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Quantum computing
• classical computing

• classical bit: 

• classical operation:  

• quantum computing
• quantum bit (qubit): 

 
 superposition, entanglement

• unitary operation (quantum gate): 

s ∈ {0,1}n

s ↦ f(s) |ψ⟩ = ⊗i (αi |0⟩ + βi |1⟩)
→

|ψ⟩ ↦ U |ψ⟩

0

1
0

classical (AND) gate

|0⟩

|1⟩ |1⟩

|1⟩
initial state final state

quantum (CNOT) gate



Elementary gates
• 1-qubit gate

• Pauli gates:  ( )

• rotation gates: , 

• 2-qubit gate
• CNOT (CX) gate, etc.

• CX and Pauli rotations universal computation

• quantum algorithm:

• identify the target unitary 

• implement unitary  by elementary gates

• acting unitary on an initial state: 

• measure observable: 

• quantum error correction: we can correct 
quantum errors during computation

X, Y, Z σx, σy, σz

RP(θ) = e−iθP/2

(P = X, Y, Z)

→

U
U

|ψ⟩ = U |0⟩⊗N

⟨ψ |O |ψ⟩

|0⟩

|1⟩ |1⟩

|1⟩
CNOT (CX) gate

X|0⟩ |1⟩

X gate



Hardware developments
• hardware realizations:

• superconducting: IBM, google, etc
• ion-trap: IonQ, quantinuum, etc.
• photonic: Xanadu, etc.

• noisy intermediate-scale quantum: NISQ

• the number of qubits

• large quantum noise
• no quantum error correction  

operating many gates is challenging

• applications to physics with/without 
quantum error correction?

∼ 𝒪(100)

→

[IBM research, Flickr]  
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Lattice gauge theory
• (conventional) lattice gauge theory

• discretize spacetime  
using Monte Carlo method

• infamous sign problem
• topological term
• real-time dynamics, etc.

• Hamiltonian simulation  
• discretize space
• no sign problem!
• need exponential resources…

• quantum computing
• tensor network, etc.

→
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Digital quantum simulation
• quantum simulation:  

simulation using a quantum computer
• real-time evolution
• adiabatic time evolution  

• applications to HEP: e.g. scattering problem 

• pros: exponential advantage
• cons: 

• still need many resources
• near-term (NISQ) applications?

time
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Contents of this talk
• simple gauge theory: Schwinger model
• confinement/screening in the Schwinger model

• obtain the ground state in the presence of probe charges
• method: adiabatic state preparation via Suzuki-Trotter decomposition (FTQC application)

• pair-creation due to the non-perturbative effect (the Schwinger mechanism)
• investigate quench dynamics in the presence of external field
• method: real-time evolution via variational quantum algorithms (NISQ-friendly application)

[Honda, Itou, Kikuchi, LN, Okuda, Phys. Rev. D 105, 014504]

[LN, Bapat, Bauer [arXiv:2302.10933]]



Confinement in the Schwinger model



Schwinger model

• simple toy model: 1+1d U(1) gauge theory = Schwinger model

• exactly solvable for 

• mass perturbation is available for small mass regime
• simple but still non-trivial

• screening/confinement phenomena 
• we can include the topological term  (cannot be treated in the MC method)

• the effects of the external field
• the effects of probe charges

m = 0
[Schwinger, Phys. Rev. 128, 2425]
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Screening vs Confinement in Schwinger model

•  (exactly solvable):  

•  (mass pert.): 

m = 0

m ≠ 0
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Lattice Hamiltonian of Schwinger model
• : staggered fermion 

• : link variables (gauge field)

• gauge invariance: Gauss’s law constraint

• we can eliminate gauge fields!
• automatically gauge invariant, no boson fields
• cannot be used in higher dimension

χn

Ln, ϕn
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Spin Hamiltonian of the Schwinger model
• fermion formalism spin system (Jordan-Wigner transformation)

• constant background electric field   (constant)

• introducing probe charges position-dependent 

→

↔ θn = θ
↔ θn

<latexit sha1_base64="Nq+JwmUFkQT+NaooofOIcg3InU8="></latexit>

Hspin = J

N�2X

n=0

 
nX

k=0

Zk + (�)k

2
+

✓n

2⇡

!2

+
w

2

N�2X

n=0

(XnXn+1 + YnYn+1) +
m

2

N�1X

n=0

(�)nZn

<latexit sha1_base64="kD8IzqLg60O0jPrzpgjYklCNhUY="></latexit>x
<latexit sha1_base64="8wZZ6iDEUUTX3wUivwjvJzVWg9o="></latexit>

+ <latexit sha1_base64="bdwKs9oBPXBYR4mH0PvgFBFYjo8="></latexit>�
<latexit sha1_base64="qbcM+2J0Dz2SdArxOHgTk+gi7JQ="></latexit>

+q <latexit sha1_base64="JTr7aRol0H8L4CFYz8bYwfaae8M="></latexit>�q
<latexit sha1_base64="UfitXYW/mOVMStlSw/T1+mYVlLA="></latexit>

+q <latexit sha1_base64="LlftBCgYgboLRa3GOXRmTeZPN00="></latexit>�q

<latexit sha1_base64="NcsMUQukfR7zy6VSz5gZvZkatas="></latexit>

✓0

<latexit sha1_base64="hHpXU2EpDWOmnbV16XKgzOLMal0="></latexit>

+2⇡ <latexit sha1_base64="B22HmprRKoo7R0CazuoMVCx256Y="></latexit>q
<latexit sha1_base64="NcsMUQukfR7zy6VSz5gZvZkatas="></latexit>

✓0

<latexit sha1_base64="8wZZ6iDEUUTX3wUivwjvJzVWg9o="></latexit>

+ <latexit sha1_base64="bdwKs9oBPXBYR4mH0PvgFBFYjo8="></latexit>�

<latexit sha1_base64="zM6cmiiBa2x/hQm7Q0LWXd/yKW0="></latexit>

✓



Adiabatic state preparation
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Adiabatic state preparation
• adiabatic theorem

• Suzuki-Trotter decomposition
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Results for q ∉ ℤ
• digitized adiabatic state preparation  compute energy 
• expect confinement for massive case (in infinite volume and continuum limit) 

              screening        massless

• cyan/magenta curves: analytic results no plateau due to finite volume effect
• linear behavior for massive case!
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Quench dynamics in the Schwinger model



Quench dynamics in the Schwinger model

Ground state without external field time evolution with external field  
pair-creation?→
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: external electric field

• Schwinger effect: particle pair creation due to strong external electric field
• Method: variational quantum algorithm (VQE+VQS)
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• Suzuki-Trotter method
• #depth grows with #steps
• decoherence problem 

on NISQ devices 

• variational quantum algorithm (VQA)
• approximate states by ansatz with fixed depth
• state preparation: variational quantum eigensolver (VQE)
• time-evolution: variational quantum simulation (VQS)

Suzuki-Trotter vs variational method

depth  (#step)∝ depth fixed
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Variational quantum eigensolver
• goal: obtain the ground state

• approximate the ground state by ansatz 

• optimize cost function  via classical computer 
ground state is given by 

|ψ(λ)⟩
C(λ) = ⟨ψ(λ) |H |ψ(λ)⟩

→ |ψ(λ*)⟩
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Variational quantum simulation
• goal: obtain time-evolved state 

• approximate  by ansatz  with time-dependent parameters

• evolution of states  evolution of parameters  via McLacran’s variational principle 

• we use the same ansatz (Hamiltonian variational ansatz) for both VQE and VQS 
quench dynamics: set  (obtained by VQE)

|Ψ(t)⟩ = e−iHt |Ψ(0)⟩
|Ψ(t)⟩ |ψ(λ(t))⟩

→ λ(t)

→ λ(0) = λ*

<latexit sha1_base64="2ctn5cm3kP4ifYT7S+av/6yPqGc="></latexit> ··
·

<latexit sha1_base64="2ctn5cm3kP4ifYT7S+av/6yPqGc="></latexit> ··
·

<latexit sha1_base64="AKfsGri/jKsMu3tQ5cXpgHtW3HY="></latexit>

U(�(t))

<latexit sha1_base64="KIyIxTJ7Sw6m2hHzfGjpwJzMiQ4="></latexit>

| (�(t))i = U(�(t))|0i

<latexit sha1_base64="NyFwVKup0PjSpjNp2cjHwegLw6Y="></latexit>

Vi = Im
@h (�)|
@�i

H| (�)i

<latexit sha1_base64="jKB55/7iAJAUWYxHuBTn+FCdxRg="></latexit>

Mij = Re
@h (�)|
@�i

@| (�)i
@�j

<latexit sha1_base64="UG3p3JmDS7YDG8M0uR1flFLe1Ys="></latexit>X

j

Mij �̇j = Vi

classical computer

[Li, Benjamin, Phys. Rev. X 7, 021050, (2017)]

(+correction terms)



Summary of our protocol
• Quench dynamics in the Schwinger model

• ground state without external field :

• time evolution via Hamiltonian with external field : 

• perform VQE and VQS using the same ansatz
• simulation with fixed depth
• reduce overall circuit depth

q
q
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Ground state preparation via VQE
• compare VQE results with exact diagonalization (ED) 

• a metric of accuracy:

•                     : max/min energy obtained by ED

•  for the best case

•  for the worst case

•  depth of ansatz

• quality drastically improves for 

r(E) = 1
r(E) = 0

L :
L ≥ 4
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• 20 samples with different initialization
• dots/bars represent medians and 25-75 percentiles
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q = 0Real-time evolution via VQS
• two observables:

• total electric field 

• chiral condensation  ( particle number density)  

• observing energy loss and pair-creation!

ℰ
⟨ψ̄ψ⟩ ∼

electric field chiral condensation

energy loss 
due to pair-creation pair-creation

• 20 samples with different initialization

• dots/bars represent medians and 25-75 percentiles



Summary and outlooks

• confinement/screening in the Schwinger model via adiabatic state preparation
• obtain ground state in the presence of probe charges
• implement adiabatic evolution via Suzuki-Trotter decomposition

• quench dynamics in the Schwinger model via VQAs

• ground state w/o external field  via VQE

• time evolution via Hamiltonian w/ external field  via VQS
• we can reduce circuit depth

• results from quantum algorithms agree well with analytic/exact results
• future directions:

• (screening): NISQ-friendly algorithm?
• (VQA): reducing measurement costs [in progress], error analysis
• extension to higher dimensional and/or non-Abelian theories

q
q
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Suzuki-Trotter decomposition
• adiabatic state preparation

• real-time evolution

• drawback: #depth grows with #steps
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Simulation setup
• We test our method by classical simulator of ideal quantum device (IBM Qiskit)


• We compare simulation results with analytic results for finite/infinite volume


• lattice spacing  (fixed), # of sites 


• adiabatic time , # of steps , # measurements = 


• ,  and 


•

ag = 0.4 N = 15,21

T = 99 M = 330 𝒪(105)

θ0 = 0 q ∈ ℤ q ∉ ℤ

θ0 ≠ 0
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Results for θ0 = 0, q ∈ ℤ
• expect screening both for massless/massive case in infinite volume/continuum limit


• green/purple curves: analytic (infinite volume)


• magenta/cyan curves: analytic (finite volume) 

[Honda-Itou-Kikuchi-LN-Okuda]
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Results for θ0 = 0, q ∉ ℤ
• expect confinement for massive case in infinite volume and continuum limit 

              screening        massless


• linear behavior for massive case (left)  plot slopes for various  (right)→ q

green curve: classical coulomb


blue band: analytic results from mass pert.
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Results for θ0 ≠ 0
• cannot be obtained by Monte Carlo method


• plot of energy vs  with probe distance fixed θ0

black curve: analytic results for finite volume 
 
magenta curve: analytic results for infinite volume
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Adiabatic errors
• energy for 


• blue region  small gap when distance is large!

N = 15,m/g = 0.15,ag = 0.4
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Adiabatic errors
• blue region  small gap when distance is large!


• energy vs adiabatic time for  
we need more adiabatic time for small gap region

→

N = 21,m/g = 0.25,q = 1
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• plot of energy with varying background theta 


• violating symmetry under   due to the decomposition 
restored when taking 

θ0

θ → − θ
→ δt → 0

Suzuki-Trotter error
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• preserves particle number


• violates parity: θ → − θ

Decomposing Hamiltonian
<latexit sha1_base64="At6RaF3PFC4ugGOX9DSqdfeQYZo="></latexit>

H = H
(0)
XY +H

(1)
XY +HZ

<latexit sha1_base64="oA359w2AMyBV0nza7mFCgRBJZZY="></latexit>

H
(0)
XY =

w

2

N�3
2X

m=0

�
X2mX2m+1 + Y2mY2m+1

�

<latexit sha1_base64="mbf+5hlgm7Z2K6ue29q/SNaUKXw="></latexit>

H
(1)
XY =

w

2

N�1
2X

m=1

�
X2m�1X2m + Y2m�1Y2m

�

<latexit sha1_base64="L483NNXK6kToCc4HuDbrjpKgOKE="></latexit>

HZ =
J

2

N�3X

n=0

N�2X

m=n+1

(N �m� 1)ZnZm +
N�1X

n=0

c
(Z)
n Zn



• computed by DMRG

Analytic results on finite interval



Hamiltonian variational ansatz (HVA)
• motivation: mimic Suzuki-Trotter decomposition of adiabatic or real-time evolution

• parameters  can depend on sites

• we use U(1) preserving decomposition
(α, β, γ)
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Fidelity and algorithmic errors

• (avaraged) fidelity improves as increasing  and/or decreasing

• effects from  is significant 
L

δt

<latexit sha1_base64="s+llFX4OWi3Xab+o+knag5w5OqY="></latexit>

�t = Tmax/Nstep

14/15



Lattice spacing dependence 



System size dependence



McLachlan’s variational principle
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Quantum circuit for VQS

• evaluation of matrix elements

• derivative of each component w.r.t. parameters
• quantum circuit:
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[Li, Benjamin, Phys. Rev. X 7, 021050 (2017)]
[Yuan et al., Quantum 3, 191 (2019)]

Figure from Yuan et al.



Schwinger model

• simple toy model: 1+1d U(1) gauge theory (=quantum electrodynamics): Schwinger model
• still nontrivial: confinement, phase transition

• discretized Hamiltonian  spin Hamiltonian (gauge field elimination, Jordan-Wigner transformation)

• phase transition at  and 
→

q = 1/2 m = mc
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