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Depending on the neutrino beam energy, 	
different physics mechanisms contribute	
to the cross section.	
� QE   (Quasi elastic)	
� RES (Resonance)	
�  DIS  (Deep inelastic)	
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FT , L =
γ
π
Q2σ T , L ,    γ =

 
!q  

q0

= 1 + Q
2

ν 2

     σ T , L = Total ν  cross section

            ~ (2π )4

f
∑ δ (p + q − pf ) f  εT , L ⋅ J(0) p

2

     FT , L = transverse, longitudinal cross section

Vector current conservation:  qµW
µν = 0

     ⇒  FL
 V ~ Q2FT

 V  as Q2 → 0

PCAC (Partially Conserved Axial-vector Current):  
     ∂µ A

µ (x) = fπmπ
2π (x),    Aµ = Axial-vector current,

      fπ = Pion-decay constant,   π = Pion field

     ⇒  FL
 A ~ fπ

 2

π
σπ  as Q2 → 0,  

      Pion-scattering cross section:  σπ  
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      charged-lepton:  
           F2

e/µ (x,Q2 < 0.8 GeV2 ) = Kvalence
vector (Q2 )F2,LO

valance(ξw ,Q2 = 0.8 GeV2 )
                                                   + Ksea

vector (Q2 )F2,LO
sea (ξw ,Q2 = 0.8 GeV2 )

           Kvalence
vector (Q2 ) = Q2

Q2 + Cs
,   Ksea

vector (Q2 ) = 1 −GD
2 (Q2 )⎡⎣ ⎤⎦

Q2 + Cv2

Q2 + Cv1

           GD (Q2 ) = 1
(1 +Q2 / 0.71)2 ,    ξw =

2x(Q2 + Mf
2 + B)

Q2 1 + 1 + 4M 2x2 /Q2⎡
⎣

⎤
⎦ + 2Ax

      neutrino:
           Separate Fi

ν (x,Q2 ) into vector and axial-vector parts.
           Fi

ν (x,Q2 )vector → Q2 → 0   (Q2 → 0)  as the charged-lepton case.
           Fi

ν (x,Q2 )axial-vector ≠ 0   (Q2 → 0)  due to PCAC.
           Actual expressions are slightly complicated (see the original paper).
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νμ	 ~ 200 GeV	

A nucleon is broken up �
by a high-energy neutrino.	

Hadrons are produced; however, 
these are not usually measured.�
(inclusive reaction) 	

BEBC@CERN	μ−	

νµ

µ  −

W +

X

N

ν µ + N→ µ − + X

Momentum transfer:  q2 = (k − k ')2 = −Q2

Bjorken scaling variable:  x = Q2

2p ⋅ q
Invariant mass:  W 2 = pX

2 = (p + q)2

q
p



γ

X

N

q

Ee

′e

Q2 = −q2

W 2 = (p + q)2



dσ = 1
4k ⋅ p  12  (2π )4  

X
∑

spins
∑ δ 4(k + p− ′k − pX ) |M |2 d3 ′k

(2π )3  2 ′E

M = 1
1+Q2 /MW

2  
GF

2
 u( ′k , ′λ ) γ µ  (1−γ 5) u(k,λ) < X | JµCC | p,λp >

dσ
d ′E dΩ

 =  GF2
(1+Q2 /MW

2 )2  ′k
32π 2E  Lµν  Wµν

MW1 = F1 ,  νW2 = F2 ,  νW3 = F3 ,   x = Q2

2p ⋅q  ,   y = p ⋅qp ⋅k  

dσν ,ν
CC

dx  dy =
GF2  (s −M2)

2π  (1+Q2 /MW
2 )2 x  y2F1

CC + 1− y− M  x  y
2 E
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⎣
⎢
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⎦
⎥
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p	W 
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＋	

Lµν = 8 k µk 'ν + k 'µ kν − k ⋅k 'g µν + iε µνρσkρ ′kσ⎡⎣ ⎤⎦ ,     ε 0123 = +1

Wµν = −W1 gµν −
qµqν
q2

⎛
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⎞
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+W2
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p ⋅ q
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p ⋅ q
q2 qν
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⎞
⎠⎟
+ i

2M 2 W3ε µνρσ p
ρqσ
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Experiment	 Target	 ν energy (GeV)	
CCFR	 Fe	 30-360	
CDHSW	 Fe	 20-212	

CHORUS	 Pb	 10-200	
NuTeV	 Fe	 30-500	

M. Tzanov et al. (NuTeV),	
PRD74 (2006) 012008.	

ν ,  ν
E = 30 ~ 500 GeV





  

σ = fa (xa ,Q2 ) ⊗ fb (xb ,Q2 )
a,b,c
∑

                     ⊗ σ̂ (ab → cX ) ⊗ Dc
h (z,Q2 )

  

fa (xa ,Q2 ) :      parton distribution functions

σ̂ (ab → cX ) :   partonic cross sections

Dc
h (z,Q2 ) :       fragmentation functions

Nuclear PDFs are needed for describing high-energy	
nuclear reactions in order to find any new phenomena.	
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i  electron/muon:  µ + p→ µ + X
i  neutrino:           νµ + p→ µ + X

i  Drell-Yan:         p + p→ µ+µ − + X
i  ⋅ ⋅ ⋅

(1)  assume functional form of PDFs at fixed Q2 (≡ Q0
2 ) :

        e.g.   fi (x,Q0
2 ) = Aix

α i (1 − x)βi (1 + γ ix),
        where  i = uv ,  dv ,  u,  d ,  s ,  g
(2)  calculate observables at their experimental  Q2  points.
(3)  then, the parameters Ai ,  α i ,  β i ,  γ i  are determined so as 
        to minimize χ 2  in comparison with data.



MW1 =F1 ,  νW2 =F2 ,  νW3 =F3 ,   x = Q2
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ν p +F3
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M = 1
1+Q2 /MW

2  
GF

2
 u( ′k , ′λ ) γ µ  (1−γ 5) u(k,λ) <X |JµCC | p,λp >

dσ
d ′E dΩ

 =  GF2
(1+Q2 /MW

2 )2  ′k
32π 2E  Lµν

 Wµν

ν µ + p→ µ − + X

Lµν = 8 k µ ′k ν + kν ′k µ − g µνk ⋅ ′k + iε µνρσkρ ′kσ⎡⎣ ⎤⎦ where  ε 0123 = +1

Wµν = −W1 gµν −
qµqν

q2
⎛
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⎞
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+W2

1
MN

 2 pµ − p ⋅ q
q2 q
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⎞
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q2 q
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+ i

2MN
 2 W3ε µνρσ p

ρqσ

Note: Nuclear corrections
in CCFR/NuTeV (ν+Fe).

Valence:  also F2 at large x	

qv (x) ≡ q(x) − q(x)



Sea quark	
e/μ scattering	

Drell-Yan (lepton-pair production)	
 (q1)
 q1

 q2

  µ–

  µ+
 (q2)

projectile	 target	

F2
N = F2

p + F2
n

2
= x

2
4
9

(u + u) + 1
9

(d + d + s + s ) + 4
9

(d + d ) + 1
9

(u + u + s + s )⎡
⎣⎢

⎤
⎦⎥
= x

2
5
9

(u + u + d + d ) + 2
9

(s + s )⎡
⎣⎢

⎤
⎦⎥

     = x
2

5
9

(uv + dv ) +
10
9

(u + d ) + 2
9

(s + s )⎡
⎣⎢

⎤
⎦⎥
= 5

18
x(uv + dv ) +

2
18
x 5(u + d ) + (s + s )⎡⎣ ⎤⎦

p1 + p2 → µ +µ − + X

dσ ∝ q(x1 ) q(x2 ) + q(x1 ) q(x2 )

dσ ∝ qV (x1 ) q(x2 )
at  large  xF = x1 − x2

q(x2 )  can be obtained if qV (x1 ) is known.



Gluon	
scaling violation of F2	

∂
∂ lnQ2( )

qs x, t( )
g x, t( )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= α s
2π

dy
yx

1
∫

Pqq x / y( ) Pqg x / y( )
Pgq x / y( ) Pgg x / y( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

qs y, t( )
g y, t( )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

at  small  x       ∂F2

∂ lnQ2( ) ≈
10 α s

27π
g

jet production	

K. Prytz, Phys. Lett. B311 (1993) 286.	

H1 and ZEUS	
JHEP01(2010)109	



CERN-BCDMS, NMC	

Fermilab-E866 (Drell-Yan)	

CDHSW, CCFR, NuTeV 	
(ν deep inelastic)	

Tevatron (jets, W, Z)	

LHC (jets, W, Z, Drell-Yan)	

HERA (NC, CC, charm)	

Recent progress	



  F2 = 2 x F1

F2
νp = 2 x (d + s + u + c)

F2
νp = 2 x (u + c + d + s)

F2
νn = 2 x (u + s + d + c)

F2
νn = 2 x (d + c + u + s)

xF3
νp = 2 x (d + s – u – c)

xF3
νp = 2 x (u + c – d – s)

xF3
νn = 2 x (u + s – d – c)

xF3
νn = 2 x (d + c – u – s)

valence-quark distributions	

  F3
νp + F3

νp = 2 (uv + dv) + 2 (s – s) + 2 (c – c)

F3
ν(p+n)/2 – F3

ν(p+n)/2= 2 (s + s) – 2 (c + c)

νµ

 µ–

s (d)  

W +

c

s (d)W +

 µ+ νµ

  also νp→µ–µ +X for finding 2 s / (u +d)



s(x)  from neutrino-induced opposite-sign dimuon events

κ =
dx  x  [s(x,Q2 )+ s (x,Q2 )]∫
dx  x  [u(x,Q2 )+ d (x,Q2 )]∫

       Q2 = 20 GeV2

HERMES semi-inclusive measurement

ν ,  ν
E = 30 ~ 500 GeV



L. A. Harland-Lang, A. D. Martin, 	
P. Motylinkski, and R. S. Thorne,	
Eur. Phys. J. C 75 (2015) 204.	Functional form:   Q0

2 = 1 GeV2

     xf (x,Q0
2 ) = Axδ (1 − x)η 1 + aiTi (y(x))

i=1

n

∑⎡
⎣⎢

⎤
⎦⎥
,     y = 1 − 2 x ,   n = 4,   f = uv ,   dv ,   S,   s+ = s + s ,   δ S = δ s+

     xg(x) = Agx
δ g (1 − x)ηg 1 + agiTi (y(x))

i=1

2

∑⎡
⎣⎢

⎤
⎦⎥
+ ′Agx

′δ g (1 − x) ′ηg

     xΔ(x) ≡ x(d − u) = Axδ (1 − x)η (1 + γ x + εx2 ),       xs− =  x s(x) − s (x)[ ] = A−x
δ − (1 − x)η− (1 − x / x0 )

•  NLO, NNLO

g	s	

u	 d	



g	s	

uv	 dv	



CT14, S. Dulat et  al., arXiv:1506.07443

u d

u d

s g

Functional form:   Q0
2 = (1.3)2  GeV2

     xf (x,Q0
2 ) = xa1 (1 − x)a2 P(x)

     used to be P(x) = exp a0 + a3 x + a4x + a5x
2( )

     Expansion by Bernstein polynomials:  

        P(x) = di
i=0

n

∑ pi (y = x ),   p0 (y) = (1 − y)4 ,   

             p1(y) = 4y(1 − y)3 ,   p2 (y) = 6y2 (1 − y)2 ,   
             p3(y) = 4y3(1 − y),   p4 (y) = y4





Nuclear binding 	
(+ Nucleon modification)	

Fermi motion	
of the nucleon	

Shadowing 	

Anti-shadowing	

D. F. Geesaman, K. Saito, A. W. Thomas,	
Ann. Rev. Nucl. Part. Sci. 45 (1995) 337	



Convolution:  Wµν
A (pA ,q) = d 4∫ p  S(p) Wµν

N (pN ,q)

 S(p) = Spectral function = nucleon momentum distribution in a nucleus

 
In a simple shell model:  S(p) = φi (

!p) 2

i
∑ δ (p0 − MN − ε i )

Separation energy:  ε i

Projecting out F2 :  F2
A (x,Q2 ) = d∫ z  fi (z)

i
∑  F2

N (x / z,Q2 )

 
fi (z) = d 3∫ p  z  δ z − p ⋅ q

MNν
⎛
⎝⎜

⎞
⎠⎟

 φi (
!p) 2    lightcone momentum distribution for a nucleon i

 
z = p ⋅ q

MNν
!

p ⋅ q
pA ⋅ q / A

!
p+

pA
+ / A

  lightcone momentum fraction

 

a± = a
0 ± a3

2
q = (ν ,  0,  0,  − ν 2 +Q2 )

q+ = − M  x
2

,   q− = 2ν + M  x
2

= 2ν ≫ M p ⋅ q = p
+q− + p−q+ − !pT ⋅

!qT " p
+q−

 

P̂2
µν = − MN

2ν
2 !p2

g µν − 3
!pµ !pν

!p2
⎛
⎝⎜

⎞
⎠⎟

P̂2
µνWµν = F2



F2
A (x,Q2 ) = d∫ z  fi (z)

i
∑  F2

N (x / z,Q2 )
 
fi (z) = d 3∫ p  z  δ z − p ⋅ q

MNν
⎛
⎝⎜

⎞
⎠⎟

 φi (
!p) 2

 
z = p ⋅ q

MNν
= p

0ν − !p ⋅ !q
MNν

= 1− | ε i |
MN

−
!p ⋅ !q
MNν

≈ 1.00 − 0.02 ± 0.20  for a medium-size nucleus

f (z)

z

If fi (z) were fi (z) = δ (z − 1),   there is no nuclear
modification: F2

A (x,Q2 ) = F2
N (x,Q2 ).

 F2
A (x,Q2 ) ! F2

N (x / 0.98,Q2 )

For x = 0.60,   x / 0.98 = 0.61
F2
N (x = 0.61)
F2
N (x = 0.60)

= 0.021
0.024

= 0.88

x

F2
A / F2

N

binding	

Fermi motion	



Free nucleon	 Nucleon may overlap in a nucleus.	

Average nucleon separation
(2 fm) ≈  Nucleon diameter

Confinement radius changes:  λA> λN	

Quark momentum distribution changes.	

q(x)

x

x
ratio = −−

A	 N	

Ratio qA(x)/qN(x) is similar to the observed	
EMC data in 1983.	



A
q

q

V

Propagation length of V (qq):   λ = 1
EV − Eγ

= 2ν
MV

2 + Q2 = 0.2 fm
x

> 2 fm  at x < 0.1

At small x,  the virtual photon interacts with
the target nucleus as if it were a vector meson (or qq).

•  Shadowing takes place due to multiple scattering.

    For example, the vector meson interacts elastically with
    a surface nucleon and then interacts inelastically with
    a central nucleon. 
    Because this amplitude is opposite in phase to the one-step
    amplitude for an inelastic interaction with the central nucleon,
    the nucleon sees a reduced hadronic flux (namely the shadowing).

•  Shadowing means that internal constituents are shadowed
    due to  the existence of nuclear surface ones, so that the cross section
    is smaller than the each nucleon contribution: σ A = A

ασ N  (α < 1).
•  A virtual photon transforms into vector meson (or qq) states,  which
    then interact with a target nucleus. 





(1) F2
A / F2

D	
			NMC:			p, He,  Li,  C,  Ca	
			SLAC:     He,  Be,  C,  Al,  	
                       Ca,  Fe,  Ag,  Au	
			EMC:      C,  Ca,  Cu,  Sn	
			E665:       C,  Ca,  Xe,  Pb	
			BCDMS: N,  Fe	
          HERMES: N,  Kr	

(2) F2
A / F2

A’	
			NMC:   Be / C,  Al / C, 	
                    Ca / C, Fe / C, 	
                    Sn / C,  Pb / C,	
                    C  / Li,  Ca / Li	

(3) σDY
A / σDY

A’	

			E772:       C  / D,  Ca / D,  	
                       Fe / D,  W / D	
			E866:       Fe / Be,  W / Be	



 
x = Q2

2p ⋅q
!
Q2

ys

fixed target:  min(x) = Q2

2MNElepton

≤
1

2Elepton (GeV)
  

                      if  Q2 ≥ 1 GeV2

for Elepton (NMC) = 200 GeV,  min(x) = 1
2 ⋅200

= 0.003

(from H1 and ZEUS, hep-ex/0502008)	

F2 data	
for the proton	

F2 & Drell-Yan data	
for nuclei	

region of nuclear data	

x = 0.65

x = 0.013

x = 0.0005



uv
A x( ) = wuv x,A( ) Zuv x( ) + Ndv x( )

A
,    dv

A x( ) = wdv x,A( ) Zdv x( ) + Nuv x( )
A

uA x( ) = wq x,A( ) Zu x( ) + Nd x( )
A

,       d A x( ) = wq x,A( ) Zd x( ) + Nu x( )
A

s A x( ) = wq x,A( ) s x( )
gA x( ) = wg x,A( ) g x( )

→   uA x( ) = Zu x( ) + Nd x( )
A

, d A x( ) = Zd x( ) + Nu x( )
A

un = d p ≡ d , dn = up ≡ u

AuA x( ) = Zup x( ) + Nun x( ) ,    Ad A x( ) = Zd p x( ) + Ndn x( )        p  = proton,   n = neutron



fi
A (x,Q0

2 ) = wi (x,A) fi (x,Q0
2 )     i = uv ,  dv ,  u,  d ,  s ,  g

wi (x,A) = 1+ 1− 1
Aα

⎛
⎝⎜

⎞
⎠⎟
ai + bix + cix

2 + dix
3

(1− x)β

Nuclear charge:  Z = A dx 2
3
uA − uA( ) − 1

3
d A − d A( ) − 1

3
sA − s A( )⎡

⎣⎢
⎤
⎦⎥∫ = A dx 2

3
uv
A − 1

3
dv
A⎡

⎣⎢
⎤
⎦⎥∫

Baryon number:  A = A dx 1
3
uA − uA( ) + 1

3
d A − d A( ) + 1

3
sA − s A( )⎡

⎣⎢
⎤
⎦⎥∫ = A dx 1

3
uv
A + 1

3
dv
A⎡

⎣⎢
⎤
⎦⎥∫

Momentum:        A = A dx uA + uA + d A + d A + sA + s A + g⎡⎣ ⎤⎦∫
                                   = A dx uv

A + dv
A + 2 uA + d A + s A( ) + g⎡⎣ ⎤⎦∫



valence quark	

antiquark	

gluon	 ?	

nuclear modification in Ca	



See also  L. Frankfurt, V. Guzey, and M. Strikman,  Phys. Rev. D 71 (2005) 054001;	
                        Phys. Lett. B687 (2010) 167; Phys. Rept. 512 (2012) 255; arXiv:1310.5879.                    	
               S. A. Kulagin and R. Petti,  Phys. Rev. D 76 (2007) 094023; C 82 (2010) 054614;     	

        C 90 (2014) 045204.	
               A. Bodek and U.-K. Yang, arXiv:1011.6592.	

I may miss some papers.	



Initial nuclear PDFs at 

      fi
A(x) = 1

A
Z fi

p/A(x) + (A − Z) fi
n/A(x)⎡⎣ ⎤⎦              fi

N /A(x) :  PDF of bound nucleon in the nucleus

      Isospin symmetry is assumed: u ≡ dn = up , d ≡ un = d p

Functional forms
•  HKN07 (Q0

2
 = 1 GeV2 )

      fi
A(x) = wi (x,A,Z) 1

A
Z fa

p (x) + (A − Z) fa
n(x)⎡⎣ ⎤⎦ ,       wi (x,A,Z) = 1 + 1 − 1

A1/3
⎛
⎝

⎞
⎠
ai + bix + cix

2 + dix
3

(1 − x)0.1

•  EPS09 (Q0
2

 = 1.69 GeV2 )

      fi
N /A(x) ≡ Ri

A(x) fi
CTEQ6.1M (x,Q0

2 ), Ri
A(x) =

a0 + (a1 + a2x)[exp(−x) − exp(−xa )] (x ≤ xa : shadowing)
b0 + b1x + b2x

2 + b3x
3 (xa ≤ x ≤ xe : antishadowing)

c0 + (c1 − c2x)(1 − x)− β (xe ≤ x ≤ 1 : EMC&Fermi)

⎧

⎨
⎪

⎩
⎪

•  CTEQ-08 (Q0
2

 = 1.69 GeV2 ) 

     xfi
N /A(x) =

A0x
A1 (1 − x)A2 eA3x (1 + eA4x)A5 : i = uv ,dv , g,u + d ,s, s

A0x
A1 (1 − x)A2 + (1 + A3x)(1 − x)A4 : i = d / u

⎧
⎨
⎪

⎩⎪

•  DSZS12 (Q0
2

 = 1.0 GeV2 ) 
     fi

N /A(x) ≡ Ri
A(x) fi

MSTW 2009 (x,Q0
2 ),  Rv

A(x) = ε1x
α v (1 − x)β1 [1 + ε 2 (1 − x)β2 ][1 + av (1 − x)β3 ]

                                   Rs
A(x) = Rv

A(x) ε s
ε1

1 + asx
α s

1 + as
,    Rg

A(x) = Rg
A(x)

ε g
ε1

1 + agx
α g

1 + ag
 

 



I. Schienbein et al.,	
PRD 77 (2008) 054013	





N. Kalantarians on Nov.19 at this workshop	



J. Seely et al.,  	
Phys. Rev. Lett. 103 (2009) 202301.	





Fermilab-E906 in progress!	

K. Nakano	
@Pacific-Spin2015	





Q2 = (1.3)2  GeV2



Q2 = (10)2  GeV2



Q2 = (2)2  GeV2



For example, see H. Haider et al., PRC 84 (2011) 054610; 85 (2012) 055201.	

Theoretical model:  Spectral function (binding, Fermi motion, correlation) + π, ρ 	



Nov.19, 2015	

Update of HKN nuclear PDFs,           M. Hirai	

MINERvA DIS results,                        J. Mousseau	

Nuclear PDFs by nCTEQ,                   J. G. Morfin	

Generators for SIS and DIS,          　 C. Bronner	

Fragmentation studies in NOMAD,    A. Chukanov	

Comparison of the F2 Structure Function in Iron as Measured 	
by Charged Lepton and Neutrino Probes,    N. Kalantarians	



Y. Hayato, M. Hirai, W. Horiuchi, H. Kamano, S. Kumano, 	
T. Murata, S. Nakamura, K. Saito, M. Sakuda, T. Sato	
http://nuint.kek.jp/index_e.html,   ν interactions	
http://j-parc-th.kek.jp/                    J-PARC branch, KEK Theory	



Global analyses for the nuclear PDFs	
        by using data of charged-lepton, neutrino DIS, pA, AA collisions 	
     Valence quark: reasonably good,   in progress at JLab, Minerνa for large x	
     Antiquark: good only at x = 0.1,     in progress at Fermilab (E906) x =0.1 ~ 0.4.	
     Gluon:        large uncertainties in the whole-x region,  LHC, RHIC	

Issues	
      •  Charged-lepton DIS ⇔ Neutrino DIS	
      •  Matching with resonance model, Q2 → 0	
      •  Gluon distributions	

New experimental information	
      •  JLab, Fermilab-DY, Minerνa, LHC, … 	




