side view of the quintuple layer
structure. Along the z-direction, the stacking order of Se and Bi atomic
layers is ···–C(Se1′)–A(Se1)–B(Bi1)–C(Se2)–A(Bi1′)–B(Se1′)–C(Se1)–···.
The Se1 (Bi1) layer can be related to the Se1′ (Bi1′) layer by an inversion
operation in which the Se2 atoms have the role of inversion centres.

conduction and the valence bands have the opposite parity, and
a ‘band inversion’ occurs when the strength of some parameter,
say the spin–orbit coupling (SOC), is tuned. For systems with
inversion symmetry, a method based on the parity eigenvalues of
band states at time-reversal-invariant points can be applied13. On
the basis of this analysis, the BixSb1−x alloy has been predicted
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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Topological insulators in Bi2Se3, Bi2Te3 and Sb2Te3
with a single Dirac cone on the surface
Haijun Zhang1, Chao-Xing Liu2, Xiao-Liang Qi3, Xi Dai1, Zhong Fang1 and Shou-Cheng Zhang3*
Topological insulators are new states of quantum matter in which surface states residing in the bulk insulating gap of such
systems are protected by time-reversal symmetry. The study of such states was originally inspired by the robustness to
scattering of conducting edge states in quantum Hall systems. Recently, such analogies have resulted in the discovery of
topologically protected states in two-dimensional and three-dimensional band insulators with large spin–orbit coupling. So
far, the only known three-dimensional topological insulator is BixSb1−x, which is an alloy with complex surface states. Here, we
present the results of first-principles electronic structure calculations of the layered, stoichiometric crystals Sb2Te3, Sb2Se3,
Bi2Te3 and Bi2Se3. Our calculations predict that Sb2Te3, Bi2Te3 and Bi2Se3 are topological insulators, whereas Sb2Se3 is not.
These topological insulators have robust and simple surface states consisting of a single Dirac cone at the ! point. In addition,
we predict that Bi2Se3 has a topologically non-trivial energy gap of 0.3 eV, which is larger than the energy scale of room
temperature. We further present a simple and unified continuum model that captures the salient topological features of this
class of materials.

Recently, the subject of time-reversal-invariant topological
insulators has attracted great attention in condensed-matter
physics1–12. Topological insulators in two or three dimensions

have insulating energy gaps in the bulk, and gapless edge or
surface states on the sample boundary that are protected by
time-reversal symmetry. The surface states of a three-dimensional
(3D) topological insulator consist of an odd number of massless
Dirac cones, with a single Dirac cone being the simplest case.
The existence of an odd number of massless Dirac cones on the
surface is ensured by the Z2 topological invariant7–9 of the bulk.
Furthermore, owing to the Kramers theorem, no time-reversal-
invariant perturbation can open up an insulating gap at the Dirac
point on the surface. However, a topological insulator can become
fully insulating both in the bulk and on the surface if a time-
reversal-breaking perturbation is introduced on the surface. In
this case, the electromagnetic response of three-dimensional (3D)
topological insulators is described by the topological θ term of
the form Sθ = (θ/2π)(α/2π)

∫
d3x dt E ·B, where E and B are

the conventional electromagnetic fields and α is the fine-structure
constant10. θ = 0 describes a conventional insulator, whereas θ =π
describes topological insulators. Such a physically measurable and
topologically non-trivial response originates from the odd number
of Dirac fermions on the surface of a topological insulator.

Soon after the theoretical prediction5, the 2D topological
insulator exhibiting the quantum spin Hall effect was experimen-
tally observed in HgTe quantum wells6. The electronic states of the
2D HgTe quantum wells are well described by a 2+1-dimensional
Dirac equation where the mass term is continuously tunable by
the thickness of the quantum well. Beyond a critical thickness,
the Dirac mass term of the 2D quantum well changes sign from
being positive to negative, and a pair of gapless helical edge states
appears inside the bulk energy gap. This microscopic mechanism
for obtaining topological insulators by inverting the bulk Dirac
gap spectrum can also be generalized to other 2D and 3D sys-
tems. The guiding principle is to search for insulators where the

1Beijing National Laboratory for Condensed Matter Physics, and Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China, 2Center for
Advanced Study, Tsinghua University, Beijing 100084, China, 3Department of Physics, McCullough Building, Stanford University, Stanford, California
94305-4045, USA. *e-mail: sczhang@stanford.edu.
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Figure 1 | Crystal structure. a, Crystal structure of Bi2Se3 with three
primitive lattice vectors denoted as t1,2,3. A quintuple layer with
Se1–Bi1–Se2–Bi1′–Se1′ is indicated by the red square. b, Top view along
the z-direction. The triangle lattice in one quintuple layer has three different
positions, denoted as A, B and C. c, Side view of the quintuple layer
structure. Along the z-direction, the stacking order of Se and Bi atomic
layers is ···–C(Se1′)–A(Se1)–B(Bi1)–C(Se2)–A(Bi1′)–B(Se1′)–C(Se1)–···.
The Se1 (Bi1) layer can be related to the Se1′ (Bi1′) layer by an inversion
operation in which the Se2 atoms have the role of inversion centres.

conduction and the valence bands have the opposite parity, and
a ‘band inversion’ occurs when the strength of some parameter,
say the spin–orbit coupling (SOC), is tuned. For systems with
inversion symmetry, a method based on the parity eigenvalues of
band states at time-reversal-invariant points can be applied13. On
the basis of this analysis, the BixSb1−x alloy has been predicted
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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The Hamiltonian can be written in the Gamma matrices:
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The Hamiltonian can be written in the Gamma matrices:
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Now we introduce antiferromagnetism (AFM) by hand

Suppose electrons at Bi 
are AFM order
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/
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z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :
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More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
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5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
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P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U
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(niA"niA# +niB"niB#)+V
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niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P
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Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
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For this model, equation (1) can be reduced to an explicit
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✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
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More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
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for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X
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(niA"niA# +niB"niB#)+V
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niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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<latexit sha1_base64="R0/pxJGM55F44AYgPcGON3LiDO4=">AAACBHicbVDLSsNAFL2pr1pfVZdugkVwVRKx6EYounFZwT6gDWUymTRDJ5NhZiKE0K0f4FY/wZ249T/8An/DaZuFbT1w4XDOvdx7jy8YVdpxvq3S2vrG5lZ5u7Kzu7d/UD086qgklZi0ccIS2fORIoxy0tZUM9ITkqDYZ6Trj++mfveJSEUT/qgzQbwYjTgNKUbaSL1g2LgZiIgOqzWn7sxgrxK3IDUo0BpWfwZBgtOYcI0ZUqrvOkJ7OZKaYkYmlUGqiEB4jEakbyhHMVFePrt3Yp8ZJbDDRJri2p6pfydyFCuVxb7pjJGO1LI3Ff/z+qkOr72ccpFqwvF8UZgyWyf29Hk7oJJgzTJDEJbU3GrjCEmEtYloYYuIMkWxmlRMMu5yDqukc1F3L+uNh8ta87bIqAwncArn4MIVNOEeWtAGDAxe4BXerGfr3fqwPuetJauYOYYFWF+/maKYnA==</latexit>

Hubbard-Stratonovich (HS) transformation

• Mass term of �

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>



HS transformation
⇠

<latexit sha1_base64="XGflHaOTGcll1wJKGvxmN57w5qE=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydmYSZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4JFnICDa51NdMDKo1t+7OgFaJV5AaFGgOqj/9YUxSQaUhHGvd89zE+BlWhhFOp5V+qmmCyRiPaM9SiQXVfja7dYrOrDJEYaxsSYNm6t+JDAutJyKwnQKbSC97ufif10tNeONnTCapoZLMF4UpRyZG+eNoyBQlhk8swUQxeysiEVaYGBvPwpYkmmhG9LRik/GWc1gl7Yu6d1m/erisNW6LjMpwAqdwDh5cQwPuoQktIBDBC7zCm/PsvDsfzue8teQUM8ewAOfrFx2rl0c=</latexit>

Inverse of integrating out a scalar

This can be understood from



HS transformation
⇠

<latexit sha1_base64="XGflHaOTGcll1wJKGvxmN57w5qE=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydmYSZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4JFnICDa51NdMDKo1t+7OgFaJV5AaFGgOqj/9YUxSQaUhHGvd89zE+BlWhhFOp5V+qmmCyRiPaM9SiQXVfja7dYrOrDJEYaxsSYNm6t+JDAutJyKwnQKbSC97ufif10tNeONnTCapoZLMF4UpRyZG+eNoyBQlhk8swUQxeysiEVaYGBvPwpYkmmhG9LRik/GWc1gl7Yu6d1m/erisNW6LjMpwAqdwDh5cQwPuoQktIBDBC7zCm/PsvDsfzue8teQUM8ewAOfrFx2rl0c=</latexit>

Inverse of integrating out a scalar

nA"nA#, nB"nB#

<latexit sha1_base64="5fd/CPfN6vnGb4tOZp0/2BuO3O8=">AAACUnicbVJNS8MwGM7m16xTqx69BIfgYYxWJnqc8+Jxwr5gLSPN0i0sTUuSOkrpH/N3ePHmTfQneDLbKszNFwIPzwdv8hAvYlQqy3orFLe2d3b3SvvGQfnw6Ng8Oe3KMBaYdHDIQtH3kCSMctJRVDHSjwRBgcdIz5s+zPXeMxGShrytkoi4ARpz6lOMlKaGZpsP09QRAbzPnDhCQoSzbIUahTO+JKtO1fgVmpve5qp3aFasmrUYuAnsHFRAPq2h+aHTOA4IV5ghKQe2FSk3RUJRzEhmOLEkEcJTNCYDDTkKiHTTxeszeKmZEfRDoQ9XcMGuJlIUSJkEnnYGSE3kujYn/9MGsfLv3JTyKFaE4+UiP2ZQhXBeJRxRQbBiiQYIC6rvCvEECYSVLvzPlmiSSIplZuhm7PUeNkH3umbXazdP9UqjmXdUAufgAlwBG9yCBngELdABGLyAd/AJvgqvhe+i/iVLa7GQZ87AnymWfwBGIbdw</latexit>

� †
" " ,� 

†
# #

<latexit sha1_base64="6hxFhzsCUiJdOoBzu2ENFWs0JlI="></latexit>

Four Fermi int.

( †
" " 

†
# #)

<latexit sha1_base64="zDGKP/14GnKA397oC4bg5Sag2Aw=">AAACU3icbVDNSgMxGMyuVWu1WvXoJViEeim7UtFj0YvHCm5baGvJptltaDYbkqxlWfpkPocHj54EfQQvpj9gfxwITGbm40vGF4wq7Tjvlr2V297Zze8V9g+Kh0el45OmihOJiYdjFsu2jxRhlBNPU81IW0iCIp+Rlj+6n/qtFyIVjfmTTgXpRSjkNKAYaSP1S16lKxR97g5QGBIJ+1k3EUjKeDyZ6kvXwnpuEI/5SvJPuOyXyk7VmQFuEndBymCBRr/0acZxEhGuMUNKdVxH6F6GpKaYEbM8UUQgPEIh6RjKUURUL5t9fwIvjDKAQSzN4RrO1OWJDEVKpZFvkhHSQ7XuTcX/vE6ig9teRrlINOF4vihIGNQxnHYJB1QSrFlqCMKSmrdCPEQSYW0aX9kihqmiWE0Kphl3vYdN0ryqurXq9WOtXL9bdJQHZ+AcVIALbkAdPIAG8AAGr+ADfIFv6836sW07N4/a1mLmFKzALv4Cul24NQ==</latexit>

Yukawa int.

This can be understood from

Integrate out ϕ



HS transformation
⇠

<latexit sha1_base64="XGflHaOTGcll1wJKGvxmN57w5qE=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydmYSZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4JFnICDa51NdMDKo1t+7OgFaJV5AaFGgOqj/9YUxSQaUhHGvd89zE+BlWhhFOp5V+qmmCyRiPaM9SiQXVfja7dYrOrDJEYaxsSYNm6t+JDAutJyKwnQKbSC97ufif10tNeONnTCapoZLMF4UpRyZG+eNoyBQlhk8swUQxeysiEVaYGBvPwpYkmmhG9LRik/GWc1gl7Yu6d1m/erisNW6LjMpwAqdwDh5cQwPuoQktIBDBC7zCm/PsvDsfzue8teQUM8ewAOfrFx2rl0c=</latexit>

Inverse of integrating out a scalar

nA"nA#, nB"nB#

<latexit sha1_base64="5fd/CPfN6vnGb4tOZp0/2BuO3O8=">AAACUnicbVJNS8MwGM7m16xTqx69BIfgYYxWJnqc8+Jxwr5gLSPN0i0sTUuSOkrpH/N3ePHmTfQneDLbKszNFwIPzwdv8hAvYlQqy3orFLe2d3b3SvvGQfnw6Ng8Oe3KMBaYdHDIQtH3kCSMctJRVDHSjwRBgcdIz5s+zPXeMxGShrytkoi4ARpz6lOMlKaGZpsP09QRAbzPnDhCQoSzbIUahTO+JKtO1fgVmpve5qp3aFasmrUYuAnsHFRAPq2h+aHTOA4IV5ghKQe2FSk3RUJRzEhmOLEkEcJTNCYDDTkKiHTTxeszeKmZEfRDoQ9XcMGuJlIUSJkEnnYGSE3kujYn/9MGsfLv3JTyKFaE4+UiP2ZQhXBeJRxRQbBiiQYIC6rvCvEECYSVLvzPlmiSSIplZuhm7PUeNkH3umbXazdP9UqjmXdUAufgAlwBG9yCBngELdABGLyAd/AJvgqvhe+i/iVLa7GQZ87AnymWfwBGIbdw</latexit>

� †
" " ,� 

†
# #

<latexit sha1_base64="6hxFhzsCUiJdOoBzu2ENFWs0JlI="></latexit>

Four Fermi int.

( †
" " 

†
# #)

<latexit sha1_base64="zDGKP/14GnKA397oC4bg5Sag2Aw=">AAACU3icbVDNSgMxGMyuVWu1WvXoJViEeim7UtFj0YvHCm5baGvJptltaDYbkqxlWfpkPocHj54EfQQvpj9gfxwITGbm40vGF4wq7Tjvlr2V297Zze8V9g+Kh0el45OmihOJiYdjFsu2jxRhlBNPU81IW0iCIp+Rlj+6n/qtFyIVjfmTTgXpRSjkNKAYaSP1S16lKxR97g5QGBIJ+1k3EUjKeDyZ6kvXwnpuEI/5SvJPuOyXyk7VmQFuEndBymCBRr/0acZxEhGuMUNKdVxH6F6GpKaYEbM8UUQgPEIh6RjKUURUL5t9fwIvjDKAQSzN4RrO1OWJDEVKpZFvkhHSQ7XuTcX/vE6ig9teRrlINOF4vihIGNQxnHYJB1QSrFlqCMKSmrdCPEQSYW0aX9kihqmiWE0Kphl3vYdN0ryqurXq9WOtXL9bdJQHZ+AcVIALbkAdPIAG8AAGr+ADfIFv6836sW07N4/a1mLmFKzALv4Cul24NQ==</latexit>

Yukawa int.

This can be understood from

HS transformation

Integrate out ϕ



Hint =
UV

N

Z
d3x (nA"nA# + nB"nB#)

<latexit sha1_base64="YusUC+JCo6q7zZMH617y7X8owz8="></latexit>

HS transformation

• A dynamical scalar     that gives            (           )�

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

�5d5

<latexit sha1_base64="tksz6uu6KeF00QYE0UBBzp+aFe4=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjPSosuiC11WsA/ojCWTybShSSYkGaEM/QE/wK1+gjtx61/4Bf6GaTsL23rgwuGcezmXE0pGtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpJFSYtnLBEdUOkCaOCtAw1jHSlIoiHjHTC0c3U7zwRpWkiHsxYkoCjgaAxxchYyfdvEefosQ6jfr1frrhVdwa4SrycVECOZr/840cJTjkRBjOkdc9zpQkypAzFjExKfqqJRHiEBqRnqUCc6CCb/TyBZ1aJYJwoO8LAmfr3IkNc6zEP7SZHZqiXvan4n9dLTXwVZFTI1BCB50FxyqBJ4LQAGFFFsGFjSxBW1P4K8RAphI2taSFFDseaYj0p2Wa85R5WSfui6tWq9ftapXGdd1QEJ+AUnAMPXIIGuANN0AIYSPACXsGb8+y8Ox/O53y14OQ3x2ABztcv+u6Z3A==</latexit>

d5 = �

<latexit sha1_base64="R0/pxJGM55F44AYgPcGON3LiDO4=">AAACBHicbVDLSsNAFL2pr1pfVZdugkVwVRKx6EYounFZwT6gDWUymTRDJ5NhZiKE0K0f4FY/wZ249T/8An/DaZuFbT1w4XDOvdx7jy8YVdpxvq3S2vrG5lZ5u7Kzu7d/UD086qgklZi0ccIS2fORIoxy0tZUM9ITkqDYZ6Trj++mfveJSEUT/qgzQbwYjTgNKUbaSL1g2LgZiIgOqzWn7sxgrxK3IDUo0BpWfwZBgtOYcI0ZUqrvOkJ7OZKaYkYmlUGqiEB4jEakbyhHMVFePrt3Yp8ZJbDDRJri2p6pfydyFCuVxb7pjJGO1LI3Ff/z+qkOr72ccpFqwvF8UZgyWyf29Hk7oJJgzTJDEJbU3GrjCEmEtYloYYuIMkWxmlRMMu5yDqukc1F3L+uNh8ta87bIqAwncArn4MIVNOEeWtAGDAxe4BXerGfr3fqwPuetJauYOYYFWF+/maKYnA==</latexit>

Hubbard-Stratonovich (HS) transformation

• Mass term of �

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

Sekine, Nomura ’16
Sekine, Nomura ’20

Schütte-Engel ’21

missed in

(confirmed by private communication 
with Sekine-san)



Hint =
UV

N

Z
d3x (nA"nA# + nB"nB#)

<latexit sha1_base64="YusUC+JCo6q7zZMH617y7X8owz8="></latexit>

HS transformation

• A dynamical scalar     that gives            (           )�

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

�5d5

<latexit sha1_base64="tksz6uu6KeF00QYE0UBBzp+aFe4=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjPSosuiC11WsA/ojCWTybShSSYkGaEM/QE/wK1+gjtx61/4Bf6GaTsL23rgwuGcezmXE0pGtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpJFSYtnLBEdUOkCaOCtAw1jHSlIoiHjHTC0c3U7zwRpWkiHsxYkoCjgaAxxchYyfdvEefosQ6jfr1frrhVdwa4SrycVECOZr/840cJTjkRBjOkdc9zpQkypAzFjExKfqqJRHiEBqRnqUCc6CCb/TyBZ1aJYJwoO8LAmfr3IkNc6zEP7SZHZqiXvan4n9dLTXwVZFTI1BCB50FxyqBJ4LQAGFFFsGFjSxBW1P4K8RAphI2taSFFDseaYj0p2Wa85R5WSfui6tWq9ftapXGdd1QEJ+AUnAMPXIIGuANN0AIYSPACXsGb8+y8Ox/O53y14OQ3x2ABztcv+u6Z3A==</latexit>

d5 = �

<latexit sha1_base64="R0/pxJGM55F44AYgPcGON3LiDO4=">AAACBHicbVDLSsNAFL2pr1pfVZdugkVwVRKx6EYounFZwT6gDWUymTRDJ5NhZiKE0K0f4FY/wZ249T/8An/DaZuFbT1w4XDOvdx7jy8YVdpxvq3S2vrG5lZ5u7Kzu7d/UD086qgklZi0ccIS2fORIoxy0tZUM9ITkqDYZ6Trj++mfveJSEUT/qgzQbwYjTgNKUbaSL1g2LgZiIgOqzWn7sxgrxK3IDUo0BpWfwZBgtOYcI0ZUqrvOkJ7OZKaYkYmlUGqiEB4jEakbyhHMVFePrt3Yp8ZJbDDRJri2p6pfydyFCuVxb7pjJGO1LI3Ff/z+qkOr72ccpFqwvF8UZgyWyf29Hk7oJJgzTJDEJbU3GrjCEmEtYloYYuIMkWxmlRMMu5yDqukc1F3L+uNh8ta87bIqAwncArn4MIVNOEeWtAGDAxe4BXerGfr3fqwPuetJauYOYYFWF+/maKYnA==</latexit>

Hubbard-Stratonovich (HS) transformation

• Mass term of �

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

• VEV of      is the order parameter of the AFM�

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡
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2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as
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in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Negative potential

The mass term stabilizes the potential

KI ’21

V� = �2

Z
d3k

(2⇡)3
(
p
|d0|2 + �2 � |d0|) +M2

��
2

<latexit sha1_base64="Bo+Ab5jWAV+u+mmKCRv3NAWkv6o="></latexit>

M2
� =

Z
d3k

(2⇡)3
2

U

<latexit sha1_base64="tHu9ChE2B5KpSk180zr3V2KqXMw="></latexit>



KI ’21

B1 = B2 = − 0.5

A1 = A2 = 1
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KI ’21

*

<latexit sha1_base64="BxrrI+5EoqBPxAs008x5jQVWBYU=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APaoWTS2zY0kxmSjDAM3foBbvUT3Ilb/8Mv8DdM21nY1gOBwzn3lRPEgmvjut9OYW19Y3OruF3a2d3bPygfHjV1lCiGDRaJSLUDqlFwiQ3DjcB2rJCGgcBWML6b+q0nVJpH8tGkMfohHUo+4IwaK7W7ATKaaOyVK27VnYGsEi8nFchR75V/uv2IJSFKwwTVuuO5sfEzqgxnAielrh0aUzamQ+xYKmmI2s9m907ImVX6ZBAp+6QhM/VvR0ZDrdMwsJUhNSO97E3F/7xOYgY3fsZlnBiUbL5okAhiIjL9POlzhcyI1BLKFLe3EjaiijJjI1rYEo9SzZmelGwy3nIOq6R5UfUuq1cPl5XabZ5REU7gFM7Bg2uowT3UoQEMBLzAK7w5z8678+F8zksLTt5zDAtwvn4BN8mY/g==</latexit>

Large  gives VEV of U ϕ

Phase transition from PM to AFM

PM

AFM
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0
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4

B1 = B2 = − 0.5

A1 = A2 = 1

M2
� / 1/U

<latexit sha1_base64="/r/twTsKUIhCToyMixXjLesR39A=">AAACEXicbVDLSsNAFJ3UV62vaJdugkVwVZNS0WXRjRuhgmkLTQyT6aQdOpkMMxMhhH6FH+BWP8GduPUL/AJ/w2mbhW09cOFwzr3ce0/IKZHKtr+N0tr6xuZWebuys7u3f2AeHnVkkgqEXZTQRPRCKDElDLuKKIp7XGAYhxR3w/HN1O8+YSFJwh5UxrEfwyEjEUFQaSkwq3eBx0fkseFxkXCVWM65G5g1u27PYK0SpyA1UKAdmD/eIEFpjJlCFErZd2yu/BwKRRDFk4qXSswhGsMh7mvKYIyln8+On1inWhlYUSJ0MWXN1L8TOYylzOJQd8ZQjeSyNxX/8/qpiq78nDCeKszQfFGUUks/OU3CGhCBkaKZJhAJom+10AgKiJTOa2ELH2WSIDmp6GSc5RxWSadRd5r1i/tmrXVdZFQGx+AEnAEHXIIWuAVt4AIEMvACXsGb8Wy8Gx/G57y1ZBQzVbAA4+sXDRudFw==</latexit>



      dependenceM

<latexit sha1_base64="lHOc/qQ/zYe1R6YI7QtALrracuo=">AAAB/XicdVDLSsNAFL3xWeur6tLNYBFchaTUx7Loxo3Qgn1AG8pkOmmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2gqt6IFhDufcy733+DFnSjvOp7Wyura+sVnYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xze5336gUrFI3Os0pl6Ih4IFjGBtpMZdv1R27IqTAy2Qixlx7envlGGOer/01RtEJAmp0IRjpbquE2svw1Izwumk2EsUjTEZ4yHtGipwSJWXTRedoFOjDFAQSfOERlN1sSPDoVJp6JvKEOuR+u3l4l9eN9HBlZcxESeaCjIbFCQc6QjlV6MBk5RonhqCiWRmV0RGWGKiTTZLU+JRqhhRk6JJ5ud89D9pVWy3ap83quXa9TyjAhzDCZyBC5dQg1uoQxMIUHiCZ3ixHq1X6816n5WuWPOeI1iC9fENldKV2w==</latexit>

KI ’21
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0
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4

-2 -1 0 1 2

-2

0
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      dependenceM

<latexit sha1_base64="lHOc/qQ/zYe1R6YI7QtALrracuo=">AAAB/XicdVDLSsNAFL3xWeur6tLNYBFchaTUx7Loxo3Qgn1AG8pkOmmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2gqt6IFhDufcy733+DFnSjvOp7Wyura+sVnYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xze5336gUrFI3Os0pl6Ih4IFjGBtpMZdv1R27IqTAy2Qixlx7envlGGOer/01RtEJAmp0IRjpbquE2svw1Izwumk2EsUjTEZ4yHtGipwSJWXTRedoFOjDFAQSfOERlN1sSPDoVJp6JvKEOuR+u3l4l9eN9HBlZcxESeaCjIbFCQc6QjlV6MBk5RonhqCiWRmV0RGWGKiTTZLU+JRqhhRk6JJ5ud89D9pVWy3ap83quXa9TyjAhzDCZyBC5dQg1uoQxMIUHiCZ3ixHq1X6816n5WuWPOeI1iC9fENldKV2w==</latexit>
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TINI

The difference between TI and NI is not clear

KI ’21



Recall ME effect in TI is described by

L✓ = � ↵

4⇡

Z
d4x ✓Fµ⌫ F̃

µ⌫

<latexit sha1_base64="HXAwQ4uuXJ/ee6ST+LT4vYgNTT0="></latexit>

with ✓ = ±⇡

<latexit sha1_base64="TDmTWzA1oD2T9lyCv0ub47AZTQM=">AAACDXicbVDLSsNAFJ3UV62PRl26GSyCq5KIohuh6MZlBfuAJpTJdNIMnSTDzI0QSr/BD3Crn+BO3PoNfoG/4bTNwrYeuHA4517O5QRScA2O822V1tY3NrfK25Wd3b39qn1w2NZppihr0VSkqhsQzQRPWAs4CNaVipE4EKwTjO6mfueJKc3T5BFyyfyYDBMeckrASH276kHEgOAbT8bYk7xv15y6MwNeJW5BaqhAs2//eIOUZjFLgAqidc91JPhjooBTwSYVL9NMEjoiQ9YzNCEx0/549vgEnxplgMNUmUkAz9S/F2MSa53HgdmMCUR62ZuK/3m9DMJrf8wTmQFL6DwozASGFE9bwAOuGAWRG0Ko4uZXTCOiCAXT1UKKjHLNqZ5UTDPucg+rpH1edy/qlw8XtcZt0VEZHaMTdIZcdIUa6B41UQtRlKEX9IrerGfr3fqwPuerJau4OUILsL5+AUSum54=</latexit>

•                for TI✓ = ±⇡

<latexit sha1_base64="TDmTWzA1oD2T9lyCv0ub47AZTQM=">AAACDXicbVDLSsNAFJ3UV62PRl26GSyCq5KIohuh6MZlBfuAJpTJdNIMnSTDzI0QSr/BD3Crn+BO3PoNfoG/4bTNwrYeuHA4517O5QRScA2O822V1tY3NrfK25Wd3b39qn1w2NZppihr0VSkqhsQzQRPWAs4CNaVipE4EKwTjO6mfueJKc3T5BFyyfyYDBMeckrASH276kHEgOAbT8bYk7xv15y6MwNeJW5BaqhAs2//eIOUZjFLgAqidc91JPhjooBTwSYVL9NMEjoiQ9YzNCEx0/549vgEnxplgMNUmUkAz9S/F2MSa53HgdmMCUR62ZuK/3m9DMJrf8wTmQFL6DwozASGFE9bwAOuGAWRG0Ko4uZXTCOiCAXT1UKKjHLNqZ5UTDPucg+rpH1edy/qlw8XtcZt0VEZHaMTdIZcdIUa6B41UQtRlKEX9IrerGfr3fqwPuerJau4OUILsL5+AUSum54=</latexit>

•                for NI✓ = 0

<latexit sha1_base64="B7EZoRp9/m7xzBqw5+qGYPQwVkM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKohch6MVjBPOQZAmzk9nskJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw9uJ33pi2vBYPUCWMF+SgeIhpwSs9NiFiAHB126vXHGr7hR4mXg5qaAc9V75p9uPaSqZAiqIMR3PTcAfEQ2cCjYudVPDEkKHZMA6lioimfFH04PH+MQqfRzG2pYCPFX/ToyINCaTge2UBCKz6E3E/7xOCuGVP+IqSYEpOlsUpgJDjCff4z7XjILILCFUc3srphHRhILNaG5LEmWGUzMu2WS8xRyWSfOs6p1XL+7PK7WbPKMiOkLH6BR56BLV0B2qowaiSKIX9IrenGfn3flwPmetBSefOURzcL5+AQszmNM=</latexit>



•                for TI

Recall ME effect in TI is described by

L✓ = � ↵

4⇡

Z
d4x ✓Fµ⌫ F̃

µ⌫

<latexit sha1_base64="HXAwQ4uuXJ/ee6ST+LT4vYgNTT0="></latexit>

✓ = ±⇡

<latexit sha1_base64="TDmTWzA1oD2T9lyCv0ub47AZTQM=">AAACDXicbVDLSsNAFJ3UV62PRl26GSyCq5KIohuh6MZlBfuAJpTJdNIMnSTDzI0QSr/BD3Crn+BO3PoNfoG/4bTNwrYeuHA4517O5QRScA2O822V1tY3NrfK25Wd3b39qn1w2NZppihr0VSkqhsQzQRPWAs4CNaVipE4EKwTjO6mfueJKc3T5BFyyfyYDBMeckrASH276kHEgOAbT8bYk7xv15y6MwNeJW5BaqhAs2//eIOUZjFLgAqidc91JPhjooBTwSYVL9NMEjoiQ9YzNCEx0/549vgEnxplgMNUmUkAz9S/F2MSa53HgdmMCUR62ZuK/3m9DMJrf8wTmQFL6DwozASGFE9bwAOuGAWRG0Ko4uZXTCOiCAXT1UKKjHLNqZ5UTDPucg+rpH1edy/qlw8XtcZt0VEZHaMTdIZcdIUa6B41UQtRlKEX9IrerGfr3fqwPuerJau4OUILsL5+AUSum54=</latexit>

with

•                for NI✓ = 0

<latexit sha1_base64="B7EZoRp9/m7xzBqw5+qGYPQwVkM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKohch6MVjBPOQZAmzk9nskJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw9uJ33pi2vBYPUCWMF+SgeIhpwSs9NiFiAHB126vXHGr7hR4mXg5qaAc9V75p9uPaSqZAiqIMR3PTcAfEQ2cCjYudVPDEkKHZMA6lioimfFH04PH+MQqfRzG2pYCPFX/ToyINCaTge2UBCKz6E3E/7xOCuGVP+IqSYEpOlsUpgJDjCff4z7XjILILCFUc3srphHRhILNaG5LEmWGUzMu2WS8xRyWSfOs6p1XL+7PK7WbPKMiOkLH6BR56BLV0B2qowaiSKIX9IrenGfn3flwPmetBSefOURzcL5+AQszmNM=</latexit>

✓ = ±⇡

<latexit sha1_base64="TDmTWzA1oD2T9lyCv0ub47AZTQM=">AAACDXicbVDLSsNAFJ3UV62PRl26GSyCq5KIohuh6MZlBfuAJpTJdNIMnSTDzI0QSr/BD3Crn+BO3PoNfoG/4bTNwrYeuHA4517O5QRScA2O822V1tY3NrfK25Wd3b39qn1w2NZppihr0VSkqhsQzQRPWAs4CNaVipE4EKwTjO6mfueJKc3T5BFyyfyYDBMeckrASH276kHEgOAbT8bYk7xv15y6MwNeJW5BaqhAs2//eIOUZjFLgAqidc91JPhjooBTwSYVL9NMEjoiQ9YzNCEx0/549vgEnxplgMNUmUkAz9S/F2MSa53HgdmMCUR62ZuK/3m9DMJrf8wTmQFL6DwozASGFE9bwAOuGAWRG0Ko4uZXTCOiCAXT1UKKjHLNqZ5UTDPucg+rpH1edy/qlw8XtcZt0VEZHaMTdIZcdIUa6B41UQtRlKEX9IrerGfr3fqwPuerJau4OUILsL5+AUSum54=</latexit>

    is the order parameter of 
phase transition between TI and 
NI

✓

<latexit sha1_base64="cz7Ka2ZcvVEP2eM7NV/sLkgrUb0=">AAACA3icbVDLSsNAFJ3UV62vqks3g0VwFZLaNi6LblxWsA9oQ5lMJ+3QyYOZGyGELv0At/oJ7sStH+IX+BtO2yxs9cCFwzn3cu89Xiy4Asv6Mgobm1vbO8Xd0t7+weFR+fiko6JEUtamkYhkzyOKCR6yNnAQrBdLRgJPsK43vZ373UcmFY/CB0hj5gZkHHKfUwJa6g5gwoDgYblimU61UXUcbJlXtYZj1zWxFsB2TiooR2tY/h6MIpoELAQqiFJ924rBzYgETgWblQaJYjGhUzJmfU1DEjDlZotzZ/hCKyPsR1JXCHih/p7ISKBUGni6MyAwUeveXPzP6yfgX7sZD+MEWEiXi/xEYIjw/Hc84pJREKkmhEqub8V0QiShoBNa2RJPUsWpmpV0MvZ6Dn9Jp2raNbN+X6s0b/KMiugMnaNLZCMHNdEdaqE2omiKntELejWejDfj3fhYthaMfOYUrcD4/AFlzpiL</latexit>

We need potential for ✓

<latexit sha1_base64="PDK48v2xd0hVOeMPbiseMpxLuLs=">AAACAnicdVDLSgNBEJyNrxhfUY9eBoPgadmNm4e3oBePEUwiJCHMTmazY2Znl5leIYTc/ACv+gnexKs/4hf4G04eghEtaCiquunu8hPBNTjOh5VZWV1b38hu5ra2d3b38vsHTR2nirIGjUWsbn2imeCSNYCDYLeJYiTyBWv5w8up37pnSvNY3sAoYd2IDCQPOCVgpGYHQgakly84drlS9c5c7NhOtVyslAwplYrnnotd25mhgBao9/KfnX5M04hJoIJo3XadBLpjooBTwSa5TqpZQuiQDFjbUEkiprvj2bUTfGKUPg5iZUoCnqk/J8Yk0noU+aYzIhDq395U/MtrpxBUu2MukxSYpPNFQSowxHj6Ou5zxSiIkSGEKm5uxTQkilAwAS1tScKR5lRPciaZ7/fx/6RZtF3PLl17hdrFIqMsOkLH6BS5qIJq6ArVUQNRdIce0RN6th6sF+vVepu3ZqzFzCFagvX+BTIamHs=</latexit>



     can be computed from Hamiltonian:✓

<latexit sha1_base64="zyuL1GvdXy3LCQG0wfpRSZHdxIA=">AAACA3icdVDLSgNBEJz1GeMr6tHLYBA8LRuJ6DHoxWME84BkCbOT3uyQ2QczvcKy5OgHeNVP8CZe/RC/wN9wkqxgghY0FFXddHd5iRQaHefTWlldW9/YLG2Vt3d29/YrB4dtHaeKQ4vHMlZdj2mQIoIWCpTQTRSw0JPQ8cY3U7/zAEqLOLrHLAE3ZKNI+IIzNFKnjwEgo4NK1bGdGahj15dIrbCqpEBzUPnqD2OehhAhl0zrXs1J0M2ZQsElTMr9VEPC+JiNoGdoxELQbj47d0JPjTKkfqxMRUhn6u+JnIVaZ6FnOkOGgV72puJfXi9F/8rNRZSkCBGfL/JTSTGm09/pUCjgKDNDGFfC3Ep5wBTjaBJa2JIEmRZcT8ommZ/36f+kfW7X6vbFXb3auC4yKpFjckLOSI1ckga5JU3SIpyMyRN5Ji/Wo/VqvVnv89YVq5g5IguwPr4BGb6YWg==</latexit>

•  ✓ =
1

4⇡

Z
d3k

2|d|+ d4

(|d|+ d4)2|d|3 ✏
ijkldi@kxd

j@kyd
k@kzd

l

<latexit sha1_base64="1KSpy+yny2+OjT3C+Sgdwo4rft4="></latexit>

•  Approximately given by chiral anomaly (Fujikawa method)

R. Li et al. ’10



     can be computed from Hamiltonian:✓

<latexit sha1_base64="zyuL1GvdXy3LCQG0wfpRSZHdxIA=">AAACA3icdVDLSgNBEJz1GeMr6tHLYBA8LRuJ6DHoxWME84BkCbOT3uyQ2QczvcKy5OgHeNVP8CZe/RC/wN9wkqxgghY0FFXddHd5iRQaHefTWlldW9/YLG2Vt3d29/YrB4dtHaeKQ4vHMlZdj2mQIoIWCpTQTRSw0JPQ8cY3U7/zAEqLOLrHLAE3ZKNI+IIzNFKnjwEgo4NK1bGdGahj15dIrbCqpEBzUPnqD2OehhAhl0zrXs1J0M2ZQsElTMr9VEPC+JiNoGdoxELQbj47d0JPjTKkfqxMRUhn6u+JnIVaZ6FnOkOGgV72puJfXi9F/8rNRZSkCBGfL/JTSTGm09/pUCjgKDNDGFfC3Ep5wBTjaBJa2JIEmRZcT8ommZ/36f+kfW7X6vbFXb3auC4yKpFjckLOSI1ckga5JU3SIpyMyRN5Ji/Wo/VqvVnv89YVq5g5IguwPr4BGb6YWg==</latexit>

•  ✓ =
1

4⇡

Z
d3k

2|d|+ d4

(|d|+ d4)2|d|3 ✏
ijkldi@kxd

j@kyd
k@kzd

l

R. Li et al. ’10

•  Approximately given by chiral anomaly (Fujikawa method)



Derivation as chiral anomaly

M(k) = M � 2B1 � 4B2 + 2B1 cos kz + 2B2(cos kx + cos ky)

<latexit sha1_base64="QXxWo4Qmy8cN03AKaFuP9U4hDTY="></latexit>

(d1, d2, d3, d4, d5) = (A2 sin kx, A2 sin ky, A1 sin kz, M(k), �)

<latexit sha1_base64="l2PEQ4rr9ctUDG0iv7WeWAP/8CU="></latexit>

H(k) =
5X

a=1

d
a(k)�a

<latexit sha1_base64="OI0Wd5tKDCeghaXLyhy+cKuf/Xw="></latexit>



Derivation as chiral anomaly

M(k) = M � 2B1 � 4B2 + 2B1 cos kz + 2B2(cos kx + cos ky)

<latexit sha1_base64="QXxWo4Qmy8cN03AKaFuP9U4hDTY="></latexit>

(d1, d2, d3, d4, d5) = (A2 sin kx, A2 sin ky, A1 sin kz, M(k), �)

<latexit sha1_base64="l2PEQ4rr9ctUDG0iv7WeWAP/8CU="></latexit>

H(k) =
5X

a=1

d
a(k)�a

<latexit sha1_base64="OI0Wd5tKDCeghaXLyhy+cKuf/Xw="></latexit>

- expand around

H(k) = kx�
1 + ky�

2 + ky�
3 +M�4 + ��5

<latexit sha1_base64="XoX8EC2gT3eYgIiRhg+Rnd3Y3ks="></latexit>

- redefine k

<latexit sha1_base64="MWZwQVvRem9k8MQIqoVnyUndbqM=">AAACA3icdVDLSsNAFL2pr1pfVZduBosgLkoiFV0W3bisYB/QhjKZTtohk0mYmRRCyNIPcKuf4E7c+iF+gb/h9CG0Pg5cOJxzL/fe48WcKW3bH1ZhZXVtfaO4Wdra3tndK+8ftFSUSEKbJOKR7HhYUc4EbWqmOe3EkuLQ47TtBTcTvz2mUrFI3Os0pm6Ih4L5jGBtpHZv7J1lQd4vV5yqPQWyf5FvqwJzNPrlz94gIklIhSYcK9V17Fi7GZaaEU7zUi9RNMYkwEPaNVTgkCo3m56boxOjDJAfSVNCo6m6OJHhUKk09ExniPVI/fQm4l9eN9H+lZsxESeaCjJb5Ccc6QhNfkcDJinRPDUEE8nMrYiMsMREm4SWtsSjVDGi8tJiMv+T1nnVqVUv7mqV+vU8oyIcwTGcggOXUIdbaEATCATwCE/wbD1YL9ar9TZrLVjzmUNYgvX+BVmXmII=</latexit>

“Dirac model”

k = 0

<latexit sha1_base64="Wt725lYbuQhseo+0M05cRddFjX0=">AAACBXicdVDLSsNAFL2pr1pfVZdugkUQFyWRim6EohuXFexD2lAm00k7dGYSZiaFELL2A9zqJ7gTt36HX+BvOH0IrY8DFw7n3Mu99/gRo0o7zoeVW1peWV3Lrxc2Nre2d4q7ew0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eH12G+OiFQ0FHc6iYjHUV/QgGKkjXTfGfkn6TC7dLrFklt2JrCdX+TbKsEMtW7xs9MLccyJ0JghpdquE2kvRVJTzEhW6MSKRAgPUZ+0DRWIE+Wlk4Mz+8goPTsIpSmh7Yk6P5EirlTCfdPJkR6on95Y/Mtrxzq48FIqolgTgaeLgpjZOrTH39s9KgnWLDEEYUnNrTYeIImwNhktbIkGiaJYZYX5ZP4njdOyWymf3VZK1atZRnk4gEM4BhfOoQo3UIM6YODwCE/wbD1YL9ar9TZtzVmzmX1YgPX+BVeWmQM=</latexit>



H(k) = kx�
1 + ky�

2 + ky�
3 +M�4 + ��5

<latexit sha1_base64="XoX8EC2gT3eYgIiRhg+Rnd3Y3ks="></latexit>

Unitary transformation of the basis

S =

Z
d4x  ̄[i�µ(@µ � ieAµ)�M � i��5] 

<latexit sha1_base64="+hloZgLa6e0lw51HpxlIFDndEEo="></latexit>

ŨH(k)Ũ † = �(� · k +M + ��5)

<latexit sha1_base64="bErdYwZNi4gIvmnJqvZFDeoO6oc="></latexit>

reduces to �5�

<latexit sha1_base64="0CjqRJVAc59v55yOTTVoQo/pktQ=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4KjPSosuiC11WsA/ojCWTZjqhSSYkGWEY+gN+gFv9BHfi1r/wC/wN04dgfRy4cDjnXs7lhJJRbVz33SksLa+srhXXSxubW9s75d29tk5ShUkLJyxR3RBpwqggLUMNI12pCOIhI51wdDHxO3dEaZqIG5NJEnA0FDSiGBkr+f4l4hzd1n0Z03654lXdKaD7i3xZFTBHs1/+8AcJTjkRBjOkdc9zpQlypAzFjIxLfqqJRHiEhqRnqUCc6CCf/jyGR1YZwChRdoSBU/X7RY641hkP7SZHJtY/vYn4l9dLTXQW5FTI1BCBZ0FRyqBJ4KQAOKCKYMMySxBW1P4KcYwUwsbWtJAi40xTrMel7838T9onVa9WrV/XKo3zeUdFcAAOwTHwwClogCvQBC2AgQQP4BE8OffOs/PivM5WC878Zh8swHn7BNHkmmI=</latexit>

i�5�

<latexit sha1_base64="HmDL9HDXwDNIcT+yRlxoY05UZR0=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4KjPSosuiG5cV7AM6Y8mkmU5okolJRhiGfoEf4FY/wZ249Sv8An/D9CFYHwcuHM65l3M5oWRUG9d9dwpLyyura8X10sbm1vZOeXevrZNUYdLCCUtUN0SaMCpIy1DDSFcqgnjISCccXUz8zh1Rmibi2mSSBBwNBY0oRsZKAfWHiHN0U/dlTPvlild1p4DuL/JlVcAczX75wx8kOOVEGMyQ1j3PlSbIkTIUMzIu+akmEuERGpKepQJxooN8+vQYHlllAKNE2REGTtXvFzniWmc8tJscmVj/9CbiX14vNdFZkFMhU0MEngVFKYMmgZMG4IAqgg3LLEFYUfsrxDFSCBvb00KKjDNNsR6XvjfzP2mfVL1atX5VqzTO5x0VwQE4BMfAA6egAS5BE7QABrfgATyCJ+feeXZenNfZasGZ3+yDBThvn9gPmvU=</latexit>



         term can be rotated away, which gives rise to     term:i�5�

<latexit sha1_base64="ZXi7E/H0iuMKWpqVVBmDZU0lDtk=">AAACCXicdVDLSsNAFJ3UV62vqks3g0VwFZLatHVXdOOygn1AE8tkOmmGziRxZiKU0C/wA9zqJ7gTt36FX+BvOH0IVvTAhcM593LvPX7CqFSW9WHkVlbX1jfym4Wt7Z3dveL+QVvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6/uhy6nfuiZA0jm7UOCEeR8OIBhQjpSWPukPEObp13CSk/WLJMqu1euXMhpZp1avlmqOJ45TPKza0TWuGElig2S9+uoMYp5xECjMkZc+2EuVlSCiKGZkU3FSSBOERGpKephHiRHrZ7OgJPNHKAAax0BUpOFN/TmSISznmvu7kSIXytzcV//J6qQrqXkajJFUkwvNFQcqgiuE0ATiggmDFxpogLKi+FeIQCYSVzmlpSxKOJcVyUtDJfL8P/yftsmlXTOe6UmpcLDLKgyNwDE6BDWqgAa5AE7QABnfgETyBZ+PBeDFejbd5a85YzByCJRjvX1Wmm0c=</latexit>

✓

<latexit sha1_base64="PDK48v2xd0hVOeMPbiseMpxLuLs=">AAACAnicdVDLSgNBEJyNrxhfUY9eBoPgadmNm4e3oBePEUwiJCHMTmazY2Znl5leIYTc/ACv+gnexKs/4hf4G04eghEtaCiquunu8hPBNTjOh5VZWV1b38hu5ra2d3b38vsHTR2nirIGjUWsbn2imeCSNYCDYLeJYiTyBWv5w8up37pnSvNY3sAoYd2IDCQPOCVgpGYHQgakly84drlS9c5c7NhOtVyslAwplYrnnotd25mhgBao9/KfnX5M04hJoIJo3XadBLpjooBTwSa5TqpZQuiQDFjbUEkiprvj2bUTfGKUPg5iZUoCnqk/J8Yk0noU+aYzIhDq395U/MtrpxBUu2MukxSYpPNFQSowxHj6Ou5zxSiIkSGEKm5uxTQkilAwAS1tScKR5lRPciaZ7/fx/6RZtF3PLl17hdrFIqMsOkLH6BS5qIJq6ArVUQNRdIce0RN6th6sF+vVepu3ZqzFzCFagvX+BTIamHs=</latexit>

S⇥ = � ↵

4⇡

Z
d4x⇥Fµ⌫ F̃

µ⌫

<latexit sha1_base64="qQCtWwebvOtlowlWlD5JBIhS6R4="></latexit>

⇥ =
⇡

2
[1� sgn(M)]sgn(�) + tan�1 �

M

<latexit sha1_base64="PWCck/Kf5+SGFykBLOn1P7ITtpo="></latexit>

✓ =
1

4⇡

Z
d3k

2|d|+ d4

(|d|+ d4)2|d|3 ✏
ijkldi@kxd

j@kyd
k@kzd

l

<latexit sha1_base64="1KSpy+yny2+OjT3C+Sgdwo4rft4="></latexit>

it is consistent with



         term can be rotated away, which gives rise to     term:i�5�

<latexit sha1_base64="ZXi7E/H0iuMKWpqVVBmDZU0lDtk=">AAACCXicdVDLSsNAFJ3UV62vqks3g0VwFZLatHVXdOOygn1AE8tkOmmGziRxZiKU0C/wA9zqJ7gTt36FX+BvOH0IVvTAhcM593LvPX7CqFSW9WHkVlbX1jfym4Wt7Z3dveL+QVvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6/uhy6nfuiZA0jm7UOCEeR8OIBhQjpSWPukPEObp13CSk/WLJMqu1euXMhpZp1avlmqOJ45TPKza0TWuGElig2S9+uoMYp5xECjMkZc+2EuVlSCiKGZkU3FSSBOERGpKephHiRHrZ7OgJPNHKAAax0BUpOFN/TmSISznmvu7kSIXytzcV//J6qQrqXkajJFUkwvNFQcqgiuE0ATiggmDFxpogLKi+FeIQCYSVzmlpSxKOJcVyUtDJfL8P/yftsmlXTOe6UmpcLDLKgyNwDE6BDWqgAa5AE7QABnfgETyBZ+PBeDFejbd5a85YzByCJRjvX1Wmm0c=</latexit>

✓

<latexit sha1_base64="PDK48v2xd0hVOeMPbiseMpxLuLs=">AAACAnicdVDLSgNBEJyNrxhfUY9eBoPgadmNm4e3oBePEUwiJCHMTmazY2Znl5leIYTc/ACv+gnexKs/4hf4G04eghEtaCiquunu8hPBNTjOh5VZWV1b38hu5ra2d3b38vsHTR2nirIGjUWsbn2imeCSNYCDYLeJYiTyBWv5w8up37pnSvNY3sAoYd2IDCQPOCVgpGYHQgakly84drlS9c5c7NhOtVyslAwplYrnnotd25mhgBao9/KfnX5M04hJoIJo3XadBLpjooBTwSa5TqpZQuiQDFjbUEkiprvj2bUTfGKUPg5iZUoCnqk/J8Yk0noU+aYzIhDq395U/MtrpxBUu2MukxSYpPNFQSowxHj6Ou5zxSiIkSGEKm5uxTQkilAwAS1tScKR5lRPciaZ7/fx/6RZtF3PLl17hdrFIqMsOkLH6BS5qIJq6ArVUQNRdIce0RN6th6sF+vVepu3ZqzFzCFagvX+BTIamHs=</latexit>

S⇥ = � ↵

4⇡

Z
d4x⇥Fµ⌫ F̃

µ⌫

<latexit sha1_base64="qQCtWwebvOtlowlWlD5JBIhS6R4="></latexit>

⇥ =
⇡

2
[1� sgn(M)]sgn(�) + tan�1 �

M

<latexit sha1_base64="PWCck/Kf5+SGFykBLOn1P7ITtpo="></latexit>

✓ =
1

4⇡

Z
d3k

2|d|+ d4

(|d|+ d4)2|d|3 ✏
ijkldi@kxd

j@kyd
k@kzd

l

<latexit sha1_base64="1KSpy+yny2+OjT3C+Sgdwo4rft4="></latexit>

it is consistent with

V✓(✓)

<latexit sha1_base64="ArU0ARLKFJorLEfQLSdSAqTAlF0=">AAACDnicbVDLSsNAFJ3UV62vqEs3wSLUTUmkosuKG5cV7APaECbTSTN0MgkzN4UQ+g9+gFv9BHfi1l/wC/wNp20WtvXA5R7OuZd7OX7CmQLb/jZKG5tb2zvl3cre/sHhkXl80lFxKgltk5jHsudjRTkTtA0MOO0lkuLI57Trj+9nfndCpWKxeIIsoW6ER4IFjGDQkmeaHW8AIQVcW7RLz6zadXsOa504BamiAi3P/BkMY5JGVADhWKm+Yyfg5lgCI5xOK4NU0QSTMR7RvqYCR1S5+fzzqXWhlaEVxFKXAGuu/t3IcaRUFvl6MsIQqlVvJv7n9VMIbt2ciSQFKsjiUJByC2JrFoM1ZJIS4JkmmEimf7VIiCUmoMNaupKEmWJETSs6GWc1h3XSuao7jfr1Y6PavCsyKqMzdI5qyEE3qIkeUAu1EUET9IJe0ZvxbLwbH8bnYrRkFDunaAnG1y9SEJw0</latexit>

V�(�)

<latexit sha1_base64="/pR/fpcNOpCZ4iugHGG2UmVNcAU=">AAACCHicbVDLSsNAFL3xWeur6tLNYBHqpiRS0WXFjcsK9gFNKJPppBk6SYaZiRBKf8APcKuf4E7c+hd+gb/hpM3Cth64l8M593IvxxecKW3b39ba+sbm1nZpp7y7t39wWDk67qgklYS2ScIT2fOxopzFtK2Z5rQnJMWRz2nXH9/lfveJSsWS+FFngnoRHsUsYARrI7mdgStCVsvbxaBStev2DGiVOAWpQoHWoPLjDhOSRjTWhGOl+o4ttDfBUjPC6bTspooKTMZ4RPuGxjiiypvMfp6ic6MMUZBIU7FGM/XvxgRHSmWRbyYjrEO17OXif14/1cGNN2GxSDWNyfxQkHKkE5QHgIZMUqJ5ZggmkplfEQmxxESbmBauiDBTjKhp2STjLOewSjqXdadRv3poVJu3RUYlOIUzqIED19CEe2hBGwgIeIFXeLOerXfrw/qcj65Zxc4JLMD6+gWFTJox</latexit>

� = �(✓)

<latexit sha1_base64="IYrLu8Q6b/K7aGth7ISuKC4nWUg=">AAACEXicbVDLSsNAFJ34rPUV7dLNYBHqpiRS0Y1QceOygn1AE8pkOm2GTh7M3Agh9Cv8ALf6Ce7ErV/gF/gbTtosbOuByz2ccy/3crxYcAWW9W2srW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5HFBM8ZG3gIFgvlowEnmBdb3KX+90nJhWPwkdIY+YGZBzyEacEtDQwK07sc3yD81ZzwGdAzgdm1apbM+BVYhekigq0BuaPM4xoErAQqCBK9W0rBjcjEjgVbFp2EsViQidkzPqahiRgys1mz0/xmVaGeBRJXSHgmfp3IyOBUmng6cmAgK+WvVz8z+snMLp2Mx7GCbCQzg+NEoEhwnkSeMgloyBSTQiVXP+KqU8koaDzWrgS+6niVE3LOhl7OYdV0rmo24365UOj2rwtMiqhE3SKashGV6iJ7lELtRFFKXpBr+jNeDbejQ/jcz66ZhQ7FbQA4+sXtCWc4g==</latexit>



Effective potential in terms of 

Potential minimum:

✓

<latexit sha1_base64="wcHV1JacsQmXS0Ifol1F8PbJFVo=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFRKp6LLoxmUF+4A2lMl00oydTMLMjRBCd36AW/0Ed+LWH/EL/A2nbQRb9MCFwzn3cu89fiK4Bsf5tEorq2vrG+XNytb2zu5edf+greNUUdaisYhV1yeaCS5ZCzgI1k0UI5EvWMcfX0/9zgNTmsfyDrKEeREZSR5wSsBI7T6EDMigWnNsZwbs2PUl4hZWDRVoDqpf/WFM04hJoIJo3XOdBLycKOBUsEmln2qWEDomI9YzVJKIaS+fXTvBJ0YZ4iBWpiTgmfp7IieR1lnkm86IQKiXvan4l9dLIbj0ci6TFJik80VBKjDEePo6HnLFKIjMEEIVN7diGhJFKJiAFrYkYaY51ZOKSebnffw/aZ/Zbt0+v63XGldFRmV0hI7RKXLRBWqgG9RELUTRPXpCz+jFerRerTfrfd5asoqZQ7QA6+MbvxqYMA==</latexit>

✓ = 0

<latexit sha1_base64="9jHGubCJZ0wzVrK5LIEvTwcerdQ=">AAACBHicdVDLSsNAFJ3UV62vqks3g0VwFZJSHxuh6MZlBfuANpTJdNIMnUzCzI0QSrd+gFv9BHfi1v/wC/wNJ22FVvTAMIdz7uXee/xEcA2O82kVVlbX1jeKm6Wt7Z3dvfL+QUvHqaKsSWMRq45PNBNcsiZwEKyTKEYiX7C2P7rJ/fYDU5rH8h6yhHkRGUoecErASJ0ehAzIldMvVxy76uTAC+R8Rlx7+jsVNEejX/7qDWKaRkwCFUTrrusk4I2JAk4Fm5R6qWYJoSMyZF1DJYmY9sbTfSf4xCgDHMTKPAl4qi52jEmkdRb5pjIiEOrfXi7+5XVTCC69MZdJCkzS2aAgFRhinB+PB1wxCiIzhFDFza6YhkQRCiaipSlJmGlO9aRkkvk5H/9PWlXbrdlnd7VK/XqeUREdoWN0ilx0geroFjVQE1Ek0BN6Ri/Wo/VqvVnvs9KCNe85REuwPr4Bv4uYsw==</latexit>

•  (small      , i.e., PM)U

<latexit sha1_base64="yRp9UFUZWWM5PgauubiHeKddMH0=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy5bsA9oQ5lMJ+3QySTMTIQQih/gVj/Bnbj1W/wCf8NJW6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nQcqFYvEvU5j6oV4JFjACNZGarYG5YpjV50caIlczolrz36nAgs0BuWv/jAiSUiFJhwr1XOdWHsZlpoRTqelfqJojMkEj2jPUIFDqrxstugUnRlliIJImic0mqnLHRkOlUpD31SGWI/Vby8X//J6iQ6uvYyJONFUkPmgIOFIRyi/Gg2ZpETz1BBMJDO7IjLGEhNtslmZEo9TxYialkwyP+ej/0m7ars1+6JZq9RvFhkV4QRO4RxcuII63EEDWkCAwhM8w4v1aL1ab9b7vLRgLXqOYQXWxzeimpXj</latexit>

•  (large      , i.e., AFM)U

<latexit sha1_base64="yRp9UFUZWWM5PgauubiHeKddMH0=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy5bsA9oQ5lMJ+3QySTMTIQQih/gVj/Bnbj1W/wCf8NJW6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nQcqFYvEvU5j6oV4JFjACNZGarYG5YpjV50caIlczolrz36nAgs0BuWv/jAiSUiFJhwr1XOdWHsZlpoRTqelfqJojMkEj2jPUIFDqrxstugUnRlliIJImic0mqnLHRkOlUpD31SGWI/Vby8X//J6iQ6uvYyJONFUkPmgIOFIRyi/Gg2ZpETz1BBMJDO7IjLGEhNtslmZEo9TxYialkwyP+ej/0m7ars1+6JZq9RvFhkV4QRO4RxcuII63EEDWkCAwhM8w4v1aL1ab9b7vLRgLXqOYQXWxzeimpXj</latexit>

✓ 6= 0

<latexit sha1_base64="Z4PoOU5Ct4jUfacysy6cBqBD0+M=">AAACCHicdVBLSgNBEO2Jvxh/UZduGoPgKkxC/CyDblxGMB/IhNDTqck06ekZu2uEEHIBD+BWj+BO3HoLT+A17HyERPRB04/3qqiq5ydSGHTdTyezsrq2vpHdzG1t7+zu5fcPGiZONYc6j2WsWz4zIIWCOgqU0Eo0sMiX0PQH1xO/+QDaiFjd4TCBTsT6SgSCM7SS52EIyDwF99Tt5gtusexOQBfI+YyUitPfLZA5at38l9eLeRqBQi6ZMe2Sm2BnxDQKLmGc81IDCeMD1oe2pYpFYDqj6c5jemKVHg1ibZ9COlUXO0YsMmYY+bYyYhia395E/MtrpxhcdkZCJSmC4rNBQSopxnQSAO0JDRzl0BLGtbC7Uh4yzTjamJamJOHQCG7GOZvMz/n0f9IoF0uV4tltpVC9mmeUJUfkmJySErkgVXJDaqROOEnIE3kmL86j8+q8Oe+z0owz7zkkS3A+vgHNa5pe</latexit>

NI phase
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Potential minimum:

•  (small      , i.e., PM)U

<latexit sha1_base64="yRp9UFUZWWM5PgauubiHeKddMH0=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy5bsA9oQ5lMJ+3QySTMTIQQih/gVj/Bnbj1W/wCf8NJW6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nQcqFYvEvU5j6oV4JFjACNZGarYG5YpjV50caIlczolrz36nAgs0BuWv/jAiSUiFJhwr1XOdWHsZlpoRTqelfqJojMkEj2jPUIFDqrxstugUnRlliIJImic0mqnLHRkOlUpD31SGWI/Vby8X//J6iQ6uvYyJONFUkPmgIOFIRyi/Gg2ZpETz1BBMJDO7IjLGEhNtslmZEo9TxYialkwyP+ej/0m7ars1+6JZq9RvFhkV4QRO4RxcuII63EEDWkCAwhM8w4v1aL1ab9b7vLRgLXqOYQXWxzeimpXj</latexit>

•  (large      , i.e., AFM)U

<latexit sha1_base64="yRp9UFUZWWM5PgauubiHeKddMH0=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy5bsA9oQ5lMJ+3QySTMTIQQih/gVj/Bnbj1W/wCf8NJW6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nQcqFYvEvU5j6oV4JFjACNZGarYG5YpjV50caIlczolrz36nAgs0BuWv/jAiSUiFJhwr1XOdWHsZlpoRTqelfqJojMkEj2jPUIFDqrxstugUnRlliIJImic0mqnLHRkOlUpD31SGWI/Vby8X//J6iQ6uvYyJONFUkPmgIOFIRyi/Gg2ZpETz1BBMJDO7IjLGEhNtslmZEo9TxYialkwyP+ej/0m7ars1+6JZq9RvFhkV4QRO4RxcuII63EEDWkCAwhM8w4v1aL1ab9b7vLRgLXqOYQXWxzeimpXj</latexit>

✓ 6= 0

<latexit sha1_base64="Z4PoOU5Ct4jUfacysy6cBqBD0+M=">AAACCHicdVBLSgNBEO2Jvxh/UZduGoPgKkxC/CyDblxGMB/IhNDTqck06ekZu2uEEHIBD+BWj+BO3HoLT+A17HyERPRB04/3qqiq5ydSGHTdTyezsrq2vpHdzG1t7+zu5fcPGiZONYc6j2WsWz4zIIWCOgqU0Eo0sMiX0PQH1xO/+QDaiFjd4TCBTsT6SgSCM7SS52EIyDwF99Tt5gtusexOQBfI+YyUitPfLZA5at38l9eLeRqBQi6ZMe2Sm2BnxDQKLmGc81IDCeMD1oe2pYpFYDqj6c5jemKVHg1ibZ9COlUXO0YsMmYY+bYyYhia395E/MtrpxhcdkZCJSmC4rNBQSopxnQSAO0JDRzl0BLGtbC7Uh4yzTjamJamJOHQCG7GOZvMz/n0f9IoF0uV4tltpVC9mmeUJUfkmJySErkgVXJDaqROOEnIE3kmL86j8+q8Oe+z0owz7zkkS3A+vgHNa5pe</latexit>

✓ = ⇡

<latexit sha1_base64="57kqOuWk8816vlLXCE+DnOR/mjA=">AAACB3icdVDLSsNAFJ3UV62vqks3g0VwFZJSHxuh6MZlBfuAJpTJdNIMnTyYuRFC6Af4AW71E9yJWz/DL/A3nLQVWtEDwxzOuZd77/ESwRVY1qdRWlldW98ob1a2tnd296r7Bx0Vp5KyNo1FLHseUUzwiLWBg2C9RDISeoJ1vfFN4XcfmFQ8ju4hS5gbklHEfU4JaKnvQMCAXGEn4YNqzTLrVgG8QM5nxDanv1VDc7QG1S9nGNM0ZBFQQZTq21YCbk4kcCrYpOKkiiWEjsmI9TWNSMiUm09XnuATrQyxH0v9IsBTdbEjJ6FSWejpypBAoH57hfiX10/Bv3RzHiUpsIjOBvmpwBDj4n485JJREJkmhEqud8U0IJJQ0CktTUmCTHGqJhWdzM/5+H/SqZt2wzy7a9Sa1/OMyugIHaNTZKML1ES3qIXaiKIYPaFn9GI8Gq/Gm/E+Ky0Z855DtATj4xsMhZn2</latexit>

Effective potential in terms of ✓
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Dynamical axion exits in both TI and NI phases
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“dynamical axion”

“static axion”

“dynamical axion” = amplitude mode of magnon

magnon: quantum of magnetization 

Note: magnon can be dynamical axion 
see Chigusa, Moroi, Nakayama ’21
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will
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refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between

frequencies m and
p

m2 +b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ! = c0k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic

field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(hSiAi + hSiBi), the
antiferromagnetic order parameter M� = 1/2(hSiAi � hSiBi) and
the charge-density-wave order parameter ⇢ = 1/2(hniAi � hniBi).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M

�
0 ẑ

if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z
and axion field ✓ 6=0,⇡.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ✓ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +�Mz(x,t ))ẑ+�Mx(x,t )x̂+�My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
�Mz , because ✓ is a pseudo-scalar. In other words, we have
�✓(x, t ) = �m5(x, t )/g = �(2/3)U �Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode �Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field �✓(x, t ).
Considering the coupling term ✓E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8⇡

Z
d3xdt

✓
✏E2 � 1

µ
B2

◆
+ ↵

4⇡2

Z
d3xdt (✓0 +�✓)E ·B

+ g
2
J

Z
d3xdt [(@t�✓)2 � (vi@i�✓)2 �m

2�✓ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode �Mz , E andB are the electric field and themagnetic
field respectively and ✏ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with ↵ ⌘ e

2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
Z

d3k
(2⇡)3

di(k)di(k)
16|d|5 , Jm

2 =
✓
2
3
UM

�
z

◆2Z d3k
(2⇡)3

1
4|d|3

where |d| =
pP5

a=1dad
a and the repeated index indicates summa-

tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ✓ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ✓ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16

@2

@t 2
E� c

02r2E+ ↵B0

⇡✏

@2

@t 2
�✓ = 0

@2

@t 2
�✓ �v

2r2�✓ +m
2
0�✓ � ↵B0

8⇡2g 2J
E= 0

where c
0 is the speed of light in the media and ✏ is the dielectric

constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion

!2
±(k) = 1

2

h
(c 02

k
2 +m

2 +b
2)

±
p
(c 02k2 +m2 +b2)2 �4c 02k2m2

i
(5)

with b
2 = ↵2B0

2/8⇡3✏g 2
J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

p
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

p
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = ↵✓B0/⇡+ ✏E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency !p = p

4⇡ne⇤2/m⇤. The
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will
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Department of Physics, Tsinghua University,

Beijing 100084, China. *e-mail: sczhang@stanford.edu.

refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between

frequencies m and
p

m2 +b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ! = c0k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic

field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(hSiAi + hSiBi), the
antiferromagnetic order parameter M� = 1/2(hSiAi � hSiBi) and
the charge-density-wave order parameter ⇢ = 1/2(hniAi � hniBi).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M

�
0 ẑ

if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z
and axion field ✓ 6=0,⇡.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ✓ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +�Mz(x,t ))ẑ+�Mx(x,t )x̂+�My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
�Mz , because ✓ is a pseudo-scalar. In other words, we have
�✓(x, t ) = �m5(x, t )/g = �(2/3)U �Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode �Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field �✓(x, t ).
Considering the coupling term ✓E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8⇡

Z
d3xdt

✓
✏E2 � 1

µ
B2

◆
+ ↵

4⇡2

Z
d3xdt (✓0 +�✓)E ·B

+ g
2
J

Z
d3xdt [(@t�✓)2 � (vi@i�✓)2 �m

2�✓ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode �Mz , E andB are the electric field and themagnetic
field respectively and ✏ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with ↵ ⌘ e

2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
Z

d3k
(2⇡)3

di(k)di(k)
16|d|5 , Jm

2 =
✓
2
3
UM

�
z

◆2Z d3k
(2⇡)3

1
4|d|3

where |d| =
pP5

a=1dad
a and the repeated index indicates summa-

tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ✓ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ✓ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16

@2

@t 2
E� c

02r2E+ ↵B0

⇡✏

@2

@t 2
�✓ = 0

@2

@t 2
�✓ �v

2r2�✓ +m
2
0�✓ � ↵B0

8⇡2g 2J
E= 0

where c
0 is the speed of light in the media and ✏ is the dielectric

constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion

!2
±(k) = 1

2

h
(c 02

k
2 +m

2 +b
2)

±
p
(c 02k2 +m2 +b2)2 �4c 02k2m2

i
(5)

with b
2 = ↵2B0

2/8⇡3✏g 2
J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

p
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

p
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = ↵✓B0/⇡+ ✏E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency !p = p

4⇡ne⇤2/m⇤. The
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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It can be suppressed 
near the phase boundary

Axion mass

Rich magnetic topological 
states in that region?



4. Conclusions and discussion



We have formulated static and dynamical axions in AFM TI 
consistently by using path integral 

• Nonzero        is obtained from the effective potential, 
which gives rise to AFM order and breaks 

• Dynamical axion appears both in TI and NI

h�i
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• Axion mass is . O(eV)
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Discussion

• How do we describe axion in                     ?

• What about axion in NI ?

• Dynamical axion in ferromagnetic state or other 
magnetic states?

Mn2Bi2Te5
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Backups



Basics

• Wavefunction of electrons is periodic (due to the crystal 
structure of the material)

• Consequently there is periodicity in the wavenumber space

electron

nucleus

kx

ky

allowed  k

a
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translation vector

a). Insulators and metals



(     : reciprocal lattice vector)

• It is enough to consider region,                   (1st Brillouin zone)

• Periodicity                     corresponds to x ! x+ a

<latexit sha1_base64="kth0sWCXMe+VIv4+VXIcWlKddaM=">AAACF3icbZDLSsNAFIYn9VbrLepK3AwWQRRKIhVdFt24rGAv0IQymU7aoZNJmJkUQwg+hw/gVh/Bnbh16RP4Gk7TLGz1wDAf/38OZ+b3Ikalsqwvo7S0vLK6Vl6vbGxube+Yu3ttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjm6nfmRAhacjvVRIRN0BDTn2KkdJS3zxwJt5p+pA5KizoLL9R1jerVs3KC/4Fu4AqKKrZN7+dQYjjgHCFGZKyZ1uRclMkFMWMZBUnliRCeIyGpKeRo4BIN82/kMFjrQygHwp9uIK5+nsiRYGUSeDpzgCpkVz0puJ/Xi9W/pWbUh7FinA8W+THDKoQTvOAAyoIVizRgLCg+q0Qj5BAWOnU5rZEo0RSLLOKTsZezOEvtM9rdr12cVevNq6LjMrgEByBE2CDS9AAt6AJWgCDR/AMXsCr8WS8Ge/Gx6y1ZBQz+2CujM8fBkGgYg==</latexit>

k ! k +K

<latexit sha1_base64="BIESg6odJk/Y2hWrXFjqYY9KUtQ=">AAACF3icbZDLSsNAFIYn9VbrLepK3ASLIAolkYoui24ENxXsBZpQJtNJO3QyE2YmhRCCz+EDuNVHcCduXfoEvobTNAtbPTDMx/+fw5n5/YgSqWz7yygtLa+srpXXKxubW9s75u5eW/JYINxCnHLR9aHElDDcUkRR3I0EhqFPcccf30z9zgQLSTh7UEmEvRAOGQkIgkpLffPAnfin6ThzFS/oLL/vsr5ZtWt2XtZfcAqogqKaffPbHXAUh5gpRKGUPceOlJdCoQiiOKu4scQRRGM4xD2NDIZYemn+hcw61srACrjQhykrV39PpDCUMgl93RlCNZKL3lT8z+vFKrjyUsKiWGGGZouCmFqKW9M8rAERGCmaaIBIEP1WC42ggEjp1Oa2RKNEEiSzik7GWczhL7TPa069dnFfrzaui4zK4BAcgRPggEvQALegCVoAgUfwDF7Aq/FkvBnvxsestWQUM/tgrozPH7gAoDI=</latexit>

K

<latexit sha1_base64="WUf+HSfMcEL2Ts7jr8aHAKlhe3o=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgLkoiFV0W3QhuKtgHtKFMppN26GQSZiaFELL0A9zqJ7gTt36IX+BvOG2zsK0HLhzOuZd77/EizpS27W+rsLa+sblV3C7t7O7tH5QPj1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sZ3U789oVKxUDzpJKJugIeC+YxgbaR2b+JdpA9Zv1yxq/YMaJU4OalAjka//NMbhCQOqNCEY6W6jh1pN8VSM8JpVurFikaYjPGQdg0VOKDKTWfnZujMKAPkh9KU0Gim/p1IcaBUEnimM8B6pJa9qfif1421f+OmTESxpoLMF/kxRzpE09/RgElKNE8MwUQycysiIywx0SahhS3RKFGMqKxkknGWc1glrcuqU6tePdYq9ds8oyKcwCmcgwPXUId7aEATCIzhBV7hzXq23q0P63PeWrDymWNYgPX1CyTCmGE=</latexit>

kx

ky

K

<latexit sha1_base64="DVDGWHlFbNlP+MgQZ+35+T5gAHM=">AAACA3icdVDLSsNAFJ34rPVVdelmsAjiIiQ1aeuu6EZwU8E+oA1lMp22QyeTMDMphJClH+BWP8GduPVD/AJ/w+lDsKIHLhzOuZd77/EjRqWyrA9jZXVtfWMzt5Xf3tnd2y8cHDZlGAtMGjhkoWj7SBJGOWkoqhhpR4KgwGek5Y+vp35rQoSkIb9XSUS8AA05HVCMlJZa3Yl/nt5mvULRMsuVqnNhQ8u0quVSxdXEdUuXjg1t05qhCBao9wqf3X6I44BwhRmSsmNbkfJSJBTFjGT5bixJhPAYDUlHU44CIr10dm4GT7XSh4NQ6OIKztSfEykKpEwCX3cGSI3kb28q/uV1YjWoeinlUawIx/NFg5hBFcLp77BPBcGKJZogLKi+FeIREggrndDSlmiUSIplltfJfL8P/yfNkmk7pnvnFGtXi4xy4BicgDNggwqogRtQBw2AwRg8gifwbDwYL8ar8TZvXTEWM0dgCcb7F6PfmLQ=</latexit>

• The wavefunction of the electrons is given by
 (x) = uk(x)e

ik·x

<latexit sha1_base64="5DBBCIDV5vcg8rSqs0GvrqoJzTE="></latexit>

uk(x+ a) = uk(x)

<latexit sha1_base64="jt4g4dcAwsmKrEwqa4Dx2/WJqRw=">AAACMnicbZDLSsNAFIYn9VbjLerSzWARWoWSSEU3QtGNywr2Am0Ik+mkHTq5MDMphpAX8Tl8ALf6BroTF258CJM0C1t7YJiP/z+HM/PbAaNC6vq7UlpZXVvfKG+qW9s7u3va/kFH+CHHpI195vOejQRh1CNtSSUjvYAT5NqMdO3JbeZ3p4QL6nsPMgqI6aKRRx2KkUwlS2uEVjyY2qfxJEmqOTwmZ/mNkpp6vcStqaqlVfS6nhf8D0YBFVBUy9K+B0Mfhy7xJGZIiL6hB9KMEZcUM5Kog1CQAOEJGpF+ih5yiTDj/HcJPEmVIXR8nh5Pwlz9OxEjV4jItdNOF8mxWPQycZnXD6VzZcbUC0JJPDxb5IQMSh9mUcEh5QRLFqWAMKfpWyEeI46wTAOd2xKMI0GxSLJkjMUc/kPnvG406hf3jUrzpsioDI7AMagCA1yCJrgDLdAGGDyBF/AK3pRn5UP5VL5mrSWlmDkEc6X8/AKVl6pI</latexit>

where
(Bloch’s theorem)

Bloch function (state)

a). Insulators and metals

|k| . |K/2|

<latexit sha1_base64="kSVlEz11wtC8rLSzwqRqB1hgyw8=">AAACHHicbVDLSsNAFJ3UV62vqEtBBosgLmpSKrosuhHcVLAPaEKZTKft0JkkzEwKIc3O7/AD3OonuBO3gl/gbzhts7CtBy4czrmXe+/xQkalsqxvI7eyura+kd8sbG3v7O6Z+wcNGUQCkzoOWCBaHpKEUZ/UFVWMtEJBEPcYaXrD24nfHBEhaeA/qjgkLkd9n/YoRkpLHfMYjp2Rd54M07HDiJSS8ky5Ty/K445ZtErWFHCZ2Bkpggy1jvnjdAMcceIrzJCUbdsKlZsgoShmJC04kSQhwkPUJ21NfcSJdJPpHyk81UoX9gKhy1dwqv6dSBCXMuae7uRIDeSiNxH/89qR6l27CfXDSBEfzxb1IgZVACehwC4VBCsWa4KwoPpWiAdIIKx0dHNbwkEsKZZpQSdjL+awTBrlkl0pXT5UitWbLKM8OAIn4AzY4ApUwR2ogTrA4Am8gFfwZjwb78aH8TlrzRnZzCGYg/H1C3RSoiY=</latexit>



b). Anomalous quantum Hall effect

Hall effect
e.g., semiconductor

−

Lorentz force

I

e−

B

+
+

+
+

VH

Electromotive force  is induced in the direction 
perpendicular to both the electric current and magnetic field

VH

(In metal,  is too small to observe)VH

−
−
−

x

y

z
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m = 0.1

<latexit sha1_base64="yVDsFYCC4c8MoNR9FABYDq7Tnrw=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgKiRS0Y1ScOOygmkLbSiT6aQdOpOEmYkQQld+gFv9BHfi1i/xC/wNp20WtvXAhcM593LvPUHCmdKO822V1tY3NrfK25Wd3b39g+rhUUvFqSTUIzGPZSfAinIWUU8zzWknkRSLgNN2ML6b+u0nKhWLo0edJdQXeBixkBGsjeSJG8d2+9WaYzszoFXiFqQGBZr96k9vEJNU0EgTjpXquk6i/RxLzQink0ovVTTBZIyHtGtohAVVfj47doLOjDJAYSxNRRrN1L8TORZKZSIwnQLrkVr2puJ/XjfV4bWfsyhJNY3IfFGYcqRjNP0cDZikRPPMEEwkM7ciMsISE23yWdiSjDLFiJpUTDLucg6rpHVhu3X78qFea9wWGZXhBE7hHFy4ggbcQxM8IMDgBV7hzXq23q0P63PeWrKKmWNYgPX1C5VxluE=</latexit>

m = �0.1

<latexit sha1_base64="sRkkQ5bGtJgfusTBhIqTbM+b4og=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwY0ikohul4MZlBfuANpTJdNKOnZmEmYkQQnd+gFv9BHfi1h/xC/wNp20WtvXAhcM593LvPUHMqNKu+20VVlbX1jeKm6Wt7Z3dvfL+QVNFicSkgSMWyXaAFGFUkIammpF2LAniASOtYHQ78VtPRCoaiQedxsTnaCBoSDHSRmry6zPX8Xrliuu4U9jLxMtJBXLUe+Wfbj/CCSdCY4aU6nhurP0MSU0xI+NSN1EkRniEBqRjqECcKD+bXju2T4zSt8NImhLanqp/JzLElUp5YDo50kO16E3E/7xOosMrP6MiTjQReLYoTJitI3vyut2nkmDNUkMQltTcauMhkghrE9DclniYKorVuGSS8RZzWCbNc8erOhf31UrtJs+oCEdwDKfgwSXU4A7q0AAMj/ACr/BmPVvv1of1OWstWPnMIczB+voFA5eXGA==</latexit>

a(k)

<latexit sha1_base64="2T39BKWIsYM4lMDYuykTZAwAVKI=">AAACDnicbVDLSsNAFL3xWesr6tLNYBGqi5JIRZdFNy4r2Ae0oUymk3bo5MHMpBBC/sEPcKuf4E7c+gt+gb/hNM3Cth643MM593Ivx404k8qyvo219Y3Nre3STnl3b//g0Dw6bsswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7mf+Z0pFZKFwZNKIur4eBQwjxGstDQwzf7UvUxxVs37JLsYmBWrZuVAq8QuSAUKNAfmT38YktingSIcS9mzrUg5KRaKEU6zcj+WNMJkgke0p2mAfSqdNP88Q+daGSIvFLoChXL170aKfSkT39WTPlZjuezNxP+8Xqy8WydlQRQrGpD5IS/mSIVoFgMaMkGJ4okmmAimf0VkjAUmSoe1cCUaJ5IRmZV1MvZyDqukfVWz67Xrx3qlcVdkVIJTOIMq2HADDXiAJrSAwBRe4BXejGfj3fgwPueja0axcwILML5+ARxKnBQ=</latexit>

Singular at k = 0

<latexit sha1_base64="NLJzw09A8leBQAptRC4BCA2GzVE=">AAACBXicdVDLSgMxFM34rPVVdekmWARxMcyU+tgIRTcuK9iHtEPJpJk2NMkMSaYwDLP2A9zqJ7gTt36HX+BvmGkrtKIHQg7n3Mu99/gRo0o7zqe1tLyyurZe2Chubm3v7Jb29psqjCUmDRyyULZ9pAijgjQ01Yy0I0kQ9xlp+aOb3G+NiVQ0FPc6iYjH0UDQgGKkjfTQHfun6Si7cnqlsmNXnBxwjpxPiWtPfqcMZqj3Sl/dfohjToTGDCnVcZ1IeymSmmJGsmI3ViRCeIQGpGOoQJwoL50snMFjo/RhEErzhIYTdb4jRVyphPumkiM9VL+9XPzL68Q6uPRSKqJYE4Gng4KYQR3C/HrYp5JgzRJDEJbU7ArxEEmEtcloYUo0TBTFKiuaZH7Oh/+TZsV2q/bZXbVcu55lVACH4AicABdcgBq4BXXQABhw8ASewYv1aL1ab9b7tHTJmvUcgAVYH99lQZkM</latexit>

Integer ⌫

<latexit sha1_base64="qBRh93aFGeLmmT8Y7OwvWsoe/9s=">AAAB/3icdVDJSgNBEK2JW4xb1KOXxiB4ChOJ6DHoxWNEs0AyhJ5OTdKkp2fo7hGGIQc/wKt+gjfx6qf4Bf6GnUWI24OCx3tVVNXzY8G1cd13J7e0vLK6ll8vbGxube8Ud/eaOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx9dTvzWHSrNI3lr0hi9kA4kDzijxko3XZn0iqVK2Z2CuL/Il1WCOeq94ke3H7EkRGmYoFp3Km5svIwqw5nAcaGbaIwpG9EBdiyVNETtZdNTx+TIKn0SRMqWNGSqLk5kNNQ6DX3bGVIz1D+9ifiX10lMcO5lXMaJQclmi4JEEBORyd+kzxUyI1JLKFPc3krYkCrKjE3n25Z4mGrO9LiwmMz/pHlSrlTLp9fVUu1inlEeDuAQjqECZ1CDK6hDAxgM4AEe4cm5d56dF+d11ppz5jP78A3O2ydWAZbY</latexit>

Note:  is half-integer if the dispersion 
relation is Dirac type 

ν

b). Anomalous quantum Hall effect



Example of 2D TI: HgTe/(Hg , Cd) König et al. ’07

CdTe CdTeHgTe CdTe CdTeHgTe

NI TI

Band inversion happens in the energy band of HgTe

c). Topological insulators

Thicker HgTe layer
(stronger SOC)
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

KI ’21

calculation for Dirac 
model is done by

Zhang  ’19

 as function of θ M
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

✓ = ±⇡

<latexit sha1_base64="v29giKxPtBtkKtKQFr14jniNE6U="></latexit>

✓ = 0

<latexit sha1_base64="SW6GpxcSBIAmfV0WA7uHcJaHyWo=">AAACBHicdVDJSgNBEO1xjXGLevTSGARPQ0+cLB6EoBePEcwCSQg9nZ5Mk56F7hohhFz9AK/6Cd7Eq//hF/gbdhbBiD4oeLxXRVU9L5FCAyEf1srq2vrGZmYru72zu7efOzhs6DhVjNdZLGPV8qjmUkS8DgIkbyWK09CTvOkNr6d+854rLeLoDkYJ74Z0EAlfMApGanUg4EAvSS+XJ3apXHHPHUxsUikVykVDisXChetgxyYz5NECtV7us9OPWRryCJikWrcdkkB3TBUIJvkk20k1Tygb0gFvGxrRkOvueHbvBJ8apY/9WJmKAM/UnxNjGmo9Cj3TGVII9G9vKv7ltVPwK92xiJIUeMTmi/xUYojx9HncF4ozkCNDKFPC3IpZQBVlYCJa2pIEIy2YnmRNMt/v4/9Jo2A7rl28dfPVq0VGGXSMTtAZclAZVdENqqE6YkiiR/SEnq0H68V6td7mrSvWYuYILcF6/wIvd5j8</latexit>

(� ! 0)

<latexit sha1_base64="qPXDWZ5UlCx5oh1VH93gwmpkYtY=">AAACCHicdVDLSsNAFJ3UV62vqks3g0Wom5DUpK27ohuXFewDmlIm02kzdJIMMxMhhP6AH+BWP8GduPUv/AJ/w+lDsKIHLhzOuZd77/E5o1JZ1oeRW1vf2NzKbxd2dvf2D4qHR20ZJwKTFo5ZLLo+koTRiLQUVYx0uSAo9Bnp+JPrmd+5J0LSOLpTKSf9EI0jOqIYKS15ZY8HFHoqhtb5oFiyzGqt7lzY0DKterVSczVx3cqlY0PbtOYogSWag+KnN4xxEpJIYYak7NkWV/0MCUUxI9OCl0jCEZ6gMelpGqGQyH42v3kKz7QyhKNY6IoUnKs/JzIUSpmGvu4MkQrkb28m/uX1EjWq9zMa8USRCC8WjRIG9Y+zAOCQCoIVSzVBWFB9K8QBEggrHdPKFh6kkmI5Lehkvt+H/5N2xbQd0711So2rZUZ5cAJOQRnYoAYa4AY0QQtgwMEjeALPxoPxYrwab4vWnLGcOQYrMN6/AP2BmeI=</latexit>

(� ! 0)

<latexit sha1_base64="qPXDWZ5UlCx5oh1VH93gwmpkYtY=">AAACCHicdVDLSsNAFJ3UV62vqks3g0Wom5DUpK27ohuXFewDmlIm02kzdJIMMxMhhP6AH+BWP8GduPUv/AJ/w+lDsKIHLhzOuZd77/E5o1JZ1oeRW1vf2NzKbxd2dvf2D4qHR20ZJwKTFo5ZLLo+koTRiLQUVYx0uSAo9Bnp+JPrmd+5J0LSOLpTKSf9EI0jOqIYKS15ZY8HFHoqhtb5oFiyzGqt7lzY0DKterVSczVx3cqlY0PbtOYogSWag+KnN4xxEpJIYYak7NkWV/0MCUUxI9OCl0jCEZ6gMelpGqGQyH42v3kKz7QyhKNY6IoUnKs/JzIUSpmGvu4MkQrkb28m/uX1EjWq9zMa8USRCC8WjRIG9Y+zAOCQCoIVSzVBWFB9K8QBEggrHdPKFh6kkmI5Lehkvt+H/5N2xbQd0711So2rZUZ5cAJOQRnYoAYa4AY0QQtgwMEjeALPxoPxYrwab4vWnLGcOQYrMN6/AP2BmeI=</latexit>

KI ’21 as function of θ M
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

PM order

✓ = ±⇡

<latexit sha1_base64="v29giKxPtBtkKtKQFr14jniNE6U="></latexit>

(TI)� = 0

<latexit sha1_base64="wzWr9dd1Z2bAb8OAjXq3HecXCwc=">AAACAnicdVDLSsNAFL2pr1pfVZduBovgKiTF10YounFZwT6gDWUynTRjJ8kwMxFC6c4PcKuf4E7c+iN+gb/hpK3Qih4Y5nDOvdx7jy84U9pxPq3C0vLK6lpxvbSxubW9U97da6oklYQ2SMIT2faxopzFtKGZ5rQtJMWRz2nLH17nfuuBSsWS+E5ngnoRHsQsYARrIzW7ImSXTq9cceyqkwPNkbMpce3J71Rghnqv/NXtJySNaKwJx0p1XEdob4SlZoTTcambKiowGeIB7Rga44gqbzTZdoyOjNJHQSLNizWaqPMdIxwplUW+qYywDtVvLxf/8jqpDi68EYtFqmlMpoOClCOdoPx01GeSEs0zQzCRzOyKSIglJtoEtDBFhJliRI1LJpmf89H/pFm13RP79PakUruaZVSEAziEY3DhHGpwA3VoAIF7eIJneLEerVfrzXqflhasWc8+LMD6+AYbx5fK</latexit>

T

<latexit sha1_base64="3X8LxMu23paZGAXvQm2NLJrk0cA=">AAACBHicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy4r9AVtKJPppB06mYSZiRBCtn6AW/0Ed+LW//AL/A2nD6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cjv1Ow9UKhaJpk5j6oV4JFjACNZG6mZ9gjlq5oNyxbGrzhRoiVzOiWvPfqcCCzQG5a/+MCJJSIUmHCvVc51YexmWmhFO81I/UTTGZIJHtGeowCFVXjbbN0dnRhmiIJLmCY1m6nJHhkOl0tA3lSHWY/Xbm4p/eb1EB9dexkScaCrIfFCQcKQjND0eDZmkRPPUEEwkM7siMsYSE20iWpkSj1PFiMpLJpmf89H/pF213Zp9cV+r1G8WGRXhBE7hHFy4gjrcQQNaQIDDEzzDi/VovVpv1vu8tGAteo5hBdbHN+cZmMw=</latexit>

M < 0

<latexit sha1_base64="ZWmxZ+CjqQDT5sJJyCnYuSTEhEA=">AAAB/3icdVDLSgMxFL1TX7W+qi7dBIvgapgp9bFwUXTjRqhoH9AOJZNm2tBMZkgywlC68APc6ie4E7d+il/gb5hpK7SiB0IO59zLvff4MWdKO86nlVtaXlldy68XNja3tneKu3sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrDq8xvPlCpWCTudRpTL8R9wQJGsDbS3c2F0y2WHLvsZEBz5HRKXHvyOyWYodYtfnV6EUlCKjThWKm268TaG2GpGeF0XOgkisaYDHGftg0VOKTKG01WHaMjo/RQEEnzhEYTdb5jhEOl0tA3lSHWA/Xby8S/vHaig3NvxEScaCrIdFCQcKQjlN2NekxSonlqCCaSmV0RGWCJiTbpLEyJB6liRI0LJpmf89H/pFG23Yp9clspVS9nGeXhAA7hGFw4gypcQw3qQKAPT/AML9aj9Wq9We/T0pw169mHBVgf3403lls=</latexit>

M > 0

<latexit sha1_base64="PGJcQ7G16wVUs8iHLDXTVA9Lds0=">AAAB/3icdVDLSgMxFL1TX7W+qi7dBIvgapgp9bGSohs3QkX7gHYomTTThmYyQ5IRhtKFH+BWP8GduPVT/AJ/w0xboRU9EHI4517uvcePOVPacT6t3NLyyupafr2wsbm1vVPc3WuoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9eZX7zgUrFInGv05h6Ie4LFjCCtZHubi6cbrHk2GUnA5ojp1Pi2pPfKcEMtW7xq9OLSBJSoQnHSrVdJ9beCEvNCKfjQidRNMZkiPu0bajAIVXeaLLqGB0ZpYeCSJonNJqo8x0jHCqVhr6pDLEeqN9eJv7ltRMdnHsjJuJEU0Gmg4KEIx2h7G7UY5ISzVNDMJHM7IrIAEtMtElnYUo8SBUjalwwyfycj/4njbLtVuyT20qpejnLKA8HcAjH4MIZVOEaalAHAn14gmd4sR6tV+vNep+W5qxZzz4swPr4BpBrll0=</latexit>

✓ = ±⇡

<latexit sha1_base64="+gT2DspMvLXnD18+zk/xU4Bup4A=">AAACCnicdVDLSsNAFJ34rPVVdelmsAiuSlLqYyMU3bisYB/QxDKZTpqhk2SYuRFK6B/4AW71E9yJW3/CL/A3nLQVWtEDwxzOuZd77/Gl4Bps+9NaWl5ZXVsvbBQ3t7Z3dkt7+y2dpIqyJk1Eojo+0UzwmDWBg2AdqRiJfMHa/vA699sPTGmexHcwksyLyCDmAacEjHTvQsiAXLoywq7kvVLZrlTtHHiOnE2JU5n8dhnN0OiVvtx+QtOIxUAF0brr2BK8jCjgVLBx0U01k4QOyYB1DY1JxLSXTbYe42Oj9HGQKPNiwBN1viMjkdajyDeVEYFQ//Zy8S+vm0Jw4WU8limwmE4HBanAkOA8AtznilEQI0MIVdzsimlIFKFgglqYIsOR5lSPiyaZn/Px/6RVrTi1yultrVy/mmVUQIfoCJ0gB52jOrpBDdREFCn0hJ7Ri/VovVpv1vu0dMma9RygBVgf3336m00=</latexit>

✓ = 0

<latexit sha1_base64="9jHGubCJZ0wzVrK5LIEvTwcerdQ=">AAACBHicdVDLSsNAFJ3UV62vqks3g0VwFZJSHxuh6MZlBfuANpTJdNIMnUzCzI0QSrd+gFv9BHfi1v/wC/wNJ22FVvTAMIdz7uXee/xEcA2O82kVVlbX1jeKm6Wt7Z3dvfL+QUvHqaKsSWMRq45PNBNcsiZwEKyTKEYiX7C2P7rJ/fYDU5rH8h6yhHkRGUoecErASJ0ehAzIldMvVxy76uTAC+R8Rlx7+jsVNEejX/7qDWKaRkwCFUTrrusk4I2JAk4Fm5R6qWYJoSMyZF1DJYmY9sbTfSf4xCgDHMTKPAl4qi52jEmkdRb5pjIiEOrfXi7+5XVTCC69MZdJCkzS2aAgFRhinB+PB1wxCiIzhFDFza6YhkQRCiaipSlJmGlO9aRkkvk5H/9PWlXbrdlnd7VK/XqeUREdoWN0ilx0geroFjVQE1Ek0BN6Ri/Wo/VqvVnvs9KCNe85REuwPr4Bv4uYsw==</latexit>

✓ = 0

<latexit sha1_base64="SW6GpxcSBIAmfV0WA7uHcJaHyWo=">AAACBHicdVDJSgNBEO1xjXGLevTSGARPQ0+cLB6EoBePEcwCSQg9nZ5Mk56F7hohhFz9AK/6Cd7Eq//hF/gbdhbBiD4oeLxXRVU9L5FCAyEf1srq2vrGZmYru72zu7efOzhs6DhVjNdZLGPV8qjmUkS8DgIkbyWK09CTvOkNr6d+854rLeLoDkYJ74Z0EAlfMApGanUg4EAvSS+XJ3apXHHPHUxsUikVykVDisXChetgxyYz5NECtV7us9OPWRryCJikWrcdkkB3TBUIJvkk20k1Tygb0gFvGxrRkOvueHbvBJ8apY/9WJmKAM/UnxNjGmo9Cj3TGVII9G9vKv7ltVPwK92xiJIUeMTmi/xUYojx9HncF4ozkCNDKFPC3IpZQBVlYCJa2pIEIy2YnmRNMt/v4/9Jo2A7rl28dfPVq0VGGXSMTtAZclAZVdENqqE6YkiiR/SEnq0H68V6td7mrSvWYuYILcF6/wIvd5j8</latexit>

(� ! 0)

<latexit sha1_base64="qPXDWZ5UlCx5oh1VH93gwmpkYtY=">AAACCHicdVDLSsNAFJ3UV62vqks3g0Wom5DUpK27ohuXFewDmlIm02kzdJIMMxMhhP6AH+BWP8GduPUv/AJ/w+lDsKIHLhzOuZd77/E5o1JZ1oeRW1vf2NzKbxd2dvf2D4qHR20ZJwKTFo5ZLLo+koTRiLQUVYx0uSAo9Bnp+JPrmd+5J0LSOLpTKSf9EI0jOqIYKS15ZY8HFHoqhtb5oFiyzGqt7lzY0DKterVSczVx3cqlY0PbtOYogSWag+KnN4xxEpJIYYak7NkWV/0MCUUxI9OCl0jCEZ6gMelpGqGQyH42v3kKz7QyhKNY6IoUnKs/JzIUSpmGvu4MkQrkb28m/uX1EjWq9zMa8USRCC8WjRIG9Y+zAOCQCoIVSzVBWFB9K8QBEggrHdPKFh6kkmI5Lehkvt+H/5N2xbQd0711So2rZUZ5cAJOQRnYoAYa4AY0QQtgwMEjeALPxoPxYrwab4vWnLGcOQYrMN6/AP2BmeI=</latexit>

(� ! 0)

<latexit sha1_base64="qPXDWZ5UlCx5oh1VH93gwmpkYtY=">AAACCHicdVDLSsNAFJ3UV62vqks3g0Wom5DUpK27ohuXFewDmlIm02kzdJIMMxMhhP6AH+BWP8GduPUv/AJ/w+lDsKIHLhzOuZd77/E5o1JZ1oeRW1vf2NzKbxd2dvf2D4qHR20ZJwKTFo5ZLLo+koTRiLQUVYx0uSAo9Bnp+JPrmd+5J0LSOLpTKSf9EI0jOqIYKS15ZY8HFHoqhtb5oFiyzGqt7lzY0DKterVSczVx3cqlY0PbtOYogSWag+KnN4xxEpJIYYak7NkWV/0MCUUxI9OCl0jCEZ6gMelpGqGQyH42v3kKz7QyhKNY6IoUnKs/JzIUSpmGvu4MkQrkb28m/uX1EjWq9zMa8USRCC8WjRIG9Y+zAOCQCoIVSzVBWFB9K8QBEggrHdPKFh6kkmI5Lehkvt+H/5N2xbQd0711So2rZUZ5cAJOQRnYoAYa4AY0QQtgwMEjeALPxoPxYrwab4vWnLGcOQYrMN6/AP2BmeI=</latexit>

KI ’21

(NI)

 as function of θ M
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

AFM orderT

<latexit sha1_base64="3X8LxMu23paZGAXvQm2NLJrk0cA=">AAACBHicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy4r9AVtKJPppB06mYSZiRBCtn6AW/0Ed+LW//AL/A2nD6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cjv1Ow9UKhaJpk5j6oV4JFjACNZG6mZ9gjlq5oNyxbGrzhRoiVzOiWvPfqcCCzQG5a/+MCJJSIUmHCvVc51YexmWmhFO81I/UTTGZIJHtGeowCFVXjbbN0dnRhmiIJLmCY1m6nJHhkOl0tA3lSHWY/Xbm4p/eb1EB9dexkScaCrIfFCQcKQjND0eDZmkRPPUEEwkM7siMsYSE20iWpkSj1PFiMpLJpmf89H/pF213Zp9cV+r1G8WGRXhBE7hHFy4gjrcQQNaQIDDEzzDi/VovVpv1vu8tGAteo5hBdbHN+cZmMw=</latexit>

� 6= 0

<latexit sha1_base64="yJjH930MQc9/RFRlXlIPfmsfhAA=">AAACBnicdVDLSgMxFM3UV62vqks3wSK4GmZKfSyLblxWsA/sDCWTZjqhmUxMMsIwdO8HuNVPcCdu/Q2/wN8w01awogdCDufcy733BIJRpR3nwyotLa+srpXXKxubW9s71d29jkpSiUkbJyyRvQApwignbU01Iz0hCYoDRrrB+LLwu/dEKprwG50J4sdoxGlIMdJGuvVERD1O7qAzqNYcu+4UgD/I6Yy49vR3amCO1qD66Q0TnMaEa8yQUn3XEdrPkdQUMzKpeKkiAuExGpG+oRzFRPn5dOMJPDLKEIaJNI9rOFV/duQoViqLA1MZIx2p314h/uX1Ux2e+znlItWE49mgMGVQJ7A4Hw6pJFizzBCEJTW7QhwhibA2IS1MEVGmKFaTiknm+3z4P+nUbbdhn1w3as2LeUZlcAAOwTFwwRlogivQAm2AAQeP4Ak8Ww/Wi/Vqvc1KS9a8Zx8swHr/AiZDmXU=</latexit>

✓

<latexit sha1_base64="bCB6AjYXDsBkI7RT8fAatCVV5PU=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFdJSH8uiG5cV7APaUCbTSTN2MgkzN0II3fkBbvUT3Ilbf8Qv8DectBVa0QPDHM65l3vv8WLBNTjOp1VYWV1b3yhulra2d3b3yvsHbR0lirIWjUSkuh7RTHDJWsBBsG6sGAk9wTre+Dr3Ow9MaR7JO0hj5oZkJLnPKQEjtfsQMCCDcsWxa04OvEDOZ6RqT3+nguZoDspf/WFEk5BJoIJo3as6MbgZUcCpYJNSP9EsJnRMRqxnqCQh02423XaCT4wyxH6kzJOAp+piR0ZCrdPQM5UhgUD/9nLxL6+XgH/pZlzGCTBJZ4P8RGCIcH46HnLFKIjUEEIVN7tiGhBFKJiAlqbEQao51ZOSSebnfPw/adfsat0+u61XGlfzjIroCB2jU1RFF6iBblATtRBF9+gJPaMX69F6td6s91lpwZr3HKIlWB/fwi6YMg==</latexit>

takes continuum variable

KI ’21 as function of θ M
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