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Outline

® What is “partial solvability”?
m Definition of partial solvability

B Thermalization & quantum many-body scars (QMBS)



Integrability

® (Quantum) Integrable systems
= No clear definition.

m Often said to be “integrable” if the Yang-Baxter structure exists.
Ri2(A1, A2)Rag(A2, A3) Ri3(A1, A3) = Riz(A1, A3)Raz(A2, Az) Ri2( A1, A2)
ng, Rgg, R13 - End(V1 ® Vo ® Vg)

9 9
3 1 3

— / Decomposing a many-body scattering into
/ a sequence of two-body scatterings does not

depend on the way of decomposition.

1



Integrability

® (Quantum) Integrable systems
= No clear definition.

m Often said to be “integrable” if the Yang-Baxter structure exists.
Ri2(A1, A2)Rag(A2, A3) Ri3(A1, A3) = Riz(A1, A3)Raz(A2, Az) Ri2( A1, A2)
ng, R23, R13 - End(V1 ® Vo ® Vg)

= Never thermalize.
= Violation of (strong) eigenstate thermalization hypothesis (ETH) = Typicality

<Ea‘Xmacro’Ea> — <Xmacro>MC: \V/Ea c (E — 5E,E] [DeUtSCh (1991), Srednicki (1994),]
[Biroli et al. (2010), lyoda et al. (2017)]

lim
N —0



Partial Solvability

® Partially solvable systems W

= Hamiltonians with some solvable energy eigenstates (not all).

= Hamiltonians with the block diagonal structure.
HeW oW
t

Solvable (invariant) subspace
= Solvability does not necessarily come from integrability.
e.g. Projector embeddings [Shiraishi et al. (2017)]
Restricted spectrum generating algebra (rSGA) [Moudgalya et al. (2018)]

[Vefek et al. (2017), Moudgalya et al. (2020)]
Hilbert space fragmentation (HSF) [Pai et al. (2019), Sala et al. (2020), Khemani et al. (2020)]



Partial Solvability

® Partially solvable systems W

= Hamiltonians with some solvable energy eigenstates (not all).
= Hamiltonians with the block diagonal structure.

WJ_
H~W W+
1t

Solvable (invariant) subspace

. . _ [Shiraishi et al. (2017),
= Partially non-thermalize. “Quantum many-body scars (QMBS) [Tu;;a;eltea|a(zf)17))

= Weakly violate ergodicity in Hilbert space. = Principle of equal probability gernien et al. (2017)]

.2. Scar in stadium billiard b TR a. starting away from
o8 C[;;]Srelrnb;nae’lcuanl? (2IOI2a1r)] ‘¥:m;%"""/%\\y‘wé\w‘\“W unstable periodic trajectory
i i}!“"\\" }‘:‘1!“\'{‘5""“‘\\3 i / .
AL/ ® s feom near

unstable periodic trajectory



Thermalization & QMBS

- QMBS eXh|b|t 20.6 e
D oF5) 008 089 o 8
m Persistent oscillation in local observables. %’04 o 80 of B g “8gos” 8
% AT 00 00
= Relatively small entanglement entropy ~ o(V) A I \V o o
— © Y atoms
compared to those of thermal states ~ O(V). S 0273 o 51 atoms
S MPS
. ()
® Matrix product states b
0 0.4 0.8 1.2
= Have entanglement entropy estimated by their Time after quench (us)
bond dimensions X from above. Domain-wall density after the quench from

Spr = —tr (p'log p’) < logy Z5) = | @0 eo---) onthe Rydberg atom chain.
(@ : Excited state; O: Ground state)

= With a finite bond dimension is a good benchmark
for finding QMBS. [Bernien et al. (2017); Nature 551, 579 (Fig. 6b)]



Thermalization & QMBS

B QMBS exhibit

m Persistent oscillation in local observables.
m Relatively small entanglement entropy ~ o(V) ~
compared to those of thermal states ~ O(V). :Z ol L o
. ...--';,.. - 'IOL'IO 10
® Matrix product states 0
1.
® Have entanglement entropy estimated by their SIS SR SN
. . -10.0 -5.0 0.0 5.0 10.0
bond dimensions X from above. E
Spr = —tr (p'log p’) < logy Half-chain entanglement entropy of
the spin-1 XY model
= With a finite bond dimension is a good benchmark 1N zero-magnetization sector.

for finding QMBS. [Chandran et al. (2003); Ann. Rev. 14, 443 (Fig. 1c)]



Outline

® Closed partially solvable models
m Restricted spectrum generating algebra (rSGA)

® Hilbert space fragmentation (HSF)



Restricted Spectrum Generating Algebra

m Restricted spectrum-generating algebra (rSGA) [Amo etal. (1988), Yang (1989)]

: : [Moudgalya et al. (2018)]
® Partial dynamical symmetry

1Q, s.t.|H, Q| — SQ]W =0, W CH, @ :Llocal operator

= The solvable subspace is systematically constructed if |%0) is an energy eigenstate:

Hltho) = &oltpo) = HQ"|vho) = (£o 4 n&)[to) ;: I

‘w(o» — Zn CnQn|¢0>7 Cp € R ~_ 0.6%

<¢(t) |Oloca1 ‘w(t)> i 0.4; — Nematic Néel |/

o Zm’n CanGZS(m—n)t <¢(O) ‘Olocal ‘¢(0)> 02 }&\\J‘ : l;lze‘::z‘csf;rtr:
Strong revivals observed in dynamics of Loschmidt echo o B W E

for the spin-1 XY from each initial state. [Chandran et al. (2023); Ann. Rev. 14, 443 (Fig. 1d)]



Restricted Spectrum Generating Algebra

® Simple example: free fermion model

H = ZAM};%
k
{nk’ ng} — 5k.£7 {nka 772} — {77]];7 772} =0

m “Spectrum generating algebra” (SGA)

[Ha 77;2] — Akn}; = Provides the spectrum for a tower of states

{|vac), n] |vac), nf _ni |vac),...}

®= Energy eigenstates
Hf, -~ [vac) = (Ag, + -+ A, )nf, -0, Jvac)



Restricted Spectrum Generating Algebra

® Example of rSGA: perturbed spin-1 XY model [Schecter et al. (2019)]
N
H:;m”@w,ﬂﬂ@'“@l € End((C*)"),  C* = span{0), |1),[2)}

J
h— E(S%gns*ﬂc+Sy®sy)+%(5%@1+1®52)
® Spin-1 operators

L {0 10 L {0 1 0
s*=—1|10 1|, sv¥=—|[-1 o0 .S = 0
v2\g 1 o0 V2i\ g 1

= Non-integrable spin-1 chain. (Not all energy eigenstates are solvable. )

O = O
OO -
o O O



Restricted Spectrum Generating Algebra

1.0 n ” n
® Example of rSGA: perturbed spin-1 XY model
[Schecter et al. (2019)] £
= Trivial energy eigenstate = o4 = Nemac e
HIQ) = —hN|Q), |Q) = [22...2) L)
m Subspace of quasiparticle (bimagnon) excitations [Chandran et al. (2023);

Ann. Rev. 14, 443 (Fig. 1d)]

W =span{(Q")"|0}n, Q" =301 (-1 (S5 Energy

is the solvable subspace due to the spectrum H(QN3Q) = ( — hN)(QT)3|Q)

generating algebra HQN2[Q) = (4m — hN)(Q1)2|Q)

[H, Q"] —2mQT| =0, HQYQ) = (2m — hN)QT|Q)
H|Q) = —hN|Q)




Restricted Spectrum Generating Algebra

® Example of rSGA: AKLT-type model [Moudgalya et al. (2018), CM (2024)]
N

H=Y 1@ h o1 cEd(C)"), C=span{0),]1),[2)}
r=1 "

h = a(]00)(00] 4 |22)(22[) + B|11)(11]
+5 3 (lal)al] + Jal){1a] + [1a){al] + y]1a) (1al)
ac{0,2}
+ w?B(]02)(02] + [02)(20] 4 |20)(02| + |20)(20|)
— wB(02)(11] + [11)(02] + |11)(20] + |20)(11]) AlKTat 2 =2 y=1,w=—1
= Non-integrable spin-1 chain. (Not all energy eigenstates are solvable. )

N |—

® The ground state and some excitation states were known to be solvable for AKLT.
[Affleck et al. (1987), Arovas (1989)]



Restricted Spectrum Generating Algebra

m Example of rSGA: AKLT-type model| [Moudgalya et al. (2018), CM (2024)]

® The exact zero-energy state is written by the matrix product state:
|¢A> — Z tra(KaAmlAWQ AmN) ‘m17m27"'7mN> S (Cg)N
{ml 77777 mN}E{OalaZ}N

= try(KaA®p A®, - ®, A)

a00'+

1 z 2 _ + z - . . .

A=\ a0 3 a1/aoa2 =w, ag,a1,as € C, o",0%,0 :Pauli matrices
as20

= K, € End(C?) is determined by the boundary condition.
(K. = 1, for the periodic boundary; rank K, =1 for an open boundary)



Restricted Spectrum Generating Algebra

®m Example of rSGA: AKLT-type model [Moudgalya et al. (2018), CM (2024)]

® The exact zero-energy state is written by the matrix product state:
|¢A> = tra(féf@p fT@p o ®p /f)

S h(ff Rp A=A Rp A— /T®p A" : Local divergence condition/ -
Frustration-free condition for A’ = 0
® Quasiparticle-picture for the excitation states:

Wape) = (QN)"Wa), QF:= 25:1 e'™(S1)? : Creates a quasiparticle with momentum 7.

Y (e, B ey, Beyeo, A, B (51

L1yeeeyLy

=hB®,A+e"A®, B) = 5(5 Qp A+e"A®, B)—(Bo A'— ™A' ®, B)

B®,B=0, (SY)?2B=0 :Nodouble/adjacent occupations are allowed.

on



Restricted Spectrum Generating Algebra

® Example of rSGA: AKLT-type model [Moudgalya et al. (2018), CM (2024)]
m Restricted spectrum-generating algebra:
[H QM - £QM, =0
= span {[¢), Q"[a), (Q")[va), ., (@1 [¥a)}

= Embedded equally-spaced energy spectrum Energy

Hlpa) =0
HQMV4) = EQT|14) : Embedded equally-spaced spectrum

= ldentical & non-interacting quasiparticles

H(Q")"[a) = nE(Q")"[Y4)

3
2



Beyond rSGA

B Generalization of the AKLT-type model [cm (2024)]

® Quasiparticle-excitation states

N
(@N)"va), QF:= Z e (S 1) . Carrying momentum 7
r=1
V4
N
QT (k) = Z e (812 . Carrying momentum k
r=1

m Repulsive property is lost.
B®,B=0, (ST)’B+#0



Beyond rSGA

m Perturbed XXC model [cM (2024)]

H:Zl@---@ h+1®---®1

h= Y (lal){al| + |La)(la| + |al)(la| + |La){al]) + (|00} (00| + |22)(22])
a€{0,2}

XXC model (integrable)
m W =span{|a pn)}n is solvable subspace of H.

|¢A,B”> — Z Z A, (P) el 2j=1 kP tra<g®p...®p§®p...@p?@p...@p A))

< < i
1<zi1<---<zp<N PG, : Bethe-like state

7 H Q" (kj)|¢a)

ol
oS
o T o
S oo
N—

\.:Bl
oS
oS o
S oo
N—

wull

N

-



Beyond rSGA

m Perturbed XXC model [cM (2024)]

N
H:Zl@---@ h+1®---®1
x=1 &

h= Y (lal){al| + |La)(la| + |al)(la| + |La){al]) + (|00} (00| + |22)(22])

a€{0,2} XXC model (integrable)
= W =span{|ta,B~)}n is solvable subspace of H. |4 | 4) | 4) | 1)
$ $ $ $
1A gn) = Z Z An<p>ei2?:1kp(j)mj tra<g®p...®p§®p...@p?@p...@pﬁ)

1<z <<z, <N PeG,
mn

: Bethe-like state
ei(k‘j‘Fkl) + 1 — Qeikj .

T Vj =1,...,n : Bethe-ansatz equations
1=1,l%#] for s=1/2 XXX




Beyond rSGA

m Perturbed XXC model [cM (2024)]

N
H:Zl@---@ h+1®---®1
x=1 o

h= Y (lal){al| + |La)(la| + |al)(la| + |La){al]) + (|00} (00| + |22)(22])
a€{0,2}

XXC model (integrable)
m W =span{|a pn)}n is solvable subspace of H.

n
Hpapn) = En({k;j})a,Bn), En({ks}) = (QZCOS ki~ 5)
<hA®, A=hB®, B=0 Embedded s=1/2 XXX spectrum (not equally-spaced)
hA R0 B — _E®p B+ B Ry A = Interacting quasiparticles
hBe,A=A®B-B,A



Beyond rSGA

m Perturbed XXC model [cM (2024)]

N
H:Zl@---@ h+1®---®1
x=1 -

h= Y (lal){al| + |La)(la| + |al)(la| + |La){al]) + (|00} (00| + |22)(22])
a€{0,2}

XXC model (integrable)
m W =span{|a pn)}n is solvable subspace of H.

n
Hlpa,pn) = En({k;})|ta,Bn), En(1kj}) = (QZCOS i 5)
<hA®, A=hB®, B=0 Embedded s=1/2 XXX spectrum (not equally-spaced)

B Ry A = Interacting quasiparticles

_|_
hB Ry A=A B-B Dp A Why? = Hilbert-space fragmentation



Hilbert space fragmentation

® Hilbert-space fragmentation (HSF; Krylov restricted thermalization)
[Retort et al. (2003), Pai et al. (2019)]

H=EWa. Wa=span{H"[t:s)}n,
a=1 Wy

®m Exponentially-many block diagonal structure.

® Fragmented subspaces are not distinguished by
obvious local symmetries of H.

m Solvable subspaces are sometimes embedded
(not always).




Hilbert space fragmentation

® Simple example: Sato’s model [Sato (1995)]
N

H:Zl@---@ h+1®---®1

h—Zfab\ab ba|+z )|77) 7“7“\+Zgab|ab><ab\

a,b=0 a,b=0
a#b a#b

® Non-integrable arbitrary spin-s chain.

= The interactions only exchange the neighboring configurations.
H :|a1,a2,a3,a4) — f(a1,a2)|az, a1, as,as) + f(az,as)|ai,as,az,as)
+ f(a’37 CL4)|G,1,CL2,CL4, CL3> + f(a'47a’1)’% CLQ,CLg,CL_1>

+ (9(&17&2) - 9(a2, a,3) + g(a?,, a4) + g(a4,a1))|a1, az, CL3,CL4>




Hilbert space fragmentation

® Simple example: Sato’s model [Sato (1995)]
N

H:Zl@---@ h+1®---®1

h—Zfab\ab ba|+z )|77) 7“7“\+Zgab|ab><ab\

a,b=0 a,b=0
a#b a#b

® Non-integrable arbitrary spin-s chain.

= The entries in each configuration never change by the interactions

= Hilbert-space fragmentation (according to multisets of configuration entries).
mi,Ma, ... ,mN>
M2, M1, .., MN) : All in the same invariant subspace.

o(mi),0(ms),...,o(my)), o€ &y



Hilbert space fragmentation

® Simple example: Sato’s model [Sato (1995)]
N

H:Zl@---@ h+1®---®1

h—Zfab\ab ba|+z )|77) 7“7“\+Zgab|ab><ab\

a,b=0 a,b=0
a#b a#b

® Non-integrable arbitrary spin-s chain.

® The modelisintegrable in the subspaces given by
W7 = (span {|0),|0)})®T o =1,...,2s.

0) <> | 1) : Vacuum
o) <> | |) : Particles

|
| H|,, ~ Hxxz with Ay = (9(0,0) + g(0,0) — c(c))/ f(5,0)
Anisotropy depending on 0.



Embedded Integrable Models in HSF

o Example; XXC model [Maassarani (1997, 1999), de Leeuw et al. (2023)]

N
HXX0221®---®hXXC®---®1

o J.it1
hEXC = Coshn< > fss')(ss'| + 11><11> + > (s1)(Ls| + [Ls)(s1])
s,5'€{0,2} s€{0,2}
® |ntegrable spin-1 chain. anisotropy parameter
R(\) = Z {(|aa/>(a/a| + [11)(11]) sinh(A —I—%) + (lal){1la| + |1a){al|) sinhn
a,0=0,2 +(za]al){al| + z7 [1a)(1a]) sinh A}
Hxxc — Hxxz becomesXXZ model (A, zq € C)

H\{10),[2)} N by identifying [0) &[2).



Embedded Integrable Models in HSF

o Example; XXC model [Maassarani (1997, 1999), de Leeuw et al. (2023)]

N
HXX0221®---®h,X,XC®---®1
=1 7,9+1
hXXC—coshn< Z |ss’>(ss’|+|11><11>+ Z (|]s1)(1s| + |1s)(s1])

s,s'€{0,2} s€{0,2}

exchange terms
= The configuration of 0 & 2 never changes by the interactions.

“Irreducible string (IS)” [Dhar et al. (1993), Barma et al (1994), Menon et al. (1997), Dhar (1997)]

® Hilbert-space fragmentation occurs according to the IS.
e.g. H : [10211012) —(hig + h3; + hi3 + b3y + h1p)[10211012)
+ hgt|01211012) + h75[10121012) + h31[10210112)  (1S=0202)
+ h15]10211102) + h(?]10211021)



Embedded Integrable Models in HSF

® Example: perturbed XXC model| [CM (2024), in preparation with KPP]

N
ol ol
Hy'xc = Z ( Gt h?,jﬂ)
3. i
hPOl = 01q1]02) (02| + ta2]20) (20| + 61]02)(20] 4 c62|20)(02] — O : vanishing terms
S TG i @ T 05 0 g (coshn) (05 07,) + 5 coshy

PIRL Poar{loy 2y 7 I
s=1/2 XXZ model!

= Projector onto the fully-polarized IS ...0000... (resp....2222...)
N N

PO = Q0)0] + 1){1));  (resp. P = Q(12)(2] + [1)(1]); )



Embedded Integrable Models in HSF

B Example: perturbed XXC model [CM-Tsuji (2024), in preparation with KPP]

N
Hyxo =) (hfﬁ(‘f T ?}ﬁl)
j=1
alt Palt
h*" = £41]00)(00] + Ba42]22)(22] + 551|00) (22| + B62]22)(00] +—— 0 :vanishing terms
otk e ol or g oy oy + g coshn (0505, ,) + 5 coshn

P H\{[0),[2)}N 7 I
s=1/2 XXZ model!

® Projector onto the alternating IS ...0202...
P = tro @51 diag.(07 , 1a, 05 )5 — @521 (|1)(1]);

Partial solvability in open quantum systems?



Outline

® Open partially solvable models
m Restricted spectrum generating algebra (rSGA)

m Hilbert space fragmentation (HSF)



Beyond Isolated Quantum Systems

® Lindblad master equation

d .
—P(8) =L(p(t)),  L(p) = —ilH, p] + > euDulp)
L .M
Steady state D,(p) = QﬂpAL — {ALAM, p} : Dissipation terms

as the fixed point of £ Quantum jump operator

® |s the most general CPTP map under the assumptions:
Markovian time evolution & Direct product initial state.



Beyond Isolated Quantum Systems

® Lindblad master equation

d .
—P(8) =L(p(t)),  L(p) = —ilH, p] + > euDulp)
L .M
Steady state D,(p) = QﬂpAL — {ALAM, p} : Dissipation terms

as the fixed point of £ Quantum jump operator

= Sometimes has the exactly solvable steady state.

bulk dissipators boundary dissipators
completely solvable v’ [Prosen (2008) et al.] v [Paletta et al. (2024)]
steady state solvable v V' [Prosen (2013)]
partially solvable v [Tindall et al. (2020)] our model [CM-Tsuji (2024)]

m Can partial solvability be robust against the boundary dissipators?



HSF-induced solvable eigenmodes

® System coupled to boundary dissipators

L(p) = —ilH, p| + >, 7uDpu(p)
Du(p) = 2AMPAL - {ALALH P}

® Thermofield double vector expression Dr

P=  Pmalm)(nl =Y pmnlm) @ [n) = |p)

® Evolution of the density matrix Can H be an integrable Hamiltonian
d - ) . : 5
£|p(t)>> — _iH|p(t)) e HOH in a certain subspace-

~ 1
H=H®1-1®'H+i) 7, <(Aa ® A) — §(ALAQ 1+1® tAaAj;)) : Non-Hermitian
el effective Hamiltonian



HSF-induced partially solvable Liouvillian

® Example: XXC Hamiltonian coupled to boundary dissipators [CM-Tsuji (2024)]

® Spin-1 XXC Hamiltonian = HSF by config. of 0 & 2

(XXC’) h(XXC) 1, (XXO)

N—1,N
| -

® Boundary dissipators = violate integrability

Ay = (S7)%, Av-=(51)%, Ar+=(Sy)" Ar- = (Sy)°

\DR

@ thermofield double

m Effective non-Hermitian Hamiltonian

hg?gXC)h()gXC) h(XXC’)

1,N

(XXC) (XXC)

HXXC_Zh Z h

n=N-+1

NN+1

b,R
BN N1

h(XXC) p(XXO)

h(XXC)
2N—-22N— 1

= Two XXC chains coupled at the boundaries.



HSF-induced partially solvable Liouvillian

® Example: XXC Hamiltonian coupled to boundary dissipators [CM-Tsuji (2024)]

. L. . . (XXC) , (XX0O) (XXC)
m Effective non-Hermitian Hamiltonian hiz o - Py
1 (b,L) . (bR)
A = iya, 4 (00)(22] - (1202 @ 1+ 1 @ [2)(2))) Pat e
]
: 1
+iva, (122)(00] = S(10)(0] @ 1+ 1@ [0)(0])), @ € {R, L}~ Thahfi S~
t P,1t (projector onto
Two terms irrelevant in the subspace of alternating irreducible strings. @ alt tiejaltematmg subspace)
= Two decoupled XXC chains _%'YL,+|%><20| RO RS o hE QY e 22
e —357R,—10)(0
= _ o) ®1—1®H(_) ?VL, 10)(0| 2R, |0)(0]
XXClw,, — “Xx0 XXC —%Z_VL,+||%>><<2O|| —37R+(2)(2
2L~ —57R,—[0)(0]
The other terms work as the (imaginary) boundary magnetic fields. i

_pXXC) 4 (XXO) . _pXXCO)
2N—-12N~aN_—22N—1 N,N+1



HSF-induced partially solvable Liouvillian

® Example: XXC Hamiltonian coupled to boundary dissipators [CM-Tsuji (2024)]

= Projected effective non-Hermitian Hamiltonian

(s A
N _i z ; : ~LN_in (G2
Hxxc|, =HH.®1-19H) 2151 $7m(S%)
XXCly.,,, — Hxxc XXC N i (87102
—57(S5N) 2 TRIIN+1
becomes integrable when _pxx0) L (xxc) _(XX0)
2N—-12N" lonN_22oN—-1 """ N,N+1
7.+ =7L,— TR,+ = TR,—
* ’ * @ identifying the states
. L 0)&2)
®» Mapped to s=1/2 XXZ spin chain with
. . (XXZ) , (XXZ) (XX Z)
diagonal boundaries o hia™ ™ hys Y O - B
4 4 N
(+) ; (+) o o
HxxeOo ) ot gy HXx 20000 78) ~4LoaN ~imoK
Spectrum derived by Bethe ansatz for spin-1/2 XXZ!! S NP a1 - —h N



HSF-induced partially solvable Liouvillian

® Example: XXC Hamiltonian coupled to boundary dissipators [CM-Tsuji (2024)]

= Eigenstates of effective Hamiltonian

~

H — H 0 m) ©1 10 HS Y, ()

PaltH\{|O>7|2>}N

- : N-1 _ :
ch))gz(VL>7R) = —7VL.0] + Zj (O'_-I_O'j_i_l +o; ot it 3 coshnaj Uj+1) — IYRO%
_ ; 2 2N—-1 ] z
H)(()%Z(VRa’YL) = —1VRON 11 — Z] =N+1 <0+03+1 +o; o} jr1t 3 coshna] Ug+1> — 1LO5N
u | 2
N9 oo i " - Full Liouvillian has degenerate steady states
=2, = 3

s including the fully polarized state.

e e e The steady state in the integrable subspace
TR T T is given by the product state pss = (|1)(1])®",

B full eigenvalues of Lxxc 1L

: . No persistent oscillation unlike the rSGA-induced
A eigenvalues of Lxxc f
in the solvable subspace - s 2 solvable steady states.




rSGA-induced solvable eigenmodes

® System coupled to boundary dissipators

L(p) = —ilH, p| + >, 7uDpu(p)
Du(p) = 2AMPAL - {ALALH P}

m System with rSGA Dy H Dr
[H, Q= €Q"|;;, =0, W = span{(Q")"[¢a) }»
QT — Zx eimql = Quasiparticle excitations carrying momentum =

® Quasiparticle baths at the edges

Ag, = C]Ia AR = q]TV = Doping quasiparticles at the boundaries

Fully occupied steady state?



rSGA-induced solvable eigenmodes

® Example: s=1 spin chains with rSGA + spin-2 magnon baths
® s=] spin chain with rSGA (e.g. AKLT model)
H, Q"] = EQ|\yonony =0, Q=301 e™(SF)?
W) = span{(Q")" [ ™) b

(vr.vR) T T a0

VL,V -

) = (ulA @y ®p Avr)y A= [ayo® |, ao.araz €C
Boundary vectors a0

€ V, = span{[0), 1)}
= Four degenerate zero-energy states.

® Spin-2 magnon baths at the edges
Ay, = (Sfr)2, AR = (S]J\?)2 = Doping spin-2 magnons at the boundaries



rSGA-induced solvable eigenmodes

B Example: s=1 spin chains with rSGA + spin-2 magnon baths [CM-Tsuji (2024)]

= The subspace W (%1 consists of the dark states.

H, (Q T)"W(O’l)ﬂ (0. 1)|Q”] =0 = Eigenstates of the Hamiltonian
0,1 0,1)| An
(s+)2 ((QT) W( )>< ( )|Q ) =0 = Dissipators are irrelevant.
(S+)2 ((QT) |¢( )>< ( )\Q ) _ (Robust eigenstates against boundary dissipators)

= Any density matrix diagonal in W (%1 becomes the steady states.

(ann QNP [0V (5 © 1),@7@) =0, Y Pan=1L pun>0,Vn



rSGA-induced solvable eigenmodes

o The ratio of the number of trajectories for each S”.

1.0 1.0 ‘
(a)N 8 SZ(O) =0 50 5=6 | f (b)N 8 SZ(O) 1 §*=1
03l §F=2 §7=8 0.8l §F=3
: 5=4 ] | =5 |
__06] ’ 06 §=7-
< <

: , N\ E
0.2} 0.2 \//
ol ol —"

0 20 40 60 80 100 120 0 20 40 60 80 100 120
t t

(Left) The initial state does not overlap with solvable states = Dominated by states with large S~

(Right) The initial state does overlap with solvable states = States with small S“survive!



rSGA-induced solvable eigenmodes

B Example: s=1 spin chains with rSGA + spin-2 magnon baths [CM-Tsuji (2024)]

= Other solvable eigenmodes in W(%1) & (W(O 1)y
H, (Q ) W(O 1)>< 'S 1)|Qn] = Z(m —n)&(Q ) W(O 1)>< (O 1)|Q" = Eigenstates of

(0:1)y 1,501 N the Hamiltonian
Disiy (@)™ by )by’ 1Q™) =0 = Dissipators are irrelevant.

0,1 0,1)| An icci
D(va)Q (( ) W( )>< ( )lQ )_0 (Robust eigenstates against boundary dissipators)

m Persistent oscillation emerges.
Wt =0) =Y an(@)" ") e WO
= lim p(t) ='p(0) = Z e mTmE Q™) (| Q

tliglo Z 2cos((m —n)&t)aman, Re Opnp,

n<m




rSGA-induced solvable eigenmodes

® Time evolution of the local magnetization starting from a nearly Neel

state at 7. = 7R = L.

1.0
0.5
& 0.0 |
~0.5 J=2— j=6_
Jj=3—Jj=T]
(@) N=8, 57(0)=0 — j=4— j=8
ol
0 20 40 60 80 100 120

3
)

1.0
0.5\
0.0\ \/ 7
~05 j=2— j=6_
j=3— =T
(b) N=8, §°(0)=1 — j=4— j=8
Qo
0 20 40 60 80 100 120

(Left) The initial state does not overlap with solvable states = No oscillations
(Right) The initial state does overlap with solvable states = Long-lived oscillations emerge!



Outline

® Concluding remarks



Concluding remarks

® Boundary dissipative spin chains

= can have solvable eigenmodes inherited from the partially solvable system
Hamiltonians.

® reach a non-trivial steady state or never reach a steady state by exhibiting long-

lived oscillations. H
0.5
& 00N ,
— j=1—j=5
Time evolution of (S7) for the boundary dissipative -0 jj:jj
AKLT model at 7o = 7. = 1, (b) N=8, §(0)=1 — =4 =g

[CM-Tsuji (2024)]

qo— 1



Future works

= From the phenomenological viewpoints,

= Can we observe the KPZ universality class in the integrable subspace?
= Robustness of the KPZ universality class against boundary conditions.

= QOverlap between the initial state & solvable eigenmodes?
= Needs determinant formula for boundary cases.

® From the mathphys aspects,
= What is the algebraic structure behind the XXC & related models? [de Leeuw et al. (2023)]
= What are the conserved quantities for partially solvable models?

= |s it possible to extend the notion of partial integrability to QFT models?
Thank you for listening!
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