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We propose a comprehensive theory of dark matter that explains the recent proliferation of unexpected

observations in high-energy astrophysics. Cosmic ray spectra from ATIC and PAMELA require a WIMP

(weakly interacting massive particle). with mass M! ! 500–800 GeV that annihilates into leptons at a

level well above that expected from a thermal relic. Signals from WMAP and EGRET reinforce this

interpretation. Limits on !p and "0-#’s constrain the hadronic channels allowed for dark matter. Taken

together, we argue these facts imply the presence of a new force in the dark sector, with a Compton

wavelengthm"1
$ * 1 GeV"1. The long range allows a Sommerfeld enhancement to boost the annihilation

cross section as required, without altering the weak-scale annihilation cross section during dark matter

freeze-out in the early universe. If the dark matter annihilates into the new force carrier $, its low mass

can make hadronic modes kinematically inaccessible, forcing decays dominantly into leptons. If the force

carrier is a non-Abelian gauge boson, the dark matter is part of a multiplet of states, and splittings between

these states are naturally generated with size %m$ ! MeV, leading to the eXciting dark matter (XDM)

scenario previously proposed to explain the positron annihilation in the galactic center observed by the

INTEGRAL satellite; the light boson invoked by XDM to mediate a large inelastic scattering cross section

is identified with the $ here. Somewhat smaller splittings would also be expected, providing a natural

source for the parameters of the inelastic dark matter (iDM) explanation for the DAMA annual modulation

signal. Since the Sommerfeld enhancement is most significant at low velocities, early dark matter halos at

redshift !10 potentially produce observable effects on the ionization history of the universe. Because of

the enhanced cross section, detection of substructure is more probable than with a conventional WIMP.

Moreover, the low velocity dispersion of dwarf galaxies and Milky Way subhalos can increase the

substructure annihilation signal by an additional order of magnitude or more.

DOI: 10.1103/PhysRevD.79.015014 PACS numbers: 95.35.+d

I. PAMELA/ATIC AND NEW DARK FORCES

Thermal weakly interacting massive particles (WIMPs)
remain one of the most attractive candidates for dark
matter. In addition to appearing generically in theories of
weak-scale physics beyond the standard model, they natu-
rally give the appropriate relic abundance. Such particles
also are very promising in terms of direct and indirect
detection, because they must have some connection to
standard model particles.

Indirect detection is particularly attractive in this re-
spect. If dark matter annihilates to some set of standard
model states, cosmic ray detectors such as PAMELA,
ATIC, and Fermi/GLAST have the prospect of detecting
it. This is appealing, because it directly ties the observable
to the processes that determine the relic abundance.

For a weak-scale thermal particle, the relic abundance in
the case of s-wave annihilation is approximately set by

"h2 ’ 0:1#
! h&vifreeze
3# 10"26 cm3s"1

""1
: (1)

For perturbative annihilations, s-wave dominates in the
late universe, so this provides an approximate upper limit

on the signal that can be observed in the present day. Such a
low cross section makes indirect detection, whereby the
annihilation products of dark matter are detected in cosmic
ray detectors, a daunting task.
However, recent experiments have confirmed the long-

standing suspicion that there are more positrons and elec-
trons at 10s–100s of GeV than can be explained by super-
nova shocks and interactions of cosmic ray protons with
the ISM. The experiments are
(i) PAMELA.—The Payload for Antimatter Matter

Exploration and Light-nuclei Astrophysics has re-
ported results [1] indicating a sharp upturn in the
positron fraction (eþ=ðeþ þ e"Þ) from 10–100 GeV,
counter to what is expected from high-energy cosmic
rays interacting with the interstellar medium (ISM).
This result confirms excesses seen in previous ex-
periments, such as HEAT [2,3] and AMS-01 [4]. One
possible explanation for this is dark matter annihila-
tion into eþe" [5–7], but this requires a large cross
section [8].

(ii) ATIC.—The Advanced Thin Ionization Calorimeter
is a balloon-borne cosmic ray detector which studies
electrons and positrons (as well as other cosmic rays)
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In this Letter we study pair annihilation processes of dark matter (DM) in the Universe, in the case
that the DM is an electroweak gauge nonsinglet. In the current Universe, in which the DM is highly
nonrelativistic, the nonperturbative effect may enhance the DM annihilation cross sections, especially
for that to two photons, by several orders of magnitude. We also discuss sensitivities in future searches
for anomalous ? rays from the galactic center, which originate from DM annihilation.

DOI: 10.1103/PhysRevLett.92.031303 PACS numbers: 95.35.+d, 14.80.Ly

Determining the nature of the dark matter (DM) in the
Universe is an important problem in both particle physics
and cosmology. The weakly interacting massive particle
(WIMP), d0, is a good candidate for DM. It acts as the
cold dark matter in the structure formation of the Uni-
verse. High resolution N-body simulations show that the
cold dark matter hypothesis provides a good explanation
for structure larger than about 1 Mpc [1]. Also, the
WMAP measured the cosmological abundance precisely
as !DM ! 0:27" 0:04 [2].We now know the gravitational
properties of DM in the structure formation and the
abundance and distribution on cosmological scales. The
next questions concern the constituents of DM and
the distribution on galactic scales.

If the DM is an SU#2$L nonsinglet, a pair of DM
particles could annihilate into standard-model (SM)
particles with significant cross sections [3]. We refer to
such DM as electroweak-interacting massive particle
(EWIMP) DM in this Letter. The detection of exotic
cosmic ray fluxes, such as positrons, antiprotons, and ?
rays, may be a feasible technique to search for the DM
particles. Because some DM candidates in supersymmet-
ric (SUSY) models have interactions with SM particles,
these annihilation processes have been studied exten-
sively. In particular, an excess of monochromatic ? rays
due to pair annihilation would be a robust signal if
observed, because the diffused ?-ray background must
have a continuous energy spectrum [4]. Searches for
exotic ? rays from the galactic center, the galactic halo,
and even from extra galaxies are projects planned for
the GLAST satellite detector and the large atmospheric
Cerenkov telescope (ACT) arrays, such as CANGAROO
III, HESS, MAGIC, and VERITAS.

In previous estimates, the cross sections for the
EWIMP were evaluated to leading order in the perturba-
tion. However, DM is nonrelativistic (NR) in the current
Universe. In this case, if the EWIMP mass m is much
larger than the EW scale, the EWIMP wave function may
be deformed under the Yukawa potentials induced by the
EW gauge boson exchanges, and it may give a non-
negligible effect in the annihilation processes. Further-

more, the neutral EWIMP should have a charged SU#2$L
partner, d". When the EWIMP mass is larger than EW
scale, their masses are almost equal, and the unsup-
pressed transition between the two-body states of 2d0

and d%d& may play an important role in the 2d0 pair
annihilation.

In this Letter we reevaluate the pair annihilation cross
sections of the EWIMPs, for the two cases that the DM
is a component of two SU#2$L-doublet fermions and
of an SU#2$L-triplet fermion. These correspond to the
Higgsino-like and Wino-like DM particles in the SUSY
models, respectively. The most interesting fact we find is
that the annihilation cross sections to the gauge boson
pairs for the SU#2$L-doublet (respectively, triplet) DM
experiences a zero energy resonance around m ’ 6
(respectively, 2$ TeV, whose binding energy is zero [5]
under the potential. Therefore, the cross sections would
be enhanced significantly in comparison with those in the
perturbative estimations for m * 1 (respectively, 0:5$TeV.
Furthermore, it is found that the cross section for 2d0 !
2?, which is usually suppressed by a one-loop factor,
becomes comparable to that for the other tree-level pro-
cesses, such as 2d0 ! W&W%, around the resonance. This
means that the mixing between the two-body states of
d%d& and 2d0 is maximal under the potential. Because
of the explosive enhancement of the cross sections, the
SU#2$L-triplet DM is partially constrained by the EGRET
observation of ? rays from the galactic center, and future
? ray searches may be sensitive to heavier EWIMP DM.

First, we summarize the properties of EWIMP DM. If
DM has a vector coupling to the Z boson, the current
bound obtained from direct DM searches through the
spin-independent interaction [6] is stringent. This means
that EWIMP DM should be a Majorana fermion or a real
scalar if it is relatively light. Here, we consider the former
case for simplicity.

A simple example for the EWIMP DM is a neutral
component of an SU#2$L-triplet fermion (T) whose hyper-
charge is zero. This corresponds to the Wino-like lightest
supersymmetric partile (LSP) in SUSY models. It is
accompanied by a charged fermion, d". While d0 and
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ABSTRACT
We study the formation of dark halos in a LCDM universe under the assumption that cold dark matter (CDM)

particles have a finite cross section for elastic collisions. We compare evolution when CDM mean free paths are
comparable to halo sizes with the collisionless and fluid limits. We show that a few collisions per particle per
Hubble time at halo center can substantially affect the central density profile. Cross sections an order of magnitude
larger produce sufficient relaxation for rich clusters to develop core radii in the range 100–200 h!1 kpc. The
structural evolution of halos is a competition between collisional relaxation caused by individual particle inter-
actions and violent relaxation resulting from the infall and merging processes by which clusters grow. Although
our simulations concentrate on systems of cluster size, we can scale our results to address the halo structure
expected for dwarf galaxies. We find that collision cross sections sufficiently large to significantly modify the
cores of such galaxies produce cluster cores that are too large and/or too round to be consistent with observation.
Thus, the simplest model for self-interacting dark matter is unable to improve fits to published dwarf galaxy
rotation curves without violating other observational constraints.
Subject headings: dark matter— galaxies: formation—methods: numerical

1. INTRODUCTION

Recent measurements of structure in the microwave back-
ground radiation (Lange et al. 2000; Hanany et al. 2000), al-
though eliminating the “concordance” model (Bahcall et al.
1999), provide strong support for the general theoretical para-
digm on which this model was based. Such cold dark matter
(CDM) universes are in excellent agreement with observed large-
scale structure, but may be inconsistent with the observed struc-
ture of nonlinear dark matter–dominated systems. Navarro,
Frenk, & White (1997) claimed that the density profiles of
virialized CDM halos are reasonably approximated by a “uni-
versal” form with singular behavior near its center. More recent
simulations with higher resolution have confirmed this result,
suggesting that the central cusps may be even steeper than the
Navarro et al. (1997) profile (Moore et al. 1999b; Klypin et al.
1999; see also Jing & Suto 2000). Such structures appear in-
consistent with published data on the rotation curves of dwarf
galaxies (Moore 1994; Flores & Primack 1994), although this
inconsistency may reflect limitations of the data rather than of
the theory (van den Bosch et al. 2000; van den Bosch & Swaters
2000). There may also be a discrepancy between the rich sub-
structure seen in simulations of CDM halos and the relatively
small number of satellite galaxies observed in the Milky Way’s
halo (Moore et al. 1999a; Klypin et al. 1999).
Spergel & Steinhardt (2000) suggested that a finite cross sec-

tion for elastic collisions, such that the mean free path of CDM
particles is short in halo cores but long in their outer parts, might
alleviate these difficulties. Their proposal has attracted consid-
erable attention. Ostriker (2000) argued that the massive black
holes could grow naturally at the centers of galactic spheroids
through the accretion of such dark matter.Miralda-Escudé (2000)
pointed out that collisional dark matter might produce galaxy
clusters that are rounder than observed. Mo & Mao (2000) and

1 Max-Planck-Institut für Astrophysik, Karl-Schwarzschild-Strasse 1, 85748
Garching, Germany; naoki@mpa-garching.mpg.de, swhite@mpa-garching
.mpg.de.
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Firmani et al. (2000) investigated how self-interacting dark mat-
ter might effect galaxy rotation curves. Hogan & Dalcanton
(2000) considered how the structural properties of halos might
scale with their mass. Burkert (2000) and Kochanek & White
(2000) studied how collisional relaxation would affect the struc-
ture of isolated equilibrium halos, while Moore et al. (2000) and
Yoshida et al. (2000) simulated cluster evolution in a cosmo-
logically realistic context but in the fluid limit (very short mean
free path). In this limit collisional dark matter produces more
cuspy profiles than collisionless CDM and so gives even poorer
fits to published rotation curves for dwarf galaxies.
In this Letter we continue exploring how collisions affect

the structure of dark halos. We simulate the formation of a
massive halo in a LCDM universe assuming scattering cross
sections varying over a wide range. The inclusion of the infall
and merging that occur when halos are embedded in their
proper cosmological context leads to core evolution that is
considerably more complex than the expansion followed by
collapse seen in the simulations of Burkert (2000) and Ko-
chaneck & White (2000). Cross sections that would signifi-
cantly modify the core structure of dwarf galaxies produce
galaxy cluster cores that are inconsistent with observation.

2. THE SIMULATIONS

Our simulations use the parallel tree code GADGET devel-
oped by Springel (1999; see also Springel, Yoshida, & White
2000). We study the same cluster as Yoshida et al. (2000), who
resimulated the second most massive object in the LCDM sim-
ulation of Kauffmann et al. (1999). In order to simulate elastic
scattering of CDM particles, we adopt the Monte Carlo method
introduced by Burkert (2000). We implement this scheme in
the following manner. At each time step we evaluate the scat-
tering probability for particle i,

∗P p r j V Dt, (1)i rel

where is the local density at the particle’s position, j* is theri
scattering cross section per unit mass, is theV p Fv ! v Frel i ngb
relative velocity between the particle and its nearest neighbor,
and Dt is the time step. This prescription is similar to Burkert’s
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The rotation curves of spiral galaxies exhibit a diversity that has been difficult to understand in the cold
dark matter (CDM) paradigm. We show that the self-interacting dark matter (SIDM) model provides
excellent fits to the rotation curves of a sample of galaxies with asymptotic velocities in the 25–300 km=s
range that exemplify the full range of diversity. We assume only the halo concentration-mass relation
predicted by the CDM model and a fixed value of the self-interaction cross section. In dark-matter-
dominated galaxies, thermalization due to self-interactions creates large cores and reduces dark matter
densities. In contrast, thermalization leads to denser and smaller cores in more luminous galaxies and
naturally explains the flatness of rotation curves of the highly luminous galaxies at small radii. Our results
demonstrate that the impact of the baryons on the SIDM halo profile and the scatter from the assembly
history of halos as encoded in the concentration-mass relation can explain the diverse rotation curves of
spiral galaxies.

DOI: 10.1103/PhysRevLett.119.111102

Introduction.—The ΛCDM model, with a cosmological
constant (Λ) and cold dark matter (CDM), explains the
observed large-scale structure of the Universe [1] and many
aspects of galaxy formation [2,3], but the diverse observed
rotation curves do not have a satisfactory explanation.
Observations of a number of dwarf and low surface
brightness galaxies indicate that the inner halo is often
badly fit by the cusped halos predicted by ΛCDM simu-
lations [4–13]. The core densities exhibit almost an order
of magnitude spread for similar total halo masses [14],
and galaxies with densities at the upper end of the range are
consistent with ΛCDM [15]. There is no clear explanation
for the diversity in the inner rotation velocity profiles of
different galaxies within similar mass halos [15]. Although
uncertainties remain for individual galaxies due to system-
atic errors in deriving rotation curves and modeling non-
equilibrium and noncircular motions (see, e.g., [16–19]),
it remains to be seen if these can provide a comprehensive
explanation for the diversity.
In this Letter, we demonstrate how this diversity

problem [15] can be solved in the self-interacting dark
matter (SIDM) framework [20,21], where dark matter
(DM) particles exchange energy by colliding with one
another in halos. DM self-interactions change only the
inner halo properties in accord with observations, leaving
all the successes of CDM intact on large scales (see, e.g.,
[22–25]). Constraints from galaxy clusters demand an
interaction cross section that diminishes with increasing
velocity [21,24,26–28], which can be naturally accom-
modated in concrete particle physics models [21,29–38]
(see [39] for a review).

The diversity in the observed rotation curves is solved by
a combination of interconnected features in the ΛSIDM
model. In the outer parts of galaxies, the ΛSIDM model is
the same as the ΛCDM model, inheriting all its successes.
In the inner regions, the SIDM density profile and its
relation to the baryons is changed by the process of
thermalization due to the self-interactions. The physical
effects of thermalization in the inner region are varied but
fully determined by the distribution of the baryons, up to
the scatter from the assembly history. The fact that the
baryons have a large role in creating the diversity, which we
explicitly demonstrate here, has also been argued previ-
ously [40]. In many galaxies, thermalization forces par-
ticles out of the center and leads to a lower circular velocity
than the DM-only ΛCDM predictions. In other galaxies
where stars dominate the gravitational potential, the SIDM
halo profile can be as steep as the ΛCDM predictions.
In these galaxies, the total rotation curve is forced to be flat
even at radii much smaller than the scale radius of the DM
halo, providing a natural explanation to the disk-halo
conspiracy [41]. All of the features discussed above are
captured in a simple model that we discuss next.
Modeling the SIDM halo with a stellar disk.—We have

developed an analytical method to model the SIDM halo
properties [21,42], which is based on the isothermal solutions
to the Jeans equations. The method has been tested against
cosmological SIDM-only simulations [21] and isolated
simulations of a range of galaxy types including baryons [28].
We divide the halo into two regions, separated by a

characteristic radius r1 where the average scattering rate per
particle times the halo age is equal to unity. The value of r1
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Abstract: Dark matter self-scattering is one of key ingredients for small-scale structure of
the Universe, while dark matter annihilation is important for the indirect measurements.
There is a strong correlation between the velocity-dependent self-scattering cross section and
the Sommerfeld enhancement factor for the dark matter annihilation cross section. In this
study, we formulate a direct relation between them by the use of Watson’s (initial state/final
state) theorem and Omnès solution, and our formulation reproduces the Sommerfeld
enhancement factor, which directly computed by solving the Schrödinger equation, from
the scattering phase shift.
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1 Classical Mechanics

We are interested in a charged particle (electron) in a uniform magnetic field.
To simplify the setup, let us consider the electron to move only on xy plane
under a magnetic field pointing along the z direction. You can always bring
back the motion along the z direction, which is just a translational motion
with a constant momentum or velocity. Our interst here is the dynamics on
the xy plane. (We use the Gaussian unit in this notes.)

In classical mechanics, all we care is the equation of motion. The Lorentz
force causes the electron to spiral around (Larmor motion or cyclotron mo-
tion). The centrifugal force must balance the Lorentz force,

mv2

r
=

|e|
c

v|B|, (1.1)

and hence
r =

mcv

|eB| , (1.2)

which is the Larmor radius or cyclotron radius. The angular frequency of
the cyclotron motion is

! = 2⇡
v

2⇡r
=

|eB|
mc

(1.3)

does not depend on the cyclotron radius, and gives a characteristic time-scale
for the problem. The energy is given simply by

E =
m

2
v2 =

m

2
r2!2, (1.4)

bigger for larger cyclotron radii. For definiteness, we assume eB > 0, namely
the magnetic field pointing downwards along the z-axis B < 0 for an electron
e < 0. Then the cyclotron motion is clockwise.

If you use the canonical formalism, you need to specify the vector poten-
tial even in the classical mechanics. Even though the system is both trans-
lationally and rotationally (around the z-axis) invariant, it is curious that

1

{Qi, Qj} = 0 for i 6= j, and if the Hamiltonian is written as a sum of squares,
H = Q2

1 + · · · + Q2
n
, the operators Qi are called supercharges. Then the

Hamiltonian commutes with all supercharges, and hence the supercharges
are conserved. The Hamiltonian is said to be supersymmetric. The ground
state is annihilated by them Qi|0i = 0 for all i. The pair of states related by
the action of a supercharge is called superpartners . The relativistic version
of supersymmetry is a crucial ingredient of the string theory.

A Precise Counting of the Degeneracy

This appendix is only for the mathematically inclined, and you can skip it
entirely if not interested. The degeneracy of the ground states can be studied
exactly if the system is not an open plane but rather a compact Riemann
surface. We set e = c = h̄ = 1 to simplify notation. Then the conclusion
from Section 3.2 is that the number of states is approximately N ' 1

2⇡
�,

where � = B⇡R2 is the total magnetic flux.
Let us reformulate the problem of solving for the ground state wave func-

tions so that it can be generalized to Riemann surfaces. We can regard the
electromagnetism with a background magnetic field in two-dimensions as a
complex line bundle over a complex plane. The gauge connection in the
symmetric gauge is

A =
B

2
(�ydx + xdy)

=
B

2
(
i(z � z̄)

2

dz + dz̄

2
+

z + z̄

2

�i(dz � dz̄)

2
) =

B

4
(�iz̄dz + izdz̄).

(A.6)

Using a “complexified” gauge transformation, i.e., extending the structure
group from U(1) to GL(1, ), we can transform the gauge connection to
A0 = A + (@ + @̄)⇤,

A0 = �i
B

2
z̄dz (A.7)

with the gauge parameter ⇤ = �iB

4 z̄z. Namely, Az = �iB

2 z̄, Az̄ = 0.
Note that this gauge transformation changes the inner product of the wave
functions to

R
dxdy ⇤ e�Bz̄z/2 because GL(1, ) is not unitary. Then the

ground state equation in this gauge is simply (@̄+Az̄) = @̄ = 0. Therefore,
the question is to find a complete set of holomorphic functions. As seen
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1 Number-Phase Uncertainty

To discuss the harmonic oscillator with the Hamiltonian

H =
p

2

2m
+

1

2
m!

2
x

2
, (1)

we have defined the annihilation operator

a =
r

m!

2h̄

✓
x +

ip

m!

◆
, (2)

the creation operator a
†, and the number operator N = a

†
a.

In some discussions, it is useful to define the “phase” operator ⇥ by

a = e
i⇥
p

N, a
† =

p

Ne
�i⇥

. (3)

Obviously the phase is ill-defined when N = 0, but apart from that, it is
a useful notion. It is particularly useful when we discuss the classical limit
N � 1.

One can define the “phase eigenstate”

|✓i =
1X

n=1

e
in✓

|ni. (4)

By acting the phase operator e
i⇥ = a

1p
N

,

e
i⇥

|✓i = a
1
p

N

1X

n=1

e
in✓

|ni =
1X

n=1

e
in✓

|n� 1i

=
1X

m=0

e
i(m+1)✓

|mi = |0i+ e
i✓

|✓i. (5)

It is almost an eigenstate of the phase operator, the failure due to the obvious
problem with n = 0 state as anticipated from its definition. We can also
calculate the inner products

h✓
0
|✓i =

1X

n=1

1X

m=1

hm|e
�im✓0

e
in✓

|ni =
1X

n=1

e
in(✓�✓0)

. (6)

1

the definition of the annihilation operator Eq. (2) and setting f = a in this
representation, we find

f =
r

m!

2h̄

✓
x +

ip

m!

◆
. (47)

Therefore, we can identify

d
2
f

⇡
=

1

⇡

r
m!

2h̄
dx

r
m!

2h̄

1

m!
dp =

dx dp

2⇡h̄
, (48)

indeed the normal phase space volume.
Let us see how one can calculate expectation values of operators using the

coherent states. Note that any operator made up of x and p can be rewritten
in terms of a and a

†. Furthermore an operator can be brought to the form
that all annihilation operators are moved to the left, and creation operators
to the right using their commutation relations. Therefore we can cast any
operators to the form O = a

n
a
†m without a loss of generality.⇤ Then its

expectation value can be calculated as

h |O| i = h |a
n
a
†m
| i

=
Z

d
2
f

⇡
h |a

n
|fie

�f⇤f
hf |a

†m
| i

=
Z

d
2
f

⇡
f

n
f
⇤m

h |fie
�f⇤f

hf | i

=
Z

d
2
f

⇡
f

n
f
⇤m
|hf | i|

2
e
�f⇤f

. (49)

Therefore, the combination |hf | i|
2
e
�f⇤f can be viewed as the probability

density on the phase space, where the operator a
n
a
†m is simply brought to

the numbers f
n
f
⇤m.

This observation allows us to “view” a state as a probability density on
the phase space. First of all, the classical motion is along a zero-thickness
circle on the phase space. It is always at a point at a given moment, and
the point moves along the circle as time evolves. This is shown as the first
picture in Fig. 1. Note that the time corresponds to the phase, while the
energy to the number.

⇤The operators of the form a†man are said to be “normal ordered.” Maybe I should
call those in the order we use here “abnormally ordered.”

8
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Dark matter
Dark matter

- evident from cosmological observations

visible

dark

bullet cluster

- cosmic microwave background (CMB)…

- essential to form galaxies in the Universe

- one of the biggest mysteries

- astronomy, cosmology, 
particle physics…
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Weakly interactive massive particles
Attractive features of WIMPs

- well motivated by hierarchy problem 
and TeV-scale new physics 

- various search strategies

- direct detection

- indirect detection

- collider

- thermal freeze-out (annihilation in the early Universe)

Ωh2 = 0.1 ×
3 × 10−26 cm3/s

⟨σannv⟩
- weak-scale annihilation 
cross section ⟨σannv⟩ ≃ 1 pb × c

DM DM

SM SM
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Thermal freeze-out
In a textbook

·ndm + 3Hndm = − ⟨σv⟩(n2
dm − neq2

dm )
in equilibrium

× pair-creation

× annihilation

DM DM

SM SM
annihilation pair-creation

Underlying assumption
- detailed balance (T-invariance)

- kinetic equilibrium (distribution function is proportional to 
thermal distribution)
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Kinetic equilibrium
Elastic scattering DM DM

SM SM

Our approach

- does not change the number of DM particles, 
but redistribute energy among DM particles

- how to quantify it?

- if frequent, kinetic equilibrium is achieved

- Fokker-Planck approximation (momentum 
transfer per collision << typical momentum of 
DM); diffusion in momentum space

Binder, Covi, AK, Murayama, Takahashi, and Yoshida, JCAP, 2016

1
E

Cel[ f ] =
∂

∂ ⃗p
⋅ [γ (mT

∂f
∂ ⃗p

+ ( ⃗p − m ⃗u)f)] T - temperature of plasma
u - bulk velocity of plasma

γ =
1

6mT ∑
s

∫
d3 ⃗k

(2π)3
f eq(1 ∓ f eq)∫

0

−4 ⃗k2

(−t)
dσ
dt

v - momentum transfer rate
t - Mandelstam variable



11

Kinetic decoupling
Gamow criterion

Impact of kinetic decoupling (background level)

- if γ >> H, kinetic equilibrium is justified

- by assuming Maxwell distribution of DM, from the Fokker-Planck 
equation, we derived the temperature evolution equation

- in a large class of WIMPs, kinetic decoupling happens 
after chemical decoupling (or freeze-out)

Binder, Bringmann, Gustafsson, and Hryczuk, PRD, 2017- exceptions

·Tdm + 2HTdm = − 2γ(Tdm − T )

- if γ >> H, Tdm = T ∝ 1/a
- if γ << H, Tdm ∝ 1/a2

- temperature evolution is important for strongly-velocity dependent 
(say, Sommerfeld enhanced) annihilation cross section

Binder, Gustafsson, AK, Sandner, and Wiesner, PRD, 2018
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Kinetic decoupling
Imprint of kinetic decoupling (perturbation level)

- since Fokker-Planck equation is linear to phase space 
distribution, it is straightforward (but lengthy) to derive 
perturbation evolution equations, by using eigenfunction 
of Fokker-Planck operator in momentum space

JCAP11(2016)043

The dynamics of the DM imperfect fluid is described by the following equations:

δ̇ = →θ →
1

2
ḣ , (2.44)

θ̇ = →
ȧ

a
θ → k2σ + k2

Tχ0

mχ

δP

P̄
+ γ0a(θTP → θ) , (2.45)

σ̇ = →2
ȧ

a
σ → k

(

2T0

mχ

)3/2(21

4
f03 + f11

)

+
4

3

T0

mχ
θ +

2

3

T0

mχ
(ḣ+ 6η̇)→ 2γ0aσ , (2.46)

˙δP = →5
ȧ

a
δP →

5

6
P̄ ḣ+

5

4
k

(

2T0

mχ

)3/2

ρ̄f11 →
5

3

T0

Tχ0
P̄θ

→2γ0aδP + 2γ0a
T0

Tχ0
P̄ δ + 2P̄

[

γ1a

(

T0

Tχ0
→ 1

)

+ γ0a
T1

Tχ0

]

. (2.47)

The pressure perturbation δP can be decomposed into isentropic c2χδ and entropy π pertur-
bations:

δP

ρ̄
= c2χδ + π . (2.48)

The sound speed squared of the DM fluid is

c2χ =
Tχ0

mχ

(

1→
1

3

d lnTχ0

d ln a

)

. (2.49)

The evolution of the DM imperfect fluid can be rewritten as

δ̇ = →θ →
1

2
ḣ , (2.50)

θ̇ = →
ȧ

a
θ → k2σ + k2(c2χδ + π) + γ0a(θTP → θ) , (2.51)

σ̇ = →2
ȧ

a
σ → k

(

2T0

mχ

)3/2(21

4
f03 + f11

)

+
4

3

T0

mχ
θ +

2

3

T0

mχ
(ḣ+ 6η̇)→ 2γ0aσ , (2.52)

π̇ = →2
ȧ

a
π +

5

4
k

(

2T0

mχ

)3/2

f11 →
1

a2
d(a2c2χ)

dτ
δ →

(

5

3

T0

mχ
→ c2χ

)

θ →
1

2

(

5

3

Tχ0

mχ
→ c2χ

)

ḣ

→2γ0a

[

π →
T1

mχ
→
(

T0

mχ
→ c2χ

)

δ

]

+ 2γ0a

(

T0

Tχ0
→ 1

)

Tχ0

mχ

γ1
γ0

. (2.53)

3 Neutrino interacting dark matter

The section starts with the introduction of the neutrino interacting DM model via a MeV-
scale boson. This particle combination leads in a valid parameter region to a possible solution
to all three small-scale crisis problems if the mediator is of vector type [29]. We reproduce and
confirm these results by using the method that is derived in the previous section to describe
the DM kinetic decoupling. The used method has a different expansion of the collision term
when compared to the aforementioned reference and to others like [42].

Furthermore, by using this alternative description we explicitly show a suppression of
the power spectrum for other types of mediators as well. The suppression is sizable enough

– 9 –

- in synchronous gauge (notation of Ma and Bertschinger, 1995); also 
in conformal Newtonian gauge; gauge equivalence is established

- only lower orders of Boltzmann hierarchy

Binder, Covi, AK, Murayama, Takahashi, and Yoshida, JCAP, 2016
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Small-scale matter power spectrum
Dark acoustic oscillation

- oscillation scale is given by the Hubble horizon at the 
kinetic decoupling

- because of plasma pressure

10-10

10-8

10-6

10-4

10-2

100

 10  100

P(
k)

 [(
M

pc
/h

)3 ]

Wavenumber k [h/Mpc] 

Non-Interacting DM
� -Vector-DM
� -Scalar-DM

Binder, Covi, AK, Murayama, Takahashi, and Yoshida, JCAP, 2016
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Dark acoustic oscillation
Damped oscillation

- often attributed to plasma 
pressure preventing DM particles 
from clustering

10-10

10-8

10-6

10-4

10-2

100

 10  100

P(
k)

 [(
M

pc
/h

)3 ]

Wavenumber k [h/Mpc] 

Non-Interacting DM
� -Vector-DM
� -Scalar-DM- but CDM clustering in radiation 

domination is just logarithmic

Historical digression
- while studying imprints of 
charged massive particles on 
CMB, we by accident found 
undamped dark acoustic 
oscillation at very small scales
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-1
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- CMB

- ???

- first encounter with Tomo-
san’s strong opinion “We have 
to identify why”

AK, Kohri, Takahashi, and Yoshida, PRD, 2016
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CHAMPs’γ

- sudden kinetic decoupling 
through e± annihilation

damped oscillation

- is so-called Landau damping 
(phase mixing); finite duration 
of kinetic decoupling mixes 
different phases of oscillations

10-10

10-8

10-6

10-4

10-2

100

102

104

106

108

10-9 10-8 10-7 10-6 10-5 10-4 10-3 10-2

γ/
H

a

mCh=108 GeV
mCh=109 GeV

mCh=1010 GeV
mCh=1011 GeV
mCh=1012 GeV

- CMB

- e± annihilation

- plays a role in CMB spectrum though subdominant 
compared to Silk damping (by Komatsu-san)

Historical digression

- second encounter with Tomo-san’s strong opinion 
“We have to develop analytical understanding”

Sudden kinetic decoupling

AK, Kohri, Takahashi, and Yoshida, PRD, 2016
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Analytic understanding
In the end of the day

- done with analytic continuation, proper choice of integration path, 
and steepest descent approximation

JCAP01(2018)047

where (double) primes denote quantities evaluated at τ → (τ →→). The initial condition of the
formal solutions takes a form of

f1 = cosx+
1

2
x sinx , f2 = Ci(x)→ f1 lnx→

1

2
cosx , (3.18)

for τ → 0, which results in

δχ =
3

4
δν =

3

4
δγ , θχ = θν = θγ . (3.19)

This initial condition for interacting DM coincides with that discussed in paper I [43], where
the residual gauge degrees of freedom in the synchronous gauge are also examined. Again
note that we consider the adiabatic mode and the second equalities are held in the perfect
fluid limit of ν’s and γ’s.

We are interested in the resultant late time density perturbations and thus let us take
τ → ∞ in eqs. (3.16) and (3.17). Then f1 and f2 become functions of k. In general we
need to rely on numerical methods to evaluate the integrals in eqs. (3.16) and (3.17). On
the other hand, if the momentum transfer rate per Hubble time follows a simple scaling law
(corresponding to eq. (2.2)),

γ0aτ =
(τd
τ

)n+4
, (3.20)

we can analytically evaluate the integrals with the help of the steepest descent method as
done in ref. [26]. There n is set to be 0, but we can generalize the result to an arbitrary value
of n as

f1 ↔
(

4π

5 + n
q

)1/2

exp (→R)

[

cos

(

I →
4 + n

5 + n

π

4

)

+ q cos

(

I →
4 + n

5 + n

3π

4

)]

, (3.21)

where R and I are respectively defined as the real and imaginary parts of

R+ iI = 2
5 + n

4 + n
q exp

(

i
4 + n

5 + n

π

2

)

, (3.22)

with

q =
1

2

(

kτd√
3

)(4+n)/(5+n)

. (3.23)

The factor of exp (→R) represents the damping of the acoustic oscillations for the density
perturbations that are subhorizon around the kinetic decoupling (k > 1/τd). This damping is
often called the acoustic damping in the literature and originates from intermittent collisions
(collision interval longer than the oscillation period) around the kinetic decoupling. Note that
the acoustic damping is different from the diffusion (Silk) damping and from the collisionless
(free-streaming) damping [25]. In the large n limit (effectively n = 10–20 in figure 2), which
corresponds to the sudden kinetic decoupling,

R ≈
π

4 + n

kτd
2
√
3
, I ≈

5 + n

4 + n

kτd√
3
. (3.24)

Interestingly, the damping scale, where R becomes of order of unity, is proportional to n and
thus shifted to a smaller length scale with increasing n. From this observation we expect that

– 9 –

AK and Takahashi, JCAP, 2018

Bertschinger, PRD, 2006

- confirm no Landau damping in the instantaneous limit 
of kinetic decoupling
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Overshooting
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- Landau damping- overshooting
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Electroweakino dark matter
One multiplet before electroweak symmetry breaking

- neutral component (dark matter) is associated with 
slightly heavier charged components

- kinetic decoupling of dark matter is determined by 
inelastic scattering to/from charged components 
rather than elastic scattering

- electroweakino dark matter evades direct-
detection experiments since inelastic scattering is 
kinematically not accessible

Take wino dark matter as an example

- supersymmetric partner of weak gauge boson
- natural dark matter candidates in split-susy scenarios; 
anomaly mediation by Murayama-san!

Randall and Sundrum, 
NPB, 1999

Giudice, Luty, Murayama, 
and Rattazzi, JHEP, 1998

neutralino (    ) and charginos (    )χ0 χ± Δmχ ≃ 160 MeV

Hisano-san’s talk
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Imprints on matter power spectrum
Sudden kinetic decoupling

Overshooting in matter power 
spectrum

- enhancement around pc scale

��-� ��-� ��-� ���
��-�
��-�
��-�
���
���
���
���
���
���
���

- around T ≃ Δmχ /20 ≃ 8 MeV

- sharp T-dependence 
because of Boltzmann factor

Ando, AK, Sekiguchi, and Takahashi, PRD, 2019

- not only Landau damping 
but free-streaming damping 
also suppress smaller-scale 
clustering
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Enhance late-time annihilation rate
Enhance formation of 
Earth-size halos

Boost factor
- DM particles in sub-halos have 
bigger annihilation rate than those 
in diffuse opponents even if total 
number is the same 

Ando, AK, Sekiguchi, and Takahashi, PRD, 2019

- results in enhancement of (1+B) 

- twice more compared to CDM
- also sub-halos in a halo

(and even their substructures) [103,104]. Meanwhile, the
luminosity of the host’s smooth component L̄ðMÞ can be
obtained by replacing rt=rs with the concentration param-
eter of the host c in Eq. (B26).
Figure 7 shows the integrand of Eq. (26) in the main

text, LshdNsh=d lnm, for a host halo with the mass of
Mhost ¼ 1012 M⊙. It is manifested that the subhalo con-
tributions to the boost factor are significantly enhanced
around m ¼ Mfs and suppressed at smaller scales. This is
exactly what we expect from the matter power spectrum in
Fig. 2 in the main text, which exhibits boosted acoustic
peaks and suppressed power within the free-streaming
length. Even though this affects only subhalos with very
small masses, m≲ 10−5 M⊙, we find that the overall
boost factor (after integrating over the subhalo masses)
becomes larger than that of a naïve model with a sudden
cutoff at Mfs ¼ 10−7 M⊙ (which we refer to as CDM) by
about 30%.
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FIG. 7. The subhalomass functiondNsh=d lnmmultiplied by the
gamma-ray luminosity from dark matter annihilation in the sub-
halos Lsh (in arbitrary units) for a host halo with mass Mhost ¼
1012 M⊙ in the case of wino darkmatter (blue) and CDM (orange).
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w/ mass cut

We note that fudge factors, ðγ=HÞjT¼Tkd
¼ 4 and τ$=τkd ¼

1.05, are calibrated in bino dark matter [95]. These values
could change only slightly in our wino dark matter case.
One needs to follow a full Boltzmann hierarchy to identify
the precise values, but it is beyond the scope of this work.
One also needs to take into account quantum chromody-
namics phase transition, neutrino decoupling, and e%

annihilation. We estimate that they may change our result
up to 10%. [This estimation is presented in Appendix A.]

IV. IMPACTS ON INDIRECT DETECTIONS

To demonstrate the impact of the matter power spectrum
in wino dark matter on indirect detection experiments, we
compute the annihilation boost factor B, which is defined
for a given field halo mass M as

LðMÞ ¼ ð1þ BðMÞÞL̄ðMÞ; ð25Þ

where L is the total luminosity and L̄ is the luminosity of
the smooth component. BðMÞ is a sum of subhalo con-
tributions [101–103],

BðMÞ ¼ 1

L̄ðMÞ

Z
M

mmin

dm
dNsh

dm
LshðmÞ; ð26Þ

with dNsh=dm being the subhalo mass function. To
compute Eq. (26), one needs to know dNsh=dm as well
as the density profile of subhalos. We follow the method
of Ref. [104], which analytically describes how these
quantities evolve. They successfully reproduce results of
N-body simulations, in particular, by taking into account
tidal mass stripping that subhalos undergo inside their
hosts. (A brief summary of the method is presented in
Appendix B.)
Figure 3 shows the subhalo boost factor BðMÞ of dark

matter annihilation as a function of the mass of host halosM.

It is manifested that, in the case of wino dark matter, the
substructure boost factor is significantly enhanced when
compared to the case of the naïve model featuring a sudden
cutoff at Mfs ¼ 10−7 M⊙ (which we refer to as CDM). We
find that the effect is as large as ∼30% for relatively large
halos (galaxies, clusters, etc.), even though this affects only
subhalos with very small masses, m≲ 10−5 M⊙.

V. CONCLUDING REMARKS

Thermal wino dark matter is a promising clue of split
supersymmetry, which can be considered as one of the most
attractive new physics after the Higgs discovery. A combi-
nation of indirect detection experiments has the potential to
rigorously explore wino dark matter in the near future. To
this end, astrophysical uncertainties should be understood
in more detail. In this work, we have provided a rigorous
estimate of the boost factor by taking into account two
overlooked aspects of the wino dark matter density con-
trast. First, the neutral wino is in kinetic equilibrium with
primordial plasma not through elastic processes, but
through inelastic processes involving the charged wino.
Resultantly, kinetic decoupling temperature is around
9.2 MeV, 2 orders of magnitude smaller than expected
in the previous literature. Second, a dark acoustic oscil-
lation of the neutral wino shows the overshooting phe-
nomenon; namely, its peak powers of dark acoustic
oscillations are larger than the cold dark matter case. It
follows that free-streaming after kinetic decoupling, rather
than the dark acoustic oscillation, determines the smallest
halos of wino dark matter. The implications of our result are
not limited in indirect detection experiments. Potential
investigation of the small-size halo abundance, e.g., in a
pulsar timing array [105,106], has been proposed. Further
studies including a set of dedicated N-body simulations are
warranted.
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APPENDIX A: EVOLUTION OF
DENSITY PERTURBATIONS

First, we summarize (1) the radiation equations and
(2) the Einstein equations, which are followed simulta-
neously with the wino equations [Eqs. (18) and (21)].

FIG. 3. The annihilation boost factor BðMÞ as a function of the
mass of host halosM at z ¼ 0 and 2. The case of wino dark matter
(solid) is compared with that of CDM (dotted).
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Mcut = 10−7 M⊙

- important for indirect detection 
experiments concerning galaxies 
and galaxy clusters 
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Summary
Murayama-san as a guru

- I have to learn how to propose projects 
with good prospects to students

- also how to provide good chances and environments

Kinetic equilibration

- assumed in standard freeze-out

- Fokker-Planck approach to reduce 
collision term in a tractable form

- I wish Murayama-san further success

- leaves dark acoustic oscillations in density perturbation

- not necessarily damped; overshooting
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Baryon acoustic oscillation
Baryons are involved in plasma acoustic oscillation 
until decoupling (recombination)

- baryon acoustic oscillation

SDSS collaboration, PRD, 2006

wiggles on the horizon scale at 
decoupling are imprinted on the 
matter power spectrum
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wavenumber [h/Mpc] 

observed in galaxy clustering
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Part 1: (Mini-) split supersymmetry

- 125 GeV Higgs although naturalness unanswered

- provide a dark matter candidate 

LHC discovery of 125 GeV Higgs and null-detection of top partners

- sfermions, heavy Higgses > 100 TeV; gravitino > 100 TeV

R-parity = (−1)3(B−L)+2s

- precise grand unification of gauge couplings

- something wrong in naturalness and postulated solutions 
(including but not only TeV-scale SUSY)

- no experimental (e.g., flavor) or 
cosmological (e.g., gravitino) problem

Mini-split SUSY: pragmatic SUSY mass spectrum

Arkani-Hamed and Dimopoulos, JHEP, 2005 Giudice and Romanino, NPB, 2004 Wells, PRD, 2005 …

- gauginos ~ TeV; higgsino ~ ???: experimental window
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Dark matter candidate
gravitino ~ 100 TeV, gauginos ~ TeV - anomaly mediation

- accompanied by slightly heavier charged component 
(EWIMP or electroweakino)

→ (likely) wino (or higgsino) dark matter

Thermal pure wino dark matter

Randall and Sundrum, NPB, 1999

Giudice, Luty, Murayama, 
and Rattazzi, JHEP, 1998

higgsino > 100 TeV

neutralino (    ) and charginos (    )χ0 χ± Δmχ ≃ 160 MeV

perturbative annihilation 
+ co-annihilation 
+ Sommerfeld enhancement

χ0 χ0 → W+W−

→ mχ ≃ 3 TeVforΩχh2 = Ωdmh2

Ibe and Yanagida, PLB, 2012 Ibe, Matsumoto and Yanagida, PRD, 2012 …

Ibe, Matsumoto, and Sato PLB, 2013

Hisano, Matsumoto, Nagai, Saito, and Senami, PLB, 2007

…

…

- no free parameter left
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Elastic processes for neutral wino

inefficient after T ∼ mW

-                        : related with perturbative annihilationχ0W± → χ0W±

-                                   : loop suppressed

Elastic scattering is subdominant!

χ0L → χ0L (L = ν, e) Ibe, AK, and Matsumoto, PRD, 2013

γela = 8
100
π3

g2
loopG

4
Fm4

W
T6

mχ

gloop =
1

3π2 (2(8 − ω − ω2)
ω

4 − ω
arctan ( 4 − ω

ω ) − ω (2 − (3 + ω)ln ω))
ω = m2

W /m2
χ

inefficient after T ∼ 1 GeV



29

Relevant processes for charged wino
      is in kinetic equilibrium with primordial plasmaχ± γ, e, ν, π, …

fχ±(p) ≈
nχ±

gχ± ( 2π
mχT )

3/2

exp (−
(p − mχu)2

2mχT ) u: bulk velocity

-                   : inelastic scattering  χ±L′￼→ χ0L

-                       : decay   χ± → χ0 + π±

Γdec ≈
f 2
πG2

F |Vud |2

π
Δm3

χ 1 −
m2

π±

Δm2
χ

Γinela = 2
8G2

F

π3
T3 (Δm2

χ + 6ΔmχT + 12T2)

Arcadi and Ullio, PRD, 2011

nχ± ≈
gχ±

gχ0
nχ0 exp (−

Δmχ

T )

     and      are in chemical equilibrium through inelastic processesχ± χ0
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Relevant processes for neutral wino

Inelastic processes keep     in kinetic equilibrium and are dominantχ0

For     , interaction rates are suppressed by χ0 exp (−Δmχ /T)
- efficient until T ∼ Δmχ /20

-                       ,                      : conversion approximationχ0 + π± → χ± χ0L → χ±L′￼

1
E

Cχ0,inela ≈ gχ±(Γdec + Γinela) fχ± − fχ0 exp (−
Δmχ

T )
Δmχ, T < < mχTArcadi and Ullio, PRD, 2011
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Cosmological background

·nχ0 + 3
·a
a

nχ0 = − ( ·nχ± − 3
·a
a

nχ±)( ≈ 0) ,

- evolution of number density                     

- evolution of temperature                     

nχ = gχ ∫
d3p

(2π)3
fχ

3mχTχnχ = gχ ∫
d3p

(2π)3
p2 fχ

·Tχ0 + 2
·a
a

Tχ0 ≈ a[gχ±(Γdec + Γinela)exp (−
Δmχ

T ) + 2gχ0γela](T − Tχ0)
- effective reaction rate

- total wino number conservation - chemical equilibrium

- synchronous gauge                      

ds2 = a2 (−dτ2 + (δij + hij)dxidxj) , hij = ̂ki
̂kjh + ( ̂ki

̂kj −
1
3

δij) η
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Cosmological perturbations
- evolution of density perturbation                     

·δχ0 + θχ0 +
1
2

·h = − (
·nχ0

nχ0
+ 3

·a
a )(δχ0 − δχ±) −

nχ±

nχ0 ( ·δχ± + θT +
1
2

·h)( ≈ 0)

- total wino number conservation

nχδχ = gχ ∫
d3p

(2π)3
δfχ

δχ± ≈ δχ0 +
Δmχ

T
δT ,

- chemical equilibrium

- evolution of velocity perturbation                     mχnχθχ = gχ ∫
d3p

(2π)3
(ik ⋅ p)δfχ

δT =
δT
T

, θT = ik ⋅ u

·θχ0 +
·a
a

θχ0 ≈ agχ±(Γdec + Γinela)exp (−
Δmχ

T ) (θT − θχ0)
- the same effective reaction rate 

as for temperature evolution

- sour term drives dark 
acoustic oscillation
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Overshooting phenomenon

Seen when kinetic decoupling proceeds rapidly

1
Γ/H

d(Γ/H)
dt

≫ H around kinetic decoupling Γ/H ∼ 1

Discovered for Coulomb scattering of charged massive particle 
(CHAMP) with electrons Γ ∝ exp (−me/T) Tkd ∼ me/20

Analytic approximation can be derived for 
Extension with fudge factors for 

Γ/H = (τ/τd)n

δ2
χ0

δ2
cdm

≈ c𝒩
4π
n

exp (−
k

kdamp ) ( k

2 3kkd )
3

sin2 ( k

3kkd )
kdamp = cdamp

n
π

3kkd , kkd =
ckd

τkd

k ≫ kkd

- damping - enhancement

AK, Kohri, Takahashi, and Yoshida, PRD, 2017

AK and Takahashi, JCAP, 2018
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Free-streaming
Dark matter thermal motion is neglected

- anisotropic inertia, entropy perturbation, …                      

Free-streaming is taken into account as

Higher multipoles in the Boltzmann hierarchy are truncated 

- pressure, sound speed, …

δχ → δχ × exp (−
k2

2kfs(τ)2 )
k−1

fs =
6Tkd

5mχ0 ∫
τ

τ*

dτ′￼

a(τ′￼)/akd
≈

6Tkd

5mχ0
τkd ln ( τeq

τ* ) ,

- long after the matter radiation equality 

τ* = 1.05τkd

kfs ≃ 3.5 /pc > 1/τkd ≃ 0.11 /pc

Mfs ≃ 1.0 × 10−7 M⊙ < Mkd ≃ 1.1 × 10−4 M⊙ Mfs =
4π
3

ρχ,0 ( π
kfs )

3
Mkd =

4π
3

ρχ,0τ3
kd

Bertschinger, PRD, 2006
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Neutrino diffusion

Neutrino diffusion is not important for the ratio δ2
χ0 /δ2

cdm

AK, Sekiguchi, and Takahashi, arXiv:1901.09992

wavenumber [1/pc]
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Neutrino diffusion

Neutrino diffusion changes the power spectrum up to 30%

Cold dark matter w/ and w/o neutrino diffusion
AK, Sekiguchi, and Takahashi, arXiv:1901.09992
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Strigari, Koushiappas, Bullock, 
and Kaplinghat, PRD, 2007

Kuhlen, Diemand, and 
Madau, ApJ, 2008

- annihilation into gauge bosons are non-perturbatively enhanced 
toward lower velocity (Sommerfeld enhancement)
→ good target of indirect detection experiments

Hisano, Matsumoto, 
and Nojiri, PRD, 2003

Hisano, Matsumoto, 
and Nojiri, PRL, 2004

…

Wino (or generically electroweakino) dark matter

Boost factor: 

⟨ρ2⟩/⟨ρ⟩2 ≥ 1 - e.g. Navarro-Frenk-White (NFW) profile⟨ρ⟩

L(M) = (1+B(M))L̄(M)

- contribution from coarse-grained distribution squaredL̄(M) ⟨ρ⟩2

B(M) - we estimate a subhalo contribution by using a halo model 
with extrapolations toward small scales

- total luminosity

Part 3: Boost factor 
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Boost factor 
We adopt a halo model approach to estimate the boost factor 
with extrapolations

B(M) =
1

L̄(M) ∫
M

mmin

dm
dnsub

dm
(1 + Bsub(m))L̄sub(m)

mmin: minimal halo mass
Hierarchical structure: B = Bsub , L̄ = L̄sub

dnsub/dmSubhalo mass function:

Coarse-grained luminosity    ̄L

- Navarro-Frenk-White (NFW) profile       relationc-M

power-law index

×
(dn/d ln M)χ

(dn/d ln M)cdm PS
for wino dark matter

α = 1.9-2.0
power-law or flattened?
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Halo profile
Navarro-Frenk-White (NFW) profile:

- normalization does not matter

ρ =
ρs

(r/rs)(1 + r/rs)2

(ρs, rs) ↔ (c = r200/rs, M = M200) → L̄ = Mc3/f(c)2

f(c) = ln(1 + c) − c/(1 + c)

      relationc-M
- case 1: power law

- case 2: flattening toward smaller halos

c200 = 7.80 ( M200

1012 M⊙/h )
−0.08

1 + 0.2 ( M200

1015 M⊙/h )
1/2

c200 =
5

∑
i=0

ci [ln ( M200

M⊙/h )]
i

ci = {37.5153, − 1.5093, 1.636 × 10−2,
3.66 × 10−4, − 2.89237 × 10−5, 5.32 × 10−7}

- more sensitive to the smallest halos

Navarro, Frenk, and 
White, ApJ, 1996

Navarro, Frenk, and 
White, ApJ, 1997

Gao, Frenk, Jenkins, 
Springel, and White, 
MNRAS, 2012

Prada, Klypin, Cuesta, 
BetancortRijo, and 
Primack, MNRAS, 2012

Diemand, Moore, and Stadel, Nature, 2005 … Sanchez-Conde and 
Prada, MNRAS, 2012



(for comparison,           as it is and                                            )
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Subhalo mass function

Cold dark matter subhalo mass function:

dnsub

dm
=

A
M ( m

M )
−α

,

(α, A) = (1.9, 0.0318)

A : ∫
10−2M

10−5M
dmm

dnsub

dm
= 0.1

(2.0, 0.0145) - more sensitive to the smallest halos

Wino subhalo mass function:

dnsub

dm
→

dnsub

dm
×

(dn/d ln M)χ

(dn/d ln M)cdm PS
mmin = 0and

mmin = Mkd ≃ 1.1 × 10−4 M⊙
dnsub

dm

Diemand, Kuhlen, and 
Madau, ApJ, 2007

Madau, Diemand, and 
Kuhlen, ApJ, 2008

Springel, Wang, 
Vogelsberger, Ludlow, 
Jenkins, Helmi, Navarro, 
Frenk, and White, 
MNRAS, 2008
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Smooth-   filter:k σ2(M) = ∫
∞

0
d ln k

k3

2π2
P(k)W2(k; M)

W(k; M) = (1 + (kR) ̂β)−1 , M =
4π
3

ρm,0( ̂cR)3 , ̂β = 4.8 , ̂c = 3.30

Modified Press-Schechter:
dn

d ln M
=

ρχ,0

M
f(ν)

d ln ν
d ln M

f(ν) = A
2qν2

π (1 + (qν2)−p) exp (−
qν2

2 ) ,

A = 0.3222 , p = 0.3 , q = 1

ν =
δc

D(z)σ(M)
- growth factor

D(0) = 1

Subhalo mass function

- match to simulation results for matter power spectrum 
with dark acoustic oscillation

Leo, Baugh, Li, and 
Pascoli, JCAP, 2018

Sheth and Tormen, MNRAS, 1999

Ellipsoidal collapse:
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(Real-space) top-hat filter: σ2(M) = ∫
∞

0
d ln k

k3

2π2
P(k)W2(k; M)

W(k; M) =
3(sin(kR) − kR cos(kR))

(kR)3
, M =

4π
3

ρm,0R3

Modified Press-Schechter:
dn

d ln M
=

ρχ,0

M
f(ν)

d ln ν
d ln M

f(ν) = A
2qν2

π (1 + (qν2)−p) exp (−
qν2

2 ) ,

A = 0.3222 , p = 0.3 , q = 0.707

ν =
δc

D(z)σ(M)
- growth factor

D(0) = 1

Subhalo mass function

Sheth and Tormen, MNRAS, 1999

Ellipsoidal collapse:
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Estimated boost factor

Without Bsub

Smooth-   filter:k

(Real-space) top-hat filter:

Enhanced by a factor of       and       (      and      ) 
with              and       in case 1 (2) when compared to mmin = Mkd

4.1 8.8 1.5 2.9
α = 1.9 2.0

and        (     and      ) 5.4 12.5 1.7 3.5

(Real-space) top-hat filter:
and        (     and      ) 3.2 10.3 1.2 2.7

and       (     and      ) 2.8 7.5 1.2 2.5
Smooth-   filter:k
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Estimated boost factor

- power law

- flattened

c-M

c-M

AK, Sekiguchi, and Takahashi, arXiv:1901.09992

halo mass

bo
os

t f
ac

to
r

Boost factor depends on power-law index of the subhalo mass 
function     and the        relationα c-M



Enhanced by a factor of       and       (      and      ) 
with              and       in case 1 (2) 
when compared to damped oscillation
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4.1 8.8 1.5 2.9
α = 1.9 2.0

- damped 
oscillation

- enhanced oscillation

ha
lo

 m
as

s 
fu

nc
tio

n 
no

rm
al

iz
ed

 
to

 th
at

 in
 c

ol
d 

da
rk

 m
at

te
r

halo mass

Estimated boost factor
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Shirasaki, Macias, Horiuchi, 
Shirai, and Yoshida, PRD, 2016

Indirect detection

- boost factor uncertainty

Cross-correlation of gamma-ray background w/ large-scale structure 
(e.g., weak lensing) will enjoy statistical improvement in near future!

↑ thermal wino
mχ ≃ 3 TeV

LSST-like survey

Enhanced abundance of 
Earth mass halos is not 
taken into account: 
to be updated!
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Indirect detection
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Lefranc, Moulin, Panci, Sala, 
and Silk, JCAP, 2016

CTA sensitivities
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Detectability of small-size clump

Detection of dark matter clump encounter with the Earth or 
a pulsar in pulsar timing array data
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