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OUTLINE

* 'lorsion and metricity condition

* (textbook) metric formalism:
torsion X  violation of metricity X

Einstein—Cartan gravity:
torsion ¢ violation of metricity X
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TORSION AND METRICITY

» Metric tensor g, (x)

invariant square ot an infinitesimal line element:
ds* = gﬂy(x)dx”dx”

« Affine connection fﬁﬂ(x)
infinitesimal parallel transport:
A,(x + Ax), = A, (0)+17,(x) Ax"A,(x)
covariant derivative:

|
V.A = Iim A+ Ax)— A (x+ Ax
L AD AxV{ u T, 2

= 0,4, (x)-T} (x)A,(x)
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TORSION AND METRICITY

- 7 o
e 1 =1, -1,

[V//“ V’/ ]Vp - (aﬂflzﬁ P anZU T lefia - Fiﬂfia) V. (f//lv -1 1//1/4) V/l &

=R% V°-T",V,V

OUL

B nvature tensor R’ =9,1Y —0,17 + 1;2,11:;10 ~ [ [

1CC] P — oMU PP
Ricai scalar R = g¥R°,
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TORSION AND METRICITY

» Metricity condition  V,g#" = 0d,g"" + F” g/)” + I 8% =0

the length of a vector does not change with parallel transport

g (x + Ax)A (x + Ax),A (x + Ax),; = g (XA, (X)A,(X)

|

(8"(x) + 0,8" () Ax")(A,(x) + T ﬂﬂAprﬂ)(A (%) + ¥ A, Ax") = g™ (DA (A, (x)

l

e — N F’" gf”’ + I B =0
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* (textbook) metric formalism:
torsion X  violation of metricity X

* Finstein—~(Cartan gravity:
torsion ¢ violation of metricity X

e Palatini formalism:
torsion &  violation of metricity ¢

* Metric Athne gravity:
torsion ¢  violation of metricity ¢/
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(TEXTBOOK) METRIC FORMALISM

* (textbook) metric formalism:
torsion X  violation of metricity X

 lorsion 1s zero: T’IW = l;fw — f,’fﬂ ——i§
Metricity condition 1s satistied: V,g#* = 0,g" + T /jpgp” +17 8% =0

|

. 1
E . s
Vap = L ap = 58" Oa8po + 9p8ac ~ Oo8ap)
The affine connection I ﬁ 5 1s equivalent to the Lewvi-Cavita connection Fiﬁ

1in metric formalism
B 518 symmetric about the lower indices and determined by the metric

tensor gt
S
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EINSTEIN—/—CARTAN GRAVITY

* Finstein—Cartan gravity:
torsion ¢ violation of metricity X

| | o
B omposmg torsion 77, =1, —I7,

» Using torsion to express the relation between l;fw in ECG gravity and

1 . . .
I ’01( 5 = iy ﬂa(ﬁagﬁg + 05800 — 0,8,p) 1N Metric formalism

* Ricci scalar in EG gravity
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EINSTEIN—CARTAN GRAVITY

| - 3 _id
» Decomposing torsion 77 =17 —17,

— T
e L =1,

axial vector S¥ = E””i‘ﬁTMm

1
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EINSTEIN—CARTAN GRAVITY

» (Contorsion tensor K”a 5

. |
K”a 5= F”a . F”‘a 5 Fi g = . g’l"(aagﬂa + 058, = 0. B

 Metricity condition V,gh = 9,g"* + l://{pgp” +17 gtc & 8

(torsion T’LU =1 fw - 1_“,’}”)

\4

1
g (TH H H
B (DT T,
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EINSTEIN—CARTAN GRAVITY

 Ricca Scalar

D G B r B ) ) T
B op, T TV

R = g’"”Rﬁ L
in metric formalism: define R using I'* i *(0,855 + 958a6 — 058ap)

2 1 1
o R=R+2V, T, T+ 5,8+ 24""q,,
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EINSTEIN—/—CARTAN GRAVITY

e Einstein—Hailbert action 1n metric formalism
M2

N j1 /—gd4x ZPZR

LB Z e H : H : e
o In EC gravity: R=R+2V T S ot +aSﬂS +5q Duvp

Mp, -
. lhe equation of motion from § = J, . gd4xTHR 1s the same as that

from metric formalism
2V, T". boundary term

T, S¥, g"* are not dynamical and constrained to zero
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OUTLINE

Let’s go back to (textbook) metric formalism for this section!

* Motivation ot inflation theory

* Single-field slow-roll inflation

* Quick introduction to cosmological perturbations
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MOTIVATION OF INFLATION THEORY

* Horizon Problem
Flatness Problem

* Friedmann Equations
» Comoving Hubble radius

* Horizon problem and inflation
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FRIEDMANN EQUATIONS

* FRW metric
ds® = — dt* + a*(t)(dy* + y*(d6?* + sin*0d¢p?))

3D flat, homogeneous and 1sotropic distance element

* Stress-energy tensor of perfect fluid
(e tpuu, +pd)
in comoving frame u* = (1,0, 0, 0)

* Putting these in Einstein equation

: l : dr
first Friedmann equation d = — ?(8 + 3p)a
: ; ST : a
second Friedmann equation H 2 = ?8 with H = —
a
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COMOVING HUBBLE RADIUS

 Energy conservation equation 7%. =0

, a
¢ =—3H(e + p) with H = —

| z

e o a3 with w= 2
£
. . . s B
. logether with second Friedmann equation H* = 73

comoving Hubble radius (aH)~! « gz(1+3W)
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WHAT IS COMOVING HUBBLE RADIUS?

* Physical distance & comoving distance
ds* = — dt* + a*()(dy?* + y*(dO? + sin“dg?))

dl = a(t)dy

a(t)
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a(t,)

20

T'he length ot the large

square?

How many grids?



WHAT IS COMOVING HUBBLE RADIUS?

» (Characteristic length-scale

Hubble length d ~ H™!

Within this scale, particles can “communicate with” each other

* comoving Hubble length (aH Y o qz(1+3w)
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INCREASING COMOVING HUBBLE RADIUS?

(aH)—l . a%(1+3w)

. Radiation-dominated w = 5 & Matter-dominated w = 0

increasing (aH)™!

log((aH)™),

. : cannot talk to
* comoving wave number k of fluctuations each other

constant over time for each mode
1/k > (aH)™': mode far beyond “horizon”
1/k < (aH)™': mode deep within “horizon™

can talk to each other

"lo oga

90,
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HORIZON PROBLEM

'This scale was far out of horizon

log((aH)™h when recombination occurred
A

log((aH)™)

cannot talk to e
each other
recombination
can talk to each other
>
loga >
loga

Horizon problem how can @@
cosmic microwave background (CMB) be so
homogeneous and 1sotropic without ever talking to
each other???
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INFLATION THEORY

» How about a period of decreasing (aH)™! gz(1+3w)

1 log((aH)™) .
o WL — —
cannot talk to talked before
each other

can talk i@

can talk to cach other

each other

ioga

c.i. Flatness problem 1s also from an (forever) increasing comoving Hubble radius
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How to realize inflation?
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SINGLE-FIELD SLOW~-ROLL INFLATION

* 'T'he simplest models of inflation

* 1nflaton ¢(7)

B J\/——gd“ [——a $o'p — V()

* Stress-energy tensor o
L0 el , -
V=8 %8 D= 5¢2 — V(@)
B > < V() to
£ make w ~ — 1
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SINGLE-FIELD SLOW-ROLL INFLATION

* Dynamics of inflaton and FRW geometry
inflaton’s equation of motion ¢+ 3H¢p +V =0

37
the second Friedmann equation H* = e (5452 i+ V(éb))

* Slow-roll parameters

¢2
for > < V L e e |
or ¢ (@), € S

for this to last a suthciently long time, n = — ¢, <1

He
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SINGLE-FIELD SLOW~-ROLL INFLATION

* Another set of slow-roll parameters — shape of the potential!

M2 (Ve \
b 2”(;) < 1

V

* One can show € = €y, n = 1y — €y
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SINGLE-FIELD SLOW-ROLL INFLATION

Examples

* (Quadratic chaotic inflation

V(g) x ¢p?

* Starobinsky inflation

2
V(g) (1 — e_\ﬁf‘z’l>

A\
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INFLATION AND COSMOLOGICAL PERTURBATIONS

* 'T'’he universe 1s not completely homogeneous and 1sotropic

e.g. structure formations

o)) log((aH)™)
A A
Conserved out
of horizon
' Re-enter
horizon as
Quantum nitial
fluctuations conditions of
Generated cosmological
during inflation perturbations
>
. loga
P, X) = (1) + 6¢(t, X)
g L e)—pg (0 +0p (1 X)
30
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__cannot talk fo e
eac other f

can talk to

can talk to each other

each other

>

. : . loga
Fluctuations with different

comoving wavenumber k exits/re-

enter horizon at ditferent timings



INFLATION AND COSMOLOGICAL PERTURBATIONS

» 0g,(t, X) can be decomposed into scalar, vector, tensor parts

* During inflation:
scalar perturbations: created by 6¢
vector perturbations: not created by inflation
tensor perturbations: gravitational waves
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OBSERVATION FROM CMB

(aH)™" 4
* Observational quantities
<@CMB q Ca1€> Conserved out
, of horizon
Scalar Spectral Hld@X s o ————————— e . L
dIn(power spectrum about scalar) recopabination horizon as
i 1 = Quantum nitial
dink Huctuations conditions of
Generated cosmological
: during inflation perturbations
tensor-to-scalar ratio .
(power spectrum about scalar) loga

o
(power spectrum about tensor)

* 'T'hese quantities can be expressed using slow-roll parameters 1n the case
of single-field slow-roll inflation and compared with observation
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OUTLINE

* Extra propagating degree of freedom (scalaron) in f(R) theory ot
metric formalism

* No extra propagating degree of freedom in f(R) theory of EC gravity

* Nieh—Yan term and Holst term

» Extra propagating degree ot freedom as inflaton 1n EC gravity with
Nieh—Yan term

» Extra propagating degree of freedom as inflaton in EC gravity with
Nieh—Yan term and Holst term
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SCALERON IN f(R) IN METRIC FORMALISM

M2
. S= J\/—gjd4x 2” fR))

* Introducing auxihiary field y
M2
S = J\/ —g,d*x 2” e 01O D)

* Solving the constraint equation of y will bring back the starting action
(R; =) f"(¥) = 0, assuming f"(y) # 0
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SCALERON IN f(R) IN METRIC FORMALISM
My
F J\/ _gfd4x7[(R] )

* Performing conformal transtormation from Jordan frame to Einstein frame
g = Q%g . Q% = f(y), assuming Q“ > 0 to maintain the sign before R

Mp 3
. S= J\/_ gpd*x [ 2” Ri - ZM]%laﬂlnﬂzdﬂlnﬂz + V(InQ%)
Kinetic term!

3 .
o= \EM »InQ? is the scalaron field

» E.g scaleron in R + aR? is the inflaton in the Staronbinsky inflation
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NoO SCALERON IN f(R) IN EC GRAVITY

s
. S= J\/—gjd4x 2” f(R))

ntroducing aujz\j }2)1ary eld y Q% = f(x)

. 1 1
o JV_ G xRy + 2V, T =T, TS, S =g, — ) () + )

* S* and g"*” constrained themselves to zero

* Integral by part, and solve the constraint equation tor 7#, (and performing
conformal transtormation)

2
1 3
i M2Q? (Tu . %aﬂmgzz) i ZMI%lﬂzaﬂlnﬂzd”lnﬂz

v

A new term appears and cancels the “kinetic term™ —ZM}%laﬂlnﬂzaﬂanZ

ok
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Introducing the Nieh—Yan term or/and the Holst term
to realizing propagating degree ot freedom in EC gravity
and sustain inflation
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NIEH—YAN TERM AND HOLST TERM

i N ieh—Yan {111  H.T. Nieh and M. L. Yan, J. Math. Phys. 23 (1982) 373
4 0 ULVPO . 4 " oy o 4 J7;
Jd X0, (1/ gF Typ6> = Jd X0, (1/ g5 ) = J,/ gd'xV ,S
e Holst term s.Host, Prys. Rev. D 53 (1996) 5966

o 1
4 Vpo 4 OUL A
J'd X AL E’u [ R//tl/pd J‘\/ d ( Q S’u——3 S//tT’u‘l‘_z E’O e q/lpdq ﬂp)

* g"" constrained itselt to zero, so let’s drop 1t from now on

* Considering hinear combinations of the Nieh—Yan term and the Holst
term 1s equivalent to considering linear combinations of Nieh—Yan term
and 51"

a0
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NIEH—YAN TERM AND HOLST TERM

Previous studies including Nieh—Yan term and Holst term

* Higgs inflation with non-minimal coupling to Higgs field

M. He, K. Kamada, and K. Mukaida, JHEP 01 (2024) 014
M. Langvik, J.-M. Ojanperd, S. Raatikainen, and S. Rasanen, Phys. Rev. D 103 no. 8, (2021) 083514
M. Shaposhnikov, A. Shkerin, I. Timiryasov, and S. Zell, JCAP 02 (2021) 008

* Including only Nieh—Yan term 1n the context of modified gravity

F. Bombacigno, S. Boudet, and G. Montani, Nucl. Phys. B 963 (2021) 115281
S. Boudet, PhD thesis, University of Trento, 2023

* Including only Holst term
e.g

G. Pradisi and A. Salvio, Eur. Phys. J. C 82 no. 9, (2022) 840
A. Salvio, Phys. Rev. D 106 no. 10, (2022) 103510
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WITH NIEH—YAN TERM

» Let’s start with the simplest model
M5, 2
J,/ ad*x R+ﬁ(VﬂSﬂ)

Similar procedures as shown betore:
» 1ntroducing an auxilary field to rewrite the last term
* solving constraint equations for torsion .
* field redefinition i ( Y, ) = ( Vi )
M M;
— j,/—gdélx PZR—la ol
2 g 96/

<

2

Chaotic quadratic inflation!
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WITH NIEH—YAN TERM

* One can also consider

Similar procedures as shown betore:

* 1troducing an auxiliary field

* solving constraint equations for torsion
* conformal transtormation

* field redefinition

sz 1 M4 .l 9 2
ST = J,/—gEd4x PZRE——a o (1 — ¢ \ﬂ“MPl)

) g 160

alpha-attractor inflation!
Starobinsky inflation with a = 1
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WITH NIEH—YAN TERM

e "(zeneral” case

Mg, _ . _ :
= D= J1/—gd4x l 2P1R+aRR2+aRSR Mool 4 (VﬂS”) ]

|

: 2
g (R i vﬂ5ﬂ> +4(V,5)

* Introducing two auxihary fields for each completed square to rewrite this
action
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WITH NIEH—YAN TERM

* With two auxihiary fields, one generally ends up with a p(¢, X)-type
theory, where X represents the kinetic term of ¢

* When solving the constraint equation for the “non-dynamical” field
(Q4), kinetic term of the dynamical field (Z) enters the denominator

[ . M3, | ( )2 Mo (O 1) adl
/= 8rdx —RE oY
204 160 Q4 644

-
| 1
Mplaﬂz Q2 )

* With both Nieh—Yan term and Holst term, we consider actions
with only one completed square
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WITH NIEH—YAN TERM AND HOLST TERM

* Models with only one completed square in the action — one auxiliary field to analyze
172 po 2
Jﬁd“ [ L <RJ+§S T”) + o <RJ+ > Yy 4 2S Tﬂ> ]

following the same procedures as shown before

M}%l M2 3{&6 +3[C+(e —1)a/2]}

3 = J, [—grd*x TRE =

M4
d co'o &

: (1-e™)°
2620 + 18 [¢ + (e — 1) @/2]” 16ag

* (@)X + V(¢p) can generally be turned to a canonical kinetic term and a potential by field
redefinition

* Detormation of Starobinsky inflation/alpha-attractor inflation for some parameter ranges
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WITH NIEH—YAN TERM AND HOLST TERM

» Consistency check s

v ~ 2
- s | Mo (5 2o 2 o0 - z
following the same procedures as shown betforé¢ or
taking limit ot the general action

alpha-attractor inflation!
* This actionis e u1valent t \
2

by redefining T, = T, — —CS , \/1 + 978,
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WITH NIEH—YAN TERM AND HOLST TERM

* Let’s consider a simplified case

2 2
J\/ grd*x [MPZ (RJ+CS T”) + ag (V S + §S”Tﬂ> ‘

following the same procedures as shown betore
or
: taking limit of the general action

o = 4 MPZ - - Mlﬁl \/§ po
— J\/ grd'x 5 (3 DO p 360 (3§'+ sinh n MPZ)
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WITH NIEH—YAN TERM AND HOLST TERM

4

2
M 1 M : 3
N [‘ /—gEd4x TPJRE e Eaﬂ¢aﬂ¢ iy 36aplﬁ2 <3§ o sinh gM—>
S Pl

—— _
2.5
20} f 4
E 15: .
S | — 908
S =
1.0 1 — —5080
| | — —30000
0.5} ]
- 0.0b '
0 5 10 15 20 25 0 5 10 15 20 25
¢/Mp $/Mpy

C controls the deviation
from alpha-attractor

p plays the role of the tactor 3t :
in the exponential of alpha- (1 T Pl)
attractor inflation
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WITH NIEH—YAN TERM AND HOLST TERM

 Observational constraint

: 2
Gl Eep d My (& 7z vy Po

0.1
Planck TT,TE,EE+lowE+lensing

+BK18+BAO
e N=50
® N=60

— Starobinsky model
—»» |B| Increases

0.075+

|
0.05

0.002

3 |{] increases |

0.025 ¢

AR

S

/4

Ng

0.95

097

0.98
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Red trajectory
(alpha-attractor inflation limat)
{=—-3%10

f trom —5/2 to —1/25

Blue trajectory
p=—4/3
¢ from —3 x 10* to —13
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CONCLUSION AND FUTURE WORKS

* By adding Nieh—Yan term or/and Holst term into EC gravity, one
can obtain Starobinsky inflation and its deformations

* Future work
For fermions, torsion 1s naturally coupled to ji
reheating, baryogengesis...

5l
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MOTIVATION OF EC GRAVITY

* spinor fields in curved spacetime?

* Poincare gauge theory
introducing veirbeins and spin connections

extra degrees of freedom than metric formalism
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GEOMETRIC MEANING OF TORSION

* prepare two infinitesimal vectors A¥ and B ry

* parallel transport A* along B* .
vector pry = B* + A¥ —T g /IA’IB” AH /
P BH q

* Parallel transport B¥ along A*
g = A"+ B — f’;’lB’lA”

o 11y = Pty — pry = (I:/I’/‘/1 — l;’/’{y)A’IB” = T”MA’IB”
* 'lorsion tensor measures the part that does not close
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HORIZON PROBLEM EXPLAINED
USING PARTICLE HORIZON

e ds® = a’*(n)(—dn* + dy?) with dt = adp
* liaght propagating along y = * n+const

* Particle horizon: maximum comoving distance light can propagate
(in causal contact), (talked betfore)

o J'fdt rdl ]
s =] — el S na
A R ] g e

l l
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HORIZON PROBLEM EXPLAINED
USING PARTICLE HORIZON

* Particle horizon: maximum comoving distance light can propagate

) J " dt J adl 1
o —_1]. = —— == na
el el a
. . 1 a8
. Forever increasing s the closer to today the more contributions to
a
causally connected region Mo

A A flcmB
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HORIZON PROBLEM EXPLAINED
USING PARTICLE HORIZON

* Particle horizon: maximum comoving distance light can propagate

) J " dt J adl 1
= = 1. = —_— na
i Rl s
. | . 1 .
. Inflation period (decreasing —H) existed:
a

contributions to y,(7) mainly comes

from the inflation period
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OBSERVATIONAL QUANTITIES

e ds® = — (1 +2®)dt” + 2aBdx'dt + a*[(1 — 2¥)6;; + E ldx'dx’

¢ Comovin%{curvature perturbation

¢

cauge-invariant & conserved on super-horizon scales

* Mukhanov-Sasaki variable

&2
v = z% with 7 = g*—
2

Starobinsky Inflation and beyond in Einstein-Cartan Gravity, Muzi Hong (RESCEU), arXiv: 2402.05358



OBSERVATIONAL QUANTITIES

44

L L+ (k” — Z?)vk 0

* One can quantize v, as quantizing a harmonic oscillator with time-
dependent frequency, and calculate the vacuum expectations

o < R Ry > = (2r)5(K + K)Pg(k)
* Similarly < hyhy > = 27°)8(k + K)P, (k) for h = ht, h*
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OBSERVATIONAL QUANTITIES

2 k3 2 2
A< = e () = :
e 27 () (2m)* 2
. = % P, (k) = L
e M3,
: dInA? 5 "
e Il — — ~ — V.
S dlnk ﬂV V
AZ
-
I = E ~ 16€V
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How TO DECIDE O OR 0Og?

v | ‘
2471'2 M;l)l €y sEels
~ 1077 @CMB

. Adk) &

e ap ~ 10’
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SHIFTING THE LAST V(¢)

M3 M3 3
: S — l[\/—gEdéLx 2Pl — —a ¢aﬂ¢ —_— 36aplﬁ2 (3&: + smh\/; ]\’;¢ )
S Pl

S M, 2
o ¢min e 37111(_35 = 5 ]+ 95 )
. >
V(¢) — MPZ 65 —+ e\/g Mpj (¢+¢mm) . 0 \/gMPl (¢+¢mln)
; 144a432

It large ||, the last term can be dropped ({ < 0, f < 0 here), and one
obtains the alpha-attractor inflation
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MATTER & DARK ENERGY

log((aH)™) .

cannot talk to
each other

can lalk i@

can talk to each other

each other

>
loga
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