
KONSTANTIN SPRINGMANN

March, 2023

How axions change stars

Technische Universität 

In collaboration with Reuven Balkin (Technion), Javi Serra (IFT Madrid), Stefan Stelzl (EPFL Lausanne), Andreas Weiler (TUM)



Part I: White dwarfs as a probe of light QCD axions

• Axions and their properties at finite density

Plan

• Toy Model: Free Fermi gas of neutrons with axion

• White dwarfs and light QCD axions

Part II: Heavy neutron stars from light scalars

• Motivation and simplest example

• What kind of equation of state?

• Parameter space

Conclusion and Outlook
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The QCD Axion: Motivated by the strong CP problem

CP violation in the strong sector
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CP violation in the strong sector

Predicts a neutron EDM

Why so small ?
10-26

The QCD Axion: Motivated by the strong CP problem



The QCD Axion: Solution

• Axial PQ symmetry
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U(1)PQ :  spontaneously broken at the scale 

Roberto Peccei

Helen Quinn
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• Explicitly broken at the quantum level by QCD anomaly 

• pseudo-Nambu-Goldstone Boson (pNGB) arises: the QCD axion
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• Non-perturbative axion potential relaxes to CP conserving minimum below the QCD scale
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The QCD Axion: At low energies

Non-perturbative effects generate potential 
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The QCD axion is very predictive

Couplings to nucleons, photons, electrons,…

Determined by the scale
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The QCD Axion: Plethora of experimental searches
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See e.g. G. Raffelt ’06 and Di Luzio Giannotti, Nardi, Visinelli ’20  
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See e.g. G. Raffelt ’06 and Di Luzio Giannotti, Nardi, Visinelli ’20  



10°
12

10°
11

10°
10

10°
9

10°
8

10°
7

10°
6

10°
5

10°
4

10°
3

10°
2

10°
1

100
101

102
103

104
105

106
107

ma [eV]

10°19

10°18

10°17

10°16

10°15

10°14

10°13

10°12

10°11

10°10

10°9

10°8

10°7

10°6

|g
ag

g
|[

G
eV

°
1 ]

KSVZ

DFSZ

So
la

rb
as

in

A
D

M
X

H
A

Y
STA

C

O
R

G
A

N

R
B

F+U
F

C
A

PP

Q
U

A
XB

A
SE

A
D

M
X

SLIC

Chandra
SN1987A

MWD X-rays

MWD
Polarisation

M
U

SE V
IM

O
S

XMM-Newton

Leo T

INTEGRAL

Neutron stars

ht
tp

s:
//g

ith
ub

.c
om

/c
aj

oh
ar

e/
Ax

io
nL

im
its

The QCD Axion: Plethora of experimental searches

ht
tp

s:
//g

ith
ub

.c
om

/c
aj

oh
ar

e/
Ax

io
nL

im
its

See e.g. G. Raffelt ’06 and Di Luzio Giannotti, Nardi, Visinelli ’20  

Ja
ec

ke
l, 

Ry
bk

a,
 W

in
sl

ow
 ‘2

2

Interesting region



Non-perturbative effects generate potential 

… with smaller mass 
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V (�) ' �m2
⇡f

2
⇡
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cos

✓
�

f

◆
� 1

�

For symmetry based realizations, see (Hook, Huang ’17, Hook ‘18, Di Luzio et. al. ’21)



Leads to non-derivative coupling to nucleons:

Nuclear Chiral Perturbation Theory with QCD axion

Light QCD Axion: Coupling to nucleons

such that 
<latexit sha1_base64="oqBor28akVKf7OxM4nmaeRhT5dk="></latexit>

mN (0) = mN , �⇡N ' 50MeV

<latexit sha1_base64="H1UCuKIfeimqw53C7wIFqqO6/hc=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQF5ZEirosunEhpYJ9QBPCZDpph06SYWYilNAvcOOvuHGhiFvX7vwbJ20W2nrgwuGce7n3Hp8zKpVlfRuFldW19Y3iZmlre2d3z9w/6Mg4EZi0ccxi0fORJIxGpK2oYqTHBUGhz0jXH19nfveBCEnj6F5NOHFDNIxoQDFSWvLMihMiNcKIpbdTRyZcEgVPQ69ZdfiInjg+Emlz2vTMslWzZoDLxM5JGeRoeeaXM4hxEpJIYYak7NsWV26KhKKYkWnJSSThCI/RkPQ1jVBIpJvO3pnCilYGMIiFrkjBmfp7IkWhlJPQ153Z8XLRy8T/vH6igks3pRFPFInwfFGQMKhimGUDB1QQrNhEE4QF1bdCPEICYaUTLOkQ7MWXl0nnrGaf1+p39XLjKo+jCI7AMagCG1yABrgBLdAGGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gALdJwa</latexit>

L � �mN (�)N̄N

<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>

mN (�) ⌘ mN


1 +

�⇡N

2mN

✓
cos

�

f
� 1

◆�
with

<latexit sha1_base64="Y7XH+61zmYHqIH/ywSxHIX1O/tw="></latexit>

L�PT = Tr
h
UMqe

i�/f + h.c.
i
N̄N + . . .



Turn on baryon density background
<latexit sha1_base64="9qfGaL0clygQCXhwgSkUZfV0RRY=">AAACDHicbVDLSsNAFJ3UV62vqks3wSK4KokUdSMU3bgqFewDmlIm05t06GQSZm6EEvoBbvwVNy4UcesHuPNvnD4W2npg4HDOudy5x08E1+g431ZuZXVtfSO/Wdja3tndK+4fNHWcKgYNFotYtX2qQXAJDeQooJ0ooJEvoOUPbyZ+6wGU5rG8x1EC3YiGkgecUTRSr1jyBAToCSpDAZ5PVVYb1zzFwwF6aipeTVJO2ZnCXibunJTIHPVe8cvrxyyNQCITVOuO6yTYzahCzgSMC16qIaFsSEPoGCppBLqbTY8Z2ydG6dtBrMyTaE/V3xMZjbQeRb5JRhQHetGbiP95nRSDy27GZZIiSDZbFKTCxtieNGP3uQKGYmQIZYqbv9psQBVlaPormBLcxZOXSfOs7J6XK3eVUvV6XkeeHJFjckpcckGq5JbUSYMw8kieySt5s56sF+vd+phFc9Z85pD8gfX5A69onAc=</latexit>⌦
N̄N

↵
= n

<latexit sha1_base64="Fp3I4FXdNKb1V79O+scUpGvvuYU="></latexit>

V (�) ' �

✏m2
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2
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4
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�✓
cos

�

f
� 1

◆

<latexit sha1_base64="8rVC7CoE5KKtrfpbJNSOWK62hhg=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXJWZUryAQtGNK6lgL9CpQybNtKFJZkgyQhnmWdz4Km5cKOpK8GFML4K2/hD4+M85nJw/iBlV2nE+rdzC4tLySn61sLa+sbllb+80VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwGl6N6855IRSNxq4cx6XDUEzSkGGlj+fapOBM+PvdCiXDqkVhRFgnI/dSLaXZXDn8gSyueoj2Oxga8zjLfLjolZyw4D+4UimCqmm+/e90IJ5wIjRlSqu06se6kSGqKGckKXqJIjPAA9UjboECcqE46PjGDB8bpwjCS5gkNx+7viRRxpYY8MJ0c6b6arY3M/2rtRIcnnZSKONFE4MmiMGFQR3CUF+xSSbBmQwMIS2r+CnEfmbS0SbVgQnBnT56HRrnkHpUqN5Vi9WIaRx7sgX1wCFxwDKrgCtRAHWDwAJ7AC3i1Hq1n6836mLTmrOnMLvgj6+sbug2lCQ==</latexit>

n < nc =
✏m2

⇡f
2
⇡

4�⇡N

Light QCD Axion: at Finite Density
<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (�)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

RWD ⇠ Mplanck

me mN
⇠ mN

me
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MWD ⇠
M3

planck
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N

⇠ MNS

RWD ⇠ (few) 10000 km

MWD ⇠ M�

me = 0.51099895000(15) MeV

L = T � U

T =
1

2
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2

U =
1

2
(r�)2 + V (�)

h�i = 0
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<latexit sha1_base64="Fp3I4FXdNKb1V79O+scUpGvvuYU="></latexit>

V (�) ' �

✏m2

⇡f
2
⇡

4
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�✓
cos

�

f
� 1

◆

new minima appear at 

At critical density                     : 

Exciting effects appear once develops a non-trivial profile

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f

Turn on baryon density background
<latexit sha1_base64="9qfGaL0clygQCXhwgSkUZfV0RRY=">AAACDHicbVDLSsNAFJ3UV62vqks3wSK4KokUdSMU3bgqFewDmlIm05t06GQSZm6EEvoBbvwVNy4UcesHuPNvnD4W2npg4HDOudy5x08E1+g431ZuZXVtfSO/Wdja3tndK+4fNHWcKgYNFotYtX2qQXAJDeQooJ0ooJEvoOUPbyZ+6wGU5rG8x1EC3YiGkgecUTRSr1jyBAToCSpDAZ5PVVYb1zzFwwF6aipeTVJO2ZnCXibunJTIHPVe8cvrxyyNQCITVOuO6yTYzahCzgSMC16qIaFsSEPoGCppBLqbTY8Z2ydG6dtBrMyTaE/V3xMZjbQeRb5JRhQHetGbiP95nRSDy27GZZIiSDZbFKTCxtieNGP3uQKGYmQIZYqbv9psQBVlaPormBLcxZOXSfOs7J6XK3eVUvV6XkeeHJFjckpcckGq5JbUSYMw8kieySt5s56sF+vd+phFc9Z85pD8gfX5A69onAc=</latexit>⌦
N̄N

↵
= n

Light QCD Axion: at Finite Density
<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (�)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="i6mlI1LUEc/vhGgVPsw31h1Xtak=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkaLuLLpxWcFeoB1KJk3b0EwmJBmxDH0IN4IVcesr+BrufBszbRfa+kPg4//PIeecQHKmjet+O5mV1bX1jexmbmt7Z3cvv39Q11GsCK2RiEeqGWBNORO0ZpjhtCkVxWHAaSMY3qR544EqzSJxb0aS+iHuC9ZjBBtrNdpywIqPp518wS25U6Fl8OZQuPp8STWpdvJf7W5E4pAKQzjWuuW50vgJVoYRTse5dqypxGSI+7RlUeCQaj+ZjjtGJ9bpol6k7BMGTd3fHQkOtR6Fga0MsRnoxSw1/8taseld+gkTMjZUkNlHvZgjE6F0d9RlihLDRxYwUczOisgAK0yMvVDOHsFbXHkZ6mcl77xUvisXKtcwUxaO4BiK4MEFVOAWqlADAkN4ggm8OtJ5dt6c91lpxpn3HMIfOR8/3WeTvg==</latexit>

�(x)



Axion Profile: in a neutron star

Long-range forceA
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see Hook, Huang ’17 and Balkin, Serra, KS, Weiler ‘20

Long range forces, axion conversion in magnetosphere of NSs

φ = θf

<latexit sha1_base64="2ZkgyUDgDLl/3fDFdcSX9vUcquI=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+07MusWSW3anQsvgzaF09TnJ9FbrFr86PUmSiApDONa67bmx8VOsDCOcjgudRNMYkyHu07ZFgSOq/XQ66hidWKeHQqnsEwZN3d8dKY60HkWBrYywGejFLDP/y9qJCS/9lIk4MVSQ2UdhwpGRKNsb9ZiixPCRBUwUs7MiMsAKE2OvU7BH8BZXXobGWdk7L1fuKqXqNcyUhyM4hlPw4AKqcAs1qAOBPjzBC7w63Hl2Js77rDTnzHsO4Y+cjx90hpJl</latexit>⇡

<latexit sha1_base64="CoVMv4UyazlmnacXbkpsydY31aY=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smtMtlpyyM5W9DO4cStefk0zv1W7xq9OLaBKi0JQTpdquE2svJVIzynFc6CQKY0KHpI9tg4KEqLx0OujYPjFOzw4iaZ7Q9tT93ZGSUKlR6JvKkOiBWswy87+snejgykuZiBONgs4+ChJu68jOtrZ7TCLVfGSAUMnMrDYdEEmoNrcpmCO4iysvQ+Os7F6Uz2vnpcoNzJSHIziGU3DhEipwB1WoAwWEJ3iBV+vBerberMmsNGfNew7hj6yPH53ikUw=</latexit>

0

axion core

long-range force
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φ = θf

<latexit sha1_base64="2ZkgyUDgDLl/3fDFdcSX9vUcquI=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+07MusWSW3anQsvgzaF09TnJ9FbrFr86PUmSiApDONa67bmx8VOsDCOcjgudRNMYkyHu07ZFgSOq/XQ66hidWKeHQqnsEwZN3d8dKY60HkWBrYywGejFLDP/y9qJCS/9lIk4MVSQ2UdhwpGRKNsb9ZiixPCRBUwUs7MiMsAKE2OvU7BH8BZXXobGWdk7L1fuKqXqNcyUhyM4hlPw4AKqcAs1qAOBPjzBC7w63Hl2Js77rDTnzHsO4Y+cjx90hpJl</latexit>⇡

<latexit sha1_base64="CoVMv4UyazlmnacXbkpsydY31aY=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smtMtlpyyM5W9DO4cStefk0zv1W7xq9OLaBKi0JQTpdquE2svJVIzynFc6CQKY0KHpI9tg4KEqLx0OujYPjFOzw4iaZ7Q9tT93ZGSUKlR6JvKkOiBWswy87+snejgykuZiBONgs4+ChJu68jOtrZ7TCLVfGSAUMnMrDYdEEmoNrcpmCO4iysvQ+Os7F6Uz2vnpcoNzJSHIziGU3DhEipwB1WoAwWEJ3iBV+vBerberMmsNGfNew7hj6yPH53ikUw=</latexit>

0

On the other hand: There is a back reaction on the system!

axion core

long-range force

Axion Profile: in a neutron star



We gain energy by being in the true vacuum inside dense object.

Field theory potential energy contains gradient term!

Resists change in profile  

    (“string does not want to be bend”)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>
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Why does this not affect large nuclei?



Condition for non-trivial profile:
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Objects must be large enough. No effects in particle physics experiments.
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Light QCD Axion: at Finite Density
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V (⇡f) ' ✏m2
⇡f

2
⇡/2



Part I: White dwarfs as a probe of light QCD axions

Plan

• Toy Model: Equation of state of free fermi gas with axion

• Axions and their properties at finite density



Minimizing the action

Free Fermi Gas of Neutrons with Axion
LNφ =

√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,



Minimizing the action

coupled system

Free Fermi Gas of Neutrons with Axion

Einstein equations and axion EOM

LNφ =
√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,



Free Fermi Gas of Neutrons with Axion
LNφ =

√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,

Minimizing the action

can be solved numerically, very technical

Einstein equations and axion EOM
coupled system



coupled system

Luckily, there is a simplifying limit!

Minimizing the action

LNφ =
√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,

Free Fermi Gas of Neutrons with Axion

can be solved numerically, very technical

Einstein equations and axion EOM



Scale hierarchy

Scale of the system Scale of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Zero Gradient Limit

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="4D+XascxJjOXYZ0rAgeFvKD/S1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQy+K+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFB9o3L</latexit>�

<latexit sha1_base64="vB/7rzhrDJTEOK1TE+xaqkbYwz4="></latexit>

�� = m�1
� ⇠ fp

�⇡Nn� ✏m2
⇡f

2
⇡



Gradient energy becomes negligible:

The system effectively decouples: Solve for EOS 

<latexit sha1_base64="0l2ScNTSgdw5CyBCexPf4RQsfSw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxXsquFPUiFL14rGA/sF1KNs22odlsSLJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYTVZrF4sGMJfUjPBAsZAQbKz125ZCdltXZtdsrltyKOwNaJl5GSpCh3it+dfsxSSIqDOFY647nSuOnWBlGOJ0UuommEpMRHtCOpQJHVPvp7OIJOrFKH4WxsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMmZGKoIPNFYcKRidH0fdRnihLDx5Zgopi9FZEhVpgYG1LBhuAtvrxMmucV76JSva+WajdZHHk4gmMogweXUIM7qEMDCAh4hld4c7Tz4rw7H/PWnJPNHMIfOJ8/CQ+P2w==</latexit>

�0(r) = 0

Scale hierarchy

Scale of the system Scale of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Zero Gradient Limit

Solve pressure gravity equations

Limit of a thin wall bubble

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="4D+XascxJjOXYZ0rAgeFvKD/S1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQy+K+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFB9o3L</latexit>�

<latexit sha1_base64="vB/7rzhrDJTEOK1TE+xaqkbYwz4="></latexit>

�� = m�1
� ⇠ fp

�⇡Nn� ✏m2
⇡f

2
⇡



minimising the potential energy 
∂ε

∂φ
= 0 <latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

Equation of state



minimising the potential energy 
∂ε

∂φ
= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

�(n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

Equation of state



minimising the potential energy 

equation of state

∂ε

∂φ
= 0

<latexit sha1_base64="znIV5CvbMGEkdvgBWLVZGoZf7Po=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJmRoi6LblxWsA9oh5JJM21oJglJpjAM9VfcuFDErR/izr8xbWehrQfu5XDOveTmhJJRbTzv21lb39jc2i7sFHf39g8O3aPjlhaJwqSJBROqEyJNGOWkaahhpCMVQXHISDsc38389oQoTQV/NKkkQYyGnEYUI2OlvlvqTZAiUlMmeIWfX0jb+m7Zq3pzwFXi56QMcjT67ldvIHASE24wQ1p3fU+aIEPKUMzItNhLNJEIj9GQdC3lKCY6yObHT+GZVQYwEsoWN3Cu/t7IUKx1God2MkZmpJe9mfif101MdBNklMvEEI4XD0UJg0bAWRJwQBXBhqWWIKyovRXiEVIIG5tX0YbgL395lbQuq/5VtfZQK9dv8zgK4AScggrwwTWog3vQAE2AQQqewSt4c56cF+fd+ViMrjn5Tgn8gfP5A7jIlCs=</latexit>

"(n), p(n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

�(n)

Equation of state



Energy per particle

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

"(n,�)

n
=

"N (n,�) + V (�)

n



Energy per particle

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

"(n,�)

n
=

"N (n,�) + V (�)

n



Energy per particle

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 @("/n)

@n
= pN � V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

"(n,�)

n
=

"N (n,�) + V (�)

n



Energy per particle

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 @("/n)

@n
= pN � V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

Negative pressure for
<latexit sha1_base64="jSg0R1FoZBOck40P20mRoBuw+20=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiiIsyI0VdFCy6cVnBXqQdSybNtKGZzJBkhDL0KdyoKOLWN/A13Pk2ZtoutPWHwMf/n0POOV7EmdK2/W1lFhaXlleyq7m19Y3Nrfz2Tl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uAyzRv3VCoWihs9jKgb4J5gPiNYG+tWdEhZlMXdUSdfsIv2WGgenCkUzj+fUj1XO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLoMABVW4yHniEDozTRX4ozRMajd3fHQkOlBoGnqkMsO6r2Sw1/8tasfbP3ISJKNZUkMlHfsyRDlG6PeoySYnmQwOYSGZmRaSPJSba3ChnjuDMrjwP9eOic1IsXZcKlQuYKAt7sA+H4MApVOAKqlADAgE8wAu8WtJ6tN6s90lpxpr27MIfWR8/KDGUeA==</latexit>

nc < n < n⇤

<latexit sha1_base64="abNFCrM5vhYFyQ16Wjsps9uzyGA=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm2ARqmBJpKibYtGNK6lgL9DGMJlO2qGTSZiZCCHU99CNGxeKuBV8DXe+jZO0C63+MPDxn3M4Z343pERI0/zScnPzC4tL+eXCyura+oa+udUSQcQRbqKABrzjQoEpYbgpiaS4E3IMfZfitjs6T+vtW8wFCdi1jENs+3DAiEcQlMpy9GJYZjf7e7XQuczgoFUzHb1kVsxMxl+wplA6/bhP9dBw9M9eP0CRj5lEFArRtcxQ2gnkkiCKx4VeJHAI0QgOcFchgz4WdpIdPzZ2ldM3vICrx6SRuT8nEugLEfuu6vShHIrZWmr+V+tG0juxE8LCSGKGJou8iBoyMNIkjD7hGEkaK4CIE3WrgYaQQyRVXgUVgjX75b/QOqxYR5XqVbVUPwMT5cE22AFlYIFjUAcXoAGaAIEYPIJn8KLdaU/aq/Y2ac1p05ki+CXt/RubGZdJ</latexit>

p(n⇤) = pN (n⇤)� V = 0

Defines 
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤ as

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

"(n,�)

n
=

"N (n,�) + V (�)

n



Energy per particle and pressure

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

<latexit sha1_base64="6bv2MCXUj94yr/yBftsGlUIAwHM=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRbBjWVGirpQLLpxJRXsBaZDyaSZNjSThCQjlKGP4cIuFHHrC/ga7nwbM20X2vpD4OP/zyHnnFAyqo3rfjsLi0vLK6u5tfz6xubWdmFnt65FojCpYcGEaoZIE0Y5qRlqGGlKRVAcMtII+zdZ3ngkSlPBH8xAkiBGXU4jipGxli8vZTu9Gx7XL9x2oeiW3LHgPHhTKF59PmcaVduFr1ZH4CQm3GCGtPY9V5ogRcpQzMgw30o0kQj3UZf4FjmKiQ7S8chDeGidDoyEso8bOHZ/d6Qo1noQh7YyRqanZ7PM/C/zExOdBynlMjGE48lHUcKgETDbH3aoItiwgQWEFbWzQtxDCmFjr5S3R/BmV56H+knJOy2V78vFyjWYKAf2wQE4Ah44AxVwC6qgBjAQ4Am8gFfHOCPnzXmflC4405498EfOxw9zepUx</latexit>

p = pN � V < 0

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas



Part I: White dwarfs as a probe of light QCD axions

•Axions and their properties at finite density

Plan

•Toy Model: Equation of state of free fermi gas with axion

White dwarfs and light QCD axions



White Dwarfs

•Balance gravity with electron degeneracy pressure
<latexit sha1_base64="0D/AR1/hJJZXNYUS/uYxyIiVxKI=">AAACJnicbZDLSsNAFIYn9VbrrepSkGARXJSSlKBuhKKbboQK9gJtLJPpaTt0JgkzE6GE7HwYcavP4U7Ena/gGzhts7CtBwZ+/v+cMzOfFzIqlWV9GZmV1bX1jexmbmt7Z3cvv3/QkEEkCNRJwALR8rAERn2oK6oYtEIBmHsMmt7oZpI3H0FIGvj3ahyCy/HAp31KsNJWN3/cIRDHyYNThaTY6QVKFlOn7NwOkm6+YJWsaZnLwk5FAaVV6+Z/9BIScfAVYVjKtm2Fyo2xUJQwSHKdSEKIyQgPoK2ljzlIN57+IzFPtdMz+4HQx1fm1P07EWMu5Zh7upNjNZSL2cT8L2tHqn/pxtQPIwU+mV3Uj5ipAnMCxexRAUSxsRaYCKrfapIhFpgojW5uU8ryynFjPiRD4ElOM7IXiSyLRrlkn5ecO6dQuU5pZdEROkFnyEYXqIKqqIbqiKAn9IJe0ZvxbLwbH8bnrDVjpDOHaK6M71/8eqX/</latexit>

4
He, . . . , 24Mg

Degenerate Fermi gas of electrons and light nuclei

•Mass comes dominantly from nuclei

•Charge neutrality <latexit sha1_base64="pWrGur0p7VlUyUtYPI85kqRAehY=">AAAB+HicbVDLSgNBEJyNrxgfiXr0MhgET2FXgnoRgl48RjAPSJZldtKbDJmdXecRiCFf4sWDIl79FG/+jZNkD5pY0FBUddPdFaacKe26305ubX1jcyu/XdjZ3dsvlg4OmyoxkkKDJjyR7ZAo4ExAQzPNoZ1KIHHIoRUOb2d+awRSsUQ86HEKfkz6gkWMEm2loFQUAVyLIO3Co2EjbJWyW3HnwKvEy0gZZagHpa9uL6EmBqEpJ0p1PDfV/oRIzSiHaaFrFKSEDkkfOpYKEoPyJ/PDp/jUKj0cJdKW0Hiu/p6YkFipcRzazpjogVr2ZuJ/Xsfo6MqfMJEaDYIuFkWGY53gWQq4xyRQzceWECqZvRXTAZGEaptVwYbgLb+8SprnFe+iUr2vlms3WRx5dIxO0Bny0CWqoTtURw1EkUHP6BW9OU/Oi/PufCxac042c4T+wPn8AZBWkwo=</latexit>ne = np ⌘ n

•Zero temperature EOS:
<latexit sha1_base64="cZtMapYF4cSRUb8wFUeNtZdHD9w=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSDEJuxKUDuDNlYSwTwgCWF2cpMMmX0wczcYlrQ2foF+g42Forb+gZ1/4+RRaOKBC4dz7p2597ihFBpt+9tKLCwuLa8kV1Nr6xubW+ntnbIOIsWhxAMZqKrLNEjhQwkFSqiGCpjnSqi4vYuRX+mD0iLwb3AQQsNjHV+0BWdopGaahk3I1vtMQaiFNEpcR7jF+CriEsRweNhMZ+ycPQadJ86UZM7eH0Z4LDbTX/VWwCMPfOSSaV1z7BAbMVMozJPDVD3SEDLeYx2oGeozD3QjHl8ypAdGadF2oEz5SMfq74mYeVoPPNd0egy7etYbif95tQjbp41Y+GGE4PPJR+1IUgzoKBbaEgo4yoEhjCthdqW8yxTjaMJLmRCc2ZPnSfko5xzn8tf5TOGcTJAke2SfZIlDTkiBXJIiKRFO7sgTeSGv1r31bL1ZH5PWhDWd2SV/YH3+ALRkn3c=</latexit>

pe("Nuclei)

<latexit sha1_base64="9m7vQMw1veo2EuNWupSbYM8M02c=">AAACEXicbVDLSgMxFM34rPVVdekmWARXdaYUdSNU3bisYB84HUomvdOGJjNjkhHK0K8Qt/od7sStX+Bn+Aem7Sxs64ELh3PuTe49fsyZ0rb9bS0tr6yurec28ptb2zu7hb39hooSSaFOIx7Jlk8UcBZCXTPNoRVLIMLn0PQHN2O/+QRSsSi818MYPEF6IQsYJdpI7tXpQ1sxAY+43CkU7ZI9AV4kTkaKKEOtU/hpdyOaCAg15UQp17Fj7aVEakY5jPLtREFM6ID0wDU0JAKUl05WHuFjo3RxEElTocYT9e9ESoRSQ+GbTkF0X817Y/E/z010cOGlLIwTDSGdfhQkHOsIj+/HXSaBaj40hFDJzK6Y9okkVJuUZl7KYruseKno0z6IUd5k5Mwnskga5ZJzVqrcVYrV6yytHDpER+gEOegcVdEtqqE6oihCL+gVvVnP1rv1YX1OW5esbOYAzcD6+gWJcZ1a</latexit>

A/Z ' 2

<latexit sha1_base64="iUBqQdX1+CQxS1z1N/n2ZEtToCQ=">AAACJXicbVDLSgMxFM34rPVVdekmWATd1BkRdaHgY+NKFKyKnVIy6a0NJpkxuSOWoT/jxl9x48Iigit/xfSxqI8DgcM59yS5J0qksOj7n97I6Nj4xGRuKj89Mzs3X1hYvLRxajiUeSxjcx0xC1JoKKNACdeJAaYiCVfR3XHXv3oAY0WsL7CVQFWxWy0agjN0Uq2wFz4wA4kVMtahFQruh4RaFqLQrRDhEbPTlEsQ7fb+2uHGzbqqnVIXL/olvwf6lwQDUiQDnNUKnbAe81SBRi6ZtZXAT7CaMYPCXd7Oh6mFhPE7dgsVRzVTYKtZb8s2XXVKnTZi445G2lOHExlT1rZU5CYVw6b97XXF/7xKio3daiZ0kiJo3n+okUqKMe1WRuvCAEfZcoRxI9xfKW8ywzi6YvOuhOD3yn/J5WYp2C5tnW8VD44GdeTIMlkhayQgO+SAnJAzUiacPJEX8kY63rP36r17H/3REW+QWSI/4H19A/oOprU=</latexit>

" ' "Nuclei = (A/Z)mNn



•Balance gravity with electron degeneracy pressure
<latexit sha1_base64="0D/AR1/hJJZXNYUS/uYxyIiVxKI=">AAACJnicbZDLSsNAFIYn9VbrrepSkGARXJSSlKBuhKKbboQK9gJtLJPpaTt0JgkzE6GE7HwYcavP4U7Ena/gGzhts7CtBwZ+/v+cMzOfFzIqlWV9GZmV1bX1jexmbmt7Z3cvv3/QkEEkCNRJwALR8rAERn2oK6oYtEIBmHsMmt7oZpI3H0FIGvj3ahyCy/HAp31KsNJWN3/cIRDHyYNThaTY6QVKFlOn7NwOkm6+YJWsaZnLwk5FAaVV6+Z/9BIScfAVYVjKtm2Fyo2xUJQwSHKdSEKIyQgPoK2ljzlIN57+IzFPtdMz+4HQx1fm1P07EWMu5Zh7upNjNZSL2cT8L2tHqn/pxtQPIwU+mV3Uj5ipAnMCxexRAUSxsRaYCKrfapIhFpgojW5uU8ryynFjPiRD4ElOM7IXiSyLRrlkn5ecO6dQuU5pZdEROkFnyEYXqIKqqIbqiKAn9IJe0ZvxbLwbH8bnrDVjpDOHaK6M71/8eqX/</latexit>

4
He, . . . , 24Mg

<latexit sha1_base64="9m7vQMw1veo2EuNWupSbYM8M02c=">AAACEXicbVDLSgMxFM34rPVVdekmWARXdaYUdSNU3bisYB84HUomvdOGJjNjkhHK0K8Qt/od7sStX+Bn+Aem7Sxs64ELh3PuTe49fsyZ0rb9bS0tr6yurec28ptb2zu7hb39hooSSaFOIx7Jlk8UcBZCXTPNoRVLIMLn0PQHN2O/+QRSsSi818MYPEF6IQsYJdpI7tXpQ1sxAY+43CkU7ZI9AV4kTkaKKEOtU/hpdyOaCAg15UQp17Fj7aVEakY5jPLtREFM6ID0wDU0JAKUl05WHuFjo3RxEElTocYT9e9ESoRSQ+GbTkF0X817Y/E/z010cOGlLIwTDSGdfhQkHOsIj+/HXSaBaj40hFDJzK6Y9okkVJuUZl7KYruseKno0z6IUd5k5Mwnskga5ZJzVqrcVYrV6yytHDpER+gEOegcVdEtqqE6oihCL+gVvVnP1rv1YX1OW5esbOYAzcD6+gWJcZ1a</latexit>

A/Z ' 2

Degenerate Fermi gas of electrons and light nuclei

•Mass comes dominantly from nuclei

•Charge neutrality

<latexit sha1_base64="iUBqQdX1+CQxS1z1N/n2ZEtToCQ=">AAACJXicbVDLSgMxFM34rPVVdekmWATd1BkRdaHgY+NKFKyKnVIy6a0NJpkxuSOWoT/jxl9x48Iigit/xfSxqI8DgcM59yS5J0qksOj7n97I6Nj4xGRuKj89Mzs3X1hYvLRxajiUeSxjcx0xC1JoKKNACdeJAaYiCVfR3XHXv3oAY0WsL7CVQFWxWy0agjN0Uq2wFz4wA4kVMtahFQruh4RaFqLQrRDhEbPTlEsQ7fb+2uHGzbqqnVIXL/olvwf6lwQDUiQDnNUKnbAe81SBRi6ZtZXAT7CaMYPCXd7Oh6mFhPE7dgsVRzVTYKtZb8s2XXVKnTZi445G2lOHExlT1rZU5CYVw6b97XXF/7xKio3daiZ0kiJo3n+okUqKMe1WRuvCAEfZcoRxI9xfKW8ywzi6YvOuhOD3yn/J5WYp2C5tnW8VD44GdeTIMlkhayQgO+SAnJAzUiacPJEX8kY63rP36r17H/3REW+QWSI/4H19A/oOprU=</latexit>

" ' "Nuclei = (A/Z)mNn
<latexit sha1_base64="pWrGur0p7VlUyUtYPI85kqRAehY=">AAAB+HicbVDLSgNBEJyNrxgfiXr0MhgET2FXgnoRgl48RjAPSJZldtKbDJmdXecRiCFf4sWDIl79FG/+jZNkD5pY0FBUddPdFaacKe26305ubX1jcyu/XdjZ3dsvlg4OmyoxkkKDJjyR7ZAo4ExAQzPNoZ1KIHHIoRUOb2d+awRSsUQ86HEKfkz6gkWMEm2loFQUAVyLIO3Co2EjbJWyW3HnwKvEy0gZZagHpa9uL6EmBqEpJ0p1PDfV/oRIzSiHaaFrFKSEDkkfOpYKEoPyJ/PDp/jUKj0cJdKW0Hiu/p6YkFipcRzazpjogVr2ZuJ/Xsfo6MqfMJEaDYIuFkWGY53gWQq4xyRQzceWECqZvRXTAZGEaptVwYbgLb+8SprnFe+iUr2vlms3WRx5dIxO0Bny0CWqoTtURw1EkUHP6BW9OU/Oi/PufCxac042c4T+wPn8AZBWkwo=</latexit>ne = np ⌘ n

Solve static degeneracy vs. gravity equations 

<latexit sha1_base64="bEv09EEFYwaFwcPpzOXbGIOqzJk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5aT8fTvvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmegmyLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LureVf3y4bLWuC3iKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBGRGO4w==</latexit>pg

<latexit sha1_base64="DYVIVATg4SR6LantcfkRUOmc0cQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDabSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8N/M7T6g0T+SjmaTox3QoecQZNVZqpYM8nA6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efzY6fkzCohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnnJOQKmRETSyhT3N5K2IgqyozNp2JD8JZfXiXti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCS1gwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AFIKO4A==</latexit>pd
<latexit sha1_base64="00YIoQaTfSNrUe5j7IP4RCvxdHI="></latexit>

p0 = �GM"

r2
,

M 0 = 4⇡r2",

White Dwarfs

•Zero temperature EOS:
<latexit sha1_base64="cZtMapYF4cSRUb8wFUeNtZdHD9w=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSDEJuxKUDuDNlYSwTwgCWF2cpMMmX0wczcYlrQ2foF+g42Forb+gZ1/4+RRaOKBC4dz7p2597ihFBpt+9tKLCwuLa8kV1Nr6xubW+ntnbIOIsWhxAMZqKrLNEjhQwkFSqiGCpjnSqi4vYuRX+mD0iLwb3AQQsNjHV+0BWdopGaahk3I1vtMQaiFNEpcR7jF+CriEsRweNhMZ+ycPQadJ86UZM7eH0Z4LDbTX/VWwCMPfOSSaV1z7BAbMVMozJPDVD3SEDLeYx2oGeozD3QjHl8ypAdGadF2oEz5SMfq74mYeVoPPNd0egy7etYbif95tQjbp41Y+GGE4PPJR+1IUgzoKBbaEgo4yoEhjCthdqW8yxTjaMJLmRCc2ZPnSfko5xzn8tf5TOGcTJAke2SfZIlDTkiBXJIiKRFO7sgTeSGv1r31bL1ZH5PWhDWd2SV/YH3+ALRkn3c=</latexit>

pe("Nuclei)
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White Dwarf: MR Curve



White Dwarfs with light QCD axion

• EOS analogous to free Fermi gas picture
<latexit sha1_base64="mjQ9Ca9IGpCJUbV+ngf0DelwqIY=">AAACGnicbVDLSgNBEJyNrxhfqx69LAYhIRB3JagXIerFk0QwD0ziMjvpJENmZ5eZ2UBY8h1e/BUvHhTxJl78GyePQ0wsaCiquunu8kJGpbLtHyOxtLyyupZcT21sbm3vmLt7FRlEgkCZBCwQNQ9LYJRDWVHFoBYKwL7HoOr1rkd+tQ9C0oDfq0EITR93OG1TgpWWXNNp9LGAUFIW8IvM5fFD1nfj2+Fj3MBSDXluxnYhw7O5imum7bw9hrVInClJoylKrvnVaAUk8oErwrCUdccOVTPGQlHCYJhqRBJCTHq4A3VNOfZBNuPxa0PrSCstqx0IXVxZY3V2Isa+lAPf050+Vl05743E/7x6pNrnzZjyMFLAyWRRO2KWCqxRTlaLCiCKDTTBRFB9q0W6WGCidJopHYIz//IiqZzkndN84a6QLl5N40iiA3SIMshBZ6iIblAJlRFBT+gFvaF349l4NT6Mz0lrwpjO7KM/ML5/AQnloN0=</latexit>

" = (A/Z)m⇤
Nn+ "e(n) + V

<latexit sha1_base64="oGKEzkxq9ildqIUdQ7TPfI9vcdo=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoQqWRIq6KRbduKxgL9DGMJlO7NDJJMxMhBIKvobu3LhQxK2+hjvfxklbQVt/GPj4zzmcM78XMSqVZX0ZmZnZufmF7GJuaXlldc1c36jLMBaY1HDIQtH0kCSMclJTVDHSjARBgcdIw+udp/XGLRGShvxK9SPiBOiGU59ipLTlmluRSwr8en+v/AMH9bLlmnmraA0Fp8EeQ/704z7VQ9U1P9udEMcB4QozJGXLtiLlJEgoihkZ5NqxJBHCPXRDWho5Coh0kuH5A7irnQ70Q6EfV3Do/p5IUCBlP/B0Z4BUV07WUvO/WitW/omTUB7FinA8WuTHDKoQplnADhUEK9bXgLCg+laIu0ggrHRiOR2CPfnlaagfFu2jYumylK+cgZGyYBvsgAKwwTGogAtQBTWAQQIewTN4Me6MJ+PVeBu1ZozxzCb4I+P9G0FJmDg=</latexit>

pe(n
⇤) = pe(n

⇤)� V = 0• New ground state density set by electron pressure



There exists a range of densities with 

and no stable configuration:

<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>) Translates to gap in the MR Curve

• EOS analogous to free Fermi gas picture
<latexit sha1_base64="mjQ9Ca9IGpCJUbV+ngf0DelwqIY=">AAACGnicbVDLSgNBEJyNrxhfqx69LAYhIRB3JagXIerFk0QwD0ziMjvpJENmZ5eZ2UBY8h1e/BUvHhTxJl78GyePQ0wsaCiquunu8kJGpbLtHyOxtLyyupZcT21sbm3vmLt7FRlEgkCZBCwQNQ9LYJRDWVHFoBYKwL7HoOr1rkd+tQ9C0oDfq0EITR93OG1TgpWWXNNp9LGAUFIW8IvM5fFD1nfj2+Fj3MBSDXluxnYhw7O5imum7bw9hrVInClJoylKrvnVaAUk8oErwrCUdccOVTPGQlHCYJhqRBJCTHq4A3VNOfZBNuPxa0PrSCstqx0IXVxZY3V2Isa+lAPf050+Vl05743E/7x6pNrnzZjyMFLAyWRRO2KWCqxRTlaLCiCKDTTBRFB9q0W6WGCidJopHYIz//IiqZzkndN84a6QLl5N40iiA3SIMshBZ6iIblAJlRFBT+gFvaF349l4NT6Mz0lrwpjO7KM/ML5/AQnloN0=</latexit>

" = (A/Z)m⇤
Nn+ "e(n) + V

<latexit sha1_base64="jSg0R1FoZBOck40P20mRoBuw+20=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiiIsyI0VdFCy6cVnBXqQdSybNtKGZzJBkhDL0KdyoKOLWN/A13Pk2ZtoutPWHwMf/n0POOV7EmdK2/W1lFhaXlleyq7m19Y3Nrfz2Tl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uAyzRv3VCoWihs9jKgb4J5gPiNYG+tWdEhZlMXdUSdfsIv2WGgenCkUzj+fUj1XO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLoMABVW4yHniEDozTRX4ozRMajd3fHQkOlBoGnqkMsO6r2Sw1/8tasfbP3ISJKNZUkMlHfsyRDlG6PeoySYnmQwOYSGZmRaSPJSba3ChnjuDMrjwP9eOic1IsXZcKlQuYKAt7sA+H4MApVOAKqlADAgE8wAu8WtJ6tN6s90lpxpr27MIfWR8/KDGUeA==</latexit>

nc < n < n⇤

<latexit sha1_base64="oGKEzkxq9ildqIUdQ7TPfI9vcdo=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoQqWRIq6KRbduKxgL9DGMJlO7NDJJMxMhBIKvobu3LhQxK2+hjvfxklbQVt/GPj4zzmcM78XMSqVZX0ZmZnZufmF7GJuaXlldc1c36jLMBaY1HDIQtH0kCSMclJTVDHSjARBgcdIw+udp/XGLRGShvxK9SPiBOiGU59ipLTlmluRSwr8en+v/AMH9bLlmnmraA0Fp8EeQ/704z7VQ9U1P9udEMcB4QozJGXLtiLlJEgoihkZ5NqxJBHCPXRDWho5Coh0kuH5A7irnQ70Q6EfV3Do/p5IUCBlP/B0Z4BUV07WUvO/WitW/omTUB7FinA8WuTHDKoQplnADhUEK9bXgLCg+laIu0ggrHRiOR2CPfnlaagfFu2jYumylK+cgZGyYBvsgAKwwTGogAtQBTWAQQIewTN4Me6MJ+PVeBu1ZozxzCb4I+P9G0FJmDg=</latexit>

pe(n
⇤) = pe(n

⇤)� V = 0

<latexit sha1_base64="sJNRlltcwBkQAsM28O5cwQIip14=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIupCsOjGZUV7gXYomTTThiaZIckIZegjuHGhVLe+hK/hzrcx03ahrT8EPv7/HHLOCWLOtHHdbye3tLyyupZfL2xsbm3vFHf36jpKFKE1EvFINQOsKWeS1gwznDZjRbEIOG0Eg5ssbzxSpVkkH8wwpr7APclCRrCx1n186XaKJbfsToQWwZtB6epznOmt2il+tbsRSQSVhnCsdctzY+OnWBlGOB0V2ommMSYD3KMtixILqv10MuoIHVmni8JI2ScNmri/O1IstB6KwFYKbPp6PsvM/7JWYsILP2UyTgyVZPpRmHBkIpTtjbpMUWL40AImitlZEeljhYmx1ynYI3jzKy9C/aTsnZVP705LlWuYKg8HcAjH4ME5VOAWqlADAj14ghd4dbjz7Iyd92lpzpn17MMfOR8/7YeSDA==</latexit>

p < 0

• New ground state density set by electron pressure

White Dwarfs with light QCD axion
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1.5 <latexit sha1_base64="GI3wy1iKVT7HpfBJ2Pgn0aKcXNQ=">AAACBXicbVDLSsNAFJ34rPUVdamLYBHcWBIp6kYounFZwT6giWUyuWmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunaRfaeuDC4Zx7Z+49fsKoVLb9bSwsLi2vrJbWyusbm1vb5s5uS8apINAkMYtFx8cSGOXQVFQx6CQCcOQzaPvD67HffgAhaczv1CgBL8J9TkNKsNJSzzxwizcyAUHuQiIpi/mlY99nJ46d98yKXbULWPPEmZIKmqLRM7/cICZpBFwRhqXsOnaivAwLRQmDvOymEhJMhrgPXU05jkB6WbFBbh1pJbDCWOjiyirU3xMZjqQcRb7ujLAayFlvLP7ndVMVXngZ5UmqgJPJR2HKLBVb40isgAogio00wURQvatFBlhgonRwZR2CM3vyPGmdVp2zau22VqlfTeMooX10iI6Rg85RHd2gBmoigh7RM3pFb8aT8WK8Gx+T1gVjOrOH/sD4/AEgnZhS</latexit>

✏ = 10�10

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

White Dwarfs with light QCD axion
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New ground state

Axion Parameter Space

looks like WD 



Part I: White dwarfs as a probe of light QCD axions

• Axions and their properties at finite density

Plan

• Toy Model: Equation of state of free fermi gas with axion

• White dwarfs and the axion

Part II: Heavy stars from light scalars

• Motivation and simplest example



Heavy Neutron Stars from light Scalars
… or Fat Zombies in the Stellar Graveyard



Gravitational wave astronomy
Motivation



Gravitational wave astronomy
Motivation



Mass gap -> What are these?

Gravitational wave astronomy
Motivation



⇒ Mmax ∼ 0.7M!

⇒ Rmax " 10 km

A simple example
Consider non-interacting Fermi gas of neutrons
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<latexit sha1_base64="2vhksl9VWSqjXyfWbIpBrKRUd/M="></latexit>

) Mmax ⇠ 0.7
⇣mN

m

⌘2
M�

<latexit sha1_base64="tZtO6HGckzyJl7Hf8fiJhgU/3jY="></latexit>

) Rmax ⇠ 10
⇣mN

m

⌘2
km

A simple example
Consider non-interacting Fermi gas of neutrons
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<latexit sha1_base64="2vhksl9VWSqjXyfWbIpBrKRUd/M="></latexit>

) Mmax ⇠ 0.7
⇣mN

m

⌘2
M�

<latexit sha1_base64="tZtO6HGckzyJl7Hf8fiJhgU/3jY="></latexit>

) Rmax ⇠ 10
⇣mN

m

⌘2
km

A simple example
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For lighter neutrons

<latexit sha1_base64="/+66nICEsEogIAe8N6LX5NX/XGg=">AAACGHicbVDLTgIxFO3gC/E16tJNIzHBDcwoUZdEN64UE3kkDCF3SoGGdmZsOxoy4TPc+CtuXGiMW3b+jeWxUPAkTU7PuTf33uNHnCntON9Waml5ZXUtvZ7Z2Nza3rF396oqjCWhFRLyUNZ9UJSzgFY005zWI0lB+JzW/P7V2K89UqlYGNzrQUSbAroB6zAC2kgtuyA8xQQWrZvCqfcQQ9uTrNvTIGX4NP0L0D0CPLkd5lznuGVnnbwzAV4k7oxk0Qzllj3y2iGJBQ004aBUw3Ui3UxAakY4HWa8WNEISB+6tGFoAIKqZjI5bIiPjNLGnVCaF2g8UX93JCCUGgjfVI7XVPPeWPzPa8S6c9FMWBDFmgZkOqgTc6xDPE4Jt5mkRPOBIUAkM7ti0gMJRJssMyYEd/7kRVI9ybtn+eJdMVu6nMWRRgfoEOWQi85RCV2jMqoggp7RK3pHH9aL9WZ9Wl/T0pQ169lHf2CNfgCTT6Aa</latexit>

m ⇠ mN/3 ! O(10)

Consider non-interacting Fermi gas of neutrons



<latexit sha1_base64="2vhksl9VWSqjXyfWbIpBrKRUd/M="></latexit>

) Mmax ⇠ 0.7
⇣mN

m

⌘2
M�

<latexit sha1_base64="tZtO6HGckzyJl7Hf8fiJhgU/3jY="></latexit>

) Rmax ⇠ 10
⇣mN

m

⌘2
km

A simple example

Why is that? At fixed energy density need more neutrons 
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For lighter neutrons

<latexit sha1_base64="/+66nICEsEogIAe8N6LX5NX/XGg=">AAACGHicbVDLTgIxFO3gC/E16tJNIzHBDcwoUZdEN64UE3kkDCF3SoGGdmZsOxoy4TPc+CtuXGiMW3b+jeWxUPAkTU7PuTf33uNHnCntON9Waml5ZXUtvZ7Z2Nza3rF396oqjCWhFRLyUNZ9UJSzgFY005zWI0lB+JzW/P7V2K89UqlYGNzrQUSbAroB6zAC2kgtuyA8xQQWrZvCqfcQQ9uTrNvTIGX4NP0L0D0CPLkd5lznuGVnnbwzAV4k7oxk0Qzllj3y2iGJBQ004aBUw3Ui3UxAakY4HWa8WNEISB+6tGFoAIKqZjI5bIiPjNLGnVCaF2g8UX93JCCUGgjfVI7XVPPeWPzPa8S6c9FMWBDFmgZkOqgTc6xDPE4Jt5mkRPOBIUAkM7ti0gMJRJssMyYEd/7kRVI9ybtn+eJdMVu6nMWRRgfoEOWQi85RCV2jMqoggp7RK3pHH9aL9WZ9Wl/T0pQ169lHf2CNfgCTT6Aa</latexit>

m ⇠ mN/3 ! O(10)

Consider non-interacting Fermi gas of neutrons

<latexit sha1_base64="VGAQmYSl8HUOYL41F4c8rwSwVXY=">AAAB/HicbVDLSgMxFL1TX7W+ql26CRbBVZmRom6EohtXUsE+oB1KJs20oUlmSDKFodRfceNCEbd+iDv/xrSdhbYeuHByzr3k3hPEnGnjut9Obm19Y3Mrv13Y2d3bPygeHjV1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCka3M781pkqzSD6aNKa+wAPJQkawsVKvWOqOsaKxZty+3GvRu0dWLbsVdw60SryMlCFDvVf86vYjkggqDeFY647nxsafYGUY4XRa6CaaxpiM8IB2LJVYUO1P5stP0alV+iiMlC1p0Fz9PTHBQutUBLZTYDPUy95M/M/rJCa88idMxomhkiw+ChOOTIRmSaA+U5QYnlqCiWJ2V0SGWGFibF4FG4K3fPIqaZ5XvItK9aFart1kceThGE7gDDy4hBrcQR0aQCCFZ3iFN+fJeXHenY9Fa87JZkrwB87nD0J/lIU=</latexit>"0 = mNn



Part I: White dwarfs as a probe of light QCD axions

• Axions and their properties at finite density

Plan

• Toy Model: Equation of state of free fermi gas with axion

• White dwarfs and the axion

Part II: Heavy stars from light scalars

• Motivation and simplest example

• What kind of equation of state?



Generic Scalar

Relax the coupling
<latexit sha1_base64="8fjRdzRvjyBniH82fMI5/rzyJHY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1FMpevFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+V5tUHN75Ypbdecgq8TLSQVyNHrlr24/YVnMFTJJjel4borBhGoUTPJpqZsZnlI2ogPesVTRmJtgMj92Ss6s0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyjm2AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT4lG4K3/PIqaV5Uvavq5cNlpX6bx1GEEziFc/DgGupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A7Sbjfk=</latexit>

1 > g > 0m∗
N =

{
mN φ = 0
mN (1− g) φ = π

<latexit sha1_base64="dDW6jIzsL3vtUY0wZ9GSin7BvPw=">AAACIXicbZDLSsNAFIYnXmu9RV26CRahXbQmUrQboejGhYsK9gJNLJPJpB06uTBzIpTQV3Hjq7hxoUh34ss4bbPQ1gMDH/9/DmfO78acSTDNL21ldW19YzO3ld/e2d3b1w8OWzJKBKFNEvFIdFwsKWchbQIDTjuxoDhwOW27w5up336iQrIofIBRTJ0A90PmM4JBST291ira8YCVrsr2nZry8GPV5tSHok0imZHyz3xbsP4ASmUrg55eMCvmrIxlsDIooKwaPX1iexFJAhoC4VjKrmXG4KRYACOcjvN2ImmMyRD3aVdhiAMqnXR24dg4VYpn+JFQLwRjpv6eSHEg5ShwVWeAYSAXvan4n9dNwK85KQvjBGhI5ov8hBsQGdO4DI8JSoCPFGAimPqrQQZYYAIq1LwKwVo8eRla5xXrolK9rxbq11kcOXSMTlARWegS1dEtaqAmIugZvaJ39KG9aG/apzaZt65o2cwR+lPa9w+aUKKW</latexit>

V (�) = �⇤4 (cos (�/f)� 1)Potential and coupling
<latexit sha1_base64="tEreX1QVoD2LPC5tCaSY5vabziY="></latexit>

O�N =
g mN

2
N̄N cos

✓
�

f

◆



Generic Scalar

1) Mass reduction m∗
N < mN stiffens the EOS

<latexit sha1_base64="2vhksl9VWSqjXyfWbIpBrKRUd/M="></latexit>

) Mmax ⇠ 0.7
⇣mN

m

⌘2
M�

ε = const. = m∗
Nρ

additional energy density gravitates2) Vacuum energy soens the EOS

What kind of EOS?

<latexit sha1_base64="YOBm+y9r3WG3apRC/ofbLfjFyTE=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlKUTdC0Y0LFxXsA5pYJpNJO3TyYGYihFJ/xY0LRdz6Ie78G6dtFtp6YOBwzj3cO8dLOJPKsr6NldW19Y3NwlZxe2d3b988OGzLOBWEtkjMY9H1sKScRbSlmOK0mwiKQ4/Tjje6nvqdRyoki6N7lSXUDfEgYgEjWGmpb5baFSdhKDi9rDm3Oubjh3rfLFtVawa0TOyclCFHs29+OX5M0pBGinAsZc+2EuWOsVCMcDopOqmkCSYjPKA9TSMcUumOZ8dP0IlWfBTEQr9IoZn6OzHGoZRZ6OnJEKuhXPSm4n9eL1XBhTtmUZIqGpH5oiDlSMVo2gTymaBE8UwTTATTtyIyxAITpfsq6hLsxS8vk3atap9V63f1cuMqr6MAR3AMFbDhHBpwA01oAYEMnuEV3own48V4Nz7moytGninBHxifP5Gmk3I=</latexit>

V (⇡f) = 2⇤4

see Bellazzini et. al. ’15 and Csaki et. al. ’18

Relax the coupling
<latexit sha1_base64="8fjRdzRvjyBniH82fMI5/rzyJHY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1FMpevFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+V5tUHN75Ypbdecgq8TLSQVyNHrlr24/YVnMFTJJjel4borBhGoUTPJpqZsZnlI2ogPesVTRmJtgMj92Ss6s0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyjm2AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT4lG4K3/PIqaV5Uvavq5cNlpX6bx1GEEziFc/DgGupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A7Sbjfk=</latexit>

1 > g > 0m∗
N =

{
mN φ = 0
mN (1− g) φ = π

<latexit sha1_base64="dDW6jIzsL3vtUY0wZ9GSin7BvPw=">AAACIXicbZDLSsNAFIYnXmu9RV26CRahXbQmUrQboejGhYsK9gJNLJPJpB06uTBzIpTQV3Hjq7hxoUh34ss4bbPQ1gMDH/9/DmfO78acSTDNL21ldW19YzO3ld/e2d3b1w8OWzJKBKFNEvFIdFwsKWchbQIDTjuxoDhwOW27w5up336iQrIofIBRTJ0A90PmM4JBST291ira8YCVrsr2nZry8GPV5tSHok0imZHyz3xbsP4ASmUrg55eMCvmrIxlsDIooKwaPX1iexFJAhoC4VjKrmXG4KRYACOcjvN2ImmMyRD3aVdhiAMqnXR24dg4VYpn+JFQLwRjpv6eSHEg5ShwVWeAYSAXvan4n9dNwK85KQvjBGhI5ov8hBsQGdO4DI8JSoCPFGAimPqrQQZYYAIq1LwKwVo8eRla5xXrolK9rxbq11kcOXSMTlARWegS1dEtaqAmIugZvaJ39KG9aG/apzaZt65o2cwR+lPa9w+aUKKW</latexit>

V (�) = �⇤4 (cos (�/f)� 1)Potential and coupling
<latexit sha1_base64="tEreX1QVoD2LPC5tCaSY5vabziY="></latexit>

O�N =
g mN

2
N̄N cos

✓
�

f

◆



Generic Scalar

Potential dominating:

Coexistence 

Parameter space is split

<latexit sha1_base64="Jha1k9bGE20scRgOOmUbtaZK5zs=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqs5IUVdadONKKtgHtMOQSTNtaJIZkkyl1H6IghsXirh142+482/MtF1o64ELh3Pu5d57gphRpR3n28osLC4tr2RXc2vrG5tbdn67pqJEYlLFEYtkI0CKMCpIVVPNSCOWBPGAkXrQu0z9ep9IRSNxqwcx8TjqCBpSjLSRfDvf6iNJYkVZJA7FGfevfbvgFJ0x4Dxxp6Rw/vmQ4rHi21+tdoQTToTGDCnVdJ1Ye0MkNcWMjHKtRJEY4R7qkKahAnGivOH49BHcN0obhpE0JTQcq78nhogrNeCB6eRId9Wsl4r/ec1Eh6fekIo40UTgyaIwYVBHMM0BtqkkWLOBIQhLam6FuIskwtqklTMhuLMvz5PaUdE9LpZuSoXyBZggC3bBHjgALjgBZXAFKqAKMLgDT+AFvFr31rP1Zr1PWjPWdGYH/IH18QNMaJiB</latexit>

"/n > mN

<latexit sha1_base64="KrmhlO4gV6hR0zYpIrdqmIiQlL0=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSKIh7IrRb1Z9OKxgv2Adi3ZNNuGZpM1yRZK6e8QxYMiXr37N7z5b8y2PWjrg4HHezPMzAtizrRx3W9nYXFpeWU1s5Zd39jc2s7t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt5V6tf6VGkmxa0ZxNSPcEewkBFsrOQ3+1jRWDMuxd1xK5d3C+4YaJ54U5K/+HxM8VRu5b6abUmSiApDONa64bmx8YdYGUY4HWWbiaYxJj3coQ1LBY6o9ofjo0fo0CptFEplSxg0Vn9PDHGk9SAKbGeETVfPeqn4n9dITHjuD5mIE0MFmSwKE46MRGkCqM0UJYYPLMFEMXsrIl2sMDE2p6wNwZt9eZ5UTwreaaF4U8yXLmGCDOzDARyBB2dQgmsoQwUI3MMDvMCr03eenTfnfdK64Exn9uAPnI8fAGSWuw==</latexit>

"⇤

First order PT: hybrid stars with
soer EOS



Generic Scalar

Potential dominating:

Mass change dominating:

Coexistence First order PT: hybrid stars with

Parameter space is split

like SQM

New ground state

<latexit sha1_base64="Jha1k9bGE20scRgOOmUbtaZK5zs=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqs5IUVdadONKKtgHtMOQSTNtaJIZkkyl1H6IghsXirh142+482/MtF1o64ELh3Pu5d57gphRpR3n28osLC4tr2RXc2vrG5tbdn67pqJEYlLFEYtkI0CKMCpIVVPNSCOWBPGAkXrQu0z9ep9IRSNxqwcx8TjqCBpSjLSRfDvf6iNJYkVZJA7FGfevfbvgFJ0x4Dxxp6Rw/vmQ4rHi21+tdoQTToTGDCnVdJ1Ye0MkNcWMjHKtRJEY4R7qkKahAnGivOH49BHcN0obhpE0JTQcq78nhogrNeCB6eRId9Wsl4r/ec1Eh6fekIo40UTgyaIwYVBHMM0BtqkkWLOBIQhLam6FuIskwtqklTMhuLMvz5PaUdE9LpZuSoXyBZggC3bBHjgALjgBZXAFKqAKMLgDT+AFvFr31rP1Zr1PWjPWdGYH/IH18QNMaJiB</latexit>

"/n > mN

<latexit sha1_base64="KPfWWP0XPRbuZAOrlRUt2HtTqss=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqs5IUReCRTeupIJ9QDsMmTTThiaZIclUSu2HKLhxoYhbN/6GO//GTNuFth64cDjnXu69J4gZVdpxvq3MwuLS8kp2Nbe2vrG5Zee3aypKJCZVHLFINgKkCKOCVDXVjDRiSRAPGKkHvcvUr/eJVDQSt3oQE4+jjqAhxUgbybfzrT6SJFaUReJQnHH/2rcLTtEZA84Td0oK558PKR4rvv3Vakc44URozJBSTdeJtTdEUlPMyCjXShSJEe6hDmkaKhAnyhuOTx/BfaO0YRhJU0LDsfp7Yoi4UgMemE6OdFfNeqn4n9dMdHjqDamIE00EniwKEwZ1BNMcYJtKgjUbGIKwpOZWiLtIIqxNWjkTgjv78jypHRXd42LpplQoX4AJsmAX7IED4IITUAZXoAKqAIM78ARewKt1bz1bb9b7pDVjTWd2wB9YHz9JWph/</latexit>

"/n < mN

<latexit sha1_base64="aP23ZUO3i1h+crnGN7SF/gryLIc=">AAACEHicbVDLSgMxFM3UV62vqks3wSKKSJmRom7EohuXFewDOrVk0ts2NJOZJplCKf0EN+70N9woKOLWpTv/xvSxqK0HLpyccy+593ghZ0rb9o8Vm5tfWFyKLydWVtfWN5KbWwUVRJJCngY8kCWPKOBMQF4zzaEUSiC+x6Hota4GfrEDUrFA3OpuCBWfNASrM0q0karJ/fDcPnLbEalht0MkhIrxQLgNaE++7w6ryZSdtofAs8QZk9TF6+MAT7lq8tutBTTyQWjKiVJlxw51pUekZpRDP+FGCkJCW6QBZUMF8UFVesOD+njPKDVcD6QpofFQnZzoEV+pru+ZTp/oppr2BuJ/XjnS9bNKj4kw0iDo6KN6xLEO8CAdXGMSqOZdQwiVzOyKaZNIQrXJMGFCcKZPniWF47Rzks7cZFLZSzRCHO2gXXSAHHSKsuga5VAeUXSPntEbercerBfrw/octcas8cw2+gPr6xehSKF4</latexit>
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Conclusion and Outlook

Heavy Neutron Stars from light Scalars 
•  Light Scalars with non-derivative coupling to nucleons make them lighter

•  Coexistence Phase: Hybrid stars with soer EOS

•  New ground state: Large effects on maximal mass

More to do
Self bound objects as DM, Coupling to electrons, GW from 1st order PT, what about Supernovae?…
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Light QCD axions in White Dwarfs
2211.02661 with Balkin, Serra, Stelzl, Weiler
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The QCD axion at finite density
JHEP 07 (2020) 221 with Balkin, Serra, Weiler

2
QCD-axion—Nucleon coupling at finite density
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Phase Transitions from Stars
2105.13354 with Balkin, Serra, Stelzl, Weiler

Instability

Studying density effects is fun!
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2)  On stable branch: gradient pressure fixes maximal radius

White Dwarfs with light Axion
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<latexit sha1_base64="eVu4DKYIVWK/WXU4NQvo0upTLCw=">AAACAnicbVC7SgNBFJ31GeNr1UpsBoNgY9iVoHYGbSyjmAdk12V2MkmGzMwuM7NCWBYbf0J7GwtFrAS/ws6/cfIoNPHAhcM593LvPWHMqNKO823NzM7NLyzmlvLLK6tr6/bGZk1FicSkiiMWyUaIFGFUkKqmmpFGLAniISP1sHc+8Ou3RCoaiWvdj4nPUUfQNsVIGymwt6+ClFOReYpyyIPUi7s0u0kP3CywC07RGQJOE3dMCqcfDwM8VgL7y2tFOOFEaMyQUk3XibWfIqkpZiTLe4kiMcI91CFNQwXiRPnp8IUM7hmlBduRNCU0HKq/J1LElerz0HRypLtq0huI/3nNRLdP/JSKONFE4NGidsKgjuAgD9iikmDN+oYgLKm5FeIukghrk1rehOBOvjxNaodF96hYuiwVymdghBzYAbtgH7jgGJTBBaiAKsDgDjyBF/Bq3VvP1pv1PmqdscYzW+APrM8fkCmcBA==</latexit>

Rmin ⇠ m�1
�

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N



ALP-FERMION-GRAVITY SYSTEM
Consider one Fermion , gravity and the ALP

ALP neutron interaction ALP self-interaction

Outside the dense object 
<latexit sha1_base64="CCe4xXbEhydZR/fhL+zMlFdbfyw="></latexit>

@V (�)

@�

����
�0

= 0
<latexit sha1_base64="h5zS/+LYCQcLCgnKTcSC/dZaa3g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZREiroRim5cSQX7gCaGyXTSDp2ZhJmJUGIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89YcKo0o7zbS0sLi2vrBbWiusbm1vb9s5uU8WpxKSBYxbLdogUYVSQhqaakXYiCeIhI61wcDX2Ww9EKhqLOz1MiM9RT9CIYqSNFNj7PLi5zzyk9KjsJX0aOMcXRgrsklNxJoDzxM1JCeSoB/aX141xyonQmCGlOq6TaD9DUlPMyKjopYokCA9Qj3QMFYgT5WeT+0fwyChdGMXSlNBwov6eyBBXashD08mR7qtZbyz+53VSHZ37GRVJqonA00VRyqCO4TgM2KWSYM2GhiAsqbkV4j6SCGsTWdGE4M6+PE+aJxX3tFK9rZZql3kcBXAADkEZuOAM1MA1qIMGwOARPINX8GY9WS/Wu/UxbV2w8pk98AfW5w8IQZV4</latexit>

m⇤
N (�0) = mN

<latexit sha1_base64="MjA68XClUyy8Bp8lr/dLkH2d1y0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/ntai8Zsb57fuP2yxW35s6BVomXkwrkaPbLX72BJGlMhSEca+17bmKCDCvDCKfTUi/VNMFkjIfUt1TgmOogm588RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP88PzXRdZAxkaSGCrJYFKUcGYlm/6MBU5QYPrEEE8XsrYiMsMLE2JRKNgRv+eVV0r6oeZe1+kO90rjN4yjCCZxCFTy4ggbcQxNaQEDCM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AaOvkDE=</latexit>

V (�0) = 0

Effectively decoupled

LNφ =
√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,

N



COUPLED EOMS

The full coupled system



ZERO GRADIENT LIMIT

This is very nice because now the system is effectively decoupled!

Pressure - Gravity balance equations

Can forget about the scalar gradient

Corresponds to systems much larger than the typical scale of  
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Equation of state+ Neutron Fermi gas
∂ε

∂φ
= 0

(Also known as TOV equations)

E(R) ! R2∆R

(
f

∆R

)2

+R3εpot ! R3εpot
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MR-LOG 



ENERGY PER PARTICLE

<latexit sha1_base64="xOeLAknfbCJQGZs7Mbggr0pYdmA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF09SwbSFNpTNdtMu3d2E3Y1QQn+DFw+KePUHefPfuGlz0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyW3ud56o0iyWj2aa0EDgkWQRI9hYyReD+0plUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvmxM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdRE10HGZJIaKsliUZRyZGKUf46GTFFi+NQSTBSztyIyxgoTY/PJQ/CWX14l7Yu6d1lvPDRqzZsijjKcwCmcgwdX0IQ7aIEPBBg8wyu8OdJ5cd6dj0VrySlmjuEPnM8flDCN4w==</latexit>mN

<latexit sha1_base64="qwika3EjZWNFMf9+WKNusr4/56o=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepYD+giWWz3bRLdzdhdyOU0L/hxYMiXv0z3vw3btoctPXBwOO9GWbmhQln2rjut1NaWV1b3yhvVra2d3b3qvsHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8U3ud56o0iyWD2aS0EDgoWQRI9hYyRf9u8fMx9pMK5V+tebW3RnQMvEKUoMCzX71yx/EJBVUGsKx1j3PTUyQYWUY4XRa8VNNE0zGeEh7lkosqA6y2c1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3m91ERXQcZkkhoqyXxRlHJkYpQHgAZMUWL4xBJMFLO3IjLCChNjY8pD8BZfXibts7p3UT+/P681ros4ynAEx3AKHlxCA26hCS0gkMAzvMKbkzovzrvzMW8tOcXMIfyB8/kDMEKRIw==</latexit>

m⇤
N

<latexit sha1_base64="n2E621umTp9y2i4hME+Gi2qc0ZE=">AAAB7HicbVBNS8NAEJ2tXzV+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsboQS+hu8eFDEqz/Im//GTZuDtj4YeLw3w8y8MBVcG9f9RpW19Y3Nreq2s7O7t39QOzxq6yRTlPk0EYnqhkQzwSXzDTeCdVPFSBwK1gknd4XfeWJK80Q+mmnKgpiMJI84JcZKvhxQxxnU6m7DnQOvEq8kdSjRGtS++sOEZjGThgqidc9zUxPkRBlOBZs5/UyzlNAJGbGepZLETAf5/NgZPrPKEEeJsiUNnqu/J3ISaz2NQ9sZEzPWy14h/uf1MhPdBDmXaWaYpItFUSawSXDxOR5yxagRU0sIVdzeiumYKEKNzacIwVt+eZW0LxreVePy4bLevC3jqMIJnMI5eHANTbiHFvhAgcMzvMIbkugFvaOPRWsFlTPH8Afo8we1to35</latexit>nc

<latexit sha1_base64="JNZHYyTrRdLc+A/eMpoB6jfSZBM=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0sxt2N0KJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZemHCmjed9O6WV1bX1jfKmu7W9s7tX2T9oaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfjm9xvP1KlmRQPZpLQIMZDwSJGsLHS/ZPr9itVr+bNgJaJX5AqFGj0K1+9gSRpTIUhHGvd9b3EBBlWhhFOp24v1TTBZIyHtGupwDHVQTY7dYpOrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRy8X/vG5qoqsgYyJJDRVkvihKOTIS5X+jAVOUGD6xBBPF7K2IjLDCxNh08hD8xZeXSeus5l/Uzu/Oq/XrIo4yHMExnIIPl1CHW2hAEwgM4Rle4c3hzovz7nzMW0tOMXMIf+B8/gBYYo0x</latexit>

|
<latexit sha1_base64="Pa8GqG0fXe9Nd8Br1pehznY4Mrs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiBz1JRfsBbQib7aZdutmE3UmxhPwTLx4U8eo/8ea/MWlz0NYHA4/3ZpiZ50WCa7Csb6O0srq2vlHerGxt7+zumfsHbR3GirIWDUWouh7RTHDJWsBBsG6kGAk8wTre+Dr3OxOmNA/lI0wj5gRkKLnPKYFMck1Tukkf2BMkdzcPaVqpuGbVqlkz4GViF6SKCjRd86s/CGkcMAlUEK17thWBkxAFnAqWVvqxZhGhYzJkvYxKEjDtJLPLU3ySKQPshyorCXim/p5ISKD1NPCyzoDASC96ufif14vBv3QSLqMYmKTzRX4sMIQ4jwEPuGIUxDQjhCqe3YrpiChCIQsrD8FefHmZtM9q9nmtfl+vNq6KOMroCB2jU2SjC9RAt6iJWoiiCXpGr+jNSIwX4934mLeWjGLmEP2B8fkD5aqTLg==</latexit>nNGS

<latexit sha1_base64="JNZHYyTrRdLc+A/eMpoB6jfSZBM=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0sxt2N0KJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZemHCmjed9O6WV1bX1jfKmu7W9s7tX2T9oaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfjm9xvP1KlmRQPZpLQIMZDwSJGsLHS/ZPr9itVr+bNgJaJX5AqFGj0K1+9gSRpTIUhHGvd9b3EBBlWhhFOp24v1TTBZIyHtGupwDHVQTY7dYpOrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRy8X/vG5qoqsgYyJJDRVkvihKOTIS5X+jAVOUGD6xBBPF7K2IjLDCxNh08hD8xZeXSeus5l/Uzu/Oq/XrIo4yHMExnIIPl1CHW2hAEwgM4Rle4c3hzovz7nzMW0tOMXMIf+B8/gBYYo0x</latexit>

|

Energy per particle of non-relativistic neutrons 
<latexit sha1_base64="axNtgWluQ5QSLC+Obuo7oC/82Jg=">AAACEXicbVDLSsNAFJ3UV42vqEs3wSJUhJJIUTdCUQRXUsE+oAlhMp20QyeTMDMplJBfcOOvuHGhiFt37vwbJ20W2nrgXg7n3MvMPX5MiZCW9a2VlpZXVtfK6/rG5tb2jrG71xZRwhFuoYhGvOtDgSlhuCWJpLgbcwxDn+KOP7rO/c4Yc0Ei9iAnMXZDOGAkIAhKJXlG9ca7q7LjSyfgEKXOGHIcC0KVlcsnbdWylGW67hkVq2ZNYS4SuyAVUKDpGV9OP0JJiJlEFArRs61YuinkkiCKM91JBI4hGsEB7inKYIiFm04vyswjpfTNIOKqmDSn6u+NFIZCTEJfTYZQDsW8l4v/eb1EBhduSlicSMzQ7KEgoaaMzDwes084RpJOFIGIE/VXEw2hykaqEPMQ7PmTF0n7tGaf1er39UrjqoijDA7AIagCG5yDBrgFTdACCDyCZ/AK3rQn7UV71z5moyWt2NkHf6B9/gARJJvn</latexit>

EN (n) =
"N (n) + V (n)

n

<latexit sha1_base64="xy59yhQU1nYEKtp2+2dOJL052fk="></latexit>

EN (n) '
(

mN + 2.7n2/3

mN
, n  nc

m⇤
N + ✏m2

⇡f
2
⇡

4n + 2.7n2/3

m⇤
N

, n > nc



Equation of state

Pressure

<latexit sha1_base64="LsY3sTXsaX8rb3dEY6POxbIjahU=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsmzJTiroRiiK4kgr2Ae1YMmmmDc1kQpIRytBPcOOvuHGhiFuX7vwbM21BbT1w4XDOvcm9xxeMKu04X1ZmYXFpeSW7mltb39jcsrd36iqKJSY1HLFINn2kCKOc1DTVjDSFJCj0GWn4g4vUb9wTqWjEb/VQEC9EPU4DipE2Usc+FGf8rtQOJMJJWyCpKWLwsnNd4EejH4GPOnbeKTpjwHniTkkeTFHt2J/tboTjkHCNGVKq5TpCe0n6IGZklGvHigiEB6hHWoZyFBLlJeODRvDAKF0YRNIU13Cs/p5IUKjUMPRNZ4h0X816qfif14p1cOollItYE44nHwUxgzqCaTqwSyXBmg0NQVhSsyvEfWTC0SbDnAnBnT15ntRLRfe4WL4p5yvn0ziyYA/sgwJwwQmogCtQBTWAwQN4Ai/g1Xq0nq03633SmrGmM7vgD6yPb0DTnL4=</latexit>

p = n2 @EN (n)

@n

<latexit sha1_base64="n2E621umTp9y2i4hME+Gi2qc0ZE=">AAAB7HicbVBNS8NAEJ2tXzV+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsboQS+hu8eFDEqz/Im//GTZuDtj4YeLw3w8y8MBVcG9f9RpW19Y3Nreq2s7O7t39QOzxq6yRTlPk0EYnqhkQzwSXzDTeCdVPFSBwK1gknd4XfeWJK80Q+mmnKgpiMJI84JcZKvhxQxxnU6m7DnQOvEq8kdSjRGtS++sOEZjGThgqidc9zUxPkRBlOBZs5/UyzlNAJGbGepZLETAf5/NgZPrPKEEeJsiUNnqu/J3ISaz2NQ9sZEzPWy14h/uf1MhPdBDmXaWaYpItFUSawSXDxOR5yxagRU0sIVdzeiumYKEKNzacIwVt+eZW0LxreVePy4bLevC3jqMIJnMI5eHANTbiHFvhAgcMzvMIbkugFvaOPRWsFlTPH8Afo8we1to35</latexit>nc

<latexit sha1_base64="JNZHYyTrRdLc+A/eMpoB6jfSZBM=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0sxt2N0KJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZemHCmjed9O6WV1bX1jfKmu7W9s7tX2T9oaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfjm9xvP1KlmRQPZpLQIMZDwSJGsLHS/ZPr9itVr+bNgJaJX5AqFGj0K1+9gSRpTIUhHGvd9b3EBBlWhhFOp24v1TTBZIyHtGupwDHVQTY7dYpOrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRy8X/vG5qoqsgYyJJDRVkvihKOTIS5X+jAVOUGD6xBBPF7K2IjLDCxNh08hD8xZeXSeus5l/Uzu/Oq/XrIo4yHMExnIIPl1CHW2hAEwgM4Rle4c3hzovz7nzMW0tOMXMIf+B8/gBYYo0x</latexit>

|
<latexit sha1_base64="Pa8GqG0fXe9Nd8Br1pehznY4Mrs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiBz1JRfsBbQib7aZdutmE3UmxhPwTLx4U8eo/8ea/MWlz0NYHA4/3ZpiZ50WCa7Csb6O0srq2vlHerGxt7+zumfsHbR3GirIWDUWouh7RTHDJWsBBsG6kGAk8wTre+Dr3OxOmNA/lI0wj5gRkKLnPKYFMck1Tukkf2BMkdzcPaVqpuGbVqlkz4GViF6SKCjRd86s/CGkcMAlUEK17thWBkxAFnAqWVvqxZhGhYzJkvYxKEjDtJLPLU3ySKQPshyorCXim/p5ISKD1NPCyzoDASC96ufif14vBv3QSLqMYmKTzRX4sMIQ4jwEPuGIUxDQjhCqe3YrpiChCIQsrD8FefHmZtM9q9nmtfl+vNq6KOMroCB2jU2SjC9RAt6iJWoiiCXpGr+jNSIwX4934mLeWjGLmEP2B8fkD5aqTLg==</latexit>nNGS

<latexit sha1_base64="JNZHYyTrRdLc+A/eMpoB6jfSZBM=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0sxt2N0KJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZemHCmjed9O6WV1bX1jfKmu7W9s7tX2T9oaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfjm9xvP1KlmRQPZpLQIMZDwSJGsLHS/ZPr9itVr+bNgJaJX5AqFGj0K1+9gSRpTIUhHGvd9b3EBBlWhhFOp24v1TTBZIyHtGupwDHVQTY7dYpOrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRy8X/vG5qoqsgYyJJDRVkvihKOTIS5X+jAVOUGD6xBBPF7K2IjLDCxNh08hD8xZeXSeus5l/Uzu/Oq/XrIo4yHMExnIIPl1CHW2hAEwgM4Rle4c3hzovz7nzMW0tOMXMIf+B8/gBYYo0x</latexit>

|



Global view

10 100 1000 104
10-4

0.001

0.010

0.100

1



ENERGY PER PARTICLE

New ground state:  

ε/ρ < mN for some ρ

Coexistence:

ε/ρ > mN for all ρ

θ = π

θ = π

θ = 0

Difference between NGS and CE region

• At lower densities, energy density dominated by               mNρ

• Can even reach less energy per particle as well 
separated ordinary neutrons!

• At higher densities, mass contributes less to the total 
energy density    

{Λ1, g}

{Λ2, g}

• Nucleons want to be at finite density!

p = ρ2
∂(ε/ρ)

∂ρ



PRESSURE - ENERGY DENSITY
p = ρ2

∂(ε/ρ)

∂ρ



QUADRATIC COUPLING PARAMETER SPACE



LINEAR COUPLING PARAMETER SPACE
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1st order phase transition:

• Generically soens EOSs
e.g. Kaon condensation

• Clearly disfavoured 

10 15 20 25
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θ = π

θ = 0

 θin

θ0

Gravitational wave signal?

Coexistence Phase: MR Curve



New ground state 
max[Mmax] ≫ M⊙ θin

EOS (can be) stiffer!

0 50 100 150 200
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Λ = 5MeV, g = 0.75

This can be a large effect

NGS for

Mmax ! 11.2M!

Rmax ! 160 km

New Ground State Phase



New ground state 
max[Mmax] ≫ M⊙ θin

EOS (can be) stiffer!
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0.001

0.010

0.100

1

10

Also interesting on a log plot

New Ground State Phase

Self bound objects

M ! εNGSR3

Minimal size given by gradient

Rmin ! f

Λ2

Field has to fit inside R3



Gravity becomes important

New ground state 
max[Mmax] ≫ M⊙ θin

EOS (can be) stiffer!

5 10 50 100
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0.001
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Also interesting on a log plot

New Ground State Phase

Self bound objects

M ! εNGSR3

Minimal size given by gradient

Rmin ! f

Λ2

Field has to fit inside R3
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<latexit sha1_base64="MTXVLafdK4JZpp5ZT+MU3XCz4CM="></latexit>

✏⇤ = 10�7

<latexit sha1_base64="tzArIqcUTN/ae5DEDV5l6LB5gAM="></latexit>

✏⇤ = 10�6

White Dwarfs with light Axion <latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N



Negligible Gradient <latexit sha1_base64="ImdaGu3JV8nr0W8uV6+M/07m0sQ="></latexit>

✏⇤ = 10�13

<latexit sha1_base64="5bsOky4yBnX9AMTIyvnECgKtf/U="></latexit>

✏⇤ = 10�15

<latexit sha1_base64="7pGg00z7l+st95JAtwOjASK034I="></latexit>

✏⇤ = 10�18

White Dwarfs with light Axion <latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N


