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Moonshine Superconformal algebra 
representation theory

SUSY black holes 
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AdS3/SCFT2 Open/closed duality 
in topological strings

4d integrability, twistor space, self-duality, 
 & strings

It’s no exaggeration to say that every topic I’ve invested significant time on had its genesis in one of Hirosi’s papers



Therefore the only suitable birthday present for Hirosi is to present the answer to the Mathieu moonshine observation he 
made, which was the beginning of my career in physics…



…but I’m afraid this is the best I can do at the moment

In Vino [moonshine], Veritas



Today I’d like to discuss work on connections between 4d physics and 2d chiral algebras

In work with Costello (2204.05301, 2201.02595), we showed that if a 4d theory admits a lift to a local holomorphic theory on 
twistor space, a chiral algebra can also control collinear singularities in its scattering amplitudes at loop-level

Failures of associativity in the chiral algebra at the quantum level are tied to gauge anomalies in twistor space
The 4d theory isn’t inconsistent: this is like an obstruction to integrability

[Costello, Costello-Li] 

ℙ𝕋 = 𝒪(1) ⊕ 𝒪(1) ≃ ℝ4 × ℂℙ1

ℂℙ1z ∈ ℂℙ1

x ∈ ℂ4 ℂℙ1
x ∈ ℙ𝕋

[Guevara-Himwich-Pate-
Strominger] 

[Strominger]  

chiral algebras of asymptotic 
symmetries at tree-level 

SO+(1,3) ≃ SL(2,ℂ)/ℤ2



∫ℙ𝕋
 Tr(ℬℱ(0,2)(𝒜)) ↦ ∫ℝ4

Tr(BF(A)−)
B ∈ Ω2

−(ℝ4, 𝔤)ℬ ∈ Ω3,1(ℙ𝕋, 𝔤)
𝒜 ∈ Ω0,1(ℙ𝕋, 𝔤)

We focused on self-dual Yang-Mills, coupled to an axion with a quartic kinetic term
Similar considerations apply to self-dual gravity, or to SD SU(Nc) YM w/ Nf=Nc flavors.

1
2 ∫ (∂−1η)(∂̄η) + k ̂λg ∫ ηtr(𝒜∂𝒜) ↦

1
2 ∫ (Δρ)2 + k′ 

̂λg ∫ ρ(F ∧ F)

6d: free “closed string” (BCOV) sector

𝔤 = su(2), su(3), so(8), e6,7,8

[Costello, Costello-Li] 



The associated chiral algebra (conformally soft modes on celestial sphere, governing collinear singularities)
can be obtained from Koszul duality approaches on twistor space [see my Strings ’22 talk]

it is a very large, non-unitary algebra

ℂℙ1
z

J[r, s](zi) ↔ 𝒜 = δz=zi
(λ̃

·1)r(λ̃
·2)s

state in vacuum module = on-shell background field  localized on ℂℙ1

conformal primary states on twistor space of neg. weight 
(on-shell gauge theory states)

Penrose transform

[Pasterski-Shao-Strominger] 

4d basis of conformal primary states w/ neg. weight



There is a prescription for obtaining the OPEs, not just classically
but including possible deformations

PExp ∑
r,s≥0

∫ℂℙ1
z

(∂r
λ̃

·1∂s
λ̃

·2𝒜a
z̄)Ja[r, s](z)

PExp ∑
r,s≥0

∫ℂℙ1
z

(∂r
λ̃

·1∂s
λ̃

·2ℬa
z̄)J̃a[r, s](z)

Quantum deformations:

gauge inv’t couplings to arbitrary defect 
 Hom from Koszul dual algebra into defect algebra↔

OPEs among currents on defect by imposing gauge  
(BV-BRST) invariance  

 universal or “Koszul dual” algebra 
Tree level: recover current algebra for gauge 

symmetry

→

BRST variation of all diagrams at given loop order 
must be zero



A more bottom-up perspective: the OPEs are related to 4d collinear singularities, which are known in detail in 
Yang-Mills.

Compute the associator (say at tree or 1-loop order) and see if it vanishes!

C, D are known & fixed by  
anomaly coefficient in 6d

[Bern-Dixon-Kosower]

Tree-level

Quantum deformation

Failure of associativity in pure SDYM theory in one-loop 
Axion field necessary for its restoration

Includes level-0 Kac-Moody algebra for 
Maps(ℂ2, 𝔤)

[Guevara-Himwich-Pate-Strominger] 



For self-dual YM, no further collinear singularities at higher loops.
Costello and I further showed that a 4d theory with a twistorial uplift has form factors which are

isomorphic to chiral correlators of the 2d theory.
In the case of Yang-Mills, this leads to some cute 2d expressions for certain 4d amplitudes

2d chiral algebra 4d theory

conf. primary 
generators

conf. primary states 
(boost eigenbasis)

OPEs
                                                                                                 

collinear limits 

conformal blocks (cf. 
CS/WZW) local operators

correlation functions form factors

⟨tr(B2) |Ja1(z1)…J̃a2(zi)…J̃aj(zj)…Jan(zn)⟩ =
⟨ij⟩4

⟨12⟩⟨23⟩…⟨n1⟩
tr(ta1…tan) +  permutations 

⟨tr(B2) | J̃a(z1)J̃b(z2)Jc(z3⟩) =
z3
12

z13z23
f abc

Pα ·α =: λαλ̃ ·α

λα ≡ (1,z)

⟨ij⟩ = zi − zjMomentum eigenbasis: 

J(λ̃, z) = ∑
r,s

ωr+s (λ̃
·1)r(λ̃

·2)s

r!s!
J[r, s](z)



SDYM + axion isn’t the only 4d theory with a nice twistorial uplift…
WZW4 with G = SO(8) + quartic “Kahler scalar” field

Costello-Li show this follows from a topological string analogue of Green-Schwarz mechanism for type I string

Again, a special, integrable 4d theory. But I claim this is the seed for a nice toy model of holography in
asymptotically flat spacetimes! Work w/ Costello & Sharma, 2208.14233 + to appear

Should be a relation to N=2 heterotic string of Ooguri & Vafa

Recall [Donaldson, Nair, Losev-Moore-Nekrasov-Shatashvili]:

ℒ =
N

8π2 ∫M
∂∂̄K ∧ tr(g−1∂g ∧ g−1∂̄g) −

N
24π2 ∫M×[0,1]

∂∂̄K ∧ tr(g̃−1dg̃)3g : M → SO(8)

5d analogue of WZ term
N ∈ ℤ+

4d analogue of KM level

``Closed string/gravitational” sector is the theory of a scalar controlling perturbations of the Kahler potential

Classically, a gauge-fixed formulation of SDYM w/ A = − ∂̄gg−1

<latexit sha1_base64="A263Yv/S+CNDgsTJFaD/Cz90FLA="></latexit>

K 7! K + ⇢
<latexit sha1_base64="BzUK6C93soT+8FNEEY+Pe6C7ajY="></latexit>

R(K + ⇢) = 0e.o.m:(See Costello’s Strings 2021 talk)



Let’s use the origin of the 6d anomaly cancellation from topological type I
open+closed string theory on twistor space

Add additional N D1-branes on top of   and ``backreact’’, study resulting open/closed duality a la topological 
strings or AdS/CFT

In type I Kodaira-Spencer theory, Hirosi & collaborators taught us that this is a deformation of complex structures

(This is in the spirit of the twisted holography program initiated by Costello, Gaiotto, Li, and myself)

ℂℙ1

<latexit sha1_base64="LmkpPy2umbYC9pFg/1uzP/qBXB8="></latexit>

LV ⌦0 = 0 away from µ↵ = 0

<latexit sha1_base64="rK6HfP3D5LHQp190V1XWpeo5Tfg="></latexit>

V = N
µ̄1̄ dµ̄2̄ � µ̄2̄ dµ̄1̄

||µ||4 z2
@

@z

<latexit sha1_base64="aIt4kFpG+eGib6JU96hLJHhVH3Q="></latexit>

@̄V +
1

2
[V, V ] = (2⇡)2N �̄2(µ) z2

@

@z

μα = 0

<latexit sha1_base64="e4rPePKByTJdF9uO1/i/p4NetS4="></latexit>

⌦0 =
dz dµ1 dµ2

z2

<latexit sha1_base64="bpdY7smV3J2/yqKVsVOPm/xk4Sc="></latexit>

µ1
<latexit sha1_base64="1csAeetsddzJDmBFqgeLMssAiN4="></latexit>

µ2
<latexit sha1_base64="NseR8pUkx4BP/nWqrzVmIdVDd1w="></latexit>z
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z 7! 1

z
=) µ↵ 7! µ↵

z
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Z0 = O(1)� O(1) ! CP1

<latexit sha1_base64="m5D+LpYhk2516HyCRcurRZ1W6/U="></latexit>

@̄ = dz̄
@

@z̄
+ dµ̄ · @

@µ̄

4d: Burns metric

<latexit sha1_base64="BCX8puFeHaih4ARPEogDO46cFyU="></latexit>

u↵ = (u1, u2) 2 C2 , ||u||2 = |u1|2 + |u2|2

ds2 = | |du | |2 +
|u1du2 − u2du1 |

| |du | |4



 system with
Sp  gauge symmetry 

+ SO  flavour
+ defects at  

βγ
(N)

(8)
0, ∞

 ℂℙ1

Burns space
4d, Euclidean signature, asymptotically flat

WZW4 for G=SO  
+

self-dual scalar-flat gravity 

(8)

ℬN

Large  dualityN

 D1 branes in twistor spaceN

Moreover, worldvolume theories on D1-branes in the topological string are well known.
Proceeding a little more carefully and putting the pieces together ultimately gives us:

Note: Burns space is asymptotically flat

Here: dual chiral algebra understood at finite N
In principle, exact description of collinear limits of 4d theory at finite coupling, from 2d chiral algebra at finite N



N D1 branes at 4 space-filling ``D5’’ branes (+ O-plane)

Give rise to

Give rise to

<latexit sha1_base64="snoi3qjgWgCvIM5nKzuEkuFftLk="></latexit>r
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i
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i
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j

Chiral worldvolume actions follow from Witten’s prescriptions. [Witten ’95]

<latexit sha1_base64="OWn6s+LT8YBKwxawP7fiLm6V3KU="></latexit>

µ↵ = 0

[Costello, Gaiotto ’18]

<latexit sha1_base64="D0bXyyFZamFSZV3aKaUdueB9qjA="></latexit>

X↵ij

<latexit sha1_base64="l1jFstvvXUDKuSRzDremquFy5J4="></latexit>

Iri

To start, we have checked 2 & 3-pt funs in this proposed duality when 
For example, matching states between part of chiral algebra to the WZW4 sector in the bulk:

N → ∞

<latexit sha1_base64="vE1QfSGaKIp+64OEfF5wMUv9fVo="></latexit>

Iri 2 C8 ⌦ C2N

<latexit sha1_base64="M34yj8VJbZyIA7HFTqK+qtWpits="></latexit>

X↵ij 2 C2 ⌦
^2

t.f.
C2N

Iim(z1)Ijn(z2) ∼
δijωmn

z12

Xαmn(z1)Xβrs(z2) ∼
ϵαβ

z12 (ωm[r|ωn|s] −
ωmnωrs

2N )

<latexit sha1_base64="J4a/q7mdjZ6B0Hu1NQlGqh/VqWc="></latexit>

g = exp(� t)

<latexit sha1_base64="zIoFxtLE/zxxp7M1mHgspeHo3vU="></latexit>

4� = 0

linearized field eqn

closed form
sol’n for “momentum eigenstates”

(Recovers  when )eik⋅x N = 0

States in WZW4 on Burns spaceOpen string-sector states in chiral algebra

+ ghosts for BRST reduction



• Dictionary between soft modes of states and symmetry currents in 
the dual CFT

<latexit sha1_base64="m8JfY4MB7BKNbFgi5bPx6pGTjSg="></latexit>

�̃↵ = !(1, z̃)

Soft expansion

Dictionary

<latexit sha1_base64="SDYmLeR+mdeYJXGYeWlWfbSpYak="></latexit>

hIr, X(k
1 X l)

2 Isi(z)

Examples of soft modes
<latexit sha1_base64="LihvEeTHZlexMp4bF8jQaZif/sY="></latexit>

�[1, 1] = �[0, 1]�[1, 0] +
Nz

2

|u1|2 � |u2|2

|u1|2 + |u2|2
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1

z
�[k, l](z) trs

<latexit sha1_base64="8VC91qhtnreu0NSLYUNjmlZdq1w="></latexit>

�(!, z, z̃) =
1

z

1X

p=0

(i!)p
X

k+l=p

z̃l

k! l!
�[k, l](z)

<latexit sha1_base64="f0qyPHa55RSuW2CCVzYFf17ArLY="></latexit>

�[0, 0] = 1 , �[1, 0] = u1 � z ū2̄ , �[0, 1] = u2 + z ū1̄

• chiral algebra OPE computations easily done in planar limit by Wick 
contractions

• In bulk, Euclidean amplitudes computed via on-shell effective action, as in 
standard AdS/CFT computations

Our toy top-down example of asymptotically-flat holography has passed standard checks.
Next: Go beyond the planar limit, study states of dim’n , fully flesh out embedding in physical string, etc.𝒪(N), 𝒪(N2)



This gives a concrete toy-model of a ``celestial holography’’-type correspondence,
analogous to supersymmetric sectors of AdS/CFT

Unfortunately, I only know how to build associative chiral algebras using these methods for theories that 
are integrable/self-dual in 4d. Relatedly, the closed-string sector of the bulk theory, which only captures Kahler potential 

fluctations, means our gravitational sector is rather poor.

Perhaps the first step towards 4d asymptotically flat holography in more physically interesting setups
would be to find a chiral algebra dual for self-dual Einstein gravity (perhaps coupled to SDYM). 

We know how to cancel the twistorial anomaly there, thanks to work of Bittleston-Sharma-Skinner.

Note that Burns space can be viewed as an Einstein-Maxwell instanton…

non-unitarity, operator product associativity, integrability, etc. are all connected,
insight for how to move beyond the twisted realm? 



Cheers/kanpai, and a very happy birthday, Hirosi!

I look forward to being newly inspired by all your papers to come

90 = 45 + ¯45
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Chiral worldvolume actions follow from Witten’s prescriptions. [Witten ’95]
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µ↵ = 0

[Costello, Gaiotto ’18]
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g = exp(� t)
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4� = 0
“Momentum eigenstates”
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 =

s

([u �̃] + z[û �̃])2 +
4N

||u||2 [u �̃][û �̃]
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[u �̃] = �̃1 u
1 + �̃2 u

2 , [û �̃] = �̃2 ū
1̄ � �̃1 ū

2̄
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k · x
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N ! 0
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