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Notation

 The ring of integers : Z

 The prime field of order two : Z, = Z /27
* The field of real number : R

* Classifying space of G : BG

« BRST transformation : g

* Its generator : Qg

 Ghost in superfield formalism : C

« Spacetime dimension : n,d, m = 2[ (using multiple notations)

* Chern character : ch
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1. Topology

A geometry allowing CONTINUOUS DEFORMATION

|12



1. Topology

Many Branches

Topology

» Homology

1.1.

¥

Homotopy

> (Ordinary) Homology

1.2.

¥

Extraordinary Homology

1.3.

¥

» Bordism

Knot theory

K Theory




1.1. Homology

Studying HOLE

connectedness

l

separate

=

1-dim hole 2-dim hole 0-dim hole
between two points!



1.1. Homology

Detect the hole of torus
O-dim hole : 1
1-dim hole : 2

2-dim hole : 1




1.1. Homology

Let’s consider BOUNDARY
Boundary operator : 0

empty
0

filled Not filled



1.1. Homology

Let’s study 1-dim hole

1-dim hole is determined by

Ker 61
Im 0,

Closed loop € Ker 04
Deformation € Im 0,



1.1. Homology

Let’s study 0-dim hole

0-dim hole is determined by

All Points Ker 0
Im 0,4

Closed point € Ker 9, Deformation € Im 0,



1.1. Homology

Let’s study 2-dim hole

2-dim hole is determined by

Closed surfaces When deforming surface, Ker 62
Passing through 3-dim ball

Im 04

Closed surface € Ker 0, Deformation € Im 04



1.1. Homology

Mathematically,

Consider a CW complex of manifold X
>0 —>C, > —>(—0

where each map Is boundary operator
On: Cp — Cpq

Homology group is defined by

Ker 0,
H,(X) =

Im 0p 41

corresponding n-dim holes




1.1. Homology

Exterior derivative is related to boundary operator.

—f(x,y + dy)dx

<«

(x,v)dx + glx + dx,y)dy — f(x,y + dy)dx — g(x,y)d

—g(x,y)dy ' Céfe/r:]gx[ A g(x + dx,y)dy flxy J yagy aj; Y Y IR0 YIEY

’ <8x - 8y> dxdy
-
f(x,y)dx
dg Odf
d(fdx + gdy) = (a — @> dxdy

v’ Decompose a manifold in infinitesimally, then get (co)homology



1.2. Extraordinary Homology

To know topological shapes,
Homology studies whether it has holes or not.
There exists other ways???

Yes, extraordinary homology:.



1.2. Extraordinary Homology

To extraordinary homology is determined by information of a point.
Gn(X) = Gp(pt) O én(X)
In fact, Atiyah Hirzebruch spectral sequence works on G,, (pt).

From now on, we denote G,,(pt) as G,,.



1.2. Extraordinary Homology

For ordinary homology,
HO p— Z’ I—I1 — O, HZ — O’ H3 — O, coe

For bordism,

QO — Zz, Ql — O, QZ — Zz, Q3 — O, *et
__ Extraordinary

Homology
For complex K theory,

K():Z, K1=0, K2=Z, K3=O,




1.3. Bordism

Ordinary homology Is

Ker 0,

- Im an+1
where Ker d,, means closed n-dim manifolds

and Im d,,,; means allowing deformations.

Hy

Bordism is defined as
_ closed n — dim manifolds
L=

bordant



1.3. Bordism

M,and N, are bordant if ...



1.3. Bordism

If My, N, and W, have an additional structure S,
Another bordism theory €, is defined.

For example, when manifolds are equipped with a spin structure,
spin bordism is defined

spin __ spin __ spin __ spin __
QO _— Z, Ql — ZZ’ QZ — ZZ, QS — O’ e



1.3. Bordism

0 € Z, : orientable.

2-dim closed manifolds {1 € 7, : not orientable

Dehn Surgery

Q; =0

QOZZZ
OQ]_ =O



1.4. Spectral Sequence

Fibration : F — E — B : fiber, total space, base space respectively

Fber““““““““““‘ — Total Space

e




1.4. Spectral Sequence

Example of F — F — B,
Mobiusband : B =St'and F = R
Hopf fibration : S - §3 — §°

Gauge Theory : B iIs spacetime, F Is gauge group



1.4. Spectral Sequence

How to compute ordinary/extraordinary homology?
Consider fibration: F — E — B

Spectral Sequence : from H,(B) and H,.(F), compute H,(E)

Hy(B; Hy(F)) = Hp4q(E)

There are maps, transgression 7 : H,(B) — H,,_{(F)
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2. Non-Abelian Gauge Theory

Let’s consider QCD
SQCD — Sgauge + Smatter + (GF & FP)

where
1
Sgauge = —2—ng d*x tTFI“WFMV

Smatter = f d*x il/jyﬂDﬂl/) - ml/jl/)

Fermions are charged under
G = Ggauge X Gflavor



2.1. Asymptotic Freedom and Confinement

Beta function : uZ—i = B(g) = Bog® + B19° + -

B(9) g(u)

I Blg) <0
Asymptotic free k
k AIR
Confine




2.2. Non-linear Sigma Model

In QCD, quarks condensate : (;1;) = v30;;

Flavor symmetry breaks : Grgp0r — Hrigvor

NG field : () = ™ OT" € Gryp0r/Hrravor (COOrdinate of coset space)
Lagrangian : £ = f2tr (¢, (M) 110001-/H raver) -+

where Maurer-Cartan 1 form : e, () = i~*¢~*(m)0,¢ (1)



2.3. Anomalies

Contents of this section
1. Introduction
2. Computation

3. Generality



2.3.1. Introduction to Anomalies

1. Gauge Anomalies as obstructions of renormalization
 To renormalize a gauge theory,
we require a gauge invariant (GI) regularization.
 Chiral fermions let the gauge transformation contain yx,
and we give up the (GI) dimensional regularization.

* If anomalies exist, WT identities of a gauge theory break as
(0|[iQg, Texp{i(external source)}]|0) = 2AR™ + O(A™*1)

* 6gA = 0 : WZ consistency condition.




2.3.1. Introduction to Anomalies

2. Anomalies as symmetry breaking by the quantum effect
* Classical theory : the invariance of Lagrangian
« Quantum theory : the invariance of the partition function

By the quantum effect, a conservation law sometimes breaks
DH() = ~a'®

where 6gT[A] = A= [d™xa = [ d™xc%'* # 0.
* 6gA = 0 or 6ga = d& . WZ consistency condition.




2.3.2. Computation of Anomalies

1. First method : DESCENT EQUATION
use BRST and superfield formalism
d=d+68, A=A+ C,with the horizontality condition £ = F
trF*l = trFi*l ;m = 21
Descent equation Is given by
dw2[+1(ﬁ, ﬁ) = dwy141(4,F)
Taking terms of the ghost number two,
6ng) + dwgzl =0
(1)
21

We getanomaly : a = w



2.3.2. Computation of Anomalies

2. Second method : FEYNMAN DIAGRAMS

Known to be required triangular diagrams only :
6pl'[A] = 65 [i_llnDet(iy“(au + AM)Pi) 4+ ]

WM<W

V\VN\NANAN




2.3.2. Computation of Anomalies

By triangular diagrams, you can classify the following anomalies.
Three vortexes connect with

* three gauge currents : gauge anomaly

* two gauge and one global currents : chiral anomaly

* three global currents : ‘t Hooft anomaly
1. This is symmetry in quantum theory.
2. Conservation law breaks when couple to background gauge field.
3. Theory dies when couple to dynamical gauge field.
Still useful for anomaly matching condition (matching of UV and IR anomalies)

v Perturbative ways are blind to global gauge anomalies.




2.3.2. Computation of Anomalies

3. Third method : PATH INTEGRAL (PI)
In QFT, we always have to consider the variation of the measure of PI.
It corresponds to the breaking of the conservation law.
Under the axial rotation, the measure changes as

( A
DYDY — DYDpexp - fd‘*x a(x) T2 tre“BV‘SFaﬁF >
\ y,
Thus, the conservation law becomes
o 5
0ujs = T2 tre®Py FopFys



2.3.2. Computation of Anomalies

The integration of last formula is Atiyah-Singer index theorem.

L=V _f d™x ]m+1 f ch;(F)

With spacetime curvature,
vy —V_ = f [A(R)chy (F)]
M

where )
A(R) € H*(BSpin), chi(F) € H*(BGgqyuge)

A-hat genus

v Inside the integral is called anomaly polynomial.




d+1 dim
Invertible QFT

2.3.3. Generality i

Anomalous QFT

ANOMALY INFLOW :
Anomalous d-dim QFT with symmetry G is realized by the boundary of

Invertible (d + 1)-dim QFT with symmetry G. When combined, Gl.
Z = exp{i - (phases)}

Anomalies are given by invertible phases (the center of below sequence).

0 > Extz(QPT(BG),Z) » Inv&iE(BG) » Homy(QF7(BG),Z) - 0

Free part : perturbative gauge anomaly (e.g., triangular diagrams)
Torsion part : non-perturbative gauge anomaly (e.g., SU(2) anomaly)



2.3.3. Generality

In general, anomaly polynomial is given by
[A(R)ch(F)] , , € H***(BSpin X BG; Q)

where
R Is the spacetime curvature
F i1s the gauge curvature
A is the A-hat genus
ch 1s the Chern character

HA+2(BSpin x BG; Q) = Homy ( SPINBG), Z)

v' Anomaly polynomial contains perturbative information of anomalies.



2.4. WZW terms

Pions are described by

L= &tr(a UTO*U),U = &2(m),é(r) € G/H

Symmetries are

 Charge conjugation, C : U » U”

* Naive parity, P, : x » —x

* Another, (=1)V: U » UT, (r » —1)

v Parity transformation is P = Py(—1)"=
WZW terms violate P, and (—1)"=, leaving P.



2.4. WZW terms

Consider 4-dim manifold M
Difficult to write down the action including both €e*5Y9 and tr(--+).
Equation of motion :

1
> fnzaﬂ(ufaﬂu) = 182 e*Prout(0,U)UT(0U)UT (3, U)UT(05U)

Consider 5-dim manifold N, (ON = M)

Action :

Swow X J d>x e*FYeUT (9, UNUT(0pU)UT (0, U)UT(95sU)UT(0.U)
N

Independent of extension N



2.4. WZW terms

Consider gauged WZW terms :

In SU(3) QCD with u,d,s quarks,

when U(1),,,, € SU(3)y, € SU(3); X SU(3)R IS gauged,
WZW term is upgraded to gauge invariant one.

Gauged WZW term contains anomaly

Nee? . o «
L=c7 Ak e*PYOF,5Fys

This term describes 7° — 2y




2.4. WZW terms

Consider spontaneous symmetry breaking G — H on n-dim
It iIs known that

Anomaly polynomial : « € H™"*%(BG; R)

WZW terms : T' € H"*1(G/H; R)

For G/H — BH — BG, a = t(I"), where 7 IS transgression

Note :

Assuming NG field is the sole massless field.
For ungauged WZW terms.

Torsion part of anomaly is not considered.
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3. Recent developments

« WZW terms are not always well defined on arbitrary manifolds.

« Sometimes requires a spin structure.

* Spin bordism seems to classify WZW terms, not homology.

 Conjecture : bordism classifies invertible QFT (including WZW)

« WZW terms of SU, SO, Sp gauge theories are studied.



3. Recent developments

For Sp(N.) X SU(2Nf) QCD, quarks condensate as
(Yp;) = v3%;; € SU(2N;)/Sp(Np)
WZW terms are well-defined

exp Znich Cs
Ws

T(Nc63) = N.c;3

Anomaly polynomial is

where _
é3 = o(c3) € Homg (Q.°" (SU(2Nf) /Sp(Ny)), Z)

Without residual global anomaly in Ext; (Qgpi"(BSp), 7.)



3. Recent developments

Future works :

* There are problems of torsion part (discrete WZW)

* Classification of WZW terms (invertible QFT) by bordism is conjecture.
Proof or Counterexamples by other models

« Models with mixed anomalies are not investigated.
Higher dimensional theories will suffer from mixed anomalies




Summary

« Homology and bordism can study the topology of manifolds.

 Spectral sequence can compute them.

« WZW terms can reproduce anomalies.

* The relation between anomalies and WZW terms is transgression.

» Classification by bordism is working well.
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