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Quantum computing

* classical computing
. classical bit: s € {0,1}"

. classical operation: s — ()

classical (AND) gate

0 \ :
—1/

* quantum computing

e quantum bit (qubit):
) =, (a;|0) + f; 1))

— superposition, entanglement

* unitary operation (quantum gate):
[y) = Uly)

quantum (CNOT) gate

Initial state

[ 1)

final state



Elementary gates

* 1-qubit gate * quantum algorithm:
. Pauligates: X, Y, Z (o,, oy, 0,) o identify the target unitary U
. rotation gates: Rp(0) = e ~1OPI2 « implement unitary U by elementary gates
(P=X,Y,Z) * acting unitary on an initial state:
» 2-qubit gate lw) = U| O>®N
. CNOT (CX) gate, etc. . measure observable: (y| O | y)
. CX and Pauli rotations—universal computation * quantum error correction: we can correct

guantum errors during computation

[ 1) ' [ 1)

[0) X [ 1)

0y —H— 1)
X gate CNOT (CX) gate



Hardware developments

* hardware realizations: * noisy intermediate-scale quantum: NISQ
* superconducting: IBM, google, etc . the number of qubits ~ ©(100)
* ion-trap: lonQ, quantinuum, etc. * |large quantum noise
e photonic: Xanadu, etc. * NO quantum error correction

—operating many gates is challenging

* applications to physics with/without
guantum error correction?

LIRk
. :
{
{ i
»l(
-
|
|
|
A
. 1%
1
|i%
b
5
b |
-
N
| (
i -
TG
L
*
<
-
<

[IBM research, Flickr]



Lattice gauge theory

* (conventional) lattice gauge theory * Hamiltonian simulation
» discretize spacetime * discretize space
—using Monte Carlo method + no sign problem!
7 — /[d¢ —Slo] Z —5S(¢i) * need exponential resources...
{o:} * gquantum computing

* infamous sign problem e tensor network, etc.

* topological term

* real-time dynamics, etc. 14(0)) D)) = e (0))

AN\ N\

N\ O\
\

N\ N\

/
/ -~ time




Digital quantum simulation

* quantum simulation:
simulation using a quantum computer

. real-time evolution [¥(t)) = e ""*[4(0))

e adiabatic time evolution
[Yas) = fifdtHA(t)th@

* applications to HEP: e.q. scattering problem
[Jordan, Lee, Preskill, Science 336, 1130-1133 (2012)]

* pros: exponential advantage
* CONS:
* still need many resources
* near-term (NISQ) applications?

e—th
(0)) - [(1))
//// //// ////:
/ Lt /// ///
A1 L 11 11 L1
rd rd rd
// o d // “ ///
///' P A
5 5 - time
t=20 t
—iHt __ (e—iHAt)S
1(0)) - U(t))
' o —iHAL o —iHAL ' o —iHAL



Contents of this talk

* simple gauge theory: Schwinger model

* confinement/screening in the Schwinger model [Honda, Itou, Kikuchi, LN, Okuda, Phys. Rev. D 105, 014504]
* obtain the ground state in the presence of
* method: adiabatic state preparation via Suzuki-Trotter decomposition (FTQC application)

* pair-creation due to the non-perturbative effect (the Schwinger mechanism) [LN, Bapat, Bauer [arXiv:2302.10933]]
* Investigate quench dynamics in the presence of

* method: real-time evolution via variational quantum algorithms (NISQ-friendly application)



Confinement in the Schwinger model



Schwinger model

1 % ge % . : /,
L= Fu P + 2 e Fyy + 7" (0, +igAy) § — may

* simple toy model: 1+1d U(1) gauge theory = Schwinger model [Schwinger, Phys. Rev. 128, 2425]

» exactly solvable for m = 0
* mass perturbation is available for small mass regime
* simple but still non-trivial
* screening/confinement phenomena
* we can include (cannot be treated in the MC method)
* the effects of the external field

* the effects of probe charges



Screening vs Confinement in Schwinger model

[Schwinger]
[Gross-Klebanov-Matytsin-Smilga, Iso-Murayamal]

V(x) V()
= = screening . confinement
| . .
1q —q
q°9°
« m = () (exactly solvable): Vir) = 5 (1 — e H%) screening
1
screening, g € Z
. m # 0 (mass pert.): V(x) ~mX |1l —cos(2mq)| x 1

confinement, g & Z



Lattice Hamiltonian of Schwinger model

_ ‘ LO,¢O ‘ ‘ ‘ LN—17¢N—1 ‘
 X,- staggered fermion [Susskind, Kogut-Susskind] | | | | |
« L, ¢, :link variables (gauge field) X0 YN—1

N—2 g 2 N —2 N—1
Hlat =J Z (Ln 27_‘_) 1W Z (Xne Xn+1 C°C°) m Z( ) XnXn
e gauge invariance: Gauss’s law constraint
T
T 1 —(-)

Ln — Ln—l — XnXn

* we can eliminate gauge fields!
* automatically gauge invariant, no boson fields
* cannot be used in higher dimension



Spin Hamiltonian of the Schwinger model

« fermion formalism—spin system (Jordan-Wigner transformation)

N —2 n Zk | ( )k 9 2 - N—2 m N—1
Hspin = .J Z (Z 9 | 27T) | 9 Z (Xan—l—l + YnYn—l—l) | 9 Z (_)nZn
n=0

k=0 n=0 n=0

. constant background electric field< 6, = 6 (constant)

» introducing probe charges<«>position-dependent 0,

(90 —|—27‘(‘q ............




Adiabatic state preparation

Goal: obtain ground state in the presence of probe charges (position dep. 6,)

N —2 n Zk—|—(—)k 9 2 - N —2 mN—l
i=a 3 (S ) S e s Y+ D1
n=0

k=0 n=0 n=0

H 4 (0) = Hy Ha(t)  HaA(T)=H
I I I -
T
Qo) Q) = Tlim T exp (1/ dtHA(t)) Qo)
— OO 0
ground state of H,, ground state of H

no charges, w = () dprobe charges



Adiabatic state preparation

e adiabatic theorem

HA(O) :HO HA(t) HA(T =5;l T
| | . f |Q> — lim Texp (1/ dtHA(t)) ‘QO>
0

| | T'— 00

)
Qo) )

* Suzuki-Trotter decomposition

T M
Texp (1/ dtH 4 (t)) ~ H exp (—1H 4 (sAt))
HA(O) :H() HA(t) HA(T) = H 0 s=1
] - 1

|Qo> N _— (1 /T dtHA(t)) o ~ H (elementary Qates)
0



Resu Its for q ¢ Z [Honda, Itou, Kikuchi, LN, Okuda, Phys. Rev. D 105, 014504]

digitized adiabatic state preparation— compute energy (Q | H| Q)

expect confinement for massive case (in infinite volume and continuum limit)

screening massless

cyan/magenta curves: analytic results—no plateau due to finite volume effect

linear behavior for massive case!

g=0.25 N =15

0.15

b
I

V20 + ViV ©)/g
m =0

m/g = 0.2 *




Quench dynamics in the Schwinger model



Quench dynamics in the Schwinger model

* Schwinger effect: particle pair creation due to strong [Schwinger, Phys. Rev. 82, 664, (1951)]

* Method: variational quantum algorithm (VQE+VQS)

q : external electric field

q =0

)
e

W) (1)) = emiHemot g N

<

Ground state without external field time evolution external field

— pair-creation?



Suzuki-Trotter vs variational method

* Suzuki-Trotter method  variational guantum algorithm (VQA)
» #depth grows with #steps * approximate states by ansatz with fixed depth
* decoherence problem » state preparation: variational quantum eigensolver (VQE)

on NISQ devices » time-evolution: variational quantum simulation (VQS)

depth (#step) depth fixed



Variational quantum eigensolver

* goal: obtain the ground state
. approximate the ground state by ansatz |w(A))

. optimize cost function C(1) = (w(4) | H|w(4)) via classical computer
—ground state is given by | y(4:))

classical computer

[
U | OO = @ HEO) N
. N

A = arg m)%n C' (M)

D




VariatiOnaI q uantu m Si Mu Iation [Li, Benjamin, Phys. Rev. X 7, 021050, (2017)]

. goal: obtain time-evolved state | ¥(7)) = e /| ¥(0))
. approximate | W(¢)) by ansatz |y(A(r))) with time-dependent parameters
. evolution of states — evolution of parameters A(?) via McLacran’s variational principle

* we use the same ansatz (Hamiltonian variational ansatz) for both VQE and VQS
—quench dynamics: set A(0) = A. (obtained by VQE)

classical computer

O(P(N)| 0l(A))

N O\ 77 T\
v — 28N oy 4

O\

Mz’j — Re

> Mijh; =V
J

(+correction terms)



Summary of our protocol

* Quench dynamics in the Schwinger model

. ground state without external field g: | ¥ qg)

« time evolution via Hamiltonian with external field g:

() = e ot Ugs)

» perform VQE and VQS using the same ansatz |1(\))
* simulation with fixed depth

* reduce overall circuit depth

------------------------------------

state time o . measurement
preparation evolution ..+ . of observables

—

VQE

state prep./ time evolution




Ground state preparationviaVQE — |

Was) = [1(As)) N
» compare VQE results with exact diagonalization (ED) o -
e a metric of accuracy: r(FE) = Emax = BvQE N=4, ag=1.0, m/g=1.0, g=0
Fmax — Emin L T --------- P -

* Frnax, Emin - max/min energy obtained by ED ' ¢

« 7(E) = 1 for the best case 0.9999T

« r(E) = 0 for the worst case S
« [ : depth of ansatz 0.9998 |
» quality drastically improves for L > 4

0.9997 |

1 2 3 4 5
L

e 20 samples with different initialization
e dots/bars represent medians and 25-75 percentiles



Real-time evolution via VQS

e two observables: VQE

o total electric field &

. chiral condensation () (~particle number density) 20 samples with different initialization

. _ _ e dots/bars represent medians and 25-75 percentiles
* observing energy loss and pair-creation!

electric field chiral condensation
N=4, ag=1.0, m/g=1.0, g=2.0, L=3, 6t=0.01 N=4, ag=1.0, m/g=1.0, g=2.0, L=3, 6t=0.01
e 0.5F P ED
2.00 F i R § vaQs
1.98 | \ energy loss 0.4} ’ N
° due to pair-creation ’ N\
1.96 | o o .
@) \ . § 0.3F ]
= 1.94} . N
Y ) 1
1.92} . . = 4l .
1.90 | . 7 01k f .
1.88 — ED \ ’ ° e
§ VvQs e, )€ 0.0 F ’
1865 1 2 3 4 1 2 3 4 5
t-g t-g




Summary and outlooks

» confinement/screening in the Schwinger model via adiabatic state preparation
* obtain ground state in the presence of probe charges
* iImplement adiabatic evolution via Suzuki-Trotter decomposition
* quench dynamics in the Schwinger model via VQAs
 ground state w/o external field g via VQE
« time evolution via Hamiltonian w/ external field g via VQS
e we can reduce circuit depth
 results from quantum algorithms agree well with analytic/exact results
* future directions:
* (screening): NISQ-friendly algorithm??
* (VQA): reducing measurement costs [in progress], error analysis
» extension to higher dimensional and/or non-Abelian theories



Backups



Suzuki-Trotter decomposition

* adiabatic state preparation

T'— 00

Q) = lim Texp (—i/o dtHA(t)) Q)

~ H e—iHA(sAt)At ‘QO>

* real-time evolution
(1)) = e p(0)) = (e7H2%)7 [1(0))

* drawback: #depth grows with #steps



Simulation setup

[Honda-Itou-Kikuchi-LN-Okuda]

We test our method by classical simulator of 1deal quantum device (IBM Qiskit)
We compare simulation results with analytic results for finite/infinite volume
lattice spacing ag = 0.4 (fixed), # of sites N = 15,21

adiabatic time T = 99, # of steps M = 330, # measurements = O(10°)

Oh=0,g€e Zandqg & 7/ (}
H();é() 90—|—27Tq ..............
o |-




Results for 6, =0, g &€ Z

e cxpect screening both for massless/massive case 1n infinite volume/continuum limit

e oreen/purple curves: analytic (1infinite volume)

e magenta/

Vi(€)/g

curves: analytic (finite volume)

g=1 m=20
2.5
-== VO()/qg
204 ... V909 (Lg =5.6)
0
V" (0)/g (Lg=8) .
1.5 1 —
o N=15 e =
B ~N=21 R =
1 = =
1.0 g E E__E_ ___________
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o
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o 1 2 3 4 5 6 7 8

Vi(0)/g

[Honda-Itou-Kikuchi-LN-Okuda]

gq=1,m/g=0.2

2.0

1.5 1

1.0 1

0.9

. =
R =
‘.@ =
g = °
““ ______________
=~
7 (0) (1)

{g ...... V2 (O+V (0] /g (Lg=5.6)

VO (O+ViY(0]/g (Lg=5.6)
— == V20+vV(0)]/g (Lg=40)

® w~=15
11




RES“ltS for H() — O’ q g Z [Honda-Itou-Kikuchi-LN-Okuda]

e cxpect confinement for massive case in infinite volume and continuum limit
screening massless

e linear behavior for massive case (left) — plot slopes for various g (right)

015 q=0.25 N=15 0124 (1) /g2 //\ green curve: classical coulomb
/
...... vi2(0)/g ! ~ == ICoulomb /g’ / | ,
_ o) 0 0.10 (/a0 4 VDY /g2 R blue band: analytic results from mass pert.
[Vf (£) + Vf (O)]/9g % f f g / T
0.1 - § m = . 0.08 - I simulation /,’
B b m/g=02 i : 1 RS AT
§ 7 “"‘ & 0.06 - /// ““““““
S S 4 S
0.05 - J; $ ““““““ 0.04 - ,(/ i
3 1
- 0.02 - g
¢ 1T
0 T T T T T 0.00 ""_"l‘—‘al: T T T T
0 1 2 3 4 5) 0 0.0 0.1 0.2 0.3 0.4 0.5



Results for 6, = 0

e cannot be obtained by Monte Carlo method

[Honda-Itou-Kikuchi-LN-Okuda]

e plot of energy vs @, with probe distance fixed

E(00,9,¢) — E(0,0,0)]/g*L

1.2

~=- oW(0y/2m)/ g7
— mass perturbation
q=0,0/a=0
=1,¢/a=6

b

black curve: analytic results for finite volume

magenta curve: analytic results for infinite volume



Adiabatic errors

1 |dH 4 /dt|]

e cnergy for N = 15,m/g = 0.15,ag = 0.4 Ead S Tmax N

(A: energy gap)

e blue region — small gap when distance 1s large!

l/a =2 {/a =06 {/a =10
1.0 1.0 —] 1.0 1.2
0.8 0.8 0.8 I
1.0
0.6 0.6 0.0
S > S 0.8
0.4 0.4 0.4
0.2 0.2 0.2 IO.6
0.0 ‘ 0.0 0.0
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.0 0.2 0.4 0.0 0.8 1.0

t/T t/T t/T



Adiabatic errors ta =10

‘ I1‘2
- 1.0

e blue region — small gap when distance 1s large!

e ecnergy vs adiabatic time for N = 21,m/g = 0.25,9g = 1
—we need more adiabatic time for small gap region

3

A g]=20
¢ gl=18
m gl=16
25| o ¢gl=14 R
L0 S :
=S I o<1 NdHa/dY
0"‘ ] ad ~ T AQ
—‘-‘————. —————————————
—— R -
15 _-;'1':_.,___0 __________
y —_—— 0 — — — - - - -



Suzuki-Trotter error

e plot of energy with varying background theta ¢,

e violating symmetry under ¢ - — 0 due to the decomposition
—restored when taking s — 0

(E(8,) - E(0,=0))/(g’L)
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e change m with 7 fixed
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Decomposing Hamiltonian

H=H +HY), +H,

e preserves particle number

e violates parity: - -6



Analytic results on finite interval

e computed by DMRG

N=115,g=10,9=025,a=0.1

m=0
0.35 A x m=0.05 )
e m=025 .
m=0.40 -
«  m=0.80 S !
ek . m=160 v
— Coulomb Lo
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Hamiltonian variational ansatz (HVA)

* motivation: mimic Suzuki- Trotter decomposition of adiabatic or real-time evolution
. parameters (a, f3, ¥) can depend on sites

 we use U(1) preserving decomposition

H=Hxy +Hz;;+ Hy

Suzuki-Trotter evolution HVA
T T : Nstep Prmmeeeerereooon proeononiineneeen poonneseeeesees
e—iHXyAt ; e—inzAt E e—ZHzAt : e—iHXYal i e_iHZZBl E : o~ H 7z~



Fidelity and algorithmic errors

(avaraged) fidelity improves as increasing L and/or decreasing 0t = Ti,ax/Nstep

. effects from ot is significant

N=4, ag=1.0, m/g=1.0, g=2.0, 6t=0.01 N=4, ag=1.0, m/g=1.0, g=2.0, L=3
109 | 109 |
9.995 x 101} 9.9x 107!
9.99 x 1071 | 9.8 x 107" |
29.985x 1071 | Z 7 X107
L 8 96x10-1}
= 9.98x 101} = 70
—-1191
90.975x 1071+t 9.5 x10
9.97 x10-1} — L=1 9.4x 107 f —_ 6t=0.04
' [ =2 1 5t=0.02
9 965 X 10_1 [ | L=3 93 X 10 i 5t=001
0 1 2 3 4 5 0 1 2 3 4 5



Lattice spacing dependence

Fidelity

10°

9.95x 1071}
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~ ~ r~
I
w N =

o i |
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9.8x 107t}

9.75 x 1071

N=4, ag=0.8, m/g=1.0, g=2.0, 6t=0.01

—_— =1
L=2
— [ =3
0 1 2 3 4 5
t-g
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System size dependence

100 - — S ——————————— = 100 [~ 100 [ e e NIRRT ——————————— —
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McLachlan’s variational principle

5 (;t : ZH) BON || =0

O (A)| 011 (A))
ONi O

O{b(M)|
O\

Mij — Re

Vi = Im

m— ZMij}\j =V
j Hlp(N))



[Li, Benjamin, Phys. Rev. X 7, 021050 (2017)]

Quantum CirCUit for VQS [Yuan et al., Quantum 3, 191 (2019)]

U(A) = BEn(AN) -+ Ri(AN)

m— [ o - R o Ry e Ry [)( M)

O(p(N)] 9]p(N))
O\ O\

 evaluation of matrix elements Mg, = Re

o,
» derivative of each component w.r.t. parameters aTRk()\) = Up R (N)

e quantum circuit:

ancilla e P G a P, G — e ————

0) + €e*?|1) +)or|-)

___________

register quHR2HUk HRk Uqg . /

Figure from Yuan et al.



Sc hWi n g e r m Od e I [Schwinger, Phys. Rev. 128, 2425, (1962)]

Zi + (— ) 2 oy V=2 o N1
spln = J Z (Z | Q) | 9 Z (Xan—I—l + YnYn—I—l) | 9 Z (_)nZn
n=0 n=0

* simple toy model: 1+1d U(1) gauge theory (=quantum electrodynamics): Schwinger model
e still nontrivial: confinement, phase transition

o discretized Hamiltonian — spin Hamiltonian (gauge field elimination, Jordan-Wigner transformation)

» phase transitionatg = 1/2and m = m,
q=0/27

e

® :fermion (electron)
. gauge (electric) field m.

1/2 o :




