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OUTLINE

? The good news
I Ab initio approaches—based on a nuclear hamiltonian fitted to the

properties of the two- and three-nucleon systems—provide a
remarkably accurate account of electron scattering data.

I Several models appear to be capable to provide a semi-quantitative
description of selected electron- and/or neutrino-scattering data in
the quasi elastic (QE, or 0π) sector.

? The bad news
I There is a degree of degeneracy between models based on

different—and in some instances even conflicting—assumptions
for both the reation mechanisms and the underlying dynamical
model.

I While the relevant mechanisms have been probably identified, the
assessment of their importance is still hindered by the uncertainty
associated with nuclear dynamics.

? Summary & Outlook
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GREEN’S FUNCTION MONTE CARLO (GFMC)
I Longitudinal (upper panel)

and transverse (lower panel)
euclidean electromagnetic
responses of 12C at
|q| = 570 MeV
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VALENCIA MODEL

I Flux intergated double differential neutrino-carbon cross section
in the CCQE channel (MiniBoone data rescaled by a factor 0.9)
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FIG. 9. Some 2p2h contributions to the polarization propagators. Solid (dashed) lines denote nucleon (pion) propagators.
Double lines represent ∆(1232) propagators. Solid lines pointing to the right (left) denote particle (hole) states.

been found [100] with the RGF model with empirical OP briefly covered in the previous section. This has been
achieved with a model that takes into account those multinucleon contributions that can be ascribed to the particle
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FIG. 10. ν-12C double differential cross section averaged over the MiniBooNE flux [128] as a function of the muon kinetic
energy and for the 0.80 < cos θµ < 0.90 angular bin [139]. The thick solid line stands for the full model (RlFG+RPA+2p2h).
The dashed, dotted and dash-dotted lines show partial results for only RlFG, RlFG+RPA and only 2p2h, respectively. All
these curves are obtained with MA = 1.049 GeV while the thin solid line is calculated with the RlFG and MA = 1.32 GeV.
The data of Ref. [23] have been rescaled by a factor 0.9 (compatible with flux uncertainties).

J. Nieves et al PLB 707, 072 (2012)
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MARTINI-ERICSON-MARTEAU MODEL
I Flux intergated double differential neutrino-carbon cross section

in the CCQE channel compared to MiniBooNE data

M. MARTINI, M. ERICSON, AND G. CHANFRAY PHYSICAL REVIEW C 84, 055502 (2011)
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FIG. 1. (Color online) Regions of the quasielastic response of a
Fermi gas. For relativistic kinematics, see shaded area (red) delimited
by the two corresponding continuous lines. In the nonrelativistic case
the horizontal arrow shows the two limiting lines (black). The central
dashed lines show the position of the quasielastic peak in the two
cases. The remnant three lines represent the neutrino hyperbolas
defined by Eq. (2) for a muon kinetic energy Tµ = 250 MeV and
three muon emission angles: cosθ = 0.9 [dot-dot-dashed line (blue)],
cosθ = 0 [dot-dashed line (green)], and cosθ = −0.9 [dotted line
(turquoise)].

integrated quasielastic cross sections. Our previous conclusion
on the role played by the multinucleon processes in the axial
anomaly is not an artifact of the nonrelativistic treatment of

our earlier works. Then we give the single differential cross
sections, that is, integrated over the muon energy, or the muon
angle, and the Q2 distribution not only for charged current
(CC) but also for neutral current (NC).

II. ANALYSIS OF DIFFERENTIAL CROSS SECTIONS

For a given “quasielastic” event the muon energy Eµ (or
kinetic energy Tµ) and its emission angle θ are measured. The
neutrino energy Eν is unknown. In the experimental analysis
a specific assumption is made concerning the quasielastic
character of the one muon events. Nuclear cross sections are
naturally expressed in terms of the nuclear responses, functions
of the energy and momentum transferred to the nuclear system,
ω = Eν − Eµ, and q = |"q| = | "pν − "pµ|. These are the natural
variables but they are not the measured quantities. For each
value of Eµ and θ several values of ω, hence of Eν = Eµ + ω,
are possible. The expression of the double differential cross
section in terms of the measured quantity is

d2σ

dTµdcosθ

= 1∫
%(Eν)dEν

∫
dEν

[
d2σ

dωdcosθ

]

ω=Eν−Eµ

%(Eν). (1)

In the numerical evaluations we use the neutrino flux %(Eν)
from Ref. [1].

The cross section of the right-hand side of Eq. (1), as
expressed in terms of the nuclear responses [3], is nonvanishing
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FIG. 2. (Color online) MiniBooNE flux-averaged CC “quasielastic” νµ-12C double differential cross section per neutron for several values
of muon kinetic energy as a function of the scattering angle. (Dashed curve) Pure quasielastic (1p-1h) cross section calculated in RPA, (solid
curve) with the inclusion of np-nh component. The experimental MiniBooNE points are taken from Ref. [1].
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SPECTRAL FUNCTION FORMALISM
I e+ 12C→ e′ +X cross section computed within the impulse

approximation and including final state interactions.
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SUPERSCALING APPROACH

I Flux intergated double differential neutrino-carbon cross section
in the CCQE channel

combined, RMEC
T;AA þ RMEC

T 0;VA, whereas they are destructively
combined in the antineutrino case, RMEC

T;AA − RMEC
T 0;VA. In other

words, we expect a larger strength missing in our calcu-
lation in the neutrino case than in the antineutrino case,
whose origin possibly can be attributed to the missing
MEC pieces. Furthermore, one can see in the total neutrino
cross section (Fig. 11) that some strength is missing at
intermediate energies, 0.4–1.5 GeV, which is the region

where the VA QE component is peaked (Fig. 12); an
extra contribution in this channel via 2p-2h MECs
would, thus, improve the agreement with MiniBooNE
data. We can observe in Fig. 12 that below 1 GeV the
SuSAv2 VA response is higher than the VV one and of
the same order as the AA one. Other contributions to the
VA response, apart from the QE one (SuSAv2), can be
estimated as follows:
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FIG. 7 (color online). Flux-integrated double-differential cross section per target nucleon for the νμ CCQE process on 12C displayed
versus the μ− kinetic energy Tμ for various bins of cos θμ obtained within the SuSAv2 and SuSAv2þMECs approaches. MEC results
are also shown. The data are from Ref. [2].
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FIG. 8 (color online). As for Fig. 7, but for ν̄μ scattering versus μþ kinetic energy Tμ. The data are from Ref. [3].
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PREAMBLE: THE LEPTON-NUCLEUS X-SECTION
? Double differential cross section of the process `+A→ `′ +X

dσA
dΩk′dk′0

∝ LµνWµν
A

I Lµν is fully specified by the lepton kinematical variables
I The determination of the nuclear response tensor

Wµν
A =

∑
N

〈0|JµA
†|N〉〈N |JνA|0〉δ(4)(P0 + k − PN − k′)

JµA =
∑
i

jµi +
∑
j>i

jµij + . . .

requires a consistent description of the target initial and final states
and the nuclear current. Fully consistent ab initio calculations are
feasible in the non relativistic regime, corresponding to
|q| <∼ 500 MeV.

I In the kinematical regime in which relativistic effects become
important, approximations—involving both the reaction
mechanism and the underlying dynamics—are needed.
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THE ONE-PARTICLE–ONE-HOLE (1p1h) SECTOR
I Consider a 12C target as an example

|N〉 = |p, 11C〉 , |n, 11B〉
I The infamous Relativistic Fermi Gas Model (RFGM)

Wµν
A =

k k + q

q

q

No nucleon-nucleon interaction, mean field described by a constant
binding energy ε. Oriented lines represent the Green’s functions

Gh(k,E) =
θ(k − kF )

E − e0(k) + iη
, Gp =

θ(kF − k)
E − e0(k)− iη

where η = 0+, kF is the Fermi momentum and

e0(k) =
√
k2 +m2 + ε

8 / 17



I Including nucleon-nucleon interactions in the initial state

Wµν
A = k k + q

q

q

Gh(k,E) = = + + + . . .

I the bare nucleon-nucleon interaction cannot be used for
perturbation theory in the basis of eigenstates of the
non-interacting system. Eiher the interaction or the basis states
need to be “renormalized” using G-matrix or Correlated Basis
Function (CBF) perturbation theory.
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I In principle, the effects of nucleon-nucleon interactions in the
final state may be taken into account in a consistent fashion,
using

Wµν
A =

k k + q

q

q

However, the propagation of the outgoing nucleon, described by
the Green’s function Gp(k + q, E) , requires either a relativistic
model of nuclear dynamics or an approximation scheme based
on nucleon-nucleon and nucleon-nucleus scattering data

I Recall that the spectral functions are trivially reated to Green’s
functions through

Ph(k,E) =
1

π
ImGh(k, eF −E) , Pp(k,E) = − 1

π
ImGp(k, eF +E)

10 / 17



INTERACTIONS EFFECTS

I nuclear mean field→ cross section shifted
I nucleon-nucleon correlations→ coupling between 1p1h and

2p2h final states. Peak quenched, appearance of tails at both low
and high energy transfer, ω.
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THE TWO-PARTICLE–TWO-HOLE SECTOR

I Interactions couple the 1h (1p) states of the residual nucleon to
2h1p (2p1h) states, in which one of the spectator nucleons is
excited to the continuum. This mechanism leads to the
appearance of 2p2h final states

|N〉 = |pp, 10B〉 , |np10C〉 . . .
I In addition, 2p2h states appear through their couplig to the

ground state

Wµν
A =

q

q

I These contributions exhibit a specific energy dependence, and
give rise to a characteristic event geometry

I Note: in interacting many body systems the excitation of 2p2h
states does not require a two-nucleon current
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MESON-EXCHANGE CURRENTS (MEC)

I Two-nucleon currents naturally couple the nuclear ground state
to 2p2h final states, e.g. through the processes

Wµν
A =

q

q

q

q

as well as through similar processes involving the excitation of a
∆-resonance

I Note: amplitudes involving one- and two-body currents and the
same 2p2h state give rise to interference

13 / 17



LONG-RANGE CORRELATIONS

I At low momentum transfer, processes involving many nucleons
may become important. Within the Tamm-Dancoff (ring)
approximation the nuclear final state is written in the form

|N〉 =
∑
i

Ci|pihi〉

Wµν
A =

+ + + . . .

Note: the Random-Phase-Approximation (RPA) is a
generalization of the above scheme
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EFFECTS OF LONG-RANGE CORRELATIONS
I |q|-evolution of the density-response of isospsin-symmetric

nuclear matter. Calculation carried out within CBF using a
realistic nuclear hamiltonian.

|q| ≈ 480 MeV

|q| ≈ 300 MeV

|q| ≈ 60 MeV

308 O. Benhar, N. Farina / Physics Letters B 680 (2009) 305–309

The FG ph states, while being eigenstates of the HF Hamiltonian

HHF =
∑

k

ek, (12)

with ek given by Eq. (10), are not eigenstates of the full nuclear
Hamiltonian. As a consequence, there is a residual interaction V res
that can induce transitions between different ph states, as long as
their total momentum, q, spin and isospin are conserved.

We have included the effects of these transitions, using the
Tamm Dancoff (TD) approximation, which amounts to expanding
the final state in the basis of one 1p1h states according to [27]

| f ) = |q, T S M) =
∑

i

cT S M
i |pihi, T S M), (13)

where pi = hi +q, S and T denote the total spin and isospin of the
particle–hole pair and M is the spin projection along the quantiza-
tion axis.

At fixed q, the excitation energy of the state | f ), ω f , as well as
the coefficients cT SM

i , are determined solving the eigenvalue equa-
tion

H| f ) = (HHF + V res)| f ) = (E0 + ω f )| f ), (14)

where E0 is the ground state energy. Within our approach this
amounts to diagonalizing a Nh × Nh matrix whose elements are

H T S M
ij = (E0 + epi − ehi )δi j + (hi pi, T S M|V eff|h j p j, T S M). (15)

In TD approximation, the response can be written as

S(q,ω) =
∑

T S M

Nh∑

n=1

∣∣∣∣∣

Nh∑

i=1

(
cT S M

n
)

i(hi pi, T S M|O eff(q)|0)

∣∣∣∣∣

2

× δ
(
ω − ωT S M

n
)
, (16)

where (cT SM
n )i denotes the i-th component of the eigenvector be-

longing to the eigenvalue ωT SM
n .

The diagonalization has been performed using a basis of Nh ∼
3000 ph states for each spin–isospin channel. The appearance of an
eigenvalue lying outside the particle hole continuum, correspond-
ing to a collective excitation reminiscent of the plasmon mode of
the electron gas, is clearly visible in panel (A) of Fig. 3, showing the
TD response at |q| = 0.3 fm−1 for the case of Fermi transitions. For
comparison, the result of the correlated HF approximation is also
displayed. Note that the sharp peak arises from the contributions
of particle–hole pairs with S = 1, T = 0.

In order to identify the kinematical regime in which long range
correlations are important, we have studied the TD response in
the region 0.3 ! |q| ! 3.0 fm−1. The results show that at |q| "
1.2 fm−1 the peak corresponding to the collective mode in the
S = 1, T = 0 channel is still visible, although less prominent. How-
ever, it disappears if the exchange contribution to the matrix ele-
ment of the effective interaction appearing in the rhs of Eq. (15) is
neglected.

The transition to the regime in which short-range correlations
dominate is illustrated in panels (B) and (C) of Fig. 3, showing
the comparison between TD and HF responses at |q| = 1.5 and
2.4 fm−1, respectively.

At |q| = 1.5 fm−1 the peak no longer sticks out, but the effect
of the mixing of ph states with S = 1 and T = 0 is still detectable,
resulting in a significant enhancement of the strength at large ω.
At |q| = 2.4 fm−1 the role of long range correlations turns out to
be negligible, and the TD and correlated HF responses come very
close to one another. The calculation of the response associated
with Gamow–Teller transitions shows a similar pattern.

Fig. 3. Nuclear matter response calculated within the TD (squares) and correlated
HF (diamonds) approximations, for the case of Fermi transitions. Panels (A), (B) and
(C) correspond to |q| = 0.3, 1.5 and 2.4 fm−1, respectively.

5. Conclusions

The CBF formalism employed in our work is ideally suited to
construct an effective interaction starting from a realistic NN po-
tential. The resulting effective interaction, which has been shown
to provide a quite reasonable account of the equation of state of
cold nuclear matter [16], allows for a consistent description of the
weak response in the regions of both low and high momentum
transfer, where different interaction effects are important.

The results of our calculations, obtained including 1p1h final
states, suggest that in addition to the HF mean field, which moves
the kinematical limit of the transitions to 1p1h states well be-
yond the FG value, correlation effects play a major role, and must
be taken into account. While at |q| " 0.5 fm−1 long-range cor-
relations, leading to the appearance of a collective mode outside
the particle–hole continuum, dominate, at |q| # 2.0 fm−1 the most
prominent effect is the quenching due to short-range correlations.

In principle, the uncertainty associated with the truncation of
the space of final states at the 1p1h level can be estimated study-
ing the static structure function S(q) and the sum rules of the
responses [28]. We have verified that the S(q) goes linearly to zero
for vanishing |q|, as required by particle number conservation.

A more quantitative understanding of the role of two particle-
two hole (2p2h) final states can be gained comparing the response
resulting from the approach discussed in the present Letter and
that obtained using the spectral function formalism, applicable in
the impulse approximation regime [24]. The results of Ref. [24]
suggest that the main effect of 2p2h states, which are explicitely
taken into account in the spectral function, is the appearance of a
tail extending to large energy transfer.

As pointed out in Section 2, the differences between our work
and that of Ref. [8] arise from the definitions of both the ef-
fective interaction and the effective operators. Three- and many-
nucleon forces, taken into account in our approach, play a marginal
role at nuclear matter equilibrium density, their inclusion lead-
ing to changes that never exceed 15% in the Fermi TD response

OB and N. Farina, PLB 680 305, (2009)
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WHY WORRY
I Approaches based on different reaction mechanisms and

dynamical models yield similar results
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FIG. 9. Some 2p2h contributions to the polarization propagators. Solid (dashed) lines denote nucleon (pion) propagators.
Double lines represent ∆(1232) propagators. Solid lines pointing to the right (left) denote particle (hole) states.
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FIG. 10. ν-12C double differential cross section averaged over the MiniBooNE flux [128] as a function of the muon kinetic
energy and for the 0.80 < cos θµ < 0.90 angular bin [139]. The thick solid line stands for the full model (RlFG+RPA+2p2h).
The dashed, dotted and dash-dotted lines show partial results for only RlFG, RlFG+RPA and only 2p2h, respectively. All
these curves are obtained with MA = 1.049 GeV while the thin solid line is calculated with the RlFG and MA = 1.32 GeV.
The data of Ref. [23] have been rescaled by a factor 0.9 (compatible with flux uncertainties).

I From the numerical point of view, RPA effects appear to be
similar to the quenching of the normalization of 1h states arising
from nucleon-nucleon correlations
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SUMMARY & OUTLOOK

? Despite the significant progresses of the past decade, a clearcut
interpretation of the observed neutrino-nucleus cross section in
the QE (0π) channel is still missing.

? While it is arguable that the relevant reaction mechanisms have
been identified, their role and possible interplay depend on the
description of nuclear dynamics.

? The degeneracy between different models may be resolved
exploiting the available experimental information. For example,
the analysis of the two-proton emission events observed in the
ArgoNeut detector may help to discriminate between different
treatments of short-range nucleon-nucleon correlations.

? Comparison with GFMC results in the non relativistic regime
may also provide valuable complementary information.
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