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Abs tract. We  prove  tha t a n irre ducible  re pre s e nta tion of the  Vira s oro a lge bra  
ca n be  e xtra cte d from a n irre ducible  re pre s e nta tion s pa ce  of the  S L(2 ,~) 
curre nt a lge bra  by putting a  cons tra int on the  la tte r us ing the  Be cch i-Roue t- 
S to ra -Tyu tin  forma lis m. Thus  the re  is  a  S L(2, ~1) s ymme try in the  Vira s oro 
a lge bra , bu t it is  ga uge d a nd hidde n. This  cons truction of the  Vira s oro a lge bra  
is  the  qua n tum a na logue  of the  Ha miltonia n  re duction. We  the n a re  na tura lly 
le a d to cons ide r a  cons tra ine d S L(2, Y l) We s s -Zumino -Witte n  mode l. This  
s ys te m is  a ls o re la te d to qua n tum fie ld the ory of coa djoint orbit of the  Vira s oro 
group. Ba s e d on this  re s ult, we  pre s e nt a  ca nonica l de riva tion of the  S L(2, ~ ) 
curre nt a lge bra  in P olya kov's  the ory of two-dime ns iona l gra vity; it is  a  
ma nife s ta tion of the  S L(2, ~ ) s ymme try in conforma l fie ld the ory hidde n by 
the  qua n tum Ha miltonia n  re duction. We  a ls o discuss  the  qua n tum Ha miltonia n  
re duction of the  S L(n, ~ ) curre nt a lge bra  a nd  its  re la tion to the  W,-a lge bra  of 
Za molodchikov. This  ma ke s  it pos s ible  to de fine  a  na tura l ge ne ra liza tion of 
the  ge ome tric a ction for the  W,-a lge bra  de s pite  its  non-Lie -a lge bra ic na ture . 

1. Introduction 

Among va rious  fa voura ble  prope rtie s  of s tring the ory a s  a  ca ndida te  for the  unifie d 
the ory of e ve rything, the  unique ne s s  of ta rge t s pa ce time  dime ns ions  is  one  of the  
mos t a ppe a ling. It is  the re fore  crucia l to know whe the r s tring the ory is  poss ible  
off the  critica l dime ns ions . This  que s tion is  a ls o re le va nt in unde rs ta nding the  
la rge-No limit of QCD in four dime ns ions , a nd ma ny a tte mpts  ha ve  be e n ma de  to 
solve  s tring the ory be low critica lity. Ka za kov a nd Migda l [1] ha ve  s tudie d 
va rious  s ta tis tica l mode ls  on tria ngula te d ra ndom surfaces , a nd compute d s ca ling 
dime ns ions . La s t ye a r P olya kov e xa mine d the  two-dime ns iona l gra vity induce d 
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We formulate the geometric quantization of Teichmüller space by using its relation with
SL(2, ~) Chern—Simons gauge theory and show that the physical state conditions arising in this
formalism are equivalent to the Virasoro Ward identities satisfied by the conformal blocks in
CFT. We further show that transition amplitudes between the physical states of this quantum
system have a direct correspondence with covariant amplitudes of two-dimensional induced
quantum gravity. Possible applications of these results to Virasoro modular geometry and
(2+ 1)-dimensional quantum gravity are indicated.

1. Introduction

An important step forward in the study of two-dimensional (rational) conformal
field theories has been the recent realization that the conformal blocks of a
(R)CFT can be treated as states in a quantum mechanical Hubert space, on which
one can act with certain operators [1—31.In the special case of the WZNW models,
the quantum system obtained in this way has been recognized by Witten as the
(2 + 1)-dimensional gauge-theory based on the Chern—Simons action [31.Quantiz-
ing the CS theory in the temporal gauge, the physical Hubert states are identified
with the Kac—Moody conformal blocks and the gauge-invariant operators acting on
them are the (2 + 1)-dimensional Wilson lines [3].
Subsequent investigations [4,5] of this quantum system revealed also another

interesting relationship. Namely in the (2 + 1)-dimensional formulation it is a
natural step to consider the inner product on the space of Kac—Moody blocks, and
in the holomorphic polarization this inner product turns out to have a direct
correspondence with the partition function of the gauged WZNW model [4,51.
This observation establishes an intriguing dual relation between WZNW theory
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