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Inflation
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Inflation

= Are we at the dawn of the observation of non-linear effects?
to the stochastic

‘ j PBH-binaries contribute

P(S . .
) gravitational wave
Induced gravitational waves 7=q. + Ef 72 background
log10(MpgH/19) G 5 NL>G
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Inflation

= Are we at the dawn of the observation of non-linear effects?
to the stochastic

gravitational wave
background

P(6)

Induced gravitational waves 3
8 m {=0c+<fn 6

log10(MpgH/1

‘ j PBH-binaries contribute
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We need to work beyond linear-
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Inflation

= The curvature perturbationis {;, = v, /z

where z = /2€,(t) a(t) and
Vi + <k2 —Z—>vk =0

e1(t) = —H(t)/H*(t)

Z
High-frequency modes Low-frequency modes
B1(k) Kt Bz(k) k=~ Cy(k)
Ck = +—
a(®) © a(® ©
-1 H1
—
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Inflation

>

When long-wavelength
perturbations reenter the horizon
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Inflation

gradient expansion

>

When long-wavelength
perturbations reenter the horizon

/

linear perturbation

= Let’s describe non-linear effects of long-wavelength modes only: gradient expansion.
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Inflation

= For Bunch-Davies vacuum the power spectrum is scale invariant: P((k) ~ 107°
May produce PBHs

= The PDF is Gaussian
¢
s V(9) o 10! 102 10°
M 400 L AL L B | LU T | IR LI LR | o u RPN N
3 Planck TT,TE,EE+lowE+lensing+BK15 * - -
8 3
1
SR USR SR AT
2.00
> 104 103 102 10-1
0] ‘ k [Mpc 1] !
Y
[Starobinsky (1992)] . . .
First e-folds of inflation [Planck collaboration (2019)]

[Byrnes, Cole, Patil (2018)]
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. z = /2¢,(n) a(n)
Curvature perturbation

= The curvature perturbation obeys

7 2z / 2 _
k + 7z (k + k (k — O Adapted from [Grain, Vennin (2017)]
0.000010 — = .
inflation
-. slowroll 3H (13: -V U
= Decompose the solution into adiabatic and non-adiabatic modes 0.000005}
{(T]) = {* Ugd (T]) + C,,: Unad (77) 0.000000
~oRE
-
2 (M_4dT_ (7N 5z 2(=
Uu =1 — k — d 7 —0.000005f | N0
ad (n) fn* ZZ(TI) fn* 77 (n) \ ,’l
_ 2 n_dn 2
Unad (77) = Z (T]*) fn* 22(%) _ O(k )] —0.000010f |+
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Gradient expansion
Separate universe

= Perform a 1+3 splitting of the metric

goo = —N? + N'N; : Joi = N; : 9ij = Vij
=0 =0

= Define the integrated expansion rate
11 ...
N =gj)/”)/ij dt
= At large scales k — 0, the anisotropic part of the extrinsic curvature decays with the expansion
o 1 . . . _
A= =2 ™)l —  AjxyTl?
= The most general metric with vanishing anisotropy and N' is
Vij (T, %) = a®(7) exp[—2 Y (7, X)] h;; (X)
\_'_l

= §;j locally
[Salopek, Bond (1990)]
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Gradient expansion
Separate universe

gradient expansion

¢
0

linear perturbation

<
<

H—l

a*(7) exp[—2 ¥(t, )]

[Starobinsky (1983)]

[Salopek, Bond (1990)]

[Sasaki, Stewart (1996)]

[Sasaki, Tanaka (1998)]

[Wands, Malik, Lyth, Liddle (2000)]
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Gradient expansion
Separate universe

l —Yr={f
= Nonlinearly:
~Yr ~Yr
. ar e _ e
N(Tin, Tf, X) = In <ain e‘¢in> = N(Tin, Tf) + In <e_l/)in>
? —Yin=20
— 5N(Tinr Tf, f) = Z(Tf, f)
= Take a set of FLRW universes .
yl_] (T, f) — Clz (T) 5l_] A * A
= Perturb the FLRW equations
— Uniform-expansion gauge
a+da , H + 6H , SN SN (ti, tr, %) = {(tf, %)
o+6p, Ty + 57T¢
= The perturbed integrated expansion rate is N _
SN = 8a/a - > — + Spatially-flat gauge

(FLRW metric)
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Non-adiabatic counterpart

1. Gauges used in the gradient expansion (spatially flat) may be inconsistent with non-slow roll

phases. [DA, Grain, Vennin (2022)]
[DA, Grain, Vennin (2023)]
[DA, Frion, Miranda, Vennin, Wands (in prep.)]

2. The standard gradient expansion only captures the adiabatic mode.

‘/—\ () = $avga() + 4 Upga ()

This mode evolves at large

g1 scales depending on U, 44 Uga(n) =1

"
Unaa () = 22(1.) J} o

But this term is relevant in non-slow-roll inflation (e.g. ultra-slow roll).

[Gordon, Wands, Bassett, Maartens (2000)]
[Takamizu et al. (2010)]
[Naruko, Takamizu, Sasaki (2012)]
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Non-slow roll: Starobinsky model

= Consider the Starobinsky model

Vig)

I - [«
l{¢ = const.
V(IPI = const.

\

SR USR

v

b1 P ¢

[Starobinsky (1992)]
[Pi, J. Wang (2022)]
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https://arxiv.org/pdf/2209.14183

Non-slow roll: Starobinsky model

N;, = horizon-crossing time
N; = start using gradient expansion
Nkj = ]V] — Nk >0

20 -15 -10 -0.5 00 05 10 15

loglo(_ki’h)
= If Ni; is long, all trajectories align on the phase-space attractor: u,,q4 is negligible and the usual

separate-universe approach matches perturbation theory.
[Leach, Sasaki, Wands, Liddle (2001)]

= |f not, modes that exited the horizon during the first SR phase start evolving [Domenech, Vargas, Vargas (2023)]
during USR. [Jackson et al. (2023)]

[DA, Pi, Tanaka (2024)]
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Extended gradient expansion

Adapted from [Grain, Vennin (2017)]
().()()()()l()| T - - = -

inflation
..... slow roll 3H <,f> ==V,

5(77) = (s Ugq (77) + (9: Unad (77)

0.000005 ¢
_ n dn N ,= = A
ua() =1-k? [ == [ dif z%(7)
n_dn
u d(n) = Z Z(U*)f = 0.000000 -
na N« 22(7]) __%%E
—0.000005F | [N
= The leading order of the non-adiabatic mode can be described as
a k* correction to the adiabatic mode. ool
0 1 2 3 ¢i 5 6
= Allow the gradient expansion to describe the 0 (k?). yo

[Leach, Sasaki, Wands, Liddle (2001)]

[Takamizu, Mukohyama, Sasaki, Y. Tanaka (2010)]

[Naruko, Takamizu, Sasaki (2012)]

[Jackson, Assadullahi, Gow, Koyama, Vennin, Wands (2023)]
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V($) 4

Extended gradient expansion

V(Ipzcc

nst.

SR

= Perturb the Klein-Gordon equation ¢ = ¢ + §¢

Voo - Ve K2e 2N

0 0 0
Y

\ J

= 0 on each segment

= Choose the initial conditions
5(/5(1\/]-) =0 comoving gauge

5¢N(N) = O(kz)
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https://arxiv.org/pdf/2408.09964

V($) 4

Extended gradient expansion R

vy =V
SR USR | SR ;
= Perturb the Klein-Gordon equation ¢ = ¢ + 6¢ b1 ¢y 'qb
Voo o, 2V ke "
SNy + 30y + —5 0P+ —A—PpyAy +———35p =0
Hyj Hj Hy

\ J

I
= 0 on each segment

use the (8)—component of
Einstein equations

= Consider curved FLRW patches
H? = H} — Ke 2(N-N))

. el IN: 2k>
and initially e<"J = — $j

[DA, Pi, Tanaka (2024)]
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V($) 4

Extended gradient expansion R

I _ y/1
Vo =V
SR USR | SR

= Perturb the Klein-Gordon equation ¢ = ¢ + 6¢ b1 ¢y )
V¢¢ 2V¢ kze_ZN
5¢NN+35¢N+,_25¢+_'2 A_¢NAN+ > 54)=O

\ J

I
= 0 on each segment

use the (8)—component of
Einstein equations

K | v K e
la,%, + <3 +me_2(N_NJ)> aN]¢+H_§(1 toge 2(N NJ)>= 0(X?)

0 0

[DA, Pi, Tanaka (2024)]
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Extended gradient expansion

= Fix the N gauge: N is equal to the background expansion rate.

= The scalar field obeys non-linearly to

K | V K onen,
[afv + (3 + H—ge—Z(N—NJ)> aN] ¢ + H—§<1 e 2(N=-N;) ) = 0(%?)

" |t is easy to find an analytical solution for ¢ which can then be inverted to find the e-folding number
for each phase.

Njy = We™ Vit 4 Xe™ 3Nt + Z
— — —
0(X) Son(N;) Spn(N;)

Solutions: Lambert function.

[DA, Pi, Tanaka (2024)]
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Extended gradient expansion

QF T :
SR USR SR

N) = horizon-crossing time
N; = start using gradient expansion
Nkj = ]V] — Nk >0

-20 =15 =10 =05 0.0 0.5 1.0 1.5
log,o(—kny)

= The generalised gradient expansion is consistent with linear perturbation theory during slow
roll.

= We can use it to track non-linearities (such as fy;) during the transition.
[DA, Pi, Tanaka (2024)]
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Extended gradient expansion

* The fy. can be obtained from N. If N doesn’t depend on ¢y, then [Maldacena (2002)]
[Bartolo et al. (2004)]
- ENd)qb - 0in SR [Yokoyama, Suyama, Tanaka (2007)]
far =7 NZ ~ |5/2inUSR
More generally, fat
SR USR SR
2
Ny =0 >/
Ny =1
Nyj = 2
L k

= The fy transits continuously from 0 — 5/2 — 0 as expected.
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Conclusion

= To constrain inflationary models, non-linear effects may be important.

= The gradient expansion describes non-linear effects during inflation.
Describe a set of flat FLRW patches. { = N.

Well understood for the case of slow roll.

= Extended gradient expansion: curved FLRW patches.

Captures the k?-correction of {. Relevant e.g. in ultra-slow roll.

= The fy; evolves continuously from slow roll to ultra-slow roll 0 = 5/2. PBHs may be created

even from modes that exited the horizon during the slow-roll phase. [work in progress]
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Extended gradient expansion

= After a gauge transformation
{(N;) = R(N3) + 6Nj;

where
k*¢(N;)
6 HZ

R(N) = ¢(N)) + (72" —e72N)

5N,

§¢(N;) =0
[DA, Pi, Tanaka (2024)]
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1. Gauges and the momentum constraint

= Since anisotropic degrees of freedom were neglected the momentum constraint reads

aD—o———aK+——a¢+/MP/
\

3

aiDiso

= The Hamilton-Jacobi approach sets D;;, = 0 in the spatially-flat gauge. [Salopek, Bond (1990)]
[Rigopoulos, Wilkins (2021)]
[Cruces (2022)]
[Launay, Rigopoulos, Shellard (2024)]
= But in this gauge D5, X Uypqq- [DA, Grain, Vennin (2022)]
[DA, Frion, Miranda, Vennin, Wands (in prep.)]

= For more details about gauges check also [DA, Grain, Vennin (2023)]
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Inflation

= In slow roll, for Bunch-Davies vacuum the power spectrum is scale invariant: Pg(k) ~ 107°

May produce PBHs

/2

s V() 10! 102 10° )
. S — T .
3 Planck TT,TE,EE+lowE+lensing+BK15 * - -
8 3
R
5 4 :
S o k™ in Bunch-Davies
E « k® in a-vacua
1
[Byrnes, Cole, Patil (2018)]
[Cielo et al. (2024)]
SR USR SR AT
2.00
> 104 103 102 10-1
¢ k [Mpc!]
\ )
Y
[Starobinsky (1992)] . . .
First e-folds of inflation [Planck collaboration (2019)]

[Byrnes, Cole, Patil (2018)]
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