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Abstract

We investigate infrared logarithms in inflationary Universe from holographic per-
spective. We derive gravitational Fokker-Planck and Langevin equations as the ef-
fective theory at the Horizon scale by the renormalization group. We investigate the
time evolution of the de Sitter entropy S = π/GNH2(t). H(t) is the time dependent
effective Hubble parameter and GN is the Newton’s constant. Our approach focuses
on the conformal modes to respect local Lorentz symmetry. In term of the curvature
perturbations , it is shown to be consistent with δN formalism. Under the Gaussian
approximation, we obtain the dynamical β function of g = 1/S. The dimensionless
gravitational coupling g is asymptotically free toward the future. It also possesses the
ultraviolet fixed point indicating that the Universe begun with the de Sitter expansion
at the Planck scale with ϵ = 0.
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Renormalization group and FP equation.

1/ξ is the enhancement factor of the conformal perturbation over tensor mode. Such an
enhancement arises by the stochastic effects as it is proportional to the e-folding number N .

The negative norm of the bulk conformal mode indicates that the ρ diffuses toward the future.
In fact the perturbative quantum expectation of (2.3) gives g(t) ∼ g(1−2γHt) ∼ g(1−3gHt).
The duality between the inflation (2.1) and quantum (2.2) gravity is also based on this one
loop effect. However such an estimate is reliable only locally Ht ≪ 1. In cosmology it is
essential to resum all powers of IR logarithms (Ht)n to understand the global picture. For
such a purpose, we find our holographic approach is up to the task.

We investigate the dynamics of conformal mode after integrating the bulk mode. The two
point function gives rise to IR logarithms.
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We assume there is no time dependent UV contributions. We focus on the Hubble scale
physics where a(t) = 1/ − τH = exp(Ht). We recall that −τµ ∼ 1 at the Horizon. While
the wave functions of the bulk mode oscillates it the zero mode. Our strategy is to integrate
out oscillating mode first.

The finite bare distribution function is given by subtracting the bulk mode contribution
above the Hubble scale. We thus construct low energy effective theory around the Hubble
scale. Such a theory is holographic and obeys the renormalization group.

ρB = exp
(
− 3g
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Ht
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∂ω2

)
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The renormalization scale of the low energy effective action is the Hubble scale. As ρB is
independent of the renormalization scale, the renormalized distribution function obeys the
following renormalization group equation.

ρ̇− 3g

4
· H
2

∂2

∂ω2
ρ = 0, (2.10)

where Ȯ denotes a derivative of O with respect to the cosmic time t. The factor 3g/4 in
the diffusion term is the projection factor to the IR region. The conformal mode ω consists
of a minimally coupled field X. ω =

√
3X/4 + Y/4 [4, 5]. We neglect Y because it has the

effective mass m2 = 2H2. There is no drift term in the reduced space consisting only of X.

The gravitational FP equation (2.10) is obtained by integrating the quantum bulk modes
inside the horizon. It turns out to be a diffusion equation due to the lack of the drift term.
The solution is the Brownian motion as it is jolted by the horizon exiting modes. The FP
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quantum/classical gravity in dS space. It is likely that there are multiple elements in the
universality class of quantum gravity/inflation theory. The inflation era of the early Universe
may be one of them. As we discuss shortly we find a pre-inflation era which is indispensable
to launch inflation era which in turn necessary to trigger the big bang.

We evaluated the time evolution of entropy to the leading log order in (2.10). In order to take
account of the higher loop corrections in g, the FP equation should be generalized. It turns
out to be just necessary to make the dimensionless gravitational coupling time dependent
g(t):

∂

∂t
ρ− 3g(t)

4
· H
2

∂2

∂ω2
ρ = 0. (3.5)

The Gaussian ansatz (2.5) is an exact solution if g is a constant and so is H in ξ = 1/6Ht.
In other words, the Gaussian ansatz is an almost exact solution if these backgrounds varies
much slowly than H.

In what follows, we consider such a solutions.

ρ =

√
4ξ(t)

πg(t)
exp

(
− 4ξ(t)

g(t)
ω2

)
. (3.6)

We next put the ansatz into the FP equation and find the condition for the background to
satisfy. In the small ω limit, the background must satisfy

∂

∂t

1

2
log(

ξ

g(t)
) + 3Hξ = 0. (3.7)

We obtain a remarkably simple equation in terms of N = Ht. ‡

∂

∂N
log

g(t)

ξ
= 6ξ. (3.8)

(3.8) determines the evolution of von Neumann entropy S = 1
2 log

g
ξ with respect to N . This

formula shows the validity of our postulate that von Neumann entropy of conformal zero
mode constitutes the quantum correction to de Sitter entropy. We call it the master formula.

Secondly, it is valid for constant g as we obtain (2.12) from it in such a limit. In the Gaussian
approximation, the Fokker-Planck equation becomes

ξ̇
∂

∂ξ
ρ = ξ̇

( 1

2ξ
ρ− 4

g
ω2ρ

)
. (3.9)

‡See Appendix A for a brief summary of Langevin and FP equations.
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Conformal zero mode distribution:
boundary
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Renormalization group leads to FP equation
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UV complete solution

It is nothing but choosing our renormalization scale as log k = Ht. Let P ∼ k1−ns . The
scaling dimension of P can be estimate as

k
d

dk
(4 log ρ̇(t∗)− 2 log φ̇(t∗))

=
d

Hdt∗
(4 log ρ̇(t∗)− 2 log φ̇(t∗))

=
d

dN∗
(4 log ρ̇(t∗)− 2 log φ̇(t∗))

=2(η − 3ϵ), (3.17)

where

ϵ =
φ̇2

2H2
, η =

φ̈

ρ̇φ̇
+ ϵ. (3.18)

The curvature perturbation ζ and conformal mode ω obey analogous Langevin type equations
(3.14) and the (A.3). The two point function of conformal mode is

< ω2(t) >=
g

8ξ
=

3g

4
N(t). (3.19)

In power inflation potential models V ∼ fm, ξ and ϵ are identical up to a constant factor as
explained in the next section (4.6). In the geometric picture, it follows from the conservation
of entropy flow. They belong to the same universality class as two point functions (3.19)
and (3.15) scale in the same way : k1−ns = a1−ns = exp((1− ns)Ht).

It is because < ζ2 >= g/ϵ while < ω2 >= g/8ξ. The conformal mode is indistinguishable
from the curvature perturbation as far as the scaling property is concerned. Our identification
of the scalar perturbation therefore works in generic quantum gravity with conformal mode
or inflation theory with curvature perturbation. The advantage of conformal mode is being
Lorentz scalar, well understood in covariant field theory. The precise coefficient in P = g/ϵ
needs to be fit with the data.

There is a UV fixed point in our renormalization group. We briefly study it. FP equation
(3.8) enables us to evaluate higher order corrections to the β function. The expansion
parameter is 1/ logN . We can confirm that the following gf and ξf satisfies (3.8),

gf =
2

logN

(
1− 1

logN

)
, ξf =

1

6N

(
1− 1

logN

)
. (3.20)

Thus, the β function, ϵ and the semi-classical entropy generation rate are given by

β =
∂

∂ logN
gf = − 2

log2 N
+

4

log(N)3
. (3.21)
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Inflationary solution

ϵf = −1

2

∂

∂N
log(gf ) = − 1

2gfN
βf . (3.22)

∂
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Ssc =

∂
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1
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= − 1

Ng2f
βf (3.23)

A remarkable feature is that the coupling has the maximum value g = 1/2 at the beginning.
It steadily decreases toward the future as the β function is negative in the whole region of
time flow. It has two fixed points at the beginning and at the future of the Universe. The
existence of the UV fixed point may indicate the consistency of quantum gravity. The single
stone solves the ϵ problem [19] as well since it vanishes at the fixed point. The β function
describes a scenario that our Universe started the dS expansion with a minimal entropy
S = 2 while it has S = 10120 now. It corresponds to N = e2 ∼ 7.4, a = eN ∼ 1.6× 103. The
just born Universe is rather large which reflects the critical coupling g = 1/2 is rather small.
In terms of the reduced Planck mass, H2/4π2M2

P = 1.

Since we work with the Gaussian approximation, our results on the UV fixed points are
not water tight as the coupling is not weak. Nevertheless we find it remarkable that they
support the idea that quantum gravity has a UV fixed point with a finite coupling. In fact 4
dimensional de Sitter space is constructed in the target space at the UV fixed point of 2 + ϵ
dimensional quantum gravity [7]. 4 dimensional de Sitter space also appears at the UV fixed
point of the exact renormalization group [20] [21].

Such a theory might be a strongly interacting conformal field theory. However, it is not an
ordinary field theory as the Hubble scale is Planck scale. Our dynamical β function is closely
related to the cosmological horizon and physics around it. The existence of the UV fixed
point could solve the trans-Planckian physics problem. A consistent quantum gravity theory
can be constructed under the assumption that there are no degrees of freedom at trans-
Planckian physics [22]. In this sense, it is consistent with string theory and matrix models.
The Universe might be governed by (3.20) in the beginning as it might be indispensable to
construct the UV finite solutions of the FP equation.

4 Inflationary universe

In fact, the equation (3.8) has another class of solutions with power potentials.

g = cÑ
m
2 , ξ =

m+ 2

12Ñ
. (4.1)

Here c is an integration constant. m denotes the power of the potential: fm. We may
change the direction of the time flow by replacing N by Ñ where Ñ = Ne −N . Ne denotes
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composite Universe 

the inflaton f 2 as f 2 ∝ 1/ξ. In our interpretation, the inflaton is not a fundamental field
but a stochastic field. It grows due to the Brownian motion: IR logarithmic fluctuations
1/ξ ∼ N . While the inflation theory is specified by the inflaton potential, the dynamics of
quantum gravity is determined by the FP equation which describes the stochastic process
at the horizon. We thus argue the classical solution of the inflation theory satisfies the FP
equation as well.

We have shown that the following linear inflaton potential is generated at the one-loop
level [12],

∫ √
−gd4x

1

16πGN

[
R−H2V (f)− 1

2
∂µf∂

µf
]
. (3.1)

Let us examine the linear potential V (f) = 1 +
√
γκf due to the 1-loop quantum IR loga-

rithm. The slow-roll parameters are

ϵ = (V ′/V )2/(16πGN) = γ = 3g/2. (3.2)

We confirm the relation between the slow-roll parameter and the slope of the linear potential
(3.2). Our conjecture is that the classical inflation theory (3.1) is dual to the IR quantum
effects in Einstein gravity.

The equation of motion in the slow-roll approximation is

3H(t)ḟ = −6H2

κ

√
γ. (3.3)

Firstly, let us assume f is small: i.e.
√
γκf < 1. The leading order solution is

f
√
γκ = −2γHt, (3.4)

We obtain
√
4ϵN = κf . By squaring the both sides, we find 4ϵN2 ∼ N . In other words,

ϵ ∼ 1/4N . This estimate is consistent with the known result in the slow roll on the linear
potential, ϵ = 1/4N .

The contribution from the large inflaton field may be suppressed by small coupling ϵ since
ϵN is constant. In the case of the convex potentials V ∼ fm, ϵ = m/4N > 1/4N . On
the other hand, ϵ = 1/4nN < 1/4N for concave potentials. The former may suffer from
the trans-Planckian problem while the latter may not have such a problem except n ∼ 1.
It might be the reason why convex potentials are excluded by observations. The dS duality
is based on the possible equivalence between the slow roll in the inflation and the random
walk in the FP description. The consistency of the slow roll picture and the Brown motion
picture is at the heart of dS duality. It supports dS duality non-perturbatively.

These facts we have listed constitute -the evidences for dS duality between quantum effects
in Einstein gravity and an inflation theory (or a quintessence theory). It is a duality between
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