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Caustic 
Brocken Inaglory 

• concentration of reflected or 
refracted light

• in gravitational lensing, it is 
where

    ! magnification of a point 
       source formally diverges

    ! a pair of multiple images 
       appear/disappear



Caustic crossing
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• two multiple images 
disappear

→ asymmetric 
     light curve
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• maximum mag. and 
width of the light 
curve is sensitive to 
source size



Farthest star ever seen
Kelly+ (incl. MO) Nat. Ast. 2(2018)334
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• single star at 
redshift 1.5

• caustic crossing 
led to maximum 
magnification    
> 2000 



Why is it important for DM?

cold DM warm DM ultralight DM

critical 
curve ~0.1 arcsec

• observing many caustic crossing events tells us 
the small-scale structure of critical curve!



Connection with CMOS

all images 
combined

• lucky imaging with CMOS can significantly 
improve the sensitivity for point sources

• search/monitor caustic crossings without 
relying on space telescopes

50% best images 
combined

1% best images 
combined

W
ikipedia 



Recent progress 

• theory
    ! power spectrum in fuzzy dark matter
   (! short review article on caustic crossings)

• observations
    ! record breaking discovery
    ! ongoing search with HST



Why is it important for DM?

cold DM warm DM ultralight DM

critical 
curve ~0.1 arcsec

• observing many caustic crossing events tells us 
the small-scale structure of critical curve!



Fuzzy (ultralight) dark matter

• wave effect below de Broglie wavelength

λdB =
h

mv
= 180 pc ( m

10−22 eV )
−1

( v
1000 km/s )

−1

• dark matter halo consists of quantum clumps 
with their size ~ λdB

simulation (Schive+2014)



Analytic model of power spectrum
Kawai, MO+ ApJ 925(2022)61

simulation (Schive+2014)
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These results can also be understood qualitatively as386

follows. The variance in real space is obtained by387
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where N ⇠ rh/�c is the number of clumps along the389

line of sight. From Eq. (30), the fluctuation along the390

line of sight can be approximated as O(1/
p
N), which is391

consistent with a naive picture that O(1) fluctuations of392

individual clumps are averaged out by N clumps along393

the line of sight. As the total halo mass becomes larger,394

the virial radius becomes larger and the number of quan-395

tum clumps along the line of sight increases. The large396

number of clumps along the line of sight results in the397

smaller amplitude of the power spectrum due to averag-398

ing.399

Fig. 3 shows the FDM mass dependence. It is found400

that the power spectrum damps at the larger wavenum-401

ber and the amplitude in the plateau region is smaller402

with the larger FDM mass. Since the FDM mass and403

the de Broglie wavelength are related with each other404

by �c / m�1, the power spectrum in the plateau re-405

gion is proportional to P (k) / m�3, and the damping406

scale is k / m. These results can also be understood407

in the same way as in the discussion above. As the408

FDM mass becomes larger, the de Broglie wavelength409

becomes smaller, leading to the larger number of the410

clumps along the line of sight, and the lower amplitude411

of the power spectrum. Since the sub-galactic matter412

power spectrum is sensitive to the FDM mass, it can be413

used to constrain the mass range of FDM.414

In addition, Fig. 1 in Hezaveh et al. (2016) shows that415

the sub-galactic power spectrum due to CDM subha-416

los is around 10�6 h�2 kpc2 in the small wavenumber417

limit, which is much smaller than the sub-galactic mat-418

ter power spectrum in the FDM model in most cases of419

interest (see also Chan et al. 2020). It suggests that we420

can obtain interesting constraints on FDM mass around421

the typical range from observations of the sub-galactic422

matter power spectrum, which we discuss in Sec. 3.423

3. COMPARISON WITH OBSERVATION424

Using our formalism described in Sec. 2, we com-425

pare the sub-galactic matter power spectrum with a426

real observational data to constrain the range of FDM427

mass. We first use the current constraint on the sub-428

galactic matter power spectrum (Bayer et al. 2018) that429

is obtained from the SLACS strong lens system SDSS430

J0252+0039 (Auger et al. 2009). Next we discuss the431

future prospect of constraints that are also obtained by432

strong lens systems (Hezaveh et al. 2016). In Sec. 3.1,433

we define the dimensionless convergence power spec-434

Figure 2. Halo mass dependence of the sub-galactic matter
power spectrum. Two parameters Ms/Mh and m are fixed as
Ms/Mh = 0.01 and m = 10�22eV, respectively. The position
x is set to one-tenth of the virial radius of each halo, which
is roughly the Einstein radius that we focus in Sec. 3

Figure 3. FDM mass dependence of the sub-galactic matter
power spectrum. The other 3 parameters are fixed as Mh =
1013 h�1 M�,Ms/Mh = 0.01, and x being one-tenth of the
virial radius of the halo.

trum. We show the comparison with the current data435

in Sec. 3.2, and the future prospect in Sec. 3.3.436

3.1. Dimensionless convergence power spectrum437

We use the dimensionless convergence power spectrum438

described below when we compare our model with the439

observation. Consider a lens system with the angular440

diameter distance from the observer to the lensDd, from441

the observer to the source Ds and from the lens to the442

source Dds. The critical surface-mass density ⌃cr for443

this lens system is given by444

⌃cr =
c2

4⇡G

Ds

DdDds
, (31)445

where c is the speed of light. With this critical surface-446

mass density and projected density field (Eq. (24)), we447

that are typically larger than the transit radius, unless the FDM
mass is too small (see also the captions to Figures 2 and 3), we
can compare our model with strong lens observations, as we
attempt in Section 3. We also note that our model is likely to be
invalid around and beyond the virial radius, as we do not
include the dark matter distribution outside the virial radius.

The normalized mass profile function ( )r ru � a is assumed
to be a spherical Gaussian function whose radial variance
equals half of the de Broglie wavelength. These assumptions of
sphericity and the Gaussian radial mass profile are consistent
with the findings in Dalal et al. (2021), in which the FDM halo
structure derived using the method proposed in Widrow &
Kaiser (1993) is found to be well described by a superposition
of randomly distributed spherical Gaussian clumps. The
Fourier transform of this function in the projected field is
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In order to calculate the de Broglie wavelength

λc= 2πÿ/mv, we set v as

( )v
GM
R

3
2

, 28tot
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�

where G is the gravitational constant, Mtot is the total mass that
is the sum of the halo mass Mh and the stellar mass Ms, and Rvir

is the virial radius of the halo. Note that v is assumed to be
constant within each halo throughout the paper. An additional
parameter for calculating λc is FDM mass m. Finally, the
position x in the projected field is needed to calculate the power
spectrum.

To sum up, four parameters are required to calculate the
subgalactic matter power spectrum in FDM halos: the total halo
mass Mh, the stellar-to-halo mass ratio Ms/Mh, the FDM mass
m, and the position x. By substituting the normalized mass
profile function in Equation (27), Equation (26) becomes

( ) ( )
( ) ( ) ( )

( )P k
x

x x r x
k4

3
exp

4
. 29h

h b

2
c
3

h

c
2 2QM M

�
4

4 � 4
�⎜ ⎟⎜ ⎟⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠

With this model, we show the parameter dependence,
especially that of the total halo mass Mh and the FDM mass m.
Figure 2 shows the total halo mass dependence. It is found

that the power spectrum damps at larger wavenumbers with
larger total halo masses. In addition, the amplitude of the
plateau region is smaller with larger total halo masses. The
former can be understood as follows. From Equation (29), we
can find that the spectrum damps at around k∼ 1/λc. From
Equation (28), we have approximately v Mh

1 3r , since we can
approximate Mtot∝Mh and R Mvir h

1 3r . The de Broglie
wavelength scales as Mc h

1 3M r � . Therefore, the damping
scale is different for different total halo masses, even if the
FDM mass m is fixed. The latter result can be understood as
follows. In the plateau region, ( ) ( )P k r x Mc

3
h h

4 3Mr r � , if
we approximate rh(x)∝ Rvir.
These results can also be understood qualitatively, as

follows. The variance in real space is obtained by
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where N∼ rh/λc is the number of clumps along the line of
sight. From Equation (30), the fluctuation along the line of
sight can be approximated as ( )' N1 , which is consistent
with the naive picture that ( )' 1 fluctuations of individual
clumps are averaged out by N clumps along the line of sight.
As the total halo mass becomes larger, the virial radius also
becomes larger, and the number of quantum clumps along the
line of sight increases. The large number of clumps along the
line of sight results in the smaller amplitude of the power
spectrum due to averaging.
Figure 3 shows the FDM mass dependence. It is found that

the power spectrum damps at larger wavenumbers, and the
amplitude in the plateau region is smaller with larger FDM
masses. Since the FDM mass and the de Broglie wavelength
are related to each other by λc∝m−1, the power spectrum in
the plateau region is proportional to P(k)∝m−3, and the
damping scale is k∝m. These results can be understood in the
same way as discussed above. As the FDM mass becomes
larger, the de Broglie wavelength becomes smaller, leading to a
larger number of clumps along the line of sight, and the lower

Figure 2. Halo mass dependence of the subgalactic matter power spectrum.
The two parameters Ms/Mh and m are fixed as Ms/Mh = 0.01 and
m = 10−22eV, respectively. The position x is set to one hundredth of the
virial radius of each halo, which is roughly the Einstein radius that we focus on
in Section 3. For each case, we confirm that the radius x is larger than the
transition radius of the soliton core (Schive et al. 2014b).

Figure 3. FDM mass dependence of the subgalactic matter power spectrum.
The other three parameters are fixed as Mh = 1013 h−1 Me, Ms/Mh = 0.01, and
x being one hundredth of the virial radius of the halo, x ∼ 4.4 h−1 kpc. We note
that x is larger than the transition radii of the soliton cores (Schive et al. 2014b),
which are 0.014, 0.14, and 1.4 h−1 kpc for FDM masses of 10−21, 10−22, and
10−23 eV, respectively.
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• derive P(k) assuming 
    superposition of 
    Gaussian clumps

Here we add a subscript f on P(k), since we are only
considering the FDM component. Assuming spherically
symmetric halos and matter profile functions of each clump,
Equation (16) can be further simplified as
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While the clumps in FDM simulations appear to be
nonspherical (e.g., Schive et al. 2014a), we assume them to
be spherical for simplicity. The validity of this assumption in
our model is discussed in Section 2.3.

Here, we show that the effective halo size rh(x) contains the
information for the density dispersion along the line of sight.
We can rewrite Equation (19) as
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where ( )xhS represents the average halo density along the line
of sight and s2(x) represents the density dispersion, which are
given by
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Figure 1 shows an example of rh(x), assuming an NFW

profile as the halo density profile. It is seen that rh(x)
monotonically increases around the central region, while it
monotonically decreases in the outer region. This behavior can
be understood with Equation (20). Around the central region,
s(x) determines the increase/decrease of rh(x), since the density

dispersion along the line of sight is large. In the outer region,
the halo size along the line of sight Z determines the shape of
rh(x).

2.2. Including Baryon

In Section 2.1, we describe the subgalactic matter power
spectrum of FDM-only halos. Since most of the halos contain
baryon, however, we also need to consider a baryon profile. We
assume that baryon is smoothly distributed with a smooth
density profile function ρb(r). The total density ρ(r) is

( ) ( ) ( ) ( )r r r . 23f bS S S� �

The total projected density Σ(x) is

( ) ( ) ( ) ( )x x x , 24f b4 � 4 � 4

where Σb(x) is defined as

( ) ( ) ( )x dz r . 25
Z

b b¨ S4 w

Since we assume that the baryon component does not contain
any randomness, the ensemble averaging of the baryon
functions does not change their functional form. We repeat
the calculation from Section 2.1 in order to obtain the
subgalactic matter power spectrum with baryon,
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Equation (26) indicates that the power spectrum with baryon is
smaller than that without baryon, because the additional
contribution of the smooth baryon component smears out the
density fluctuations due to FDM.

2.3. Parameter Dependence

We calculate the power spectrum using Equation (26) with
specific functions. The halo and baryon profiles are set to the
NFW and Hernquist profiles, respectively. Although the NFW
profile has two parameters, the total halo mass and concentra-
tion parameters, it is known that there is a scaling relation
between them (e.g., Ishiyama et al. 2021). Assuming that
relation, we need only one parameter, the total halo mass
denoted by Mh. The calculations are conducted using the
python module COLOSSUS (Diemer 2018). The Hernquist
profile has two parameters, the total stellar mass and
characteristic radius. The empirical relation between them is
known by fitting a sample of 50,000 early-type galaxies (Hyde
& Bernardi 2009). We thus use the single parameter Ms to
determine the Hernquist profile. Note that we use the stellar-to-
halo mass ratio Ms/Mh as a parameter instead of the stellar
mass Ms. For sufficiently high-mass halos with masses larger
than about 1011Me, the stellar-to-halo mass ratio in the FDM
model is expected to be the same as the ratio in the CDM model
(Cristofari & Ostriker 2019), and is known to be around
10−3–10−1 (Wechsler & Tinker 2018) in this halo mass range.
As mentioned in Section 2.1, the soliton core is ignored in

our model. Therefore, our model is not valid around the central
region of FDM halos. According to Schive et al. (2014a), the
transition radius between the soliton core and NFW profile is
around 3rc, where rc is the core radius that is known to scale
with the FDM mass as well as the total halo mass (Schive et al.
2014b). Since we focus on Einstein radii in strong lens systems

Figure 1. The effective halo size rh(x) as a function of radius x in the projected
density field. We use the NFW profile as the halo profile. The total halo mass is
set to Mh = 1013 h−1 Me, and we use the relation between the concentration
parameter and the total mass of Ishiyama et al. (2021). The integration along
the line of sight is limited to the virial radius, about 438 h−1 kpc.
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Modulation of critical curve
Amruth, Broadhurst, Lim, MO+ submitted

“CDM” FDM low fDMhigh fDM



Observations

• Icarus  Kelly+ (incl. MO) Nat. Ast. 2(2018)334

• Spock  Rodney,+ (incl. MO) Nat. Ast. 2(2018)324

• Warhol  Chen, Kelly, Diego, MO+ ApJ 881(2019)8

• Godzilla  Diego+ arXiv:2203.08158

• Earendel

• more events from flashlights



Discovery of Earendel
Welch+ (incl. MO) to appear in Nature

• single star at 
redshift of 6.2

    (record breaking)

• follow-up with 
JWST planned

N
A

SA
/E

SA
/B

. W
el

ch
 



Flashlights 

• large HST program to find many caustic crossings 
[PI: P. Kelly]



Many events being discovered…

[preliminary!]



Summary 

• caustic crossings in clusters offer a unique 
probe of small-scale dark matter distribution

• one of important targets for CMOS 
observations (lucky imaging)

• an analytic model of small-scale power 
spectrum in fuzzy dark matter is presented

• caustic crossing single start at z=6.2 
discovered, and more discoveries to come


