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Overview

1 Dark Matter and Dark Energy problem

2 Friedmann equation ← Raychaudhuri equation

3 Quantum Friedmann equation ← Quantum Raychaudhuri equation

4 Dark Matter and Λ from a Bose-Einstein Condensate

5 Potential origin of a small positive Cosmological constant
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Dark Matter, Dark Energy

Luminosity distance dL(ΩΛ,ΩM , z) = (1+z)
H0

∫ z
0

dz√
ΩΛ︸︷︷︸
0.7

+ ΩM︸︷︷︸
0.3

(1+z)3

ΩΛ = ρΛ
ρcrit

, ΩM = ρM
ρcrit

(Pic: Copeland et al, hep-th/0603057)
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Questions

What constitutes Dark Matter?

What constitutes Dark Energy/Λ?

Why is Λ positive?

Why is Λ tiny, about 10−123`−2
Pl where `Pl is the Planck length?

(ρ =
∫ kmax

0 dk k2
√

k2 + m2 ≈ k4
max > 1050 ρΛ)

Currently ρDM ≈ ρΛ︸︷︷︸
Λc2

4πG

≈ ρcrit︸︷︷︸
3H2

0
8πG

≈ 10−26 kg m−3

Why? The ‘coincidence problem’
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Friedmann equations

Spatially flat FLRW Universe

ds2 = −dt2 + a(t)2
[
dr2 + r2(dθ2 + sin2 θdφ2)

]
[a = scale factor = 1 Now]

ä
a = −4πG

3 (ρ+ 3p)

H2 =
(
ȧ
a

)2
= 8πGρ

3 → dL = (1 + z)
∫ z

0
dz ′

H(z ′)

ρ̇+ 3H (p + ρ) = 0

Raychaudhuri → Friedmann Equation [θ = Expansion]

dθ

dτ
= −1

3
θ2 − σabσab + ωabω

ab − Rcdu
cud < 0

θ = 3 ȧ
a , Rcdu

cud → 4πG
3 (ρ+ 3p) (Einstein eqns.)

ä
a = −4πG

3 (ρ+ 3p)
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Raychaudhuri Equation and Singularity Theorems
u (x)
a

velocity field

Geodesic congruence

V
v

Negative expansion

Focus

Caustic

P

Q

Conjugate points

Velocity field
ua = ua(x) ⇒ dua;b

dτ
= ua;b;c uc =

[
ua;c;b + R d

cba ua
]
uc

=

 ua;cu
c︸ ︷︷ ︸

=0 (geod.eqn.)


;b

− uc;bua;c + R d
cba ucud = −uc;bua;c + Rcbad ucud

Symmetric part: σab = u(a;b) − 1
3
habθ

Anti-symmetric part and trace: ωab = u[a;b]; θ = habua;b ; , hab = gab − ua ub

Decomposition: ua;b = 1
3
θhab + σab + ωab

dθ

dτ
= −1

3
θ2 − σabσab + ωabω

ab − Rcdu
cud < 0 [Raychaudhuri Equation]

If θ0 = θ(0) < 0 (initially converging)
Focus/caustic for τ ≤ 3

|θ0| Geodesics end in finite time! → Spacetimes are singular!

A. K. Raychaudhuri (1955), L. D. Landau, E. M. Lifshitz (c.1959 ), R. Penrose (1965), S. W. Hawking and R. Penrose (1970)
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Quantum Raychaudhuri Equation - 1

But: Raychaudhuri Equation/Friedmann Equation are classical

So: Compute quantum corrections and study consequences

dθ

dτ
= −1

3
θ2 − σabσab + ωabω

ab − Rcdu
cud + Tr [(ua;c u

c);b]︸ ︷︷ ︸
=0

How does this (geodesic equation) change on quantization?
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Quantum Raychaudhuri Equation - 2

Classical fluid (ua) → Quantum fluid (Ψ)
Geodesic equation → Klein-Gordon equation[

� + m2c2

~2

]
Ψ = 0

Ψ(x) = R(x) e iS(x) , R,S ∈ R ,

ka = ∂aS , ua = c dxa
dτ = ~ka

m , ~v = d~x
dt = −c2 ~∇S

∂0S

Imaginary part of the KG equation: ∂a
(
R2∂aS

)
= 0

Real part of the KG equation: k2 = (mc)2

~2 + �R
R

ub;au
a = ~2

m2

(
�R
R
);b 6= 0

(
i.e. geodesic equation + Quantum potential VQ = ~2

m2
�R
R

)

Quantal trajectories are not geodesics!

Quantum Raychaudhuri equation

dθ
dτ = −1

3 θ
2 − σabσab − Rcdu

cud + ~2

m2 h
ab
(
�R
R
)

;a;b
← Quantum Correction O(~2)

S. Das, Phys. Rev. D89 (2014) 084068 [arXiv/1311.6539]
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Quantum Raychaudhuri Equation and no Singularity
Theorems

No-crossing of quantal trajectories

~v = d~x
dt = −c2 ~∇S

∂0S

v

Integral curves (streamlines)
DO NOT CROSS OR MEET

No two particles in the same place
at same time

No focusing, no conjugate points, geodesics go on forever

No singularities! (all because of ~)
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Quantum Raychaudhuri → Quantum Friedmann Equation

FLRW Universe: ds2 = −dt2 + a(t)2
[
dr2 + r2(dθ2 + sin2 θdφ2)

]
[a = scale factor]

θ = 3 ȧ
a , Rcdu

cud → 4πG
3 (ρ+ 3p)

ä
a = −4πG

3 (ρ+ 3p) +
~2

3m2
hab

(
�R
R

)
;a;b︸ ︷︷ ︸

ΛQ
3

ΛQ = ~2

m2 h
ab
(
�R
R
)

;a;b
= Wavefunction-dependent Quantum correction

Consequences

No crossing (e.g. at the Big bang)
v

Integral curves (streamlines)
DO NOT CROSS OR MEET

R
abcd

infinity

Big−bang

S. Das, IJMPD 23, No. 12, 1442017 (2014) [arXiv/1405.4011]
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Bose-Einstein Condensate (BEC) as Dark Matter - 1

ä
a

= − 4πG
3

(ρ + 3p) +
~2

3m2
hab

(
�R
R

)
;a;b︸ ︷︷ ︸

ΛQ
3

Ψ(x) = R(x) e iS(x) = BEC wavefunction?

Pros:

Cold

Dark

Light bosons as DM ⇒ no small scale structure

Macroscopic Quantum state

BEC ⇒ DE (≈ DM/Λ) via its (repulsive) Quantum Potential

Few assumptions and free parameters
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Bose-Einstein Condensate (BEC) as Dark Matter - 2

Is the critical temperature (below which a BEC forms) high enough?

Critical temperature = Tc

Universe temperature = T (a)
Boson mass = m eV /c2

ρDM = 0.25 ρcrit/a
3

No. density = N
V

= 0.25 ρcrit
ma3

Tc(a) = ~c
kB

(
(N/V )π2

ηζ(3)

)1/3
= ~c

kB

(
(0.25 ρcrit/ma3)π2

ηζ(3)

)1/3
= 4.9

m1/3 a
K

T (a) = 3.7
a K , a = scale factor

T (a) < Tc(a) ∀a → m < 6 eV /c2 ⇒ BEC forms in the early universe
.

BEC density = DM density
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Quantum Potential of BEC

BEC ⇒ Ψ ⇒ Quantum potential!

Quantize

Macroscopic BEC wavefunction Ψ = R0

a3/2 e
−r2/σ2

= R(x)

ρDM = |Ψ|2 ∝ 1
a3 ,

∫
dV |Ψ|2 = N

ä
a = −4πGρcrit

3 +
ΛQ

3

ΛQ = ~2

m2c2 h
ab
(
�R
R
)

;a;b
= 24

( ~
mc

)2 1
σ4 = constant!

S. Das, R. K. Bhaduri, Class. Quant. Grav. 32 105003 (2015) [arXiv:1411.0753]
S. Das, R. K. Bhaduri, Phys. News (special S. N. Bose anniversary issue) arXiv:1808.10505
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BEC Wavefunction Ψ - 1 (from the Newtonian limit)

Newtonian limit, Rspace = 0,Rspacetime = 10−123 `−2
Pl

mr̈ = −GMm
r2 = −G( 4

3
πr3 ε ρcrit)m

r2 , r = r0 a(t) , ε ≈ 0.25

ä

a
= −4πG

3
ε ρcrit = −ω2

Raychaudhuri Equation

BEC in a harmonic trap for t � H−1
0 (14 Gyr)

Quantize → Ψ = R(a) e−
mωr2

2~ = R(a) e−
m(4πG ε ρcrit/3)1/2r2

2~ = R0

a3/2 e
− r2

σ2

σ2 = 2~
m(4πGερcrit/3)1/2
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BEC Wavefunction Ψ - 2

a(t) = a0 + a1(t) = constant + slowly varying

Ψ = Ψ0 + Ψ1 = time-indep. + slowly varying

R = R0

a3/2 e
−(r2/σ)2

= R0

a
3/2
0

−
(

3R0

2 a
5/2
0

)
a1 e

−(r/σ)2

= time-indep. + slowly varying

ΛQ = Λ
(0)
Q + Λ

(1)
Q = constant + slowly varying

How slow is slow? (
a1
a0
|t1 � 1)

a(t) ∝ (t − t0)
2

3(1+w) (Matter/radiation. p = wρ, w = 0, 1
3 )

a(t) = a0e
H0 t (de Sitter. p = −ρ, w = −1)

∆t ≡ t − t1 � t1 − t0 (Matter/radiation)
current time - ref.time� ref.time - BB

∆t ≡ t − t1 � H−1
0 ' 16Gyr (de Sitter)

Don’t go too far in the past!
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ΛQ from quantum potential

Ψ = R(a) e
−m(4πG ε ρcrit/3)1/2r2

2~ =
R0

a3/2
e
− r2

σ2 = R

ΛQ = ~2

m2 h
ab
(
�R
R
)

;a;b
= 8πGε ρcrit (independent of m!)

ρΛ = Λ
4πG = 2 ε ρcrit

ρDM = ερcrit

ρΛ
ρDM

= 2

ρΛ ≈ ρDM
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Summary

What constitutes DM? BEC

What constitutes DE? Quantum potential of the BEC

Why is Λ positive?
Because negative gravitational potential ⇒ positive Quantum Potential

Why is ρDM ≈ ρΛ ≈ ρcrit?
Because |Quantum potential | = |classical potential | for stationary
states

Remarks

We get ρΛ = �3 ρDM , because (i) ρDM ∝ 1/a3, ρΛ ∝ constant
(ii) all bosons not in the ground state

Prediction: ultralight bosons of m < 6eV /c2. gravitons? axions?

Prediction: Λ has changed in the far past and will change in the future

Interacting DM and DE model and estimate m from data (M. Sharma,

S. Sur, SD, arXiv:2102.03032)

Full quantization of gravity/spacetime?
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