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Canonical inflation

Action: S = %Jd“x\/fg :MSIR — (0,4 - 2V(¢): |

Background: ds? = — df? + a?(f) dx* = a*(7)(—dz? + dx?).

Equation of motion:

Friedmann equation: H =

SR approximation: | — | < 1l and e =




Cosmological perturbations

Small perturbations:

e Inflaton: @(X, 1) = P(¥) + O(X, 1)
. Spacetime: ds’ = g, dx"dx" = — NZdt? + ;/l-j(dxi + N'dr)(dx’ + N/df)
Gauge fixing condition: 0¢)(X, ) = 0 and Vii(X, 1) = a2(t)ez‘:(x’t)5ij

H é
Some parameters (6,1 K 1): € = andn = — .
p €,n < 1) o andn =—r




Superhorizon evolution?



Two-point functions

. 1
Second-order action: $?) = MSIJ'dt d’x ea’ [{,’2 > (0.C )2] .
a

Introducing Mukhanov-Sasaki (MS) variable v = zCMPl where z = a\/ 2¢, the second-order action becomes

1 /!
§2) — > de d3x [(v’)2 — (0v)* ‘ Vz] .

Promoting MS variable as operator v(Kk, 7) = V(K, 7) = v (7)d; + vj(r)&i in momentum space with

k
commutation relation [&, &iq] = (27)°5°(p + q), the equation of motion is
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Two-point functions

In the limit 7 — — co: v/ + k?v, = 0.

0 —ikt

Early time solution: v,(7) = corresponds to Bunch-Davies initial vacuum g, | 0) = 0.

e—ikz' i
Full solution: vi(7) = (1 ) .
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e —ikt
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2Myn /e | K
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Two-point functions: ({(K, 7){(—K, 7)) = 1 + k*7%).
wo-point functions: ({(k, 7){(—K, 7)) 4M§1€k3( T°)

(1 + ik7).

Curvature perturbation: {,(7) =




Two-point functions

comoving horizon [log|—
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time [log a]
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Non-linearity?



Maldacena’s cubic interaction

Performing field redefinition: { = £ + %é’z + ...

Cubic interaction of curvature perturbation ( :

. 1 . 1 .. 1 |
Sint = Méjdf dx a° | €7C°C +—€*(0£)°C - 265(31-601-)(—563525 + 569“(010,-)()2 + 56}7652
a

6(cd - o)

Quoted from Maldacena: It should be noted that the field redefinition does indeed matter for our computation
since we are interested in computing expectation values of { and not of £, (). The reason is that { is the variable

that stays constant outside the horizon while £, does not. This last fact follows from the fact that ¢ is constant
where some of the coefficients of the quadratic terms are time dependent.



SR bispectrum

We focus on H. (1) = — l 2 Jd3x ena &'&?
1nt T 2 pl H .

Define third SR parameter: & = M
nH

Bispectrum (7, — 0): <§k1(fo)§k2(fo)§k3(fo)> — ZJ dz Im <§k1(To)é‘kz(fo)é’@(To)Hint(T)> -

—ikt

p ﬁ

Curvature perturbation: £, (1) = [



SR bispectrum

Performing the time integral:

2
H? kP + ks + k3
log(—fo)

1
<§k1(70)§k2(70)§k3(70)> ’ 2’75 ( A M§1€ (kykoks)3

Clearly, bispectrum of § does not constant outside the horizon. It grows logarithmically in terms of z,,.
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SR bispectrum

Including field redefinition { = £ + %{,’2

1n(7p) )
4

<Ck1(To)Ck2(To)5k3(To)> — <§k1(70)§k2(fo)§k3(fo)> | :<§k1(70)§k1(70)><€k2(70)§k2(1'0)> + perm:

T

-
Considering time dependence: 1(7y) = 71, (—O> — My (1 — 510g(—fo))
Tx

ne
p)

log(—7o) [ 18 17166 17+ 18 P18 1P+ 18171817 |

<Ck1(To)Ck2(To)Ck3(To)> = <§k1(fo)§k2(fo)§k3(fo)>

As Maldacena explained, we can see cancellation of log(—17,) dependence.



How if SR approximation is violated?



Potential of the inflaton

Qbend qb(te) Qb(t) ¢CMB



Slow-roll and ultraslow-roll

9 H ¢’
SR approximation: | — | < 1l and e =

= < 1.
HH H?  2M3H?

USR condition: For an extremely flat potential dV/d¢ =~ 0, the Klein-Gordon equation becomes

.. -
i%—Bsogbcxa%ande: e x a®.
dH 2M5H>

Second SR parameter: 1 = = 2¢€ Z.i
eH oH

» SR: || < 1 and approximately constant.

e USR:

n~—~o.
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Third-order action

Cubic interaction for inflation with PBH formation:

: 1 . 1 .. 1 .
Sint = M§1J'dt d’x a’ | €°6%¢ ~€ (06)°¢ — 260,60, x —56 T+ 56@‘(61-(3]-)()2 enge” |,

A

6(cd - o)

because 7 can have O(1) transition from O to —6.




Squeezed bispectrum

Squeezed limit of the bispectrum:

]}i_rg) ((Ckl(T)CkZ(T)C_kZ(T)» = — (ny(ky, 7) — 1)«51(2(7)(:_1(2(7)» <<§k1(T)C_k1(T)>>

lim (¢ (D, (D, (D) = = (10, D = DIGOF 14,1,

d lOg A?(k, T) comoving horizon

where ny(k,7) — 1 = .
dlo g k inflation FRW Universe




Comparison and conclusion

In SR case, bispectrum (of course also squeezed bispectrum) of { does not grow outside the horizon.

In transient USR case, the squeezed bispectrum satisfies

lim (G (DGO = = (k. D) = D1¢(@) 218, @ .

We can see that the squeezed bispectrum evolves outside the horizon.

The squeezed bispectrum satisfies Maldacena’s theorem but evolves outside the horizon.
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One-loop correction

One-loop correction generated by cubic-order action is computed using in-in perturbation theory:

(0@) = (0@) g5+ (O@),1) + {002

O@)un=| du| do(HuEb0Hw)

<@(T)>(O,2) — = J dTlJ dT2 <@(T) nt(Tl) nt(TZ)>

o0

Operator: (7)) = &,(79)¢_,,(7) where 7, — 0.

1
Leading interaction: H, (7)) = — 5M2 J x en'a*{'C*.



One-loop correction

For large loop momentum k > p

d’k

| | |
(o) () 1) = 7 M@ )a @)A1, () I J 2 L 18I GG (GG

|
Substituting [Im({C*)] . = , we obtain
K=k ‘ 4M§1€(Te)a2(fe)

ke

2 k 2
S(l)(p) = (A'?) AS(O)(]?) J'k TAS(())(k),

S

where we focus on finite effect of USR period from k to k, .



Perturbativity bound

Ratio between one-loop correction and tree-level contribution:

R = a2 | A2 k) = A 1.1+1log=< | A

\)

k 2
=) Al < 1

\)

1
Perturbativity bound: —(An)z(l 1 +log —

Upper bound on small-scale power spectrum: A «PBH) <K (An)? ~ 0.03.
i



UV divergence

Including UV divergence

kUV dk , ke Aa(Te) dk )
— A2 (k) = + — A2 ().
kig k k k k

Total power spectrum:

k .

n—1
A2(p) = A2 £ |+ L An2A2 1.1 +log - + log A -
S(p) — S(())(p*) » + 4( ) s(PBH) 1+ 10g P r 102 /A

where A = A/H.




Renormalization

Renormalizing the tree-level power spectrum:

<(A77)2A?(PBH) ) 2]

6 ~
2 — A2 y I 2 A2 [ % k, H ﬂz — A?
AS(O)([?*) = AS(O)(]?*, //t) 1 + Z(Aﬂ) AS(O)(]?*, //t) ? —1.1 — lOg ? + lOg K + ) + O

where i = u/H.

Renormalized power spectrum:

k

\)

6
~2
A%(p) = A2, (ps )< 1 I(A)ZAz( 7) K log ji p O || (An)*A? 2
s\P s(0)\P=#> 1 A ) Rg0)\P= H gH ) 24PBH)



Renormalization

At renormalization scale y = H:

n—1
p \)
Ap) = Ado(pp=H)(—) {140
(0) s

((An)zA?(PBH)>2] }

Requirement to renormalize loop correction order by order: (Azf])zA?(PBH) <1



