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Accelerator Neutrinos

SuperK
MicroBooNE

MINOS

MINERva
Advantages: Control over Energy, flux

neutrino ‘beams’ can be sent over long distances
Energies ~ 1 GeV



Contributions to Sum Rules

Ground State (low-momentum piece): 
external momentum is large ( ≧ Fermi momentum)

12C

For a large momentum transfer to have an important matrix element,
need contribution from pion-exchange interaction (correlations) or currents



Supernovae and Astrophysical Neutrinos
Different Sources, time dependence, different epochs

Kepler Supernova

Can we make r-process nuclei in supernovae; 
 and/or neutron-star mergers ?

Need to understand low energy neutrinos in
            matter



Supernova Neutrino Spectra and Nucleosynthesis

only over a very small range. Perhaps that
means that only a small minority of type II su-
pernovae, confined to a narrow mass range,
produce r-process elements.

Although abundance data for specific
isotopes in halo stars are much harder to ac-
quire than the spectroscopic data that pro-
vide the elemental abundances of figure 3,
recent isotopic observations appear to be in
agreement with the elemental abundance
trends. In particular, it has been found that
the two stable isotopes of europium are
found in the same proportion in several old,
metal-poor halo stars as they occur in solar system 
r-process material.11

That is not particularly surprising, because Eu is still
synthesized overwhelmingly by the r-process. But what
about elements like Ba that, unlike Eu, are nowadays pri-
marily made by the s-process? A recent study has found
that the relative abundance of different Ba isotopes in one
very old halo star is compatible with the Ba isotope ratio
attributable to the r-process in solar system material.12

The Eu and Ba isotope results support the conclusion that
only the r-process was producing heavy elements in the
early galaxy.

Elemental abundance patterns from additional 
r-process-rich halo stars now add support to this conclu-
sion.3 All the stars in this sample have Eu/Fe abundance
ratios that typically exceed that of the Sun by at least an
order of magnitude. Much less work, however, has been
done on r-process-poor halo stars. The halo stars presum-
ably got their heavy elements from material spewed out
by supernova explosions of an even earlier generation of
massive, short-lived stars. So not all halo stars acquired
the same share of these r-process ejecta. In halo stars poor
in r-process elements, the heavy elements are much harder
to identify spectroscopically. But studies of those very stars
might provide important clues about their massive pro-
genitors—the galaxy’s first stars.

Figure 3 also shows that the abundances of the lighter
n-capture elements, from Z = 40–50, generally fall below
the r-process curve that fits the heavier elements so well.
That difference is suggestive. It might be telling us that
the r-process sites for the lighter and heavier n-capture el-
ements are somehow different.13 Possible alternative sites
for the r-process include neutron-star binaries as well as
supernovae, or perhaps just different astrophysical condi-
tions in different regions of a single core-collapse super-
nova.3 Further complicating the interpretation, strontium,
yttrium, and zirconium (Z = 38–40)  seem to have a very
complex synthesis history that raises the specter of multi-
ple r-processes.

Is it always supernovae?
The critical parameter that determines whether the 
r-process occurs is the number of neutrons per seed nu-
cleus. To synthesize nuclei with A above 200 requires about

150 neutrons per seed nucleus. Iron is generally the light-
est of the relevant seed nuclei. Modelers of r-process nu-
cleosynthesis find the entropy of the expanding matter and
the overall neutron/proton ratio to be more useful param-
eters than temperature and neutron density. In a very neu-
tron-rich environment such as a neutron star, the r-process
could occur even at low entropy.8 But even a small excess
of neutrons over protons can sustain the r-process if the
entropy is high enough.14

The question is, Where in nature does one find the ap-
propriate conditions—either very neutron-rich material at
low entropies or moderately neutron-rich material at high
entropies? But if the entropy is too high, there will be too
few seed nuclei to initiate the r-process. The extreme case
is the Big Bang, from which 4He was essentially the heav-
iest surviving nucleus. 

Determining whether r-process conditions can occur
inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are

ne + n O p + e– and ne+ + p O n + e+.

The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.
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Figure 3. Elemental abundances in the halo
star CS 22892-052 are compared with solar

system abundances attributable to the r-
process. The numerical values of the halo-
star abundances follow the convention of
figure 2. The solar system r-process abun-

dances are scaled down to compensate for
the higher metallicity of the much younger
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produce r-process elements.
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vide the elemental abundances of figure 3,
recent isotopic observations appear to be in
agreement with the elemental abundance
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complex synthesis history that raises the specter of multi-
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Is it always supernovae?
The critical parameter that determines whether the 
r-process occurs is the number of neutrons per seed nu-
cleus. To synthesize nuclei with A above 200 requires about

150 neutrons per seed nucleus. Iron is generally the light-
est of the relevant seed nuclei. Modelers of r-process nu-
cleosynthesis find the entropy of the expanding matter and
the overall neutron/proton ratio to be more useful param-
eters than temperature and neutron density. In a very neu-
tron-rich environment such as a neutron star, the r-process
could occur even at low entropy.8 But even a small excess
of neutrons over protons can sustain the r-process if the
entropy is high enough.14

The question is, Where in nature does one find the ap-
propriate conditions—either very neutron-rich material at
low entropies or moderately neutron-rich material at high
entropies? But if the entropy is too high, there will be too
few seed nuclei to initiate the r-process. The extreme case
is the Big Bang, from which 4He was essentially the heav-
iest surviving nucleus. 

Determining whether r-process conditions can occur
inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are

ne + n O p + e– and ne+ + p O n + e+.

The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.
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Figure 3. Elemental abundances in the halo
star CS 22892-052 are compared with solar

system abundances attributable to the r-
process. The numerical values of the halo-
star abundances follow the convention of
figure 2. The solar system r-process abun-

dances are scaled down to compensate for
the higher metallicity of the much younger

Sun. (Adapted from ref. 9.)

Electron and anti-electron neutrinos 
play a crucial role in supernova. Their 
energy spectrum impacts: 
1. Explosion mechanism 
2. Nucleosynthesis 
3. Detection

{

Neutrino-sphere at high 
density.  Neutron-rich matter at  
moderate entropy.  
R ~ 10-20 km

Neutrino driven wind at low-
density and high entropy. 
R ~ 103-104 km 

PNS
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FIG. 3: Left: Color scale indicates the density within the shock front in a 15 M� progenitor core-collapse supernova 500 ms
after core bounce, during the shock revival epoch [57]. Right: E↵ect of the scattered neutrino halo for the matter distribution
at Left. Color scale indicates the ratio of the sum of the maximum (no phase averaging) magnitudes of the constituents of the
neutrino-neutrino Hamiltonian, |Ĥbulb

⌫⌫ | + |Ĥhalo

⌫⌫ |, to the contribution from the neutrinosphere |Ĥbulb

⌫⌫ |.

(e.g., the red curve in Fig. 2), in general, exhibit an av-
erage density profile that is / r�(2 to 3), which means
that |Ĥhalo

⌫⌫ |/|Ĥbulb

⌫⌫ | is expected to increase with radius.
Note, however, that though the relative contribution of
the halo may grow with radius, at su�ciently large dis-
tance from the proto-neutron star the neutrino-neutrino
potential ceases to be physically important.

Matter inhomogeneity, an essential feature of super-
nova explosion models [4–7, 57, 62, 63], adds complexity
to this issue. To study this e↵ect we use the 2D mat-
ter density distribution, Fig. 3, taken from a supernova
model derived from a 15M� progenitor [57]. This snap-
shot corresponds to 500ms after core bounce, during the
shock revival epoch, after the onset of the SASI [4, 5].
We mock up a full 3D density profile by cloning the 2D
profile into a 3D data cube. Starting with an initial flux
of neutrinos from the neutrinosphere [64], and taking all
baryons to be free nucleons, we use the full energy de-
pendent neutral current neutrino-nucleon scattering cross
sections [65] to calculate the number flux of neutrinos
scattered out of each spatial zone and into every other
spatial zone (retaining the necessary information about
relative neutrino trajectories between zones). We com-
pute the magnitude of |Ĥhalo

⌫⌫ | at each location in the 2D
slice that comprises the original density distribution.

In this example calculation the scattered halo is taken
to be composed of neutrinos which have su↵ered only a
single direction-changing scattering. Because the halo re-

gion is optically thin for neutrinos, multiple scatterings
become increasingly rare with radius and do not have a
geometric advantage in their contribution to |Ĥhalo

⌫⌫ | rel-
ative to singly-scattered neutrinos. Neutrinos which ex-
perience direction-changing scattering that takes them
into the same cone of directions as neutrinos forward
scattering from the neutrinosphere are counted as con-
tributing to the halo (these neutrinos contribute ⇠ 10�6

of the halo potential). As before, we neglect the e↵ects
of neutrino flavor oscillations. Fig. 3 shows the results
of this calculation out to a radius of r = 2000 km. Dis-
turbingly, neutrinos from the scattered halo in this 2D
model nowhere contribute a maximum magnitude less
than 14% of the neutrino-neutrino potential magnitude,
and in many places contribute 90% or more of the total.
Fig. 3 shows that matter inhomogeneities generate large
corresponding scattered halo inhomogeneities.

The inhomogeneity of the scattered halo is increased
by several scattering processes which have been omitted
from this illustrative calculation. We did not include
neutrino-electron scattering. This scattering process has
smaller cross sections and relatively forward peaked an-
gular distributions and therefore produces a subdominant
contribution to |Ĥhalo

⌫⌫ |. What is more important is that
our calculation leaves out what is likely the dominant
source of neutrino direction-changing scattering in the
low entropy regions of the supernova envelope: coherent
neutrino-nucleus neutral current scattering.

After emission from the proto-neutron star surface
Very few neutrinos scatter from e, n, p, ….;
but collective oscillations may be importantSimulating nonlinear neutrino flavor evolution 3
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Figure 1. Illustration of the quantum coupling problem for neutrinos on
di↵erent, but intersecting trajectories. The world lines for three neutrino beams,
⌫k , ⌫p and ⌫q , intersect as shown at points O, P and Q. Neutrino-neutrino
forward scattering at these intersection points will quantum mechanically couple
the flavor evolution histories of these neutrinos.

are small, the matter density is high in this regime [23, 17], and collective neutrino
flavor transformation is suppressed in very dense neutrino gases [24]. Our numerical
approach concentrates on the second regime.

The coherent neutrino flavor evolution problem di↵ers in two essential aspects
from conventional transport problems. First, of course, is quantum mechanical
coherence itself. Second is neutrino self-coupling.

Coherence dictates that we follow the development in time and/or space of the
complex amplitudes which describe the flavor states of neutrinos. This must be done
with a Schrödinger-like equation. On a given neutrino trajectory, or world line, with
A�ne parameter t, this is

i
d
dt

| (t)i = Ĥ| (t)i. (1)

Here the operator Ĥ is a Hermitian Hamiltonian operator that contains the vacuum
and in-medium generators of neutrino flavor evolution, while | (t)i is the ket that
describes the flavor state of a neutrino at point t on this given trajectory. Neutrinos
in supernovae for the most part will be ultra-relativistic, so it may seem odd that
a “non-relativistic Schrödinger equation” can give an adequate account of flavor
evolution. It works for two reasons [25]: (1) we consider only neutrino forward
scattering interactions and neglect inelastic scattering; and (2) in the ultra-relativistic
limit the information in the four-component Dirac spinor describing the neutrino’s
flavor state is mostly contained in two components, the two “large” components.

A serious complication in following neutrino flavor transformation in supernovae
stems from neutrino-neutrino forward scattering contributions to Ĥ. These render
the problem nonlinear, since the interactions which dictate flavor transformation
amplitudes are themselves dependent on the neutrino flavor states. This seemingly
innocuous statement masks a kind of geometric coupling which, to our knowledge,
is unique in astrophysical transport problems. Neutrino-neutrino scattering could
quantum mechanically couple the flavor evolution on all intersecting trajectories. This
is illustrated in Figure 1. Following the flavor evolution of neutrino ⌫p would entail
knowing the flavor states of all neutrinos on which it forward-scattered. That might
include, for example, neutrinos ⌫k and ⌫q propagating on world lines which intersect
⌫p’s trajectory at points Q and O, respectively. Note, however, that ⌫k’s and ⌫q’s flavor
histories are not independent, since they may have undergone a forward scattering
event at point P. Obviously, with a large number of neutrinos this quickly can become
a daunting problem!

To simplify the problem we adopt the spherically symmetric “neutrino bulb”

Simulating nonlinear neutrino flavor evolution 20
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Figure 5. Neutrino and antineutrino flavor transformation results for the
normal neutrino mass hierarchy case but now with full neutrino self-coupling
and trajectory coupling. Setups and definitions are the same as in Figure 3. Here
we take the luminosities of all neutrino species to be 1051 erg/s. This figure
corresponds to a snapshot at r6 ' 9.0 in the full simulation.

fringes appear in the survival probability P
⌫⌫

(cos #0, E⌫

) and P
⌫̄⌫̄

(cos #0, E⌫

). These
horizontal fringes also appear, although to a less “violent” extent, in the normal mass
hierarchy case. This phenomenon is associated with multi-angle e↵ects. The one-by-
one excitation of multipoles in cos #0 so evident in our full simulation is explained by
the “kinematic decoherence” of bipolar oscillations [56].

Neutrino and antineutrino flavor transformation in the inverted neutrino mass
hierarchy case sets in at a radius rX where the total neutrino flux drops below a critical
value. This can occur closer to the neutron star than MSW-like transformation in the
normal neutrino mass hierarchy case. Because rX is solely determined by neutrino
fluxes and energy spectra in this case [24], neutrinos and antineutrinos can experience
large-scale flavor transformation even in earlier epochs, where the matter density is
much higher. Indeed, a simple classical pendulum analogy shows that the inverted
mass hierarchy gives rise to an inherently unstable neutrino flavor field, like a pencil
standing on its tip [57, 58].

Although the single-angle approximation may not be accurate in general, the
calculations based on this assumption do capture some if not most of the qualitative
features present in multi-angle calculations. This has been shown in our simulations
[26, 51] as well as in the computations carried out by other groups [59, 60].

One of the most interesting behaviors seen in both the single-angle and multi-

Different epochs and neutrino hierarchies can produce spectral swaps,…
Much is unknown (scattering from nucleons and nuclei, …)

Can also have lepton flavor violation (Vlasenko, Cirigliano, Fuller, 2014)

Duan, Fuller, Carlson, 
Qian, PRD 2006 and many more

Cherry, Carlson, Friedland,
Fuller, Vlasenko PRL 2012



Neutrino Scattering from Nuclei

Impacts explosion mechanism, r-proces, ….
Necessary for interpreting neutrino observations

How well do we understand it?
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where the matrix element on the right-hand side of this equa-
tion can be calculated using both initial and final states in the
mother nucleus. In practice, one has to ascertain that the
isospin projection is accurately performed, and only transi-
tions to T!1 states in the initial system are considered in the
calculation.
However tempting and theoretically elegant this solution

may be, one has to be aware of the fact that Coulomb and
charge-dependent terms in the nuclear forces partially break
the isospin symmetry between initial and daughter nuclei.
This is illustrated by the differences between the Q value for
a reaction and the energy of the isobaric analog state in the
initial nucleus of the daughter nuclear ground state #see Fig.
1$.
It is clear that cross sections resulting from this approach

may suffer from inaccuracies related to the assumptions
made. Therefore, efforts were made to remain as close as
possible to the experimental situation while exploiting the
isospin symmetry. The transition densities are written as the
product of lepton and hadron transitions:

%& f $Ô$& i'!% f l$Ôl$i l'% f h$Ôh$ih'. #12$

With (M the excitation energy in the mother nucleus used in
the hadron part of Eq. #12$, Fig. 1 shows that the excitation
energy in the daughter nucleus is given by

(D!(M##Q#)$. #13$

The energy of the outgoing lepton in Eq. #12$ is then ob-
tained as

* f!* i#Q#(D #14$

or

* f!* i#(M#) #15$

for a transition to the isobaric analog state in the daughter
nucleus of the state corresponding to an excitation energy
(M in the initial system. Whereas the Q value arises from the
fact that not all the energy available for the reaction can be
used for the excitation of the daughter nucleus, the term )
takes into account the fact that the Q value of the reaction
does not coincide with the energy difference between the
ground state of the mother nucleus and its isobaric analog
state in the final nucleus #see Fig. 1$. Although this approach
is not completely consistent due to this energy difference ) ,
it ascertains that the lepton kinematics are treated using the
experimental Q value, while the calculation of the hadronic
transition density exploits the isospin symmetry between ini-
tial and final systems. This is important as the dependence of
the cross-section formula +Eq. #2$, on the square of the out-
going lepton energy * f

2 introduces a major sensitivity of the
results to the lepton kinematics.
Apart from the kinematical caveats discussed in the pre-

vious paragraph, Fig. 1 illustrates some other aspects which
ought to be carefully considered. In some cases it appears
necessary to introduce a low-energy cut in the calculated
CRPA strength distributions. Indeed, excitations to con-
tinuum states of the initial system may not have a corre-
sponding transition in the daughter nucleus. When the con-
tinuum in the mother system opens at an energy smaller than
Q#) , this lower part of the spectrum has to be eliminated
from the energy integral when comparing calculations with
data. This is the case for the total 16O cross sections calcu-
lated in this work. Moreover, due to the different values for
the single-particle thresholds in mother and daughter nuclei,
situations occur in which transitions to a discrete state are to
be treated as transitions to a continuum state within the con-
text of the CRPA framework. Uncertainties introduced by
these approximations might then result in a limitation of the
accuracy for the calculated cross sections.
The ambiguity in the energy-level structure, introduced by

adopting the isospin approach based on the Wigner-Eckart
theorem, has some further implications. The fact that all tran-
sition densities are determined within the initial nucleus im-
plies that it has to be carefully examined which transitions
are included in the CRPA cross section. In principle, only
transitions to states in the daughter nucleus, for which the
transition to the isobaric analog state in the initial nucleus is
included in the CRPA cross section, are taken into account.
However, this does not always agree with the picture one

FIG. 1. Schematic representation of the en-
ergy balance parameters for transitions between
states in different members of an isospin triplet.
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quently discuss scaling and the related superscaling. For
light nuclei and nonrelativistic final states, exact calcula-
tions can be performed. For lower momentum transfers,
an alternative approach, the use of the Euclidean re-
sponse, is available and presented. We then study the
results obtained after a longitudinal/transverse !L /T"
separation of the cross section, and their impact on the
Coulomb sum rule. A bothersome correction, namely,
the effect of Coulomb distortion on the cross sections, is
addressed as well. We also show how data for an impor-
tant model system for nuclear theory, infinite nuclear
matter, can be obtained. Last, we address other fields of
quasielastic scattering and discuss their common aspects.

II. ELECTRON-NUCLEUS SCATTERING IN THE
IMPULSE APPROXIMATION

A. Electron-nucleus cross section

The differential cross section of the process

e + A → e! + X , !1"

in which an electron of initial four-momentum ke
#!Ee ,ke" scatters off a nuclear target to a state of four-
momentum ke!#!Ee! ,ke!", the target final state being un-
detected, can be written in the Born approximation as
!Itzykson and Zuber, 1980"

d2!

d"e!dEe!
=

#2

Q4

Ee!

Ee
L$%W$%, !2"

where #=1/137 is the fine-structure constant, d"e! is the
differential solid angle in the direction specified by ke!,
Q2=−q2, and q=ke−ke!#!& ,q" is the four-momentum
transfer.

The tensor L$%, which can be written neglecting the
lepton mass as

L$% = 2$ke
$ke!

% + ke
%ke!

$ − g$%!keke!"% , !3"

where g$%#diag!1,−1,−1,−1" and !keke!"=EeEe!
−ke ·ke! is fully specified by the measured electron kine-
matic variables. All information on target structure is
contained in the tensor W$%, whose definition involves
the initial and final nuclear states &0' and &X', carrying
four-momenta p0 and pX, as well as the nuclear current
operator J$,

W$% = (
X

)0&J$&X')X&J%&0''!4"!p0 + q − pX" , !4"

where the sum includes all hadronic final states.
The most general expression of the target tensor of

Eq. !4", fulfilling the requirements of Lorentz covari-
ance, conservation of parity, and gauge invariance, can
be written in terms of two structure functions W1 and W2
as

W$% = W1*− g$% +
q$q%

q2 +
+

W2

M2*p0
$ −

!p0q"
q2 q$+*p0

% −
!p0q"

q2 q%+ , !5"

where M is the target mass and the structure functions
depend on the two scalars Q2 and !p0q". In the target
rest frame, !p0q"=m& and W1 and W2 become functions
of the measured momentum and energy transfer &q& and
&.

Substitution of Eq. !5" into Eq. !2" leads to

d2!

d"e!dEe!
= * d!

d"e!
+

M

( ,W2!&q&,&" + 2W1!&q&,&"tan2)

2- , !6"

where ) and !d! /d"e!"M=#2 cos2!) /2" /4Ee sin4!) /2" de-
note the electron scattering angle and the Mott cross
section, respectively.

The right-hand side of Eq. !6" can be rewritten sin-
gling out the contributions of scattering processes in-
duced by longitudinally !L" and transversely !T" polar-
ized virtual photons. The resulting expression is

d2!

d"e!dEe!
= * d!

d"e!
+

M
, Q4

&q&4
RL!&q&,&"

+ *1
2

Q2

&q&2
+ tan2)

2
+RT!&q&,&"- , !7"

where the longitudinal and transverse structure func-
tions are trivially related to W1 and W2 through

RT!&q&,&" = 2W1!&q&,&" !8"

and

Q2

&q&2
RL!&q&,&" = W2!&q&,&" −

Q2

&q&2
W1!&q&,&" . !9"

In principle, calculations of W$% of Eq. !4" at moder-
ate momentum transfer !&q & *0.5 GeV/c" can be carried
out within nuclear many-body theory !NMBT", using
nonrelativistic wave functions to describe the initial and
final states and expanding the current operator in pow-
ers of &q & /m !Carlson and Schiavilla, 1998", where m is
the nucleon mass. The available results for medium-
heavy targets have been obtained mostly using the
mean-field approach, supplemented by inclusion of
model residual interactions to take into account long-
range correlations !Dellafiore et al., 1985".

FIG. 2. Schematic representation of the IA regime, in which
the nuclear cross section is replaced by the incoherent sum of
cross sections describing scattering off individual nucleons, the
recoiling !A−1"-nucleon system acting as a spectator.
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(purely imaginary) RME’s of magnetic multipole oper-
ators is [J � 1/2] + 1, and the allowed L’s are the odd
integers between 0 and 2 J . In the case of a J = 1 nu-
cleus, for example, it is possible to take q along the x̂

axis (✓ = ⇡/2), and determine M1 ⌘ h1||M1(q)||1i from
h11; q x̂ | jy(q x̂) | 11i =

p
⇡M1 . (117)

Finally, the small q behavior of the charge monopole
and quadrupole, and magnetic dipole RME’s is given by:

hJ ||C0(q = 0)||Ji =
r

2 J + 1

4⇡
Z , (118)

hJ ||C2(q)||Ji ' 1

12
p
⇡ c2J

q2 Q , J � 1 , (119)

hJ ||M1(q)||Ji ' ip
2⇡ c1J

q

2m
µ , J � 1/2 , (120)

where Q and µ are the quadrupole moment and mag-
netic moment, defined in terms of matrix elements of the
charge and current density operators j0�(x) and j�(x) re-
spectively as

Q = hJJ |
Z

dx j0�(x) (3 z
2 � x

2) | JJi , (121)

µ

2m
= hJJ | 1

2

Z
dx [x⇥ j�(x)]z | JJi . (122)

They are determined by extrapolating to zero a polyno-
mial fit (in powers of q2) to the calculated C2/q2 and
M1/q on a grid of small q values. Consequently, the lon-
gitudinal form factor at q = 0 is normalized as

F 2
L (q = 0) =

Z2

4⇡
, (123)

while the transverse form factor F 2
T (q) vanishes at q = 0.

Note that experimental data for F 2
L (q) are often reported

in the literature as normalized to one at q = 0.
In QMC, matrix elements are evaluated as described

in Sec. III.B.2. The results of elastic and inelastic elec-
tromagnetic form factors for 6Li are shown in Fig. 15.
The calculations have been performed within the im-
pulse approximation (IA), and two-body operators added
(IA+MEC). Overall, the agreement with the experimen-
tal data is excellent. The contribution of MEC is gen-
erally small but its inclusion improve the agreement be-
tween theory and data. In particular, the inclusion of
MEC shift the longitudinal form factor (both elastic and
inelastic) to slightly lower values, and sensibly increase
the transverse inelastic.

In Fig. 16 the longitudinal form factor of 12C is shown.
The calculation has been performed including only one-
body operators (empty symbols), and one- plus two-body
operators (Lovato et al., 2013). The experimental data
are from a compilation by Sick (1982, 2013), and are well
reproduced by theory over the whole range of momentum
transfers. The two-body contributions are negligible at
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FIG. 15 The 6Li longitudinal elastic (upper left panel), in-
elastic (bottom left), and transverse elastic (upper right), and
inelastic (bottom right) calculated with VMC in the impulse
approximation (IA), and with the addition of MEC contri-
butions. The results are compared to the experimental data
indicated in the legend.
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FIG. 16 The longitudinal elastic form factor of 12C calculated
including one- (empty circles) and one- plus two-body oper-
ators (red filled circles) calculated with GFMC. The results
are compared to the experimental data.
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FIG. 17 GFMC propagated energy versus imaginary time for
the first two 0+ states of 12C.

low q, and become appreciable only for q > 3 fm�1, where
they interfere destructively with the one-body contribu-
tions bringing theory into closer agreement with experi-
ment.

D. Second 0+ state of 12C: Hoyle state

The second 0+ state of 12C is the famous Hoyle state,
the gateway for the triple-alpha burning reaction in stars.
It is a particularly di�cult state for shell model calcula-
tions as it is predominantly a four-particle four-hole state.
However the flexible nature of the variational trial func-
tions allows to directly describe this aspect of the state.

To do this two di↵erent types of single-particle wave
functions have been used in the |�N i of Eq. (30): 1) the
five conventional 0+ LS-coupled shell model states and
2) states that have an explicit three-alpha structure; the
first alpha is in the 0s shell, the second in the 0p shell and
the third in either the 0p or 1s0d shells. The latter can
have four nucleons in 1s or four in 0d or two in 1s and
two in 0d. In addition we allow the third alpha to have
two nucleons in 0p and two in 1s0d (a two-particle two-
hole excitation). This gives us a total of 11 components
in |�N i; a diagonalization gives the  T for the ground
and excited 0+ states.

The resulting ground state has less than 1% of its  T

in the 1s0d shell while the second state has almost 70% in
the 1s0d shell. The GFMC propagation is then done for
the first two states; the resulting energies are shown as a
function of imaginary time ⌧ in Fig. 17 which has results
for two di↵erent initial sets of  T . The GFMC rapidly
improves the variational energy and then produces stable,
except for Monte Carlo fluctuations, results to large ⌧ .
The resulting ground state energy is very good, �93.3(4)
MeV versus the experimental value of �92.16 MeV. How-
ever the Hoyle state excitation energy is somewhat too
high, 10.4(5) versus 7.65 MeV.

Figure 18 shows the resulting VMC and GFMC den-
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FIG. 18 VMC and GFMC point-proton densities for the first
two 0+ states of 12C. The experimental band was unfolded
from electron scattering data in Ref. (De Vries et al., 1987)
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FIG. 19 VMC and GFMC E0 transition form factor between
the first two 0+ states of 12C in the impulse approximation.
The data is from Chernykh et al. (2010)

sities for one of the sets of  T . The GFMC propagation
builds a dip at r = 0 into the ground-state density which
results in good agreement with the experimental value.
However the Hoyle-state density is peaked at r = 0 in
both the VMC and GFMC calculations. A possible in-
terpretation of these results is that the ground state is
dominated by an approximately equilateral distribution
of alphas while the Hoyle state has an approximately lin-
ear distribution.

The calculated impulse E0 transition form factor is
compared to the experimental data in Fig. 19. The insert
is scaled such that (linear) extrapolation to k2 = 0 gives
the B(E0). The GFMC more than doubles the VMC
result and gives excellent agreement with the data.



ELECTROWEAK PROPERTIES OF LIGHT NUCLEI

• Great progress has been made in ab initio calculations of nuclear binding energies starting
from realistic Hamiltonians with two- and three-nucleon potentials

• Current efforts aimed at studying electroweak structure and response in s- and p-shell nuclei
• Two-body terms in nuclear electroweak currents are crucial to reproduce experimental

magnetic moments and M1 transitions
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Green’s function Monte Carlo
(GFMC) calculations of light
nuclei give accurate binding en-
ergies but a lowest-order theory
of one-body currents (blue) fails
to reproduce magnetic moments
and M1 transitions (black).
Including recently constructed
two-body currents using effec-
tive field theory (red) greatly im-
proves agreement with data!
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Pastore, Pieper, Schiavilla, Wiringa: arXiv 1406.2343, 1302.5091

2-Nucleon Currents and 
Low-Energy Transitions

A < 10

     p = 2.792      n = -1.913
   3H = 2.979  3He = -2.128

Combination of correlations and currents



Inelastic Neutrino Scattering on 4He
Gazit and Barnea, PRL 2007

3

scattering. Alas, in this order there are also two nucleon
contact terms, which introduce LECs that can be cali-
brated only by nuclear matter processes. Fortunately, us-
ing Lorentz invariance, the axial currents introduce only
one unknown LEC, which is denoted by d̂r. This coef-
ficient can be calibrated by the triton half life time for
each value of Λ, thus d̂r = d̂r(Λ). In our calculations we
reproduce the results published by Park et. al. [23], for
the cutoff dependency.

For low–energy reactions a multipole decomposition of
the currents is useful. Applying Fermi’s golden rule, to
inclusive reactions with unpolarized targets, and consid-
ering recoil effects, the differential cross-section takes the
form [25],

(

dσa

dkf

)

ν(ν̄)

=
2G2

2Ji + 1
k2

fF a(Zf , kf )

∫

dϵ

∫ π

0
sin θdθδ

(

ϵ − ω +
q2

2M4He

)

{

∞
∑

J=0

[

XĈRĈJ
+ XL̂RL̂J

− XĈL̂ReRĈ∗

J
L̂J

]

+
∞
∑

J=1

[

XM̂RM̂J
+ XÊRÊJ

∓ XÊM̂ReRÊ∗

J
M̂J

]

}

,(4)

where kf is the momentum of the outgoing lepton, Ji = 0
is the angular momentum of the 4He, Zf is the charge of
the residual nuclear system. The four-vector (ω, q⃗) repre-
sents energy and momentum transfer, and θ is the angle
between the incoming neutrino direction and outgoing
lepton direction. The superscript a denotes the isospin
component, with a = 0 for the neutral current and a = ±
for the charged currents. The Coulomb factor F a(Z, k)
is equal to 1 for neutral currents, and is the Fermi func-
tion for charged current. The functions XÔ1Ô2

are the

leptonic kinematical factors (related to the Ô1, Ô2 multi-
poles, XÔ1

= XÔ1Ô1
). They depend on the mass and the

momentum of the outgoing lepton. Similarly, the func-
tions RÔ1Ô2

(ϵ, q) are the nuclear response functions. The
transition operators CJ (q), LJ (q), EJ (q), MJ(q) are the
reduced Coulomb, longitudinal, transverse electric and
transverse magnetic operators of angular momentum J .
The response functions are calculated by inverting the
Lorentz integral transforms

LÔ1Ô2
(σ, q) =

∫

dϵ
RÔ1Ô2

(ϵ, q)

(ϵ − σR)2 + σ2
I

= ⟨Ψ̃1 | Ψ̃2⟩,

where σ = σR + iσI , and | Ψ̃i⟩ (i = 1, 2) are solutions of
the Schrödinger like equations

(H − E0 − σ) | Ψ̃i(σ, q)⟩ = Ôi(q) | Ψ0⟩.

The localized character of the ground state, and the
imaginary part of σ, give these equations an asymptotic
boundary condition similar to a bound state. As a result,
one can solve these equations with the hyperspherical
harmonics (HH) expansion using the EIHH [11, 12, 13]
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FIG. 1: (color online) LIT convergence for the leading multi-
poles, as a function of the HH grand angular momenta K.

T [MeV] ⟨σ0
x⟩T = 1

2

1

A
⟨σ0

νx
+ σ0

νx
⟩T [10−42cm2]

AV8’ [3] AV18 AV18+UIX AV18+UIX+MEC
4 2.09(-3) 2.31(-3) 1.63(-3) 1.66(-3)
6 3.84(-2) 4.30(-2) 3.17(-2) 3.20(-2)
8 2.25(-1) 2.52(-1) 1.91(-1) 1.92(-1)
10 7.85(-1) 8.81(-1) 6.77(-1) 6.82(-1)
12 2.05 2.29 1.79 1.80
14 4.45 4.53 3.91 3.93

TABLE I: Temperature averaged neutral current inclusive
inelastic cross-section per nucleon (in 10−42cm2) as a function
of neutrino temperature (in MeV).

method. The matrix elements ⟨Ψ̃1|Ψ̃2⟩ are calculated
with the Lanczos algorithm [26].

In the supernova scenario one has to consider neutrinos
with up to about 60 MeV. Usually, the leading contribu-
tions in weak nuclear processes are the Gamow-Teller and
the Fermi operators. Due to the total angular momen-
tum and spin structure of the 4He nucleus, they are both
strongly suppressed. In fact, the Gamow-Teller operator
contributes only due to the small P– and D–wave com-
ponents of the ground state wave function. The same
argument follows for the MV

1 operator. In addition, 4He
is an almost pure zero–isospin state [27, 28], hence the
Fermi operator vanishes. Therefore, the leading contri-
butions to the inelastic cross-section are due to the axial
vector operators EA

2 , MA
1 , LA

2 , LA
0 and the vector opera-

tors CV
1 , EV

1 , LV
1 (the latter are all proportional to each

other due to the Siegert theorem). For the neutrino en-
ergies considered here it is sufficient to retain contribu-
tions up to O(q2) in the multipole expansion [3]. In Fig.
1 we present for these multipoles the convergence of the
LIT as a function of the principle HH grand angular-
momentum quantum number K. It can be seen that the
EIHH method results in a rapid convergence of the LIT
calculation to a sub-percentage accuracy level. Compar-
ing with a previous work, [3], we conclude that the 3NF
does not affect much the convergence rate of these oper-
ators.

It is customary to assume that supernova neutrinos are

AV18; AV18+UIX interaction
Currents from chiral theory, 

continuity eq

Multipole Expansion

3

scattering. Alas, in this order there are also two nucleon
contact terms, which introduce LECs that can be cali-
brated only by nuclear matter processes. Fortunately, us-
ing Lorentz invariance, the axial currents introduce only
one unknown LEC, which is denoted by d̂r. This coef-
ficient can be calibrated by the triton half life time for
each value of Λ, thus d̂r = d̂r(Λ). In our calculations we
reproduce the results published by Park et. al. [23], for
the cutoff dependency.

For low–energy reactions a multipole decomposition of
the currents is useful. Applying Fermi’s golden rule, to
inclusive reactions with unpolarized targets, and consid-
ering recoil effects, the differential cross-section takes the
form [25],
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where kf is the momentum of the outgoing lepton, Ji = 0
is the angular momentum of the 4He, Zf is the charge of
the residual nuclear system. The four-vector (ω, q⃗) repre-
sents energy and momentum transfer, and θ is the angle
between the incoming neutrino direction and outgoing
lepton direction. The superscript a denotes the isospin
component, with a = 0 for the neutral current and a = ±
for the charged currents. The Coulomb factor F a(Z, k)
is equal to 1 for neutral currents, and is the Fermi func-
tion for charged current. The functions XÔ1Ô2

are the

leptonic kinematical factors (related to the Ô1, Ô2 multi-
poles, XÔ1

= XÔ1Ô1
). They depend on the mass and the

momentum of the outgoing lepton. Similarly, the func-
tions RÔ1Ô2

(ϵ, q) are the nuclear response functions. The
transition operators CJ (q), LJ (q), EJ (q), MJ(q) are the
reduced Coulomb, longitudinal, transverse electric and
transverse magnetic operators of angular momentum J .
The response functions are calculated by inverting the
Lorentz integral transforms

LÔ1Ô2
(σ, q) =

∫

dϵ
RÔ1Ô2

(ϵ, q)

(ϵ − σR)2 + σ2
I

= ⟨Ψ̃1 | Ψ̃2⟩,

where σ = σR + iσI , and | Ψ̃i⟩ (i = 1, 2) are solutions of
the Schrödinger like equations

(H − E0 − σ) | Ψ̃i(σ, q)⟩ = Ôi(q) | Ψ0⟩.

The localized character of the ground state, and the
imaginary part of σ, give these equations an asymptotic
boundary condition similar to a bound state. As a result,
one can solve these equations with the hyperspherical
harmonics (HH) expansion using the EIHH [11, 12, 13]
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AV8’ [3] AV18 AV18+UIX AV18+UIX+MEC
4 2.09(-3) 2.31(-3) 1.63(-3) 1.66(-3)
6 3.84(-2) 4.30(-2) 3.17(-2) 3.20(-2)
8 2.25(-1) 2.52(-1) 1.91(-1) 1.92(-1)
10 7.85(-1) 8.81(-1) 6.77(-1) 6.82(-1)
12 2.05 2.29 1.79 1.80
14 4.45 4.53 3.91 3.93

TABLE I: Temperature averaged neutral current inclusive
inelastic cross-section per nucleon (in 10−42cm2) as a function
of neutrino temperature (in MeV).

method. The matrix elements ⟨Ψ̃1|Ψ̃2⟩ are calculated
with the Lanczos algorithm [26].

In the supernova scenario one has to consider neutrinos
with up to about 60 MeV. Usually, the leading contribu-
tions in weak nuclear processes are the Gamow-Teller and
the Fermi operators. Due to the total angular momen-
tum and spin structure of the 4He nucleus, they are both
strongly suppressed. In fact, the Gamow-Teller operator
contributes only due to the small P– and D–wave com-
ponents of the ground state wave function. The same
argument follows for the MV

1 operator. In addition, 4He
is an almost pure zero–isospin state [27, 28], hence the
Fermi operator vanishes. Therefore, the leading contri-
butions to the inelastic cross-section are due to the axial
vector operators EA

2 , MA
1 , LA

2 , LA
0 and the vector opera-

tors CV
1 , EV

1 , LV
1 (the latter are all proportional to each

other due to the Siegert theorem). For the neutrino en-
ergies considered here it is sufficient to retain contribu-
tions up to O(q2) in the multipole expansion [3]. In Fig.
1 we present for these multipoles the convergence of the
LIT as a function of the principle HH grand angular-
momentum quantum number K. It can be seen that the
EIHH method results in a rapid convergence of the LIT
calculation to a sub-percentage accuracy level. Compar-
ing with a previous work, [3], we conclude that the 3NF
does not affect much the convergence rate of these oper-
ators.

It is customary to assume that supernova neutrinos are

Integrated Cross section versus neutrino T
Some effect from interaction (A=4 binding)
Very little effect from 2-body currents (!?)



Neutrino Scattering from 12C
Hayes and Towner, PRC, 1999

Muon 
neutrino DIF

Electron 
neutrino DAR

Muon 
Capture

Photo-
absorption

Closed shell 
RPA 18.2 21.9 45.4

+2p-2h 16.7 20.4 44.1 21.6

CRPA 17.6 14.4 38.0

Shell Model 13.8 12.5 42.2 23.6

Experiment 12.4(2) 14.4(4) 39.0(1) 21(2)

At best ~10% uncertainty; no 2-body currents



Gamow-Teller Matrix Elements in Beta Decay
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FIG. 1. Comparison of the experimental matrix ele-
ments R(GT ) with the theoretical calculations based on
the “free-nucleon” Gamow-Teller operator. Each transi-
tion is indicated by a point in the x-y plane, with the
theoretical value given by the x coordinate of the point
and the experimental value by the y coordinate.
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FIG. 2. Comparison of the experimental values of
the sums T (GT ) with the correspondig theoretical value
based on the “free-nucleon” Gamow-Teller operator.
Each sum is indicated by a point in the x-y plane, with the
theoretical value given by the x coordinate of the point
and the experimental value by the y coordinate.

TABLE I. Experimental and theoretical M(GT ) matrix elements. The experimental data have been taken from [19]. Iβ + Iϵ

are the branching ratios . All other quantities explained in the text.

Process 2Jπ
n , 2T π

n Q Iβ + Iϵ log ft M(GT ) W
(MeV) (%) Exp. Th.

41Sc(β+)41Ca 7−, 1 6.496 99.963(3) 3.461(7) 2.999 4.083 6.172
42Sc∗(β+)42Ca 12+, 2 3.851 100 4.17(2) 2.497 3.389 11.127
42Ti(β+)42Sc 2+, 0 6.392 55(14) 3.17(12) 2.038 2.736 3.086
43Sc(β+)43Ca 7−, 3 2.221 77.5(7) 5.03(2) 0.677 0.764 6.172

5−, 3 1.848 22.5(7) 4.97(3) 0.726 0.878
44Sc(β+)44Ca 4+

1 , 4 2.497 98.95(4) 5.30(2) 0.392 0.741 6.901
4+
2 , 4 0.998 1.04(4) 5.15(3) 0.466 0.205

4+
3 , 4 0.353 0.010(2) 6.27(8) 0.128 0.295

44Sc∗(β+)44Ca 12+, 4 0.640 1.20(7) 5.88(3) 0.324 0.276 11.127
45Ca(β−)45Sc 7−, 3 0.258 99.9981 5.983(1) 0.226 0.079 13.802
45Ti(β+)45Sc 7−, 3 2.066 99.685(17) 4.591(2) 1.123 1.551 6.172

5−, 3 1.342 0.154(12) 6.24(4) 0.168 0.280
7−, 3 0.654 0.090(10) 5.81(5) 0.276 0.397
9−, 3 0.400 0.054(5) 5.60(4) 0.351 0.712

45V(β+)45Ti 7−, 1 7.133 95.7(15) 3.64(2) 1.801 2.208 6.172
5−, 1 7.093 4.3(15) 5.0(2) 0.701 0.428

46Sc(β−)46Ti 8+, 2 0.357 99.9964(7) 6.200(3) 0.187 0.277 13.093
47Ca(β−)47Sc 7−, 5 1.992 19(10) 8.5(3) 0.012 0.262 16.331

5−, 5 0.695 81(10) 6.04(6) 0.212 0.235
47Sc(β−)47Ti 5−, 3 0.600 31.6(6) 6.10(1) 0.198 0.235 13.802

7−, 3 0.441 68.4(6) 5.28(1) 0.508 0.611

3

Shell Model Calculations of Beta Decay typically require
   a quenching (reduction) of gA by ~ 0.75
   to reproduce experimental rates
Not yet understood at a `microscopic’ level

Martinez-Pinedo and Poves, PRC 1996

Weak Processes in Larger Nuclei:
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G. Summary of Detectors

TABLE II: Summary of neutrino detectors with supernova sensitivity. Neutrino event estimates are approximate for 10 kpc; note
that there is significant variation by model. Not included are smaller detectors (e.g., reactor neutrino scintillator experiments)
and detectors sensitive primarily to coherent elastic neutrino-nucleus scattering (e.g., WIMP dark matter search detectors).
The entries marked with an asterisk are surface or near-surface detectors and will have larger backgrounds.

Detector Type Mass (kt) Location Events Live period

Baksan CnH2n 0.33 Caucasus 50 1980-present

LVD CnH2n 1 Italy 300 1992-present

Super-Kamiokande H2O 32 Japan 7,000 1996-present

KamLAND CnH2n 1 Japan 300 2002-present

MiniBooNE∗ CnH2n 0.7 USA 200 2002-present

Borexino CnH2n 0.3 Italy 100 2005-present

IceCube Long string 0.6/PMT South Pole N/A 2007-present

Icarus Ar 0.6 Italy 60 Near future

HALO Pb 0.08 Canada 30 Near future

SNO+ CnH2n 0.8 Canada 300 Near future

MicroBooNE∗ Ar 0.17 USA 17 Near future

NOνA∗ CnH2n 15 USA 4,000 Near future

LBNE liquid argon Ar 34 USA 3,000 Future

LBNE water Cherenkov H2O 200 USA 44,000 Proposed

MEMPHYS H2O 440 Europe 88,000 Future

Hyper-Kamiokande H2O 540 Japan 110,000 Future

LENA CnH2n 50 Europe 15,000 Future

GLACIER Ar 100 Europe 9,000 Future

Table II summarizes existing and future detectors. Note that the live detector mass used for supernova neutrino
detection may be greater than the restricted “fiducial” mass often employed for physics analyses of typical beam,
atmospheric, or solar neutrino experiments, because the background rates during a supernova burst are low compared
with the signal rates. For example, in Super-K, supernova burst events could be analyzed in the full 32-kt inner-
detector volume, whereas the typical mass used for beam, atmospheric and solar neutrino analyses is 22.5 kt or
smaller.

V. POINTING TO THE SUPERNOVA WITH NEUTRINOS

It will be tremendously valuable to determine the direction of the supernova from the neutrino signal itself. First,
this information will be useful for an early alert. For obvious reasons, astronomers want to know where to point their
telescopes. Second, a possible scenario is that the supernova will have no signal in electromagnetic radiation, or only
a very faint signal, and pointing information will be useful for locating a remnant (or a progenitor from catalogs).
Doing so could, for example, allow one to learn the distance of travel by the neutrinos through the Earth for matter
effect evaluation.
The most promising method for neutrino pointing is via elastic scattering (see Section III B), in which the electron

gets kicked in the direction of the neutrino. In a Cherenkov detector, the directionality of the electron can be
determined from the Cherenkov ring. Because elastic scattering represents only a few percent of the total signal,
the problem becomes one of finding a small bump on a nearly isotropic background. In the absence of background,
pointing quality goes roughly as ∼ 25◦/

√
N , where N is the observed number of elastic scattering events. Reduction

of the nearly isotropic background (mostly IBD) can be achieved through the use of neutron tagging with Gd (see
Section IVB). When background is taken into account, the expected pointing quality for Super-K at 10 kpc [130, 131]
is about 8◦, which improves to approximately 3◦ with good IBD tagging. For a megaton detector, better-than-1◦

pointing is achievable.
IBD positrons have only a mild anisotropy [49], which nevertheless could be exploited in a very high statistics

measurement. In principle it is possible to recover some directional information in scintillator by reconstructing the
relative positions of neutron capture and positron energy loss. This IBD directionality has been measured in the

Neutrino Detection from a Galactic Supernovae
Scholberg 2012



Conclusions/Outlook

Supernovae neutrinos can teach us a lot about 
    both neutrinos and supernovae
Microscopic theory important for decoupling and 
     propagation in the supernovae; and hence for  
     energy deposition and potentially r-process
Basic Theory ingredients understood
More data essential - very limited at present
Advances in many-body theory and computing essential
Close relationship with many important issues

Quasi-Elastic neutrino scattering
Double-beta decay (Majorana neutrinos)
Astrophysical Sources (neutron star mergers,…)


