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Courtesy: H. Oide

The message of this talk

1. In finite density (with “baryon” chemical potential),  
    a layer of pion/axion domain wall is known to be stable  
    once we apply a magnetic field, a. k. a. the Chiral Soliton Lattice.  
 
2. We clarify the mechanism how to create such an object,  
    through the quantum nucleation.



Courtesy: H. Oide

Chiral Soliton Lattice



Courtesy: H. Oide

EFT of Axion-like particles/pions
<latexit sha1_base64="bCkcVNYIeYKTjRZiuDQH2oUUijg="></latexit>

L =
f2

2
(@µ�)

2 + f2m2(cos�� 1)

<latexit sha1_base64="uzkf0oy/GMb7rrUSPVPsM0Hz+uI=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APaoWQyaSc0yQxJRihDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBwpk2rvvtlNbWNza3ytuVnd29/YPq4VFbx6kitEViHqtugDXlTNKWYYbTbqIoFgGnnWB8l/udJ6o0i+WjmSTUF3gk2ZARbHKpn0RsUK25dXcGtEq8gtSgQHNQ/emHMUkFlYZwrHXPcxPjZ1gZRjidVvqppgkmYzyiPUslFlT72SzrFJ1ZJUTDWNknDZqpfzcyLLSeiMBOCmwivezl4r9eIBYuZ9pGi2i4FMcMb/yMySQ1VJJ5mmHKkYlR3g4KmaLE8IklmChmP4RIhBUmxnZYsU15y72skvZF3buqXz5c1hq3RWdlOIFTOAcPrqEB99CEFhCI4Ble4c15cd6dD+dzPlpyip1jWIDz9QvoT53H</latexit>

�

<latexit sha1_base64="Zusy6jzTT+r33vHq8Yw/B+k1M2g=">AAACE3icbVDLSgMxFM34rPVVdekmWIS6KTNS1GXRjcsK9gHtUDKZO21okhmSjFCGfoQLN/op7sStH+CXuDVtZ2FbDwQO59zLPTlBwpk2rvvtrK1vbG5tF3aKu3v7B4elo+OWjlNFoUljHqtOQDRwJqFpmOHQSRQQEXBoB6O7qd9+AqVZLB/NOAFfkIFkEaPEWKndqvSSIbvol8pu1Z0BrxIvJ2WUo9Ev/fTCmKYCpKGcaN313MT4GVGGUQ6TYi/VkBA6IgPoWiqJAO1ns7gTfG6VEEexsk8aPFP/bmREaD0WgZ0UxAz1sjcV//UCsXA50zbaEMKlOCa68TMmk9SApPM0UcqxifG0IBwyBdTwsSWEKmY/hOmQKEKNrbFom/KWe1klrcuqd1WtPdTK9du8swI6RWeogjx0jeroHjVQE1E0Qs/oFb05L8678+F8zkfXnHznBC3A+foFcUiejA==</latexit>

V (�)

<latexit sha1_base64="4FnkJYUwWbsrmWEOIUVygPpRZLs=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KifUA7lEzmThuaZIYkI5Shn+DCjX6KO3HrJ/glbk3bWdjWA4HDOfdyT06QcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaooNGjMY9UOiAbOJDQMMxzaiQIiAg6tYHg78VtPoDSL5aMZJeAL0pcsYpQYKz10E9YrV9yqOwVeJl5OKihHvVf+6YYxTQVIQznRuuO5ifEzogyjHMalbqohIXRI+tCxVBIB2s+mUcf4xCohjmJlnzR4qv7dyIjQeiQCOymIGehFbyL+6wVi7nKmbbQBhAtxTHTtZ0wmqQFJZ2milGMT40k5OGQKqOEjSwhVzH4I0wFRhBpbYck25S32skyaZ1Xvsnpxf16p3eSdFdEROkanyENXqIbuUB01EEV99Ixe0Zvz4rw7H87nbLTg5DuHaA7O1y8VuJ1W</latexit>⇡
<latexit sha1_base64="gAYurFmJu7FYroVRKo7JlwY2m2Q=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAbymRy0wydScLMRCihv+DCjX6KO3HrH/glbp20WdjWAwOHc+7lnjlewpnStv1tldbWNza3ytuVnd29/YPq4VFHxamk0KYxj2XPIwo4i6CtmebQSyQQ4XHoeuO73O8+gVQsjh71JAFXkFHEAkaJzqXGIGHDas2u2zPgVeIUpIYKtIbVn4Ef01RApCknSvUdO9FuRqRmlMO0MkgVJISOyQj6hkZEgHKzWdYpPjOKj4NYmhdpPFP/bmREKDURnpkURIdq2cvFfz1PLFzOlIkWgr8URwc3bsaiJNUQ0XmaIOVYxzhvB/tMAtV8YgihkpkPYRoSSag2HVZMU85yL6uk06g7V/XLh4ta87borIxO0Ck6Rw66Rk10j1qojSgK0TN6RW/Wi/VufVif89GSVewcowVYX7+OXZ2S</latexit>

2⇡



Courtesy: H. Oide

EFT of Axion-like particles/pions
<latexit sha1_base64="bCkcVNYIeYKTjRZiuDQH2oUUijg="></latexit>

L =
f2

2
(@µ�)

2 + f2m2(cos�� 1)

<latexit sha1_base64="uzkf0oy/GMb7rrUSPVPsM0Hz+uI=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APaoWQyaSc0yQxJRihDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBwpk2rvvtlNbWNza3ytuVnd29/YPq4VFbx6kitEViHqtugDXlTNKWYYbTbqIoFgGnnWB8l/udJ6o0i+WjmSTUF3gk2ZARbHKpn0RsUK25dXcGtEq8gtSgQHNQ/emHMUkFlYZwrHXPcxPjZ1gZRjidVvqppgkmYzyiPUslFlT72SzrFJ1ZJUTDWNknDZqpfzcyLLSeiMBOCmwivezl4r9eIBYuZ9pGi2i4FMcMb/yMySQ1VJJ5mmHKkYlR3g4KmaLE8IklmChmP4RIhBUmxnZYsU15y72skvZF3buqXz5c1hq3RWdlOIFTOAcPrqEB99CEFhCI4Ble4c15cd6dD+dzPlpyip1jWIDz9QvoT53H</latexit>

�

<latexit sha1_base64="Zusy6jzTT+r33vHq8Yw/B+k1M2g=">AAACE3icbVDLSgMxFM34rPVVdekmWIS6KTNS1GXRjcsK9gHtUDKZO21okhmSjFCGfoQLN/op7sStH+CXuDVtZ2FbDwQO59zLPTlBwpk2rvvtrK1vbG5tF3aKu3v7B4elo+OWjlNFoUljHqtOQDRwJqFpmOHQSRQQEXBoB6O7qd9+AqVZLB/NOAFfkIFkEaPEWKndqvSSIbvol8pu1Z0BrxIvJ2WUo9Ev/fTCmKYCpKGcaN313MT4GVGGUQ6TYi/VkBA6IgPoWiqJAO1ns7gTfG6VEEexsk8aPFP/bmREaD0WgZ0UxAz1sjcV//UCsXA50zbaEMKlOCa68TMmk9SApPM0UcqxifG0IBwyBdTwsSWEKmY/hOmQKEKNrbFom/KWe1klrcuqd1WtPdTK9du8swI6RWeogjx0jeroHjVQE1E0Qs/oFb05L8678+F8zkfXnHznBC3A+foFcUiejA==</latexit>

V (�)

allows a domain wall solution. 
<latexit sha1_base64="4FnkJYUwWbsrmWEOIUVygPpRZLs=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KifUA7lEzmThuaZIYkI5Shn+DCjX6KO3HrJ/glbk3bWdjWA4HDOfdyT06QcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaooNGjMY9UOiAbOJDQMMxzaiQIiAg6tYHg78VtPoDSL5aMZJeAL0pcsYpQYKz10E9YrV9yqOwVeJl5OKihHvVf+6YYxTQVIQznRuuO5ifEzogyjHMalbqohIXRI+tCxVBIB2s+mUcf4xCohjmJlnzR4qv7dyIjQeiQCOymIGehFbyL+6wVi7nKmbbQBhAtxTHTtZ0wmqQFJZ2milGMT40k5OGQKqOEjSwhVzH4I0wFRhBpbYck25S32skyaZ1Xvsnpxf16p3eSdFdEROkanyENXqIbuUB01EEV99Ixe0Zvz4rw7H87nbLTg5DuHaA7O1y8VuJ1W</latexit>⇡

<latexit sha1_base64="gAYurFmJu7FYroVRKo7JlwY2m2Q=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAbymRy0wydScLMRCihv+DCjX6KO3HrH/glbp20WdjWAwOHc+7lnjlewpnStv1tldbWNza3ytuVnd29/YPq4VFHxamk0KYxj2XPIwo4i6CtmebQSyQQ4XHoeuO73O8+gVQsjh71JAFXkFHEAkaJzqXGIGHDas2u2zPgVeIUpIYKtIbVn4Ef01RApCknSvUdO9FuRqRmlMO0MkgVJISOyQj6hkZEgHKzWdYpPjOKj4NYmhdpPFP/bmREKDURnpkURIdq2cvFfz1PLFzOlIkWgr8URwc3bsaiJNUQ0XmaIOVYxzhvB/tMAtV8YgihkpkPYRoSSag2HVZMU85yL6uk06g7V/XLh4ta87borIxO0Ck6Rw66Rk10j1qojSgK0TN6RW/Wi/VufVif89GSVewcowVYX7+OXZ2S</latexit>

2⇡

<latexit sha1_base64="Qh3YXNAbqJJIUvhrYVI2M64gyxo="></latexit>

cos
�(⇠)

2
= tanh(m⇠)

<latexit sha1_base64="GesfiKZmBP3or8+7ilGf3Hq6IBI=">AAACDXicbVDLSgMxFM34rPVVdekmWARXZUZ8LYsiuGzBPqAdSiZzpw1NMkOSEcrQL3DhRj/Fnbj1G/wSt6btLGzrgcDhnHu5JydIONPGdb+dldW19Y3NwlZxe2d3b790cNjUcaooNGjMY9UOiAbOJDQMMxzaiQIiAg6tYHg38VtPoDSL5aMZJeAL0pcsYpQYK9Xve6WyW3GnwMvEy0kZ5aj1Sj/dMKapAGkoJ1p3PDcxfkaUYZTDuNhNNSSEDkkfOpZKIkD72TToGJ9aJcRRrOyTBk/VvxsZEVqPRGAnBTEDvehNxH+9QMxdzrSNNoBwIY6JbvyMySQ1IOksTZRybGI8qQaHTAE1fGQJoYrZD2E6IIpQYwss2qa8xV6WSfO84l1VLusX5ept3lkBHaMTdIY8dI2q6AHVUANRBOgZvaI358V5dz6cz9noipPvHKE5OF+/O+6cUg==</latexit>

E



Courtesy: H. Oide

EFT of Axion-like particles/pions
<latexit sha1_base64="bCkcVNYIeYKTjRZiuDQH2oUUijg="></latexit>

L =
f2

2
(@µ�)

2 + f2m2(cos�� 1)

<latexit sha1_base64="uzkf0oy/GMb7rrUSPVPsM0Hz+uI=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APaoWQyaSc0yQxJRihDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBwpk2rvvtlNbWNza3ytuVnd29/YPq4VFbx6kitEViHqtugDXlTNKWYYbTbqIoFgGnnWB8l/udJ6o0i+WjmSTUF3gk2ZARbHKpn0RsUK25dXcGtEq8gtSgQHNQ/emHMUkFlYZwrHXPcxPjZ1gZRjidVvqppgkmYzyiPUslFlT72SzrFJ1ZJUTDWNknDZqpfzcyLLSeiMBOCmwivezl4r9eIBYuZ9pGi2i4FMcMb/yMySQ1VJJ5mmHKkYlR3g4KmaLE8IklmChmP4RIhBUmxnZYsU15y72skvZF3buqXz5c1hq3RWdlOIFTOAcPrqEB99CEFhCI4Ble4c15cd6dD+dzPlpyip1jWIDz9QvoT53H</latexit>

�

<latexit sha1_base64="Zusy6jzTT+r33vHq8Yw/B+k1M2g=">AAACE3icbVDLSgMxFM34rPVVdekmWIS6KTNS1GXRjcsK9gHtUDKZO21okhmSjFCGfoQLN/op7sStH+CXuDVtZ2FbDwQO59zLPTlBwpk2rvvtrK1vbG5tF3aKu3v7B4elo+OWjlNFoUljHqtOQDRwJqFpmOHQSRQQEXBoB6O7qd9+AqVZLB/NOAFfkIFkEaPEWKndqvSSIbvol8pu1Z0BrxIvJ2WUo9Ev/fTCmKYCpKGcaN313MT4GVGGUQ6TYi/VkBA6IgPoWiqJAO1ns7gTfG6VEEexsk8aPFP/bmREaD0WgZ0UxAz1sjcV//UCsXA50zbaEMKlOCa68TMmk9SApPM0UcqxifG0IBwyBdTwsSWEKmY/hOmQKEKNrbFom/KWe1klrcuqd1WtPdTK9du8swI6RWeogjx0jeroHjVQE1E0Qs/oFb05L8678+F8zkfXnHznBC3A+foFcUiejA==</latexit>

V (�)

Layer of domain walls are also allowed. 
<latexit sha1_base64="4FnkJYUwWbsrmWEOIUVygPpRZLs=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KifUA7lEzmThuaZIYkI5Shn+DCjX6KO3HrJ/glbk3bWdjWA4HDOfdyT06QcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaooNGjMY9UOiAbOJDQMMxzaiQIiAg6tYHg78VtPoDSL5aMZJeAL0pcsYpQYKz10E9YrV9yqOwVeJl5OKihHvVf+6YYxTQVIQznRuuO5ifEzogyjHMalbqohIXRI+tCxVBIB2s+mUcf4xCohjmJlnzR4qv7dyIjQeiQCOymIGehFbyL+6wVi7nKmbbQBhAtxTHTtZ0wmqQFJZ2milGMT40k5OGQKqOEjSwhVzH4I0wFRhBpbYck25S32skyaZ1Xvsnpxf16p3eSdFdEROkanyENXqIbuUB01EEV99Ixe0Zvz4rw7H87nbLTg5DuHaA7O1y8VuJ1W</latexit>⇡

<latexit sha1_base64="gAYurFmJu7FYroVRKo7JlwY2m2Q=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAbymRy0wydScLMRCihv+DCjX6KO3HrH/glbp20WdjWAwOHc+7lnjlewpnStv1tldbWNza3ytuVnd29/YPq4VFHxamk0KYxj2XPIwo4i6CtmebQSyQQ4XHoeuO73O8+gVQsjh71JAFXkFHEAkaJzqXGIGHDas2u2zPgVeIUpIYKtIbVn4Ef01RApCknSvUdO9FuRqRmlMO0MkgVJISOyQj6hkZEgHKzWdYpPjOKj4NYmhdpPFP/bmREKDURnpkURIdq2cvFfz1PLFzOlIkWgr8URwc3bsaiJNUQ0XmaIOVYxzhvB/tMAtV8YgihkpkPYRoSSag2HVZMU85yL6uk06g7V/XLh4ta87borIxO0Ck6Rw66Rk10j1qojSgK0TN6RW/Wi/VufVif89GSVewcowVYX7+OXZ2S</latexit>

2⇡

<latexit sha1_base64="DvC+8+otu0lv8Fvgv2vCzIi1e8o=">AAACD3icbVC7TsMwFL3hWcqrwMhiUSExVQniNVawMBZBH1IbVY7jtFZtJ7IdRBX1ExhY4FPYECufwJew4rYZaMuRLB2dc6/u8QkSzrRx3W9naXlldW29sFHc3Nre2S3t7Td0nCpC6yTmsWoFWFPOJK0bZjhtJYpiEXDaDAY3Y7/5SJVmsXwww4T6AvckixjBxkr3nSfWLZXdijsBWiReTsqQo9Yt/XTCmKSCSkM41rrtuYnxM6wMI5yOip1U0wSTAe7RtqUSC6r9bBJ1hI6tEqIoVvZJgybq340MC62HIrCTApu+nvfG4r9eIGYuZ9pG69NwLo6JrvyMySQ1VJJpmijlyMRoXA4KmaLE8KElmChmP4RIHytMjK2waJvy5ntZJI3TindROb87K1ev884KcAhHcAIeXEIVbqEGdSDQg2d4hTfnxXl3PpzP6eiSk+8cwAycr18jCJ1e</latexit>

⇠

<latexit sha1_base64="IvanD9dWc51jktseXPH/eahICIA=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsKthbaoWQyaSc0yQxJRihDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBwpk2rvvtlFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtOgDXlTNKWYYbTTqIoFgGnj8HoNvcfn6jSLJYPZpxQX+ChZANGsMmlXhKxfrXm1t0p0DLxClKDAs1+9acXxiQVVBrCsdZdz02Mn2FlGOF0UumlmiaYjPCQdi2VWFDtZ9OsE3RilRANYmWfNGiq/t3IsNB6LAI7KbCJ9KKXi/96gZi7nGkbLaLhQhwzuPYzJpPUUElmaQYpRyZGeTsoZIoSw8eWYKKY/RAiEVaYGNthxTblLfayTNpnde+yfnF/XmvcFJ2V4QiO4RQ8uIIG3EETWkAggmd4hTfnxXl3PpzP2WjJKXYOYQ7O1y/ooZ3I</latexit>

� <latexit sha1_base64="GesfiKZmBP3or8+7ilGf3Hq6IBI=">AAACDXicbVDLSgMxFM34rPVVdekmWARXZUZ8LYsiuGzBPqAdSiZzpw1NMkOSEcrQL3DhRj/Fnbj1G/wSt6btLGzrgcDhnHu5JydIONPGdb+dldW19Y3NwlZxe2d3b790cNjUcaooNGjMY9UOiAbOJDQMMxzaiQIiAg6tYHg38VtPoDSL5aMZJeAL0pcsYpQYK9Xve6WyW3GnwMvEy0kZ5aj1Sj/dMKapAGkoJ1p3PDcxfkaUYZTDuNhNNSSEDkkfOpZKIkD72TToGJ9aJcRRrOyTBk/VvxsZEVqPRGAnBTEDvehNxH+9QMxdzrSNNoBwIY6JbvyMySQ1IOksTZRybGI8qQaHTAE1fGQJoYrZD2E6IIpQYwss2qa8xV6WSfO84l1VLusX5ept3lkBHaMTdIY8dI2q6AHVUANRBOgZvaI358V5dz6cz9noipPvHKE5OF+/O+6cUg==</latexit>

E
<latexit sha1_base64="Stt+gCYiXQvRnlZKLpkiM73VcO4="></latexit>

cos
�(⇠)

2
= sn

✓
m⇠

k
, k

◆

k determines the distance between walls

<latexit sha1_base64="ZIdLZcvE0ea+4wTwEEGvE5zjO9Y=">AAACE3icbVC7TsMwFL0pr1JeBUYWiwqpLFWCeA0dKlgYi0RppTaqHMdprThOZDtIVdSPYGCBT2FDrHwAX8KK22agLUeydHTOvbrHx0s4U9q2v63Cyura+kZxs7S1vbO7V94/eFRxKgltkZjHsuNhRTkTtKWZ5rSTSIojj9O2F95O/PYTlYrF4kGPEupGeCBYwAjWRmpX7XpYd0775Ypds6dAy8TJSQVyNPvln54fkzSiQhOOleo6dqLdDEvNCKfjUi9VNMEkxAPaNVTgiCo3m8YdoxOj+CiIpXlCo6n6dyPDkVKjyDOTEdZDtehNxH89L5q7nCkTbUj9hTg6uHYzJpJUU0FmaYKUIx2jSUHIZ5ISzUeGYCKZ+RAiQywx0abGkmnKWexlmTye1ZzL2sX9eaVxk3dWhCM4hio4cAUNuIMmtIBACM/wCm/Wi/VufVifs9GCle8cwhysr19M+Z3e</latexit>

(0 < k < 1)



Courtesy: H. Oide

EFT of Axion-like particles/pions
<latexit sha1_base64="bCkcVNYIeYKTjRZiuDQH2oUUijg="></latexit>

L =
f2

2
(@µ�)

2 + f2m2(cos�� 1)

<latexit sha1_base64="uzkf0oy/GMb7rrUSPVPsM0Hz+uI=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APaoWQyaSc0yQxJRihDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBwpk2rvvtlNbWNza3ytuVnd29/YPq4VFbx6kitEViHqtugDXlTNKWYYbTbqIoFgGnnWB8l/udJ6o0i+WjmSTUF3gk2ZARbHKpn0RsUK25dXcGtEq8gtSgQHNQ/emHMUkFlYZwrHXPcxPjZ1gZRjidVvqppgkmYzyiPUslFlT72SzrFJ1ZJUTDWNknDZqpfzcyLLSeiMBOCmwivezl4r9eIBYuZ9pGi2i4FMcMb/yMySQ1VJJ5mmHKkYlR3g4KmaLE8IklmChmP4RIhBUmxnZYsU15y72skvZF3buqXz5c1hq3RWdlOIFTOAcPrqEB99CEFhCI4Ble4c15cd6dD+dzPlpyip1jWIDz9QvoT53H</latexit>

�

<latexit sha1_base64="Zusy6jzTT+r33vHq8Yw/B+k1M2g=">AAACE3icbVDLSgMxFM34rPVVdekmWIS6KTNS1GXRjcsK9gHtUDKZO21okhmSjFCGfoQLN/op7sStH+CXuDVtZ2FbDwQO59zLPTlBwpk2rvvtrK1vbG5tF3aKu3v7B4elo+OWjlNFoUljHqtOQDRwJqFpmOHQSRQQEXBoB6O7qd9+AqVZLB/NOAFfkIFkEaPEWKndqvSSIbvol8pu1Z0BrxIvJ2WUo9Ev/fTCmKYCpKGcaN313MT4GVGGUQ6TYi/VkBA6IgPoWiqJAO1ns7gTfG6VEEexsk8aPFP/bmREaD0WgZ0UxAz1sjcV//UCsXA50zbaEMKlOCa68TMmk9SApPM0UcqxifG0IBwyBdTwsSWEKmY/hOmQKEKNrbFom/KWe1klrcuqd1WtPdTK9du8swI6RWeogjx0jeroHjVQE1E0Qs/oFb05L8678+F8zkfXnHznBC3A+foFcUiejA==</latexit>

V (�)

Layer of domain walls are also allowed. 
<latexit sha1_base64="4FnkJYUwWbsrmWEOIUVygPpRZLs=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KifUA7lEzmThuaZIYkI5Shn+DCjX6KO3HrJ/glbk3bWdjWA4HDOfdyT06QcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaooNGjMY9UOiAbOJDQMMxzaiQIiAg6tYHg78VtPoDSL5aMZJeAL0pcsYpQYKz10E9YrV9yqOwVeJl5OKihHvVf+6YYxTQVIQznRuuO5ifEzogyjHMalbqohIXRI+tCxVBIB2s+mUcf4xCohjmJlnzR4qv7dyIjQeiQCOymIGehFbyL+6wVi7nKmbbQBhAtxTHTtZ0wmqQFJZ2milGMT40k5OGQKqOEjSwhVzH4I0wFRhBpbYck25S32skyaZ1Xvsnpxf16p3eSdFdEROkanyENXqIbuUB01EEV99Ixe0Zvz4rw7H87nbLTg5DuHaA7O1y8VuJ1W</latexit>⇡

<latexit sha1_base64="gAYurFmJu7FYroVRKo7JlwY2m2Q=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAbymRy0wydScLMRCihv+DCjX6KO3HrH/glbp20WdjWAwOHc+7lnjlewpnStv1tldbWNza3ytuVnd29/YPq4VFHxamk0KYxj2XPIwo4i6CtmebQSyQQ4XHoeuO73O8+gVQsjh71JAFXkFHEAkaJzqXGIGHDas2u2zPgVeIUpIYKtIbVn4Ef01RApCknSvUdO9FuRqRmlMO0MkgVJISOyQj6hkZEgHKzWdYpPjOKj4NYmhdpPFP/bmREKDURnpkURIdq2cvFfz1PLFzOlIkWgr8URwc3bsaiJNUQ0XmaIOVYxzhvB/tMAtV8YgihkpkPYRoSSag2HVZMU85yL6uk06g7V/XLh4ta87borIxO0Ck6Rw66Rk10j1qojSgK0TN6RW/Wi/VufVif89GSVewcowVYX7+OXZ2S</latexit>

2⇡

<latexit sha1_base64="DvC+8+otu0lv8Fvgv2vCzIi1e8o=">AAACD3icbVC7TsMwFL3hWcqrwMhiUSExVQniNVawMBZBH1IbVY7jtFZtJ7IdRBX1ExhY4FPYECufwJew4rYZaMuRLB2dc6/u8QkSzrRx3W9naXlldW29sFHc3Nre2S3t7Td0nCpC6yTmsWoFWFPOJK0bZjhtJYpiEXDaDAY3Y7/5SJVmsXwww4T6AvckixjBxkr3nSfWLZXdijsBWiReTsqQo9Yt/XTCmKSCSkM41rrtuYnxM6wMI5yOip1U0wSTAe7RtqUSC6r9bBJ1hI6tEqIoVvZJgybq340MC62HIrCTApu+nvfG4r9eIGYuZ9pG69NwLo6JrvyMySQ1VJJpmijlyMRoXA4KmaLE8KElmChmP4RIHytMjK2waJvy5ntZJI3TindROb87K1ev884KcAhHcAIeXEIVbqEGdSDQg2d4hTfnxXl3PpzP6eiSk+8cwAycr18jCJ1e</latexit>

⇠

<latexit sha1_base64="Stt+gCYiXQvRnlZKLpkiM73VcO4="></latexit>

cos
�(⇠)

2
= sn

✓
m⇠

k
, k

◆
Topologically stable,  
but higher energy than  
trivial field configuration.

<latexit sha1_base64="IvanD9dWc51jktseXPH/eahICIA=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsKthbaoWQyaSc0yQxJRihDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBwpk2rvvtlFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtOgDXlTNKWYYbTTqIoFgGnj8HoNvcfn6jSLJYPZpxQX+ChZANGsMmlXhKxfrXm1t0p0DLxClKDAs1+9acXxiQVVBrCsdZdz02Mn2FlGOF0UumlmiaYjPCQdi2VWFDtZ9OsE3RilRANYmWfNGiq/t3IsNB6LAI7KbCJ9KKXi/96gZi7nGkbLaLhQhwzuPYzJpPUUElmaQYpRyZGeTsoZIoSw8eWYKKY/RAiEVaYGNthxTblLfayTNpnde+yfnF/XmvcFJ2V4QiO4RQ8uIIG3EETWkAggmd4hTfnxXl3PpzP2WjJKXYOYQ7O1y/ooZ3I</latexit>

� <latexit sha1_base64="GesfiKZmBP3or8+7ilGf3Hq6IBI=">AAACDXicbVDLSgMxFM34rPVVdekmWARXZUZ8LYsiuGzBPqAdSiZzpw1NMkOSEcrQL3DhRj/Fnbj1G/wSt6btLGzrgcDhnHu5JydIONPGdb+dldW19Y3NwlZxe2d3b790cNjUcaooNGjMY9UOiAbOJDQMMxzaiQIiAg6tYHg38VtPoDSL5aMZJeAL0pcsYpQYK9Xve6WyW3GnwMvEy0kZ5aj1Sj/dMKapAGkoJ1p3PDcxfkaUYZTDuNhNNSSEDkkfOpZKIkD72TToGJ9aJcRRrOyTBk/VvxsZEVqPRGAnBTEDvehNxH+9QMxdzrSNNoBwIY6JbvyMySQ1IOksTZRybGI8qQaHTAE1fGQJoYrZD2E6IIpQYwss2qa8xV6WSfO84l1VLusX5ept3lkBHaMTdIY8dI2q6AHVUANRBOgZvaI358V5dz6cz9noipPvHKE5OF+/O+6cUg==</latexit>

E

k determines the distance between walls

<latexit sha1_base64="ZIdLZcvE0ea+4wTwEEGvE5zjO9Y=">AAACE3icbVC7TsMwFL0pr1JeBUYWiwqpLFWCeA0dKlgYi0RppTaqHMdprThOZDtIVdSPYGCBT2FDrHwAX8KK22agLUeydHTOvbrHx0s4U9q2v63Cyura+kZxs7S1vbO7V94/eFRxKgltkZjHsuNhRTkTtKWZ5rSTSIojj9O2F95O/PYTlYrF4kGPEupGeCBYwAjWRmpX7XpYd0775Ypds6dAy8TJSQVyNPvln54fkzSiQhOOleo6dqLdDEvNCKfjUi9VNMEkxAPaNVTgiCo3m8YdoxOj+CiIpXlCo6n6dyPDkVKjyDOTEdZDtehNxH89L5q7nCkTbUj9hTg6uHYzJpJUU0FmaYKUIx2jSUHIZ5ISzUeGYCKZ+RAiQywx0abGkmnKWexlmTye1ZzL2sX9eaVxk3dWhCM4hio4cAUNuIMmtIBACM/wCm/Wi/VufVifs9GCle8cwhysr19M+Z3e</latexit>

(0 < k < 1)



Courtesy: H. Oide

Take into account the chiral anomaly
<latexit sha1_base64="bCkcVNYIeYKTjRZiuDQH2oUUijg="></latexit>

L =
f2

2
(@µ�)

2 + f2m2(cos�� 1)

in the vacuum;  
well-known Chern-Simons term

Not relevant for domain walls

<latexit sha1_base64="o9IMyxPN0/KeVCv6bkMAa1zFpe4="></latexit>

+c↵�Fµ⌫ F̃
µ⌫



Courtesy: H. Oide

Take into account the chiral anomaly
<latexit sha1_base64="bCkcVNYIeYKTjRZiuDQH2oUUijg="></latexit>

L =
f2

2
(@µ�)

2 + f2m2(cos�� 1)

in the vacuum;  
well-known Chern-Simons term

Not relevant for domain walls

In the medium with charged fermions:

Chiral magnetic effect (CME):
<latexit sha1_base64="4yjLagh7f++Xtff2Hi/YnyesDgQ="></latexit>

JV = JR + JL =
e(µR � µL)

2⇡2
B

Chiral separation effect (CSE):
<latexit sha1_base64="3XlCA6thEdy4uagY8oA5lrOYB/E="></latexit>

J5 = JR � JL =
e(µR + µL)

2⇡2
B

At low energy, the chiral transformation  
turns to the shift of axions/pions

<latexit sha1_base64="KI6isUUnBVQlrDXd3BO4RPnj0XU="></latexit>

�L =
1

2
(@µ�)j

µ
5 3 µB

4⇡2
r� ·B

<latexit sha1_base64="dQ02cPhL/1wzKyeTUa1uKrF65iU=">AAACJ3icbVDLSgMxFM3UV62vqitxEyxCRSgz4gukUOrGhYsq9gFtKZn0tg1NZoYkI5Sh+DUu3OinuBNd+hVuzbRd2NYDSQ7n3kvOPW7AmdK2/WUlFhaXlleSq6m19Y3NrfT2TkX5oaRQpj73Zc0lCjjzoKyZ5lALJBDhcqi6/eu4Xn0EqZjvPehBAE1Buh7rMEq0kVrpvWxDhK0izuP4vT+O79sryDtHrXTGztkj4HniTEgGTVBqpX8abZ+GAjxNOVGq7tiBbkZEakY5DFONUEFAaJ90oW6oRwSoZjRaYYgPjdLGHV+a42k8Uv9OREQoNRCu6RRE99RsLRb/rbli6udIGWs9aM/Y0Z3LZsS8INTg0bGbTsix9nEcGm4zCVTzgSGESmYWwrRHJKHaRJsySTmzucyTyknOOc+d3Z1mCsVJZkm0jw5QFjnoAhXQDSqhMqLoCT2jV/RmvVjv1of1OW5NWJOZXTQF6/sX/AWk7A==</latexit>

(µB = µR + µL; e = 1)

<latexit sha1_base64="o9IMyxPN0/KeVCv6bkMAa1zFpe4="></latexit>

+c↵�Fµ⌫ F̃
µ⌫

’80 Vilenkin, ’06 Fukushima, Kharzeev, & Warringa

’80 Vilenkin, ’04 Son & Zhitnitsky



Courtesy: H. Oide

Take into account the chiral anomaly
<latexit sha1_base64="bCkcVNYIeYKTjRZiuDQH2oUUijg="></latexit>

L =
f2

2
(@µ�)

2 + f2m2(cos�� 1)

in the medium;  
another “topological” term

Relevant for domain walls…?

In the medium with charged fermions:

Chiral magnetic effect (CME):
<latexit sha1_base64="4yjLagh7f++Xtff2Hi/YnyesDgQ="></latexit>

JV = JR + JL =
e(µR � µL)

2⇡2
B

Chiral separation effect (CSE):
<latexit sha1_base64="3XlCA6thEdy4uagY8oA5lrOYB/E="></latexit>

J5 = JR � JL =
e(µR + µL)

2⇡2
B

At low energy, the chiral transformation  
turns to the shift of axions/pions

<latexit sha1_base64="KI6isUUnBVQlrDXd3BO4RPnj0XU="></latexit>

�L =
1

2
(@µ�)j

µ
5 3 µB

4⇡2
r� ·B

<latexit sha1_base64="dQ02cPhL/1wzKyeTUa1uKrF65iU=">AAACJ3icbVDLSgMxFM3UV62vqitxEyxCRSgz4gukUOrGhYsq9gFtKZn0tg1NZoYkI5Sh+DUu3OinuBNd+hVuzbRd2NYDSQ7n3kvOPW7AmdK2/WUlFhaXlleSq6m19Y3NrfT2TkX5oaRQpj73Zc0lCjjzoKyZ5lALJBDhcqi6/eu4Xn0EqZjvPehBAE1Buh7rMEq0kVrpvWxDhK0izuP4vT+O79sryDtHrXTGztkj4HniTEgGTVBqpX8abZ+GAjxNOVGq7tiBbkZEakY5DFONUEFAaJ90oW6oRwSoZjRaYYgPjdLGHV+a42k8Uv9OREQoNRCu6RRE99RsLRb/rbli6udIGWs9aM/Y0Z3LZsS8INTg0bGbTsix9nEcGm4zCVTzgSGESmYWwrRHJKHaRJsySTmzucyTyknOOc+d3Z1mCsVJZkm0jw5QFjnoAhXQDSqhMqLoCT2jV/RmvVjv1of1OW5NWJOZXTQF6/sX/AWk7A==</latexit>

(µB = µR + µL; e = 1)
also can be understood the WZW term with a spurious axial U(1) gauge field ’04 Son & Zhitnitsky

<latexit sha1_base64="o9IMyxPN0/KeVCv6bkMAa1zFpe4="></latexit>

+c↵�Fµ⌫ F̃
µ⌫

<latexit sha1_base64="NHdnwhNtpWoEAhKkgtaII1t3rbw="></latexit>

+
µB

4⇡2
B ·r�

’80 Vilenkin, ’06 Fukushima, Kharzeev, & Warringa

’80 Vilenkin, ’04 Son & Zhitnitsky



Courtesy: H. Oide

In the presence of non-zero chemical potential and external magnetic field

Domain wall solution is unchanged,
<latexit sha1_base64="Stt+gCYiXQvRnlZKLpkiM73VcO4="></latexit>

cos
�(⇠)

2
= sn

✓
m⇠

k
, k

◆

then there are no effects from the topological term?



Courtesy: H. Oide

In the presence of non-zero chemical potential and external magnetic field

Domain wall solution is unchanged,
<latexit sha1_base64="Stt+gCYiXQvRnlZKLpkiM73VcO4="></latexit>

cos
�(⇠)

2
= sn

✓
m⇠

k
, k

◆

then there are no effects from the topological term?
Not really. Energy of the system changes.

Total energy of the system of length L in the z-direction: 
<latexit sha1_base64="gqOyRMATOm7YEboxj/mEoVBHSmQ="></latexit>

E =
V m

2kK(k)


2E(k)

k
+

✓
k � 1

k

◆
K(k)� µBB

2⇡

�



Courtesy: H. Oide

In the presence of non-zero chemical potential and external magnetic field

Domain wall solution is unchanged,
<latexit sha1_base64="Stt+gCYiXQvRnlZKLpkiM73VcO4="></latexit>

cos
�(⇠)

2
= sn

✓
m⇠

k
, k

◆

then there are no effects from the topological term?
Not really. Energy of the system changes.

Total energy of the system of length L in the z-direction: 
<latexit sha1_base64="gqOyRMATOm7YEboxj/mEoVBHSmQ="></latexit>

E =
V m

2kK(k)


2E(k)

k
+

✓
k � 1

k

◆
K(k)� µBB

2⇡

�

Negative energy is induced  
from the spatial gradient of the field configuration.



Courtesy: H. Oide

In the presence of non-zero chemical potential and external magnetic field

Domain wall solution is unchanged,
<latexit sha1_base64="Stt+gCYiXQvRnlZKLpkiM73VcO4="></latexit>

cos
�(⇠)

2
= sn

✓
m⇠

k
, k

◆

then there are no effects from the topological term?
Not really. Energy of the system changes.

Total energy of the system of length L in the z-direction: 
<latexit sha1_base64="gqOyRMATOm7YEboxj/mEoVBHSmQ="></latexit>

E =
V m

2kK(k)


2E(k)

k
+

✓
k � 1

k

◆
K(k)� µBB

2⇡

�

<latexit sha1_base64="dTEy9I90gX3BEBMIyx7+aHItLeA=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047IF+4B2KJnMnTY0yQxJRihDv8CFG/0Ud+LWb/BL3Jq2s7CtBwKHc+7lnpwg4Uwb1/12CmvrG5tbxe3Szu7e/kH58Kil41RRaNKYx6oTEA2cSWgaZjh0EgVEBBzaweh+6refQGkWy0czTsAXZCBZxCgxVmqM+uWKW3VnwKvEy0kF5aj3yz+9MKapAGkoJ1p3PTcxfkaUYZTDpNRLNSSEjsgAupZKIkD72SzoBJ9ZJcRRrOyTBs/UvxsZEVqPRWAnBTFDvexNxX+9QCxczrSNNoRwKY6Jbv2MySQ1IOk8TZRybGI8rQaHTAE1fGwJoYrZD2E6JIpQYwss2aa85V5WSeui6l1XrxqXldpd3lkRnaBTdI48dINq6AHVURNRBOgZvaI358V5dz6cz/lowcl3jtECnK9fewSceA==</latexit>

k
<latexit sha1_base64="MIa09OCfgV0cDemb4AqeK3UOvO0=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047IF+4B2KJnMnTY0yQxJRihDv8CFG/0Ud+LWb/BL3Jq2s7CtBwKHc+7lnpwg4Uwb1/12CmvrG5tbxe3Szu7e/kH58Kil41RRaNKYx6oTEA2cSWgaZjh0EgVEBBzaweh+6refQGkWy0czTsAXZCBZxCgxVmp4/XLFrboz4FXi5aSCctT75Z9eGNNUgDSUE627npsYPyPKMMphUuqlGhJCR2QAXUslEaD9bBZ0gs+sEuIoVvZJg2fq342MCK3HIrCTgpihXvam4r9eIBYuZ9pGG0K4FMdEt37GZJIakHSeJko5NjGeVoNDpoAaPraEUMXshzAdEkWosQWWbFPeci+rpHVR9a6rV43LSu0u76yITtApOkceukE19IDqqIkoAvSMXtGb8+K8Ox/O53y04OQ7x2gBztcvGrqcPg==</latexit>

1

<latexit sha1_base64="DnXyZainLnynBhyglz85RW19jUs=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRBJcV7APaoWQymTY0yQxJRihDf8KFG/0Ud+LWvV/i1rSdhW09EDiccy/35AQJZ9q47rdTWFldW98obpa2tnd298r7B00dp4rQBol5rNoB1pQzSRuGGU7biaJYBJy2guHtxG89UaVZLB/NKKG+wH3JIkawsVI76xLM0d24V664VXcKtEy8nFQgR71X/umGMUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72TTvGJ1YJURRrOyTBk3VvxsZFlqPRGAnBTYDvehNxH+9QMxdzrSNNqDhQhwTXfsZk0lqqCSzNFHKkYnRpCEUMkWJ4SNLMFHMfgiRAVaYGNtjyTblLfayTJpnVe+yevFwXqnd5J0V4QiO4RQ8uIIa3EMdGkCAwzO8wpvz4rw7H87nbLTg5DuHMAfn6xesp588</latexit>

E

Negative energy is induced  
from the spatial gradient of the field configuration.



Courtesy: H. Oide

In the presence of non-zero chemical potential and external magnetic field

Domain wall solution is unchanged,
<latexit sha1_base64="Stt+gCYiXQvRnlZKLpkiM73VcO4="></latexit>

cos
�(⇠)

2
= sn

✓
m⇠

k
, k

◆

then there are no effects from the topological term?
Not really. Energy of the system changes.

Total energy of the system of length L in the z-direction: 
<latexit sha1_base64="gqOyRMATOm7YEboxj/mEoVBHSmQ="></latexit>

E =
V m

2kK(k)


2E(k)

k
+

✓
k � 1

k

◆
K(k)� µBB

2⇡

�

<latexit sha1_base64="dTEy9I90gX3BEBMIyx7+aHItLeA=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047IF+4B2KJnMnTY0yQxJRihDv8CFG/0Ud+LWb/BL3Jq2s7CtBwKHc+7lnpwg4Uwb1/12CmvrG5tbxe3Szu7e/kH58Kil41RRaNKYx6oTEA2cSWgaZjh0EgVEBBzaweh+6refQGkWy0czTsAXZCBZxCgxVmqM+uWKW3VnwKvEy0kF5aj3yz+9MKapAGkoJ1p3PTcxfkaUYZTDpNRLNSSEjsgAupZKIkD72SzoBJ9ZJcRRrOyTBs/UvxsZEVqPRWAnBTFDvexNxX+9QCxczrSNNoRwKY6Jbv2MySQ1IOk8TZRybGI8rQaHTAE1fGwJoYrZD2E6JIpQYwss2aa85V5WSeui6l1XrxqXldpd3lkRnaBTdI48dINq6AHVURNRBOgZvaI358V5dz6cz/lowcl3jtECnK9fewSceA==</latexit>

k
<latexit sha1_base64="MIa09OCfgV0cDemb4AqeK3UOvO0=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047IF+4B2KJnMnTY0yQxJRihDv8CFG/0Ud+LWb/BL3Jq2s7CtBwKHc+7lnpwg4Uwb1/12CmvrG5tbxe3Szu7e/kH58Kil41RRaNKYx6oTEA2cSWgaZjh0EgVEBBzaweh+6refQGkWy0czTsAXZCBZxCgxVmp4/XLFrboz4FXi5aSCctT75Z9eGNNUgDSUE627npsYPyPKMMphUuqlGhJCR2QAXUslEaD9bBZ0gs+sEuIoVvZJg2fq342MCK3HIrCTgpihXvam4r9eIBYuZ9pGG0K4FMdEt37GZJIakHSeJko5NjGeVoNDpoAaPraEUMXshzAdEkWosQWWbFPeci+rpHVR9a6rV43LSu0u76yITtApOkceukE19IDqqIkoAvSMXtGb8+K8Ox/O53y04OQ7x2gBztcvGrqcPg==</latexit>

1

<latexit sha1_base64="DnXyZainLnynBhyglz85RW19jUs=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRBJcV7APaoWQymTY0yQxJRihDf8KFG/0Ud+LWvV/i1rSdhW09EDiccy/35AQJZ9q47rdTWFldW98obpa2tnd298r7B00dp4rQBol5rNoB1pQzSRuGGU7biaJYBJy2guHtxG89UaVZLB/NKKG+wH3JIkawsVI76xLM0d24V664VXcKtEy8nFQgR71X/umGMUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72TTvGJ1YJURRrOyTBk3VvxsZFlqPRGAnBTYDvehNxH+9QMxdzrSNNqDhQhwTXfsZk0lqqCSzNFHKkYnRpCEUMkWJ4SNLMFHMfgiRAVaYGNtjyTblLfayTJpnVe+yevFwXqnd5J0V4QiO4RQ8uIIa3EMdGkCAwzO8wpvz4rw7H87nbLTg5DuHMAfn6xesp588</latexit>

E
negative energy minimum  
can appear !

Negative energy is induced  
from the spatial gradient of the field configuration. <latexit sha1_base64="5aBwPTKHEVNUbaKiiLotrKLuxiw=">AAACGnicbVC7TsMwFL0pr1JeBUYWiwqJqUoQr7GiCwNDEfQhtaFyHKe1aieR7SBVUf+DgQU+hQ2xsvAlrDhtBlo4kqWjc+7VPT5ezJnStv1lFZaWV1bXiuuljc2t7Z3y7l5LRYkktEkiHsmOhxXlLKRNzTSnnVhSLDxO296onvntRyoVi8J7PY6pK/AgZAEjWBvpYdTvCayHUqT1u5tJv1yxq/YU6C9xclKBHI1++bvnRyQRNNSEY6W6jh1rN8VSM8LppNRLFI0xGeEB7RoaYkGVm05TT9CRUXwURNK8UKOp+nsjxUKpsfDMZJZRLXqZ+K/nibnLqTLRhtRfiKODSzdlYZxoGpJZmiDhSEco6wn5TFKi+dgQTCQzH0JkiCUm2rRZMk05i738Ja2TqnNePbs9rdSu8s6KcACHcAwOXEANrqEBTSAg4Qle4NV6tt6sd+tjNlqw8p19mIP1+QMA9qIY</latexit>
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In the presence of non-zero chemical potential and external magnetic field

Domain wall solution is unchanged,
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then there are no effects from the topological term?
Not really. Energy of the system changes.

Total energy of the system of length L in the z-direction: 
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negative energy minimum  
can appear !

Negative energy is induced  
from the spatial gradient of the field configuration.

For sufficiently large magnetic field,
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Domain wall layer is energetically favored. 

=> Configuration at energy minimum         :  
     “Chiral Soliton Lattice”
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Figure 5. The “phase diagram” of CSL as a function of chemical potential and magnetic field. CSL
becomes favored over the QCD vacuum above the critical field BCSL (dashed line). For B � BBEC,
BEC of charged pions occurs (solid line). The dotted line stands for BBEC in the chiral limit (6.4).
The shaded area indicates the region in which CSL of neutral pions can exist as the QCD ground
state. The physical values f⇡ ⇡ 92 MeV and m⇡ ⇡ 140 MeV were used to obtain the numerical
results.
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The left-hand side of this equation is the Lamé operator with n = 2. According to refs. [17,

18, 20], its spectrum consists of three bands. The lower edge of the first band corresponds

to the eigenvalue 2(1 + k
2
�
p
1� k2 + k4). Hence, the bottom of the lowest Landau level

is given, for arbitrary m⇡, by
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where k is given implicitly by eq. (4.5).

This calculation confirms the observation made above for the chiral limit, that su�-

ciently strong magnetic fields lead to an instability of CSL under BEC of charged pions.

Indeed, in strong magnetic fields, the elliptic modulus k (4.5) is asymptotically propor-

tional to 1/B, hence the second term in eq. (6.6) goes as B
2. The bottom of the lowest

Landau level thus necessarily reaches zero for strong enough B.

Our main results, eqs. (4.6) and (6.6), are depicted in figure 5. We observe that there

is a range of magnetic fields in which CSL is energetically favored. However, for higher
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How it is interesting?
- Interest also for condensed matter system:  
      known as Chiral Magnets. e.g., ’12 Togawa+

monoaxial DM interaction in the form of !D " S1 # S2

between localized neighboring spins S1 and S2 along the
crystallographic c axis in Cr1=3NbS2. Here, D represents
the DM vector. Competition between DM interaction and
the isotropic ferromagnetic (FM) coupling (J > 0) gives
rise to the helical structure of spin magnetic moments
SðzÞ ¼ Sð cos!ðzÞ; sin!ðzÞ; 0Þ with the azimuthal angle
given by !ðzÞ ¼ Q0z, as shown in Figs. 1(b) and 1(c). z
is defined as a coordinate along the helical axis (c axis) and
Q0 is the single modulation wave number of the helix given
by Q0 ¼ a!1

0 tan!1ðD=JÞ with a0 being the atomic lattice
constant along the helical axis (1.21 nm in Cr1=3NbS2
[21]). Importantly, the direction of D determines whether
spin magnetic moments rotate in a left- or right-handed
manner along the helical axis, thus providing chirality to
the given magnetic helix and calling it CHM. The magni-
tude of D ¼ jDj is usually 1 or 2 orders of magnitude
smaller than J because of its relativistic origin. Therefore, a
spatial period of CHM, Lð0Þ ¼ 2"=Q0 ffi 2"a0J=D
amounts to some tens of nanometers in chiral magnetic
crystals, which is obviously incommensurate with respect
to the background atomic lattice.

Under magnetic fields applied perpendicular to the hel-
ical axis, the magnetic field favors FM domains commen-
surate to the atomic lattice because of Zeeman energy

while the DM interaction tries to keep incommensurate
CHM. This situation is well reproduced by the effective
one-dimensional chiral sine-Gordon model [10–12,17–20].
Consequently, the order of CHM is periodically distorted
and CSL appears as the ground state unique to chiral
magnetic crystals in the magnetic field as shown in
Fig. 1(d). CSL is the nonlinear magnetic superlattice con-
sisting of forced FM domains periodically partitioned by
360( magnetic domain walls. The period of CSL is given
by LðHÞ ¼ 8Kð#ÞEð#Þ=ð"Q0Þ [10–12,17–20], whereKð#Þ
and Eð#Þ, respectively, denote the elliptic integrals of the
first and second kinds with the elliptic modulus # (0 )
# ) 1). The modulus # is determined by minimizing the

CSL formation energy and given by #=Eð#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
H=Hc

p
,

whereHc ¼ ð"a0Q0=4Þ2JS corresponds to # ¼ 1. #=Eð#Þ
monotonically increases from 0 to 1 as # changes from 0 to
1. Then, Hc has a meaning of the critical field strength
at which the continuous phase transition from CSL at
H <Hc to the commensurate forced FM states state at
H >Hc occurs. Using the relations Kð0Þ ¼ Eð0Þ ¼ "=2,
we see that the dimensionless ratio LðHÞ=Lð0Þ given by

LðHÞ=Lð0Þ ¼ 4Kð#ÞEð#Þ="2; (1)

which depends solely on H=Hc. As H=Hc increases,
LðHÞ=Lð0Þ evolves monotonically toward infinity at
H=Hc ¼ 1.
Magnetic structure of Cr1=3NbS2 was first investigated

experimentally by small-angle neutron diffraction at zero
magnetic field [21]. Below the Curie temperature TC ¼
127 K, Cr1=3NbS2 exhibits a magnetic Bragg peak of
0:13 nm!1, which was considered as a manifestation of
helical order with magnetic moments rotating in the
ab plane in a 48 nm period along the c axis.
In the meanwhile, a steep change of magnetization atHc

applied perpendicular to the helical axis was interpreted as
the discontinuous phase transition between CHM and
forced FM states [5,21]. However, an intermediate phase
in perpendicular fields below Hc was not identified as
CSL state.
The transition at Hc should be interpreted as the con-

tinuous I-C phase transition theoretically envisioned by
Dzyaloshinskii [10]. This type of transition was actually
reported to occur in Ba2CuGe2O7 [22]. Recently, we re-
examined magnetization profiles of Cr1=3NbS2 and found
that the data indirectly suggest a formation of CHM and
CSL [12,23].
Previous theoretical treatments demonstrate that CSL

will support a variety of interesting functions for spintronic
applications in magnetic chiral crystals. CSL enables us to
carry magnetic information [17] and exhibits characteristic
physical properties such as magnetic-phonon-like elemen-
tary excitations [18], current-driven sliding motion [19],
and field-induced metal-to-insulator transition [20].
Therefore, direct observations of CSL have been eagerly
desired in the magnetic system.

FIG. 1 (color). Schematic diagram of crystalline and magnetic
structures of Cr1=3NbS2. (a) A unit cell of the crystal. Spin
magnetic moments of localized electrons rotate in the
ab plane along the helical c axis because of DM interaction,
giving rise to CHM. A part of left-handed CHM is schematically
drawn in ten unit cells in (b), whereas a whole left-handed CHM
in (c). (d) In magnetic fields perpendicular to the helical c axis,
CHM continuously transforms into CSL. CSL has the same
magnetic chirality as the underlying CHM.
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FIG. 4: A schematic figure of the neutron star with domain
wall layers at the core. Scales should not be taken seriously.

rather to say the large value of the neutron chemical po-
tential), the domain walls are present. At the boundary
of the domain walls, neutrons drip from the wall bound-
ary so that the total baryon number is conserved [11].
As the domain wall layers, the ferromagnetic region, are
present only at the core of the neutron star, at the sur-
face of the neutron star the magnetic field does not reach
the value in Eq.(13), but it would be enough strong to
explain the magnetars.

The magnetic field at the surface of the neutron star is
smaller than that of the domain wall core, as Bsurface =
Bcore(Rcore/RNS)3 at the North pole. Rcore is the radius
of the domain wall core (assumed to be spherical and
to have a homogeneous ferromagnetism inside), and RNS

is the radius of the neutron star. The average of the
magnetic field magnitude on the neutron star surface is
Baverage = 0.69Bsurface. The core-radius dependence of
the surface magnetic field is shown in Fig. 5. If the core is
su�ciently small such as Rcore/RNS ⇠ 1/10, the surface
magnetic field may reduce to Bsurface ⇠ O(1016) [G].

The mechanism suggests that there are two kinds of
neutron stars: one which reaches the critical density and
has the domain wall layer structure, and the other which
does not have it. The former would have a strong mag-
netic field but the latter would not have it. It is inter-
esting that the recent data [3] of the magnitude of the
magnetic field on the surface of the neutron stars show
two categories, magnetars and the others.

It is important to construct more realistic models with
nuclear forces, as our model uses free neutrons. For ex-
ample, the neutron superfluidity can co-exist with the
domain wall, since at higher densities the spin-aligned
neutron pairing 3

P2 is known to be favored. Furthermore,
structure of the solitonic core of neutron stars would in-
fluence the equation of state, and may be sensitive to
the mass-radius map of the neutron stars. If the orien-
tation of the solitonic core is di↵erent from the rotation
axis of the neutron star, it would be a source of gravita-
tional waves. All details need to be explored, to match

0.0 0.2 0.4 0.6 0.8 1.0

1016

1017
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Surface magnetic field [G]
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Rcore/RNS

FIG. 5: The magnetic field at the neutron star surface. Rcore

is the radius of the domain wall layer core (assumed to be
spherical), and Rsurfce is the radius of the neutron star. At
the core, the critical magnetic field (13) is assumed. For the
1.41M� neutron star with the standard APR equation of state
[12], Rcore/RNS = 0.1 corresponds to the critical density of the
pionic wall formation 3.2⇢0.

the observations of the neutron stars. We hope that our
mechanism may survive various corrections, and explain
observations.
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monoaxial DM interaction in the form of !D " S1 # S2

between localized neighboring spins S1 and S2 along the
crystallographic c axis in Cr1=3NbS2. Here, D represents
the DM vector. Competition between DM interaction and
the isotropic ferromagnetic (FM) coupling (J > 0) gives
rise to the helical structure of spin magnetic moments
SðzÞ ¼ Sð cos!ðzÞ; sin!ðzÞ; 0Þ with the azimuthal angle
given by !ðzÞ ¼ Q0z, as shown in Figs. 1(b) and 1(c). z
is defined as a coordinate along the helical axis (c axis) and
Q0 is the single modulation wave number of the helix given
by Q0 ¼ a!1

0 tan!1ðD=JÞ with a0 being the atomic lattice
constant along the helical axis (1.21 nm in Cr1=3NbS2
[21]). Importantly, the direction of D determines whether
spin magnetic moments rotate in a left- or right-handed
manner along the helical axis, thus providing chirality to
the given magnetic helix and calling it CHM. The magni-
tude of D ¼ jDj is usually 1 or 2 orders of magnitude
smaller than J because of its relativistic origin. Therefore, a
spatial period of CHM, Lð0Þ ¼ 2"=Q0 ffi 2"a0J=D
amounts to some tens of nanometers in chiral magnetic
crystals, which is obviously incommensurate with respect
to the background atomic lattice.

Under magnetic fields applied perpendicular to the hel-
ical axis, the magnetic field favors FM domains commen-
surate to the atomic lattice because of Zeeman energy

while the DM interaction tries to keep incommensurate
CHM. This situation is well reproduced by the effective
one-dimensional chiral sine-Gordon model [10–12,17–20].
Consequently, the order of CHM is periodically distorted
and CSL appears as the ground state unique to chiral
magnetic crystals in the magnetic field as shown in
Fig. 1(d). CSL is the nonlinear magnetic superlattice con-
sisting of forced FM domains periodically partitioned by
360( magnetic domain walls. The period of CSL is given
by LðHÞ ¼ 8Kð#ÞEð#Þ=ð"Q0Þ [10–12,17–20], whereKð#Þ
and Eð#Þ, respectively, denote the elliptic integrals of the
first and second kinds with the elliptic modulus # (0 )
# ) 1). The modulus # is determined by minimizing the

CSL formation energy and given by #=Eð#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
H=Hc

p
,

whereHc ¼ ð"a0Q0=4Þ2JS corresponds to # ¼ 1. #=Eð#Þ
monotonically increases from 0 to 1 as # changes from 0 to
1. Then, Hc has a meaning of the critical field strength
at which the continuous phase transition from CSL at
H <Hc to the commensurate forced FM states state at
H >Hc occurs. Using the relations Kð0Þ ¼ Eð0Þ ¼ "=2,
we see that the dimensionless ratio LðHÞ=Lð0Þ given by

LðHÞ=Lð0Þ ¼ 4Kð#ÞEð#Þ="2; (1)

which depends solely on H=Hc. As H=Hc increases,
LðHÞ=Lð0Þ evolves monotonically toward infinity at
H=Hc ¼ 1.
Magnetic structure of Cr1=3NbS2 was first investigated

experimentally by small-angle neutron diffraction at zero
magnetic field [21]. Below the Curie temperature TC ¼
127 K, Cr1=3NbS2 exhibits a magnetic Bragg peak of
0:13 nm!1, which was considered as a manifestation of
helical order with magnetic moments rotating in the
ab plane in a 48 nm period along the c axis.
In the meanwhile, a steep change of magnetization atHc

applied perpendicular to the helical axis was interpreted as
the discontinuous phase transition between CHM and
forced FM states [5,21]. However, an intermediate phase
in perpendicular fields below Hc was not identified as
CSL state.
The transition at Hc should be interpreted as the con-

tinuous I-C phase transition theoretically envisioned by
Dzyaloshinskii [10]. This type of transition was actually
reported to occur in Ba2CuGe2O7 [22]. Recently, we re-
examined magnetization profiles of Cr1=3NbS2 and found
that the data indirectly suggest a formation of CHM and
CSL [12,23].
Previous theoretical treatments demonstrate that CSL

will support a variety of interesting functions for spintronic
applications in magnetic chiral crystals. CSL enables us to
carry magnetic information [17] and exhibits characteristic
physical properties such as magnetic-phonon-like elemen-
tary excitations [18], current-driven sliding motion [19],
and field-induced metal-to-insulator transition [20].
Therefore, direct observations of CSL have been eagerly
desired in the magnetic system.

FIG. 1 (color). Schematic diagram of crystalline and magnetic
structures of Cr1=3NbS2. (a) A unit cell of the crystal. Spin
magnetic moments of localized electrons rotate in the
ab plane along the helical c axis because of DM interaction,
giving rise to CHM. A part of left-handed CHM is schematically
drawn in ten unit cells in (b), whereas a whole left-handed CHM
in (c). (d) In magnetic fields perpendicular to the helical c axis,
CHM continuously transforms into CSL. CSL has the same
magnetic chirality as the underlying CHM.
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FIG. 4: A schematic figure of the neutron star with domain
wall layers at the core. Scales should not be taken seriously.

rather to say the large value of the neutron chemical po-
tential), the domain walls are present. At the boundary
of the domain walls, neutrons drip from the wall bound-
ary so that the total baryon number is conserved [11].
As the domain wall layers, the ferromagnetic region, are
present only at the core of the neutron star, at the sur-
face of the neutron star the magnetic field does not reach
the value in Eq.(13), but it would be enough strong to
explain the magnetars.

The magnetic field at the surface of the neutron star is
smaller than that of the domain wall core, as Bsurface =
Bcore(Rcore/RNS)3 at the North pole. Rcore is the radius
of the domain wall core (assumed to be spherical and
to have a homogeneous ferromagnetism inside), and RNS

is the radius of the neutron star. The average of the
magnetic field magnitude on the neutron star surface is
Baverage = 0.69Bsurface. The core-radius dependence of
the surface magnetic field is shown in Fig. 5. If the core is
su�ciently small such as Rcore/RNS ⇠ 1/10, the surface
magnetic field may reduce to Bsurface ⇠ O(1016) [G].

The mechanism suggests that there are two kinds of
neutron stars: one which reaches the critical density and
has the domain wall layer structure, and the other which
does not have it. The former would have a strong mag-
netic field but the latter would not have it. It is inter-
esting that the recent data [3] of the magnitude of the
magnetic field on the surface of the neutron stars show
two categories, magnetars and the others.

It is important to construct more realistic models with
nuclear forces, as our model uses free neutrons. For ex-
ample, the neutron superfluidity can co-exist with the
domain wall, since at higher densities the spin-aligned
neutron pairing 3

P2 is known to be favored. Furthermore,
structure of the solitonic core of neutron stars would in-
fluence the equation of state, and may be sensitive to
the mass-radius map of the neutron stars. If the orien-
tation of the solitonic core is di↵erent from the rotation
axis of the neutron star, it would be a source of gravita-
tional waves. All details need to be explored, to match
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FIG. 5: The magnetic field at the neutron star surface. Rcore

is the radius of the domain wall layer core (assumed to be
spherical), and Rsurfce is the radius of the neutron star. At
the core, the critical magnetic field (13) is assumed. For the
1.41M� neutron star with the standard APR equation of state
[12], Rcore/RNS = 0.1 corresponds to the critical density of the
pionic wall formation 3.2⇢0.

the observations of the neutron stars. We hope that our
mechanism may survive various corrections, and explain
observations.
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- Interest also for condensed matter system:  
      known as Chiral Magnets. e.g., ’12 Togawa+

monoaxial DM interaction in the form of !D " S1 # S2

between localized neighboring spins S1 and S2 along the
crystallographic c axis in Cr1=3NbS2. Here, D represents
the DM vector. Competition between DM interaction and
the isotropic ferromagnetic (FM) coupling (J > 0) gives
rise to the helical structure of spin magnetic moments
SðzÞ ¼ Sð cos!ðzÞ; sin!ðzÞ; 0Þ with the azimuthal angle
given by !ðzÞ ¼ Q0z, as shown in Figs. 1(b) and 1(c). z
is defined as a coordinate along the helical axis (c axis) and
Q0 is the single modulation wave number of the helix given
by Q0 ¼ a!1

0 tan!1ðD=JÞ with a0 being the atomic lattice
constant along the helical axis (1.21 nm in Cr1=3NbS2
[21]). Importantly, the direction of D determines whether
spin magnetic moments rotate in a left- or right-handed
manner along the helical axis, thus providing chirality to
the given magnetic helix and calling it CHM. The magni-
tude of D ¼ jDj is usually 1 or 2 orders of magnitude
smaller than J because of its relativistic origin. Therefore, a
spatial period of CHM, Lð0Þ ¼ 2"=Q0 ffi 2"a0J=D
amounts to some tens of nanometers in chiral magnetic
crystals, which is obviously incommensurate with respect
to the background atomic lattice.

Under magnetic fields applied perpendicular to the hel-
ical axis, the magnetic field favors FM domains commen-
surate to the atomic lattice because of Zeeman energy

while the DM interaction tries to keep incommensurate
CHM. This situation is well reproduced by the effective
one-dimensional chiral sine-Gordon model [10–12,17–20].
Consequently, the order of CHM is periodically distorted
and CSL appears as the ground state unique to chiral
magnetic crystals in the magnetic field as shown in
Fig. 1(d). CSL is the nonlinear magnetic superlattice con-
sisting of forced FM domains periodically partitioned by
360( magnetic domain walls. The period of CSL is given
by LðHÞ ¼ 8Kð#ÞEð#Þ=ð"Q0Þ [10–12,17–20], whereKð#Þ
and Eð#Þ, respectively, denote the elliptic integrals of the
first and second kinds with the elliptic modulus # (0 )
# ) 1). The modulus # is determined by minimizing the

CSL formation energy and given by #=Eð#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
H=Hc

p
,

whereHc ¼ ð"a0Q0=4Þ2JS corresponds to # ¼ 1. #=Eð#Þ
monotonically increases from 0 to 1 as # changes from 0 to
1. Then, Hc has a meaning of the critical field strength
at which the continuous phase transition from CSL at
H <Hc to the commensurate forced FM states state at
H >Hc occurs. Using the relations Kð0Þ ¼ Eð0Þ ¼ "=2,
we see that the dimensionless ratio LðHÞ=Lð0Þ given by

LðHÞ=Lð0Þ ¼ 4Kð#ÞEð#Þ="2; (1)

which depends solely on H=Hc. As H=Hc increases,
LðHÞ=Lð0Þ evolves monotonically toward infinity at
H=Hc ¼ 1.
Magnetic structure of Cr1=3NbS2 was first investigated

experimentally by small-angle neutron diffraction at zero
magnetic field [21]. Below the Curie temperature TC ¼
127 K, Cr1=3NbS2 exhibits a magnetic Bragg peak of
0:13 nm!1, which was considered as a manifestation of
helical order with magnetic moments rotating in the
ab plane in a 48 nm period along the c axis.
In the meanwhile, a steep change of magnetization atHc

applied perpendicular to the helical axis was interpreted as
the discontinuous phase transition between CHM and
forced FM states [5,21]. However, an intermediate phase
in perpendicular fields below Hc was not identified as
CSL state.
The transition at Hc should be interpreted as the con-

tinuous I-C phase transition theoretically envisioned by
Dzyaloshinskii [10]. This type of transition was actually
reported to occur in Ba2CuGe2O7 [22]. Recently, we re-
examined magnetization profiles of Cr1=3NbS2 and found
that the data indirectly suggest a formation of CHM and
CSL [12,23].
Previous theoretical treatments demonstrate that CSL

will support a variety of interesting functions for spintronic
applications in magnetic chiral crystals. CSL enables us to
carry magnetic information [17] and exhibits characteristic
physical properties such as magnetic-phonon-like elemen-
tary excitations [18], current-driven sliding motion [19],
and field-induced metal-to-insulator transition [20].
Therefore, direct observations of CSL have been eagerly
desired in the magnetic system.

FIG. 1 (color). Schematic diagram of crystalline and magnetic
structures of Cr1=3NbS2. (a) A unit cell of the crystal. Spin
magnetic moments of localized electrons rotate in the
ab plane along the helical c axis because of DM interaction,
giving rise to CHM. A part of left-handed CHM is schematically
drawn in ten unit cells in (b), whereas a whole left-handed CHM
in (c). (d) In magnetic fields perpendicular to the helical c axis,
CHM continuously transforms into CSL. CSL has the same
magnetic chirality as the underlying CHM.

PRL 108, 107202 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

9 MARCH 2012

107202-2

’12 Togawa+

- Forms in the neutron star?  
  Helps to amplify magnetic field?

4

~B

Layers of neutral
pion domain walls

FIG. 4: A schematic figure of the neutron star with domain
wall layers at the core. Scales should not be taken seriously.

rather to say the large value of the neutron chemical po-
tential), the domain walls are present. At the boundary
of the domain walls, neutrons drip from the wall bound-
ary so that the total baryon number is conserved [11].
As the domain wall layers, the ferromagnetic region, are
present only at the core of the neutron star, at the sur-
face of the neutron star the magnetic field does not reach
the value in Eq.(13), but it would be enough strong to
explain the magnetars.

The magnetic field at the surface of the neutron star is
smaller than that of the domain wall core, as Bsurface =
Bcore(Rcore/RNS)3 at the North pole. Rcore is the radius
of the domain wall core (assumed to be spherical and
to have a homogeneous ferromagnetism inside), and RNS

is the radius of the neutron star. The average of the
magnetic field magnitude on the neutron star surface is
Baverage = 0.69Bsurface. The core-radius dependence of
the surface magnetic field is shown in Fig. 5. If the core is
su�ciently small such as Rcore/RNS ⇠ 1/10, the surface
magnetic field may reduce to Bsurface ⇠ O(1016) [G].

The mechanism suggests that there are two kinds of
neutron stars: one which reaches the critical density and
has the domain wall layer structure, and the other which
does not have it. The former would have a strong mag-
netic field but the latter would not have it. It is inter-
esting that the recent data [3] of the magnitude of the
magnetic field on the surface of the neutron stars show
two categories, magnetars and the others.

It is important to construct more realistic models with
nuclear forces, as our model uses free neutrons. For ex-
ample, the neutron superfluidity can co-exist with the
domain wall, since at higher densities the spin-aligned
neutron pairing 3

P2 is known to be favored. Furthermore,
structure of the solitonic core of neutron stars would in-
fluence the equation of state, and may be sensitive to
the mass-radius map of the neutron stars. If the orien-
tation of the solitonic core is di↵erent from the rotation
axis of the neutron star, it would be a source of gravita-
tional waves. All details need to be explored, to match
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FIG. 5: The magnetic field at the neutron star surface. Rcore

is the radius of the domain wall layer core (assumed to be
spherical), and Rsurfce is the radius of the neutron star. At
the core, the critical magnetic field (13) is assumed. For the
1.41M� neutron star with the standard APR equation of state
[12], Rcore/RNS = 0.1 corresponds to the critical density of the
pionic wall formation 3.2⇢0.

the observations of the neutron stars. We hope that our
mechanism may survive various corrections, and explain
observations.
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How to model the formation?
- Classical move from the infinity would be unlikely.

- Quantum tunneling of the layer of disk?

the action of the field configuration of such thick wall disk would be the same order to the thin-wall
approximation. Therefore we expect that the bounce action eq. (2.37) gives a good estimate for the
suppression factor for the total wall disk nucleation rate even for the thin-wall approximation is not
good for Rd = Rc.

2.3.2 Simultaneously generated domain walls and e�ects of background domain walls
Next we examine how the CSL forms. When multiple domain walls are simultaneously created from
the vacuum and the CSL system is formed (see Fig. 3), a wall feels the existence of the neighbouring
walls, and hence a nucleation rate of one of the walls would be a�ected. In order to take this e�ect into
account, let us focus on a single wall which constitutes the CSL and consider its tunneling process.
The critical di�erence to the single disk formation from the vacuum studied in Sec. 2.3.1 is the wall
tension, because the wall feels the repulsive force originated from the other background walls. Let us
remind that the wall tension for the domain wall layer (eq. (2.10)) is given by eq.(2.13),

�̃ = ECSL = 4mf2


2E(k)

k
+

✓
k � 1

k

◆
K(k)

�
� µB

2⇡
, (2.43)

and the minimization condition that optimizes the parameter k = kCSL is given by (2.14). We note
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<latexit sha1_base64="sBN6OGI+NyjbZE9gz9pb1GACH/A="></latexit>

l

Vacuum

Figure 3. Schematic picture for the simultaneous nucleation of the domain walls at the interval l is shown.
We note that l is the lattice space that minimizes the energy density of the domain wall [6].

that � < �̃ < 0 is satisfied. 5This is because repulsive forces working between the walls increases the
tension and hence an isolated wall is energetically more favorable. By replacing the wall tension � by
�̃ in eq. (2.38), we obtain the wall disk nucleation rate, which is suppressed by the exponential factor
e�B(�̃), where B(�̃) = 16⇡T 3/3�̃2. Strictly speaking, this rate is those for a single disk nucleated at
the deficit of the CSL with a distance of 2l(kCSL), we suppose it gives a good approximation for the
CSL (with a finite boundary being surrounded by strings) formation rate itself. The B-dependence of
B is shown in Fig. 4. Note that the production of the domain wall is promoted when B / 1 is satisfied.
Supposing that ln(Rc/rc) is order of the unity, we find that a single wall disk is easily nucleated for
B & (10�20)BDW while a fast CSL formation requires relatively larger magnetic fields, B & 103BDW.

5
The derivative of � � �̃ with respect to µB is �E(k)/(4⇡K(k)) < 0 and limB!Bc � � �̃ = 0. Then, we get � < �̃.

Even though the amplitude of �̃ is smaller than �, the number density of the wall in z-direction is larger, the total

energy density in the whole space is smaller for the CSL state.

– 11 –
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- Classical move from the infinity would be unlikely.

- Quantum tunneling of the layer of disk?

the action of the field configuration of such thick wall disk would be the same order to the thin-wall
approximation. Therefore we expect that the bounce action eq. (2.37) gives a good estimate for the
suppression factor for the total wall disk nucleation rate even for the thin-wall approximation is not
good for Rd = Rc.

2.3.2 Simultaneously generated domain walls and e�ects of background domain walls
Next we examine how the CSL forms. When multiple domain walls are simultaneously created from
the vacuum and the CSL system is formed (see Fig. 3), a wall feels the existence of the neighbouring
walls, and hence a nucleation rate of one of the walls would be a�ected. In order to take this e�ect into
account, let us focus on a single wall which constitutes the CSL and consider its tunneling process.
The critical di�erence to the single disk formation from the vacuum studied in Sec. 2.3.1 is the wall
tension, because the wall feels the repulsive force originated from the other background walls. Let us
remind that the wall tension for the domain wall layer (eq. (2.10)) is given by eq.(2.13),
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We note that l is the lattice space that minimizes the energy density of the domain wall [6].

that � < �̃ < 0 is satisfied. 5This is because repulsive forces working between the walls increases the
tension and hence an isolated wall is energetically more favorable. By replacing the wall tension � by
�̃ in eq. (2.38), we obtain the wall disk nucleation rate, which is suppressed by the exponential factor
e�B(�̃), where B(�̃) = 16⇡T 3/3�̃2. Strictly speaking, this rate is those for a single disk nucleated at
the deficit of the CSL with a distance of 2l(kCSL), we suppose it gives a good approximation for the
CSL (with a finite boundary being surrounded by strings) formation rate itself. The B-dependence of
B is shown in Fig. 4. Note that the production of the domain wall is promoted when B / 1 is satisfied.
Supposing that ln(Rc/rc) is order of the unity, we find that a single wall disk is easily nucleated for
B & (10�20)BDW while a fast CSL formation requires relatively larger magnetic fields, B & 103BDW.
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The derivative of � � �̃ with respect to µB is �E(k)/(4⇡K(k)) < 0 and limB!Bc � � �̃ = 0. Then, we get � < �̃.

Even though the amplitude of �̃ is smaller than �, the number density of the wall in z-direction is larger, the total
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model it as the quantum mechanics of a disk with a Nambu-Goto-like action.  
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Figure 1. Schematic picture of the domain wall disc with the string on the edge. The blue part corresponds
to the domain wall, the red the string. The parameter ✓ parametrizes the string on the edge of the wall.

Equivalently, � is also given by the Jacobi’s elliptic function:

cos
✓
1

2
�k

⇣zm
k

⌘◆
= sn

⇣zm
k

, k
⌘
. (2.11)

In the equations above, it has been assumed that @z� > 0 and µB > 0 without a loss of generality,
such that µB@z� > 0. 3 Note that the parameter k is now identified as the elliptic modulus. Using
the complete elliptic integral of the first kind K(k), the periodicity of this solution is given by

l =
2kK(k)

m
, where 2K(k) =

Z ⇡

0
d✓

1p
1� k2sin2✓

, (2.12)

with shifts of �� = 2⇡ and �z = l, which corresponds to the distance between the walls. The
minimization of the energy of each wall with period l = l(k) per unit area in the xy plane,

ECSL ⌘
Z l(k)/2

�l(k)/2
dzH[�k(z)] = 4mf2


2E(k)

k
+

✓
k � 1

k

◆
K(k)

�
� µB

2⇡
, (2.13)

optimizes the free parameter k for given parameters, µ,B,m, f . The optimal condition is given by [6]

E(k)

k
=

µB

16⇡mf2
, (2.14)

where E(k) is the complete elliptic integral of the second kind, which determines the elliptic modulus
for the CSL, k = kCSL, and hence the wall distance l for given parameters, µ,B,m, f . Note that its
left-hand side is bounded from below as E(k)/k > 1 (0 < k < 1). Not the vacuum solution but the
CSL is the ground state if eq. (2.14) has a solution for 0 < k < 1, and hence the critical magnetic field
strength for the CSL to be the ground state, BCSL, is equal to eq. (2.8),

BCSL = BDW =
16⇡mf2

µ
. (2.15)

In a large magnetic field limit of B � BCSL (k ! 0), in which pNGB mass is neglected, the solution
minimizing the Hamiltonian is given by

�(z) ' µBz

4⇡2f2
. (2.16)

Then, the period reads

l ' 8⇡3f2

µB
. (2.17)

3
Instead, a solution is given by

1
2

�
�k

� zm
k

�
+ ⇡

�
= �am

� zm
k , k

�
when @z� < 0 and µB < 0.
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Figure 1. Schematic picture of the domain wall disc with the string on the edge. The blue part corresponds
to the domain wall, the red the string. The parameter ✓ parametrizes the string on the edge of the wall.
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In the equations above, it has been assumed that @z� > 0 and µB > 0 without a loss of generality,
such that µB@z� > 0. 3 Note that the parameter k is now identified as the elliptic modulus. Using
the complete elliptic integral of the first kind K(k), the periodicity of this solution is given by

l =
2kK(k)
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with shifts of �� = 2⇡ and �z = l, which corresponds to the distance between the walls. The
minimization of the energy of each wall with period l = l(k) per unit area in the xy plane,
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optimizes the free parameter k for given parameters, µ,B,m, f . The optimal condition is given by [6]

E(k)

k
=

µB

16⇡mf2
, (2.14)

where E(k) is the complete elliptic integral of the second kind, which determines the elliptic modulus
for the CSL, k = kCSL, and hence the wall distance l for given parameters, µ,B,m, f . Note that its
left-hand side is bounded from below as E(k)/k > 1 (0 < k < 1). Not the vacuum solution but the
CSL is the ground state if eq. (2.14) has a solution for 0 < k < 1, and hence the critical magnetic field
strength for the CSL to be the ground state, BCSL, is equal to eq. (2.8),

BCSL = BDW =
16⇡mf2

µ
. (2.15)

In a large magnetic field limit of B � BCSL (k ! 0), in which pNGB mass is neglected, the solution
minimizing the Hamiltonian is given by

�(z) ' µBz
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. (2.16)

Then, the period reads

l ' 8⇡3f2

µB
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Figure 1. Schematic picture of the domain wall disc with the string on the edge. The blue part corresponds
to the domain wall, the red the string. The parameter ✓ parametrizes the string on the edge of the wall.
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In the equations above, it has been assumed that @z� > 0 and µB > 0 without a loss of generality,
such that µB@z� > 0. 3 Note that the parameter k is now identified as the elliptic modulus. Using
the complete elliptic integral of the first kind K(k), the periodicity of this solution is given by
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with shifts of �� = 2⇡ and �z = l, which corresponds to the distance between the walls. The
minimization of the energy of each wall with period l = l(k) per unit area in the xy plane,
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optimizes the free parameter k for given parameters, µ,B,m, f . The optimal condition is given by [6]
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where E(k) is the complete elliptic integral of the second kind, which determines the elliptic modulus
for the CSL, k = kCSL, and hence the wall distance l for given parameters, µ,B,m, f . Note that its
left-hand side is bounded from below as E(k)/k > 1 (0 < k < 1). Not the vacuum solution but the
CSL is the ground state if eq. (2.14) has a solution for 0 < k < 1, and hence the critical magnetic field
strength for the CSL to be the ground state, BCSL, is equal to eq. (2.8),
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In a large magnetic field limit of B � BCSL (k ! 0), in which pNGB mass is neglected, the solution
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Figure 1. Schematic picture of the domain wall disc with the string on the edge. The blue part corresponds
to the domain wall, the red the string. The parameter ✓ parametrizes the string on the edge of the wall.
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In the equations above, it has been assumed that @z� > 0 and µB > 0 without a loss of generality,
such that µB@z� > 0. 3 Note that the parameter k is now identified as the elliptic modulus. Using
the complete elliptic integral of the first kind K(k), the periodicity of this solution is given by
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with shifts of �� = 2⇡ and �z = l, which corresponds to the distance between the walls. The
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where E(k) is the complete elliptic integral of the second kind, which determines the elliptic modulus
for the CSL, k = kCSL, and hence the wall distance l for given parameters, µ,B,m, f . Note that its
left-hand side is bounded from below as E(k)/k > 1 (0 < k < 1). Not the vacuum solution but the
CSL is the ground state if eq. (2.14) has a solution for 0 < k < 1, and hence the critical magnetic field
strength for the CSL to be the ground state, BCSL, is equal to eq. (2.8),
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In a large magnetic field limit of B � BCSL (k ! 0), in which pNGB mass is neglected, the solution
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Figure 2. (Left panel) Typical shape of the potential V (R) as a function of R is shown in the solid red
line (�/T = �0.9 and ✏ = 0.3). For � < 0 the barrier height is finite. The black dotted one represents the
line for V (R = 0). V (R) is positive in the blue region at R1 < R < R2, in which region classical dynamics
is forbidden. (Right panel) ✏-dependence of the shape of the potential V (R) for �/T = �0.9 is shown. The
potential barrier tends to be higher for smaller ✏, while the width of barrier �R ⌘ R2 �R1 ⇠ R2 ⇠ �2T/� is
insensitive to ✏.

The bounce solution for the Euclidean action satisfies the conservation law with the flipped potential
as ✓

dR

d⌧E

◆2

� 2V (R) = 0, (2.35)

with the boundary condition V (R1) = V (R2) = 0. With this solution, we can evaluate the bounce
action. Since we are interested in the domain-wall disk nucleation from the nothing, we take the limit
✏ ! +0 so that

R1 = 0 , R2 = �2T

�
. (2.36)

As for the sign of a small ✏, note that the conserved energy is approximately given by the rest energy of
a contribution of the string tension plus the wall tension, E ' 2⇡RT + ⇡R2� = |�|⇡R(R2 �R), when
the kinetic energy (expansion of the radius) is small. As long as we focus on the tunneling process
between R = 0 and R = R2, E / ✏ is necessarily positive because the positive string tension dominates
over the conserved energy in the range of such a small R. (A large wall with R > R2 cancels also the
kinetic energy such that E / ✏ = 0 owing to the negative tension.) See Fig. 2 to show this tendency.
Note that the zero initial radius of the domain-wall disk means that there was no domain wall at all.
By solving the bounce equation for ✏ ! 0 and changing the variables from the Euclidean time ⌧E to
the disk radius R, the bounce action is evaluated as

B = 2⇥ 2⇡T

Z R2

0
dR

p
R2 � (�R2/2T )2 =

16⇡T 3

3�2
, (2.37)

where the factor 2 comes from the bounce trajectory, R : 0 ! R2 ! 0. We can see that the tunneling
action B remains finite in the limit of ✏ ! 0. Consequently, the nucleation rate P that the domain-wall
disk with the radius R = R2 = �2T/� nucleates is given by

P ' Ae�B = Ae�16⇡T 3/3�2

, (2.38)
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Transition rate

Coleman’s formula: 
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This is because the amplitude of the wall tension is smaller for the CSL than that of the single disk,
which is energetically less favored. One may think that the nucleation rate would not be so suppressed
compared to the one from the vacuum until the domain wall separation becomes comparable to the one
for the CSL state. However, the nucleation rate strongly depends on the (absolute value of) domain
wall tension. Since the interaction between the domain wall is always repulsive due to the gradient
energy of the � field, and hence the domain wall tension itself increases as we decrease the lattice
separation ` with staying negative for B > BDW. Note that even though the CSL state has larger
tension, it is energetically favored, since the number density of the walls in z-direction is larger. As we
have discussed in the previous subsection, for such strong magnetic fields, the thin-wall approximation
does not hold for the disk with the critical radius R = R2 = 2T/|�̃|. However, the CSL with the
infinite radius are formed through the expansion of the one with a finite radius, for which the thin-
wall approximation holds at some point. Since the suppression factor of the nucleation rate of the wall
disk with larger radius is expected to be the same, as has been studied in ref. [39], the estimate read
from Fig. 4 would be appropriate to evaluate the disk/CSL formation rate.

1 10 100 1000 104
0.1

1

10

100

1000

Figure 4. The B-dependence of the bounce action B for the single disk (red line) and the CSL (blue line)
is shown. Since |�̃| is smaller than |�|, the bounce action for the single disk is smaller than that for the CSL.
The black dotted line shows B/(ln(Rc/rc))

3 = 1. We emphasize that the point where it interacts with the
solid lines gives a critical magnetic field where the nucleation rate is no longer exponentially suppressed.

Before concluding this section, let us discuss how the system evolves as a whole. Once a single
domain-wall disk forms quantum mechanically with a rate / e�B(�), it expands classically because the
potential V (R) monotonically decreases at R > R2. If another disk has been created in the same x-y
plane, the disks will eventually collide and merge each other. If B(�) < 1, the single wall production
rate in a x-y plane is large and the radius of the domain wall becomes e�ectively infinite in the x-y
plane quickly. If it is also the case with B(�̃) < 1, the domain wall formation in the z direction is not
suppressed in spite of the repulsive force of the background walls [60] so that the CSL forms quickly
with infinite in the x-y direction in a similar way to the ordinary liquid/gas transition (in 2-dimension).
On the other hand, if B(�) < 1 < B(�̃), the completion of the CSL formation takes time while infinite
domain walls with a relatively large distances are formed relatively quickly through the merger of the

– 12 –

SL

’22 Higaki, KK, Nishimura



Courtesy: H. Oide

Whole picture?
single wall individually form
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finally form CSL
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Concrete examples: QCD pion

disks in the same x-y plane. Even in the presence of disks, the nucleation rate in the same x-y plane is
not suppressed compared to the one from the vacuum and they will merge relatively quickly to form
the domain wall with an infinite radius. On the other hand, due to the repulsive force between walls
in the z-direction, the nucleated domain walls are hard to merge into other walls along z-direction.
Therefore, the bubble collision along z-direction is expected to be rare and hence the phase transition
from the vacuum to the CSL is harder than that from the vacuum to a wall which is infinitely distant
to other walls both in z- and x-y direction.

3 Implication for physical specific systems

The discussions in the previous section is based on a simple toy model only with a pNGB, which catches
up the basic physics. Once we consider more realistic models, some of the details are di�erent, such
as the definition of µ and j5, while quantitative arguments are possible. In this section, we take the
neutral pion in QCD and axions in the early Universe as examples and discuss their phenomenology.

3.1 QCD
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Figure 5. The critical magnetic fields for the state, B⇡0
CSL (Blue), for the BEC, B⇡±

BEC (Green), and for the
single disk nucleation, B⇡0c (Red) are shown as functions of µB . The region below the blue line indicates the
parameter space where the ground state is the QCD vacuum. The area between the blue and green line is the
parameter space where the ⇡0 CSL state is the ground state, while in the region above the green line the CSL
state is unstable and the ground state becomes ⇡± BEC state. In the region above the red line, the nucleation
of the domain walls is promoted promptly without the exponential suppression. We emphasize, however, this
region lies above the green line, where the CSL is no longer the vacuum state, as well as the black dotted
line (B = 1GeV2 and µB = 1GeV), which indicates the boundary of the region where the chiral perturbation
theory is valid.

Let us first apply our result to that in 2-flavor QCD at the finite baryon chemical potential µB
under the external magnetic field, where the low energy e�ective theory is described by the neutral
and charged pions. In this case, the relevant e�ective action for the CSL is described by eq. (2.1) just
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CSL is favored

Charged pion instability

EFT violation
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B = 1

It is difficult for CSL to form without exponential suppression

’22 Higaki, KK, Nishimura
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Concrete examples: ALP
- also difficult to setup the situation where 
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f ⇠ T we might have 
<latexit sha1_base64="S/7Wx9huecHsxaTdLOPQIrEfBh8=">AAACHXicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8tSNy4r2FpoQplMJu3QmSTMTIQS+iUu3OinuBO34pe4ddpmYVsPDBzOuZd75gQpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bBYUclmSS0TRKeyG6AFeUspm3NNKfdVFIsAk4fg9Ht1H98olKxJH7Q45T6Ag9iFjGCtZH6djX3COaoOUGeYgK5fbvm1J0Z0CpxC1KDAq2+/eOFCckEjTXhWKme66Taz7HUjHA6qXiZoikmIzygPUNjLKjy81nwCTo1SoiiRJoXazRT/27kWCg1FoGZFFgP1bI3Ff/1ArFwOVcm2pCGS3F0dOPnLE4zTWMyTxNlHOkETatCIZOUaD42BBPJzIcQGWKJiTaFVkxT7nIvq6RzXnev6pf3F7VGs+isDMdwAmfgwjU04A5a0AYCGTzDK7xZL9a79WF9zkdLVrFzBAuwvn4BuUyhxg==</latexit>

B ⇠ 1

Unfortunately, we cannot expect for the effect on cosmic birefringence in CMB. 
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Summary
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- Chiral anomaly induces a nontrivial topological interaction between  
  axion/pion and magnetic field at finite density (chemical potential).  
- It makes the domain wall layer energetically favorable,  
  which is called as “Chiral Soliton Lattice”.  
- Its formation is described by the nucleation of a domain wall disk.  
- The formation rate is relatively suppressed. 
- Implication of light axions? Indeed, thin-wall approximation becomes bad.


