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2D LATTICE SPIN MODELS

BRANES, 3D GAUGE THEORIES, ...
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Place spin variables O € {1,2,...,N} on the edges of a lattice:
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They interact at vertices, with interaction energy

ki
Ej for

Goal: compute the partition function

E= Z local energies .

vertices

7 — Z e_E/kBT ’

spin configs

Hard... but can be done for a special class of models!
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2D INTEGRABLE LATTICE MODELS

Assign an N-dim vector space V, to the ath line. Introduce

kl
Ry € End(V, @ V),  (Rg)l = e F1/0T =

If the R-matrix R satisfies the Yang—Baxter equation
Ro3R13R12 = R12R13Rp3 € End (V7 ® V, ® V3)

Ris Ros Riz_»y

Ry AR23 — Ry

~

then the model is integrable. Integrability helps you compute Z!
Examples: 8-vertex model (~ XYZ spin chain), Ising model, ...

Appears in gauge theories, string theory, quiver varieties, ...
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3D INTEGRABLE LATTICE MODELS

What about a spin model on a 3D lattice?

Assign V, to the intersection of the ath & bth planes. Introduce

Rabc € End(vbc ® Vca & Vab) 5 (Rabc)gzn

The tetrahedron equation [Zamolodchikov 80] implies integrability:

R34R134R124R123 = R123R124R134R034 .

Ryszq
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3D INTEGRABLE LATTICE MODELS

TE has a relatively long history.
(Before BPZ on 2D CFT!)

Far less developed than YBE.
(Only one book [Kuniba 22] on TE!)

Too difficult?
(Zamolodchikov wrote down first nontrivial solutions “by what appears to

be an extraordinary feat of intuition” (Baxter).)

But it could be as rich.
(Interesting solutions found by Zamolodchikov, Baxter,
Kapranov-Voevodsky, Bazhanov-Mangazeev-Sergeev,

Kuniba-Matsuike—Yoneyama, ... )

And important: we live in 3D space!
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TETRAHEDRON EQUATION & CLUSTER ALGEBRAS
A new approach to TE via cluster algebras:
» Sun-Y "22: new solutions constructed from triangle, square

and butterfly quivers and related to 3D gauge theories.

» Inoue—Kuniba—Terashima "23: known solutions and new
ones from triangle and square quivers.

» IKSTY "24: construct two more solutions using symmetric
butterfly quiver.

Gavrylenko-Semenyakin—-Zenkevich "20: a classical L-operator from cluster

integrable system.

Many known interesting solutions of TE can be obtained from
the last solutions as special cases.

Relations to 3-manifolds, wall-crossing, 4D Chern-Simons, ...
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WIRING DIAGRAMS
The symmetric group S, is generated by sy, . .., 5,1 satisfying

(1) ss=1;
(2) saSp = spsq for |a —b| > 2;
(3) SaSa+15a = Sa+1SaSat1-

An expression s,, - - - s, can be represented by a wiring diagram:

515253515251 =

—_ N W
= W N =

S1 S2 S3 S1 S2 S1

» The wires are numbered 1,2, ..., n.
» s, “braids” the wires at the ath and (a 4 1)th positions.

Identify isotopic wiring diagrams (impose Relation (2)).
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WIRING DIAGRAMS TO QUIVERS

To a wiring diagram we assign a quiver:

(1) Put vertices on the crossing and the chambers.

(2) Around each crossing, draw arrows as follows:

o_i%l_*o
A

N .

hof

CONCLUSIONS
o

Solid arrows have weight 1, dashed arrow have weight 3.
(3) Combine arrows between the same pair of vertices into a

single arrow of the total signed weight.
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CLUSTER TRANSFORMATIONS

The mutation y at vertex k transforms a quiver to a new one:

(1) Foreachi — k — j,add an arrow i — j.

(2) Reverse the orientation of all arrows connected to k.
(3) Combine arrows.

Mutations are involutive: py o py = id.
An automorphism o permutes vertex labels: i — o (7).

A cluster transformation is a composition of any sequence of
mutations and automorphisms.

BrANES, 3D GAUGE THEORIES, ... CONCLUSIONS
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BRAID MOVES ARE CLUSTER TRANSFORMATIONS

The braid move

c 3 C
5 = X
a a

induces a cluster transformation on the assigned quiver:

10 A0 10
N e LU L
’ N y2 ’ N 1% A
2 74 s = IND 2 NI N
22 J—d— 36 2w b0 g A
17 1 1
[ms
/1¢O'\ /llio'\ /,1To\
7§>$<—4—>3<—‘,9 POV i<—8—>i<—*,9 s 7f>i—>$<—i—¢,9
2 g P2 3 0 = P
Y e e
\1/ \1/ \1/
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QUIVERS TO GAUGE THEORIES
A quiver specifies a gauge theory with 4 supercharges:

» vertex i: gauge group SU(N);
> arrow i — j: matter in the rep (O,0) of SU(N); x SU(N);

Q
Don't like half arrows? Replace O}%ﬂ—:o — O—>$<—O .
Ret o

So we have

wiring diagram ~-» quiver ~» gauge theory .

Mutations translates to infrared dualities.

Calculating a quantity X in dual theories T and TV gives
X[T] = X[T"].
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GAUGE/YBE CORRESPONDENCE

Since a braid move induces a cluster transformation/IR duality,

e

The theory on each side decomposes into 3 simpler theories:

/1T0\
3 ’ ~
2 7‘ ? ‘9\ ZZ/Z\ZI 37»’19‘49 34/2\6
- = e >3<4 0 >8<Y o —> 3 <
29> Vi) 6 1 et REEYC A
A 1 4 1

If X is nice (e.g. SUSY index), we have the decomposition
(3 5]ox( 1 5]ox( £ = x{ 3] ox 1 ] x5
Thus we obtain a solution of YBE [Yamazaki, Y, Yan, ... ]:

Rabzx[gx].
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Lirr TO TE

Instead consider the space of states . We get an isomorphism
o 5] = {1505

The loop of braid moves

=8

H Bm Prai

shows

R234R134R124R123R2_314R1_3£R1_211R1_213 € End (7‘[ [%} ) .

124

2 D0 = S
EQ? @B@i
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Lirr TO TE

If this operator

R234R134R124R123R2_3£1R1_314R1_21R1_2§ =id
()

then R, solves TE:
R234R134R124R123 = R123R124R134R234 .
Is this the case? I don’t know.

But quantum cluster algebras allows us to construct quantum
mechanical systems in which this is the case [sy].
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QUANTUM CLUSTER ALGEBRAS
A quiver can be encoded in its exchange matrix
B = (bz‘j)z’,jel, bz‘j = —b]-i, I = {vertices} .
In our case

no arrow betweeniandj,

0
bj =41 solid arrow fromitoj,
1 dashed arrow fromitoj.

The mutation y transforms B to B’ = 4 (B) given by

, —bj; i=korj=k,
by = b+ |bik |bxj + ik | b |

ij > otherwise .

CoNcLUSIONS
(o]
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QUANTUM CLUSTER ALGEBRAS

Let Y(B) be a skew field generated by quantum Y-variables:

YiY; =q%YY;, iel.

~

Mutation yy : B — B induces p;: Y(B') — Y(B):
= Ad(Vo(Yy)) o = Ad(Ty (Y )™ om

where
(@)

Uy(x) =[]+ xg? )
n=0

is the quantum dilogarithm and 7 .: Y(B') — Y(B) is given by

-1
Yk

l = ’ Py—
q—bik[ibik]+ Yiyl[cibikh ik, [a]4 = max[0,4a] .

Tk,i(Yz{) = {
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CLUSTER TRANSFORMATION TO TE

The braid moves

satisfy

B Broa B s Brzs B123 51245134 Ba3a <ﬁ> =

It turns out that the induced transformation on the quantum

Y-variables is also trivial (modulo relabeling):

CONCLUSIONS
o

(8125812481348 51231248134 8234)* (Yi) = Vi, Yi €Y (ﬁ) .
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CLUSTER TRANSFORMATION TO TE

Thus IA{abC = %, solves TE:

a

ﬁ234ﬁ134ﬁ124ﬁ123 = ﬁ123ﬁl241/€134§234: y<ﬁ> — y(%) .

Can we find an operator

12511

such that

~ c
Rupe(Yi) = RachiRa_b};a Y € y< Z E)

and solves TE?
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CLUSTER TRANSFORMATION TO TE
B123 = 04803 5p8ki513 444 and g = Ad(Wq(YE)) Tk, € = £, SO
Rizz = Ad(W, (Y3 ) ) 746 Ad(Wy(Y5)?) T3 6,
x Ad(P,(Y5)?) 75,6, Ad(Py(Yg'))T8,6,04803 5
= Ad(...)74,¢,73,6,75,6578,6,04803 5 -
We want to write
T4 e, T3,6,75,65T8,e,04,8035 = Ad(P123)

so that ﬁ123 = Ad(Rlzg) with R123 = ( .. )Plzg.

There are two ways:

» Fock-Goncharov: realize Y(B) by position & momentum
operators (i, p;)ic;. This requires using the noncompact
g-dilog ® and doubling the number of g-dilogs [sy].

» Inoue-Kuniba—Terashima: g-Weyl realization [1KT, IKSTY]
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q—WEYL REALIZATION

To the ath crossing of wires assign variables (1., w, ) satisfying

[Ua,Ws] = R, q:eﬁ.

log Y-variables can be realized, locally around the crossing, by

Wa + Ag
77 RN
—Uaq — Wa “t da_>2ua it ea ‘__ug — Wa + bn

Wa + Ca

Aq, ba, Ca, do, €q are parameters with a, + by + co +do + €4 = 0.

Globally, Y; gets contributions from all surrounding crossings:

/10\
3 —<
S Sy )
2 l \\‘ Yl — ew1+Cl+ZU3+C3 ’ Y3 — e uz+es )

2+ 34— 5<=6

~ <
~ -
~ -
~ -
~ -
7

1
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q—WEYL REALIZATION

There exists P123 such that T4.6,73,6,75,6578,6,04,803,5 = Ad(Plzg) iff
(e1€2€3€4) = (——++) or (—+—+). Furthermore, Ryp3 solves TE.

Explicitly, for (——++),

Ripz =
\Ijq (e—d1 —cp—bz+uyHuz+wy —wr+ws ) -1 \I]q (e—d1 —cy—bz—e3+uy —uz+w, —wr+ws ) -1

—by —ay —dz—e3+uq —uz+w, —wyr+w —by —apy —dz+ug+uz+w —wo +w,
Xplza\qu(elz3313123)\1}q(312313123)
with

1., Ao 1
Pio3 = o h s—t2)w , 7 (=t w2+w3)eh(>\1”1+)\21¢2+>\sus)p23

A= (e —e3)/2, M =ay—az+by—bs+ Ao,
M=—-a1—by+bs— X, M=c1—0cr+c3.

and Ad(p23) acts on u,, w, by the permutation 2 <+ 3.
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g-WEYL REALIZATION
Evaluating Rj»3 in different reps gives different solutions of TE.
Letn = (ny,n,n3) € Z2 be spin variables on the lattice edges.
Coordinate rep
e"[n) = ig"*2[n), ¢ [n) = |n + ey)

yields the solution Kapranov—Voevodsky ‘94 obtained using the
quantized coordinate ring of SL3 fora; = b; =¢; =d; = ¢; = 0.

Momentum rep
en) = |n —e), €%n)=g"%n)
yields a solution obtained by Kuniba—Matsuike—Yoneyama "22.

There is also a modular double version of Rqp3, which
generalizes a solution of Bazhanov—-Mangazeev—Sergeev "08.
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BRANE CONSTRUCTION

A Fock space representation is conjectured [y 2] to arise from

Ry | S S S3| Ry Ry Rg | Ry Rg | Ry Rh
M5, | = | - — -] = - - l= —lo o
M5, | — | = - —| . — |- —|o o
MS; | — | - — |- « —|— —]o o

The partition function is the SUSY index of the brane system:

7 = TI-,H((_1)1:619(]787]%)6*[31_1) ’ RZ.’,:” —

Related to 4D Chern-Simons by dualities.



INTRODUCTION WirEs, QUIVERs AND TE CruUsTER ALGEBRAS AND TE BRANES, 3D GAUGE THEORIES, ... CoNCLUSIONS
00000 00000000 00000000 oe o

3D GAUGE THEORIES, 3-MANIFOLDS, WALL-CROSSING

Fock-Goncharov representation leads to a solution with 8
noncompact g-dilogs ®; with i = b2.

The result coincides with an expression of the partition function
of a 3D V' = 2 SUSY gauge theory on the squashed 3-sphere

3._ 2 2 -1 2 _
Sy :={(z1,22) € C7 [ blz1|" + b [z|" = 1}.
Similar to [Terashima—Yamazaki '13] but with twice as many g-dilogs.

This is a kind of theory that arises from compactification of 6D
theory on a 3-manifold.

Is this is a domain wall in a 4D NV = 2 SUSY theory? Does TE
hold at the level of domain walls?
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CoONCLUSIONS

TE is a 3D analog of YBE, important and needs more study:.

Solutions can be constructed using quantum cluster algebras,
via a loop of mutations on quivers assigned to wiring diagrams.

Solutions also arise from brane systems in M-theory and 3D
N =2 SUSY gauge theories.

How are these approaches related?
Connections to 3-manifolds, wall-crossing, ...?

What can we say about 3D statistical mechanics systems?
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