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Happy birthday, Hitoshi!



I am one of thousands of physicists who are pretty much influenced by his physics 
works. I was so lucky that I was at IAS when Hitoshi stayed there for a year.

I’m proud of many papers which we’ve written together at IAS!



I was like a kid when we were 
collaborating. I was always excited to talk 
to Hitoshi who has been the world leader 

of theoretical physics.

Today, I would like to be back to a kid 
and try to let Hitoshi say “good job!”

now the director of the Universe



OK, QED 5-loop
The two groups have independently calculated the 5-

loop coefficient of lepton g-2.

agreed!

5-loop1 2 3 4

[Harvard ’08]

electron g-2:

Wonderful achievement of theoretical physics!!

[Aoyama, Hayakawa, Kinoshita, Nio ’19] [Volkov ’24]

A little bit of discrepancy?

seems to be resolved recently. [Muon g-2 Theory Initiative@KEK]

http://muon-gm2-theory.illinois.edu/


by the way,



Speaking of g-2…

But, here is a question.  
What’s the size of the (quantum) gravity correction to it?

standard answer： O(me2/MPl2) ~ 10-43

possible answer（Cohen, Kaplan, Nelson)： O((me/MPl)1/2) ~ 10-11

The latter estimate is based on a very deep Volume vs. Area discussion.

very small.

This could be within the future reach!

agreed!

[Harvard ’08]

electron g-2:

This is great. It seems that we understood particle physics very deeply.

I think this is really important!



Today, I’ll talk about nothing deep, just QED. 
I try to develop a numerical method to 

evaluate the perturbative coefficients in QED 

on the lattice.

…



Path integral

Lattice people do this everyday.
No Feynman diagram needed.

For example, two point functions of electrons:
<latexit sha1_base64="HjPqUtB3ceqm0ggAtfLjkx6gTkI="></latexit>

h (x) ̄(0)i =
Z
[dA] detDD�1

(x,0)e
�S[A]

Simple!

throw dice many times and take 
an average.

Dice part take average of this



Even simpler
The most difficult and the most important part of the 
contributions are from diagrams with no lepton loops.

In QED, this part is free theory!

Ignore lepton loops

<latexit sha1_base64="HjPqUtB3ceqm0ggAtfLjkx6gTkI="></latexit>

h (x) ̄(0)i =
Z
[dA] detDD�1

(x,0)e
�S[A]

<latexit sha1_base64="HjPqUtB3ceqm0ggAtfLjkx6gTkI="></latexit>

h (x) ̄(0)i =
Z
[dA] detDD�1

(x,0)e
�S[A]

throwing the dice part is trivially done!

That’s actually the easiest part for lattice.

(Gaussian noise)



FFT
1

i/p+m

<latexit sha1_base64="2MFnbmnxCSJfr1Fi3dMToF3Lcmk=">AAACA3icbVBLSwMxGMz6rPW16k0v0SIIQt2Vih6LXjxWsA/oLiWbpm1oHkuSFcpS8OJf8eJBEa/+CW/+G7PtHrR1QmCYmY/kmyhmVBvP+3YWFpeWV1YLa8X1jc2tbXdnt6FlojCpY8mkakVIE0YFqRtqGGnFiiAeMdKMhjeZ33wgSlMp7s0oJiFHfUF7FCNjpY67n/owkDYBKTyDwWF2YAxPIR933JJX9iaA88TPSQnkqHXcr6ArccKJMJghrdu+F5swRcpQzMi4GCSaxAgPUZ+0LRWIEx2mkx3G8NgqXdiTyl5h4ET9PZEirvWIRzbJkRnoWS8T//PaieldhSkVcWKIwNOHegmDRsKsENilimDDRpYgrKj9K8QDpBA2traiLcGfXXmeNM7LfqV8cVcpVa/zOgrgAByBE+CDS1AFt6AG6gCDR/AMXsGb8+S8OO/OxzS64OQze+APnM8fmTSU7w==</latexit>

1

i/p+m

<latexit sha1_base64="2MFnbmnxCSJfr1Fi3dMToF3Lcmk=">AAACA3icbVBLSwMxGMz6rPW16k0v0SIIQt2Vih6LXjxWsA/oLiWbpm1oHkuSFcpS8OJf8eJBEa/+CW/+G7PtHrR1QmCYmY/kmyhmVBvP+3YWFpeWV1YLa8X1jc2tbXdnt6FlojCpY8mkakVIE0YFqRtqGGnFiiAeMdKMhjeZ33wgSlMp7s0oJiFHfUF7FCNjpY67n/owkDYBKTyDwWF2YAxPIR933JJX9iaA88TPSQnkqHXcr6ArccKJMJghrdu+F5swRcpQzMi4GCSaxAgPUZ+0LRWIEx2mkx3G8NgqXdiTyl5h4ET9PZEirvWIRzbJkRnoWS8T//PaieldhSkVcWKIwNOHegmDRsKsENilimDDRpYgrKj9K8QDpBA2traiLcGfXXmeNM7LfqV8cVcpVa/zOgrgAByBE+CDS1AFt6AG6gCDR/AMXsGb8+S8OO/OxzS64OQze+APnM8fmTSU7w==</latexit>

FFTFFT
1

i/p+m

<latexit sha1_base64="2MFnbmnxCSJfr1Fi3dMToF3Lcmk=">AAACA3icbVBLSwMxGMz6rPW16k0v0SIIQt2Vih6LXjxWsA/oLiWbpm1oHkuSFcpS8OJf8eJBEa/+CW/+G7PtHrR1QmCYmY/kmyhmVBvP+3YWFpeWV1YLa8X1jc2tbXdnt6FlojCpY8mkakVIE0YFqRtqGGnFiiAeMdKMhjeZ33wgSlMp7s0oJiFHfUF7FCNjpY67n/owkDYBKTyDwWF2YAxPIR933JJX9iaA88TPSQnkqHXcr6ArccKJMJghrdu+F5swRcpQzMi4GCSaxAgPUZ+0LRWIEx2mkx3G8NgqXdiTyl5h4ET9PZEirvWIRzbJkRnoWS8T//PaieldhSkVcWKIwNOHegmDRsKsENilimDDRpYgrKj9K8QDpBA2traiLcGfXXmeNM7LfqV8cVcpVa/zOgrgAByBE+CDS1AFt6AG6gCDR/AMXsGb8+S8OO/OxzS64OQze+APnM8fmTSU7w==</latexit>

FFT …..

Sequence of multiplying diagonal matrices and FFT.
Very effectively done on computers.

diagonal in the position space.

diagonal in the momentum space

[Di Renzo, Scorzato ’00]

ieA/

<latexit sha1_base64="o+TRsNnMTYFCv49uldoclL531u4=">AAAB9XicbVDLTgJBEOzFF+IL9ehllJh4wl2D0SPqxSMm8khgJbNDL0yYfWRmVkM2/IcXDxrj1X/x5t84CxwUrE4nlaruTE95seBK2/a3lVtaXlldy68XNja3tneKu3sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xveZH7zEaXiUXivRzG6Ae2H3OeMaiM9cILkinQOsyKn3WLJLtsTkEXizEgJZqh1i1+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51cPSbHRukRP5KmQ00m6u+NlAZKjQLPTAZUD9S8l4n/ee1E+5duysM40Riy6UN+IoiOSBYB6XGJTIuRIZRJbm4lbEAlZdoEVTAhOPNfXiSNs7JTKZ/fVUrV61kceTiAIzgBBy6gCrdQgzowkPAMr/BmPVkv1rv1MR3NWbOdffgD6/MHBqOQQw==</latexit>

ieA/

<latexit sha1_base64="o+TRsNnMTYFCv49uldoclL531u4=">AAAB9XicbVDLTgJBEOzFF+IL9ehllJh4wl2D0SPqxSMm8khgJbNDL0yYfWRmVkM2/IcXDxrj1X/x5t84CxwUrE4nlaruTE95seBK2/a3lVtaXlldy68XNja3tneKu3sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xveZH7zEaXiUXivRzG6Ae2H3OeMaiM9cILkinQOsyKn3WLJLtsTkEXizEgJZqh1i1+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51cPSbHRukRP5KmQ00m6u+NlAZKjQLPTAZUD9S8l4n/ee1E+5duysM40Riy6UN+IoiOSBYB6XGJTIuRIZRJbm4lbEAlZdoEVTAhOPNfXiSNs7JTKZ/fVUrV61kceTiAIzgBBy6gCrdQgzowkPAMr/BmPVkv1rv1MR3NWbOdffgD6/MHBqOQQw==</latexit>

FFTFFT
p←xx←pp←xx←pp←xx←p

We simply store the values at each order in the perturbation.
Averaging process adds up all the diagrams at each order automatically.

Perturbative calculations on the lattice

h

<latexit sha1_base64="p8kwaJ1tRbr32moyO+xSPlp16iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1/lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1q6j5c=</latexit>

i

<latexit sha1_base64="3OLzzLvt6XLYeVueY316/pnseio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1/lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Pwj50=</latexit>

statistic average….

A/ A/ A/

p p+k

γμ
<latexit sha1_base64="8YJUOGuHz8Ex0BX8IYzoR6+DAB8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY1IPHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPC971XLlrlKqXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP7KSOtw==</latexit>

D�1
<latexit sha1_base64="8YJUOGuHz8Ex0BX8IYzoR6+DAB8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY1IPHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPC971XLlrlKqXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP7KSOtw==</latexit>

D�1Sink Source
Vertex t=0t=tsnk

γμ …..
<latexit sha1_base64="/2yomVLonfppDZDgHohmV9ef9Io=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZMju7zvQKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtbscKSm7571iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+Z3zslZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGbPk77QnKEcW0KZFvZWwoZUU4Y2ooINwVt+eZU0LyreZaV6Xy3VbrI48nACp1AGD66gBndQhwYwkPAMr/DmPDovzrvzsWjNOdnMMfyB8/kDms+PCg==</latexit>

⌘(0)
<latexit sha1_base64="2bXPzTYJ1b2UtidhQcD3MxAujJk=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5JIUY9FLx4r2A9oQthsN+3SzSbsTsQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W2vrG5tb26Wd8u7e/sGhfVTp6CRTlLVpIhLVC4lmgkvWBg6C9VLFSBwK1g3HtzO/+8iU5ol8gEnK/JgMJY84JWCkwK54DAiuQZB7KsZajqfngV116s4ceJW4BamiAq3A/vIGCc1iJoEKonXfdVLwc6KAU8GmZS/TLCV0TIasb6gkMdN+Pr99is+MMsBRokxJwHP190ROYq0ncWg6YwIjvezNxP+8fgbRtZ9zmWbAJF0sijKBIcGzIPCAK0ZBTAwhVHFzK6YjoggFE1fZhOAuv7xKOhd197LeuG9UmzdFHCV0gk5RDbnoCjXRHWqhNqLoCT2jV/RmTa0X6936WLSuWcXMMfoD6/MHJlST4Q==</latexit>

⌘(tsnk)

generated gauge field configurations

only one diagram 
to calculate:



Renormalization?
This is the three-point function I can calculate perturbatively. This is a 

divergent quantity.

Electric and Magnetic projections:

But anyway, by separating tsink, t, tsrc, this quantity is dominated by the 
contributions from on-shell fermion states.

Repeat the same calculations for

and normalize
now external legs are taken away. We get form factors.

Finally, we get the g-factor perturbatively.

All the divergence is gone, because this is a physical quantity!



Done!
Of course, the life is not so easy.



Limit, limit, limit… <latexit sha1_base64="+i6S8ZnAkELbcSUZzU4GA50ky98=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQQcKuBPUY9OIxgnlAdgmzk9lkyOyDmV4hLPkNLx4U8erPePNvnCR70MSChqKqm+4uP5FCo21/W4W19Y3NreJ2aWd3b/+gfHjU1nGqGG+xWMaq61PNpYh4CwVK3k0Up6Eveccf3838zhNXWsTRI04S7oV0GIlAMIpGcquZ6wdkPL0geN4vV+yaPQdZJU5OKpCj2S9/uYOYpSGPkEmqdc+xE/QyqlAwyaclN9U8oWxMh7xnaERDrr1sfvOUnBllQIJYmYqQzNXfExkNtZ6EvukMKY70sjcT//N6KQY3XiaiJEUescWiIJUEYzILgAyE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukfVlzrmr1h3qlcZvHUYQTOIUqOHANDbiHJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPgmmQsw==</latexit>

(k, t)

<latexit sha1_base64="FnkHr0WSE3KbrokGKoVPtbnm3jA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgtakFHVZdOOygn1AE8pkOmmHTCZhZiKUEHDjr7hxoYhbf8Kdf+O0zUJbD1w4nHMv997jxYxKZVnfRmFpeWV1rbhe2tjc2t4xd/faMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vGCm4nfeSBC0ojfq3FM3BANOfUpRkpLffOgcpY6ng+D7Lx2ClU/dUQIJeVBdtI3y1bVmgIuEjsnZZCj2Te/nEGEk5BwhRmSsmdbsXJTJBTFjGQlJ5EkRjhAQ9LTlKOQSDed/pDBY60MoB8JXVzBqfp7IkWhlOPQ050hUiM5703E/7xeovwrN6U8ThTheLbITxhUEZwEAgdUEKzYWBOEBdW3QjxCAmGlYyvpEOz5lxdJu1a1L6r1u3q5cZ3HUQSH4AhUgA0uQQPcgiZoAQwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8A1qqWZQ==</latexit>

(�k/2, tsink)
<latexit sha1_base64="3KGi/zlZKlHvzKmCw/qYHPGjeAQ=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCBalJKeqy6MZlBfuAJoTJdNIOnZmEmYlQQt34K25cKOLWv3Dn3zhts9DWAxcO59zLvfeECaNKO863tbS8srq2Xtgobm5t7+zae/stFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhzcRvPxCpaCzu9SghPkd9QSOKkTZSYB+WMy+M4HB8Xj2DOsg8yaGSeHwa2CWn4kwBF4mbkxLI0QjsL68X45QToTFDSnVdJ9F+hqSmmJFx0UsVSRAeoj7pGioQJ8rPph+M4YlRejCKpSmh4VT9PZEhrtSIh6aTIz1Q895E/M/rpjq68jMqklQTgWeLopRBHcNJHLBHJcGajQxBWFJzK8QDJBHWJrSiCcGdf3mRtKoV96JSu6uV6td5HAVwBI5BGbjgEtTBLWiAJsDgETyDV/BmPVkv1rv1MWtdsvKZA/AH1ucPli+Vtw==</latexit>

(k/2, tsrc)

<latexit sha1_base64="mJOtX4afGjcYZ9uE8LuitEIXzoM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaWCbbTbt0Nwm7G6WU/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTlDVoIhLVDlEzwWPWMNwI1k4VQxkK1gqHN1O/9ciU5kl8b0YpCyT2Yx5xisZKD7Lr91FKJL5JiNstV9yqOwNZJl5OKpCj3i1/+b2EZpLFhgrUuuO5qQnGqAyngk1KfqZZinSIfdaxNEbJdDCeXT0hJ1bpkShRtmJDZurviTFKrUcytJ0SzUAvelPxP6+TmegqGPM4zQyL6XxRlAliX5xGQHpcMWrEyBKkittbCR2gQmpsUCUbgrf48jJpnlW9i+r53Xmldp3HUYQjOIZT8OASanALdWgABQXP8ApvzpPz4rw7H/PWgpPPHMIfOJ8/kNmR6Q==</latexit>

m� ! 0

<latexit sha1_base64="L5csiaofeZ4tHJDq2GP+PRPm4wM=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIigvmA3BH2NnvJkr29Y3dOCCF/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphlvskQmuhNSw6VQvIkCJe+kmtM4lLwdjm5nfvuJayMS9YjjlAcxHSgRCUbRSv498TEhvlARjnvlilt15yCrxMtJBXI0euUvv5+wLOYKmaTGdD03xWBCNQom+bTkZ4anlI3ogHctVTTmJpjMb56SM6v0SZRoWwrJXP09MaGxMeM4tJ0xxaFZ9mbif143w+g6mAiVZsgVWyyKMknsn7MASF9ozlCOLaFMC3srYUOqKUMbU8mG4C2/vEpaF1Xvslp7qFXqN3kcRTiBUzgHD66gDnfQgCYwSOEZXuHNyZwX5935WLQWnHzmGP7A+fwBaeCRTA==</latexit>

L ! 1
<latexit sha1_base64="eJtTMTo6oriJGeQkKoGzgD3cKNg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXNVEirosunHhooJ9QBPKzXTSDp1JwsxEKLELf8WNC0Xc+hvu/BunbRbaeuDCmXPuZe49QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lOwBFOYtoQzPNaTuRFETAaSsYXk/81gOVisXRvR4l1BfQj1jICGgjde0D9/QWe5xj0fX6IATkD7vsVJwp8CJxc1JGOepd+8vrxSQVNNKEg1Id10m0n4HUjHA6LnmpogmQIfRpx9AIBFV+Nt1/jI+N0sNhLE1FGk/V3xMZCKVGIjCdAvRAzXsT8T+vk+rw0s9YlKSaRmT2UZhyrGM8CQP3mKRE85EhQCQzu2IyAAlEm8hKJgR3/uRF0jyruOeV6l21XLvK4yiiQ3SETpCLLlAN3aA6aiCCHtEzekVv1pP1Yr1bH7PWgpXP7KM/sD5/ANqJlLw=</latexit>

1/L ⌧ m� ⌧ m

while keeping

We need a large volume!!

We need to take the limits of 

<latexit sha1_base64="qgdQAuf/wUwebHq5liAIkh/aPP8=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APaoWTSO21okhmSjFBKP8KNC0Xc+j3u/BvTdhbaeiBwOOdecs+JUsGN9f1vr7C2vrG5Vdwu7ezu7R+UD4+aJsk0wwZLRKLbETUouMKG5VZgO9VIZSSwFY3uZn7rCbXhiXq04xRDSQeKx5xR66SWJF2bEL9XrvhVfw6ySoKcVCBHvVf+6vYTlklUlglqTCfwUxtOqLacCZyWupnBlLIRHWDHUUUlmnAyP3dKzpzSJ3Gi3VOWzNXfGxMqjRnLyE1Kaodm2ZuJ/3mdzMY34YSrNLOo2OKjOBPERZxlJ32ukVkxdoQyzd2thA2ppsy6hkquhGA58ippXlSDq+rlw2WldpvXUYQTOIVzCOAaanAPdWgAgxE8wyu8ean34r17H4vRgpfvHMMfeJ8/SmGO5Q==</latexit>

m ! 0

(in the lattice unit, a=1)

For example, if we want mγL ~ 4, mγ/m ~ 0.1, and m2 ~ 0.1, we need L ~ 100!

We need a supercomputer.

The strategy is to keep mγL ≫ 1, 

and take the double limit, mγ/m→0 and m→0.

IR cutoff

continuum limit

infinite volume
(fermion mass parameter)



We had a good one in the next building. (-2024) FUGAKU is also open for researchers.

Matsufuru-san in the next building has been developing a user friendly open lattice codes:

It is a good summer homework!

(Thanks, Matsufuru san!)

Supercomputer and code:



643x128 lattice results:

src sink
location of vertex

(one-loop order example)

We see a nice plateau.

I’m actually using a trick to make T-direction larger by averaging 
periodic and anti-periodic boundary conditions. No worry about 

backward propagation.

O(200,000) configurations.

<latexit sha1_base64="qPtYUcgIjd7CLkRmsxKocYHx+cc=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAILmSYKa26EYpuXFawF+gMQybNtKFJZkgyQilduvFV3LhQxK2P4M63MW1noa0/BH6+cw4n549SRpV23W9raXlldW29sFHc3Nre2bX39psqySQmDZywRLYjpAijgjQ01Yy0U0kQjxhpRYObSb31QKSiibjXw5QEHPUEjSlG2qDQPuIIXkHXKVerZz7kod9D3KAZ9MrV0C65jjsVXDRebkogVz20v/xugjNOhMYMKdXx3FQHIyQ1xYyMi36mSIrwAPVIx1iBOFHBaHrIGJ4Y0oVxIs0TGk7p74kR4koNeWQ6OdJ9NV+bwP9qnUzHl8GIijTTRODZojhjUCdwkgrsUkmwZkNjEJbU/BXiPpIIa5Nd0YTgzZ+8aJplxzt3KneVUu06j6MADsExOAUeuAA1cAvqoAEweATP4BW8WU/Wi/Vufcxal6x85gD8kfX5A7G9lfY=</latexit>

ma = 0.255, m�a = 0.125

<latexit sha1_base64="HzkAJ6MsKGhJbaqkL0HXiWSTzt8=">AAAB9XicbVA9SwNBEN2LXzF+RS1tFoNgFe4kaBohaGNhEcF8QHKGuc1esmR379jdU8KR/2FjoYit/8XOf+MmuUITHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUUaIIbZCIR6odgKacSdowzHDajhUFEXDaCkbXU7/1SJVmkbw345j6AgaShYyAsdKD6HUHIATgW3yJq71iyS27M+Bl4mWkhDLUe8Wvbj8iiaDSEA5adzw3Nn4KyjDC6aTQTTSNgYxgQDuWShBU++ns6gk+sUofh5GyJQ2eqb8nUhBaj0VgOwWYoV70puJ/XicxYdVPmYwTQyWZLwoTjk2EpxHgPlOUGD62BIhi9lZMhqCAGBtUwYbgLb68TJpnZe+8XLmrlGpXWRx5dISO0Sny0AWqoRtURw1EkELP6BW9OU/Oi/PufMxbc042c4j+wPn8AbfykVs=</latexit>

m�L = 8
finite volume effect under control.

This is a result of FUGAKU 3days.

g-factor:

plateau ~ on-shell



643x128 lattice results: O(200,000) configurations.

2-loop 3-loop

4-loop 5-loop

But the photon mass  is still big.

<latexit sha1_base64="qPtYUcgIjd7CLkRmsxKocYHx+cc=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAILmSYKa26EYpuXFawF+gMQybNtKFJZkgyQilduvFV3LhQxK2P4M63MW1noa0/BH6+cw4n549SRpV23W9raXlldW29sFHc3Nre2bX39psqySQmDZywRLYjpAijgjQ01Yy0U0kQjxhpRYObSb31QKSiibjXw5QEHPUEjSlG2qDQPuIIXkHXKVerZz7kod9D3KAZ9MrV0C65jjsVXDRebkogVz20v/xugjNOhMYMKdXx3FQHIyQ1xYyMi36mSIrwAPVIx1iBOFHBaHrIGJ4Y0oVxIs0TGk7p74kR4koNeWQ6OdJ9NV+bwP9qnUzHl8GIijTTRODZojhjUCdwkgrsUkmwZkNjEJbU/BXiPpIIa5Nd0YTgzZ+8aJplxzt3KneVUu06j6MADsExOAUeuAA1cAvqoAEweATP4BW8WU/Wi/Vufcxal6x85gD8kfX5A7G9lfY=</latexit>

ma = 0.255, m�a = 0.125

This is a result of FUGAKU 3days.



Fitting:

continuum analytic result


with a massive photon

zero photon 
mass

continuum limit

(m→0)

Looks like we could reproduce α/π.

continuum extrapolation

systematic error (including fitting, finite volume etc.) is a percent level. (hopefully)

NEC SX-Aurora 
TSUBASA at KEK.

FUGAKU

This is the answer.

1-loop
IR divergence is severe. 
The zero photon mass 

limit is a bit far..

continuum limit

(m→0)

<latexit sha1_base64="Y24Z11vkcSJ3zJPu7aB2yt6rIfw=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRGCNhYWEcwHJEeY22ySJbt35+5eIBz5HTYWitj6Y+z8N26SKzTxwcDjvRlm5gWx4Nq47rezsrq2vrGZ28pv7+zu7RcODus6ShRlNRqJSDUD1EzwkNUMN4I1Y8VQBoI1guHt1G+MmNI8Ch/NOGa+xH7Ie5yisZIvO+0+SonknlyXO4WiW3JnIMvEy0gRMlQ7ha92N6KJZKGhArVueW5s/BSV4VSwSb6daBYjHWKftSwNUTLtp7OjJ+TUKl3Si5St0JCZ+nsiRan1WAa2U6IZ6EVvKv7ntRLTu/JTHsaJYSGdL+olgpiITBMgXa4YNWJsCVLF7a2EDlAhNTanvA3BW3x5mdTPS95FqfxQLlZusjhycAwncAYeXEIF7qAKNaDwBM/wCm/OyHlx3p2PeeuKk80cwR84nz9YUpEt</latexit>

m�L = 4

<latexit sha1_base64="27icl2oKAs0OlkRvKt+uQIViyxs=">AAAB9HicbVA9SwNBEN2LXzF+RS1tFoNgFe4kaBohaGNhEcF8QHKEuc1esmR379zdC4Qjv8PGQhFbf4yd/8ZNcoUmPhh4vDfDzLwg5kwb1/12cmvrG5tb+e3Czu7e/kHx8Kipo0QR2iARj1Q7AE05k7RhmOG0HSsKIuC0FYxuZ35rTJVmkXw0k5j6AgaShYyAsZIvet0BCAH4Hl9Xe8WSW3bnwKvEy0gJZaj3il/dfkQSQaUhHLTueG5s/BSUYYTTaaGbaBoDGcGAdiyVIKj20/nRU3xmlT4OI2VLGjxXf0+kILSeiMB2CjBDvezNxP+8TmLCqp8yGSeGSrJYFCYcmwjPEsB9pigxfGIJEMXsrZgMQQExNqeCDcFbfnmVNC/K3mW58lAp1W6yOPLoBJ2ic+ShK1RDd6iOGoigJ/SMXtGbM3ZenHfnY9Gac7KZY/QHzucPXmKRMQ==</latexit>

m�L = 8



higher loops: fitting with quadratic functions.

Looks like I’m doing all right.

2-loop

3-loop

4-loop



5-loop results: fitting with quadratic functions.

5-loop!

Aoyama, Hayakawa, Kinoshita, Nio

Volkov I guess I could give an 
independent confirmation.

This is 963x192 lattice trial.
Maybe we can improve this.



My estimate:

I guess this would be a totally independent check of the 5-loop coefficient.



Summary

I tried.
I couldn’t quite reach the precision of the Feynman diagram method, 
but at least this gives a totally independent calculation/confirmation. 

Happy birthday, Hitoshi!


