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Motivation: Primordial Curvature Perturbations

quantum fluctuations primordial curvature perturbations



Motivation: Primordial Curvature Perturbations

ΔL 𝑘 = 𝐴L
𝑘

𝑘∗

𝑛𝑠−1

𝐴L = 2.10 ± 0.03 × 10−9

𝑛𝑠 = 0.965 ± 0.004
𝑘∗ = 0.05Mpc−1

CMB: ∼ 10−16Hz 10-9 Hz ~ 1 Hz ？？

𝑓NL = −0.9 ± 5.1 68% CL
𝑔NL = −5.8 ± 6.5 × 104 (68% CL)

Planck 2018 Results
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Motivation: Scalar-Induced Gravitational Waves

SIGW Motion Equation

d𝑠2 = 𝑎2[−d𝜂2 + 𝛿𝑖𝑗d𝑥
𝑖d𝑥𝑗]d𝑠2 = 𝑎2[−𝑒Φd𝜂2 + 𝑒−Φ𝛿𝑖𝑗d𝑥

𝑖d𝑥𝑗]d𝑠2 = 𝑎2[−𝑒Φd𝜂2 + (𝑒−Φ𝛿𝑖𝑗 +
ℎ𝑖𝑗

2
)d𝑥𝑖d𝑥𝑗]

Perfect Fluid: 𝑇𝜇𝜈 = 𝜌 + 𝑝 𝑢𝜇𝑢𝜈 + 𝑃𝑔𝜇𝜈



Motivation: SIGW & PNG

coupling

SIGW

short-wavelength

long-wavelength



Motivation: Statistics of SIGW Energy-Density

Isotropic Background

How to extract SIGW 

signals from SGWB?

Anisotropic and non-

Gaussian Background

Angular correlation 

functions of 𝛿gw
(or 𝜔gw ∼ 𝜁𝜁𝜁𝜁 )

𝜔gw(𝜂, 𝒙, 𝒒) =
ഥΩgw(𝜂, 𝑞)

4𝜋
1 + 𝛿gw(𝜂, 𝒙, 𝒒)

ഥΩgw 𝜂, 𝑞 =
𝑞5

96𝜋2𝑎2𝐻2
෍

𝜆

𝑃ℎ𝜆 𝜂, 𝑞

∼ 𝜁𝜁𝜁𝜁

ℎ𝜆 𝜂, 𝒒1 ℎ𝜆′ 𝜂, 𝒒2 = 𝛿 3 𝒒1 + 𝒒2 𝑃ℎ𝜆 𝜂, 𝑞1



Diagrammatic Approach

Wick’s theorem
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Diagrammatic Approach: Feynman-like Rules

ҧ𝜌gw ∼ 𝜕𝑙ℎ𝑖𝑗𝜕𝑙ℎ𝑖𝑗 ∼ ⟨𝜁𝜁𝜁𝜁⟩

ഥΩgw 𝜂, 𝑞 = 4𝜋ഥ𝜔gw(𝜂, 𝑞)



Diagrammatic Approach: Feynman-like Rules

𝜔gw 𝜂, 𝒙, 𝒒 = ഥ𝜔gw 𝜂, 𝑞 + 𝜔gw
(1)

𝜂, 𝒙, 𝒒 + 𝜔gw
2

𝜂, 𝒙, 𝒒 + 𝜔gw
3

𝜂, 𝒙, 𝒒 + ⋯



JL, S. Wang, Z.-C. Zhao, and K. Kohri, arXiv:2309.07792

Up to GNL
49

Diagrammatic Approach: Diagrams

……
Up to FNL

7 
Up to HNL

236

Too many 

diagrams!



Diagrammatic Approach: “Renormalized” Feynman-like Rules

All loops are interchangeable, and likewise the two lines in every loop.



Diagrammatic Approach: “Renormalized” Feynman-like Rules



Diagrammatic Approach: “Renormalized” Diagrams

……



Isotropic Background: Energy-Density Fraction Spectrum



Isotropic Background: Energy-Density Fraction Spectrum



Isotropic Background: Energy-Density Fraction Spectrum



Isotropic Background: Energy-Density Fraction Spectrum



Isotropic Background: Energy-Density Fraction Spectrum

Parameter degeneracy



Anisotropic and Non-Gaussian Background

Angular Resolution: numerous of Hubble-horizon patches        ignoring initial anisotropies



Anisotropic and Non-Gaussian Background

Anisotropy

Angular Resolution: numerous of Hubble-horizon patches        ignoring initial anisotropies



Anisotropic and Non-Gaussian Background

Anisotropy

Non-Gaussianity

Angular Resolution: numerous of Hubble-horizon patches        ignoring initial anisotropies



Anisotropic and Non-Gaussian Background

Anisotropy

Non-Gaussianity

Angular Resolution: numerous of Hubble-horizon patches        ignoring initial anisotropies

𝐿



Short modes: SIGW production

Long modes: energy-density modulation

Anisotropic Background: Initial Inhomogeneities

Inflation

Raidation 

Domination SIGW 

production

4

Boltzmann equation

𝜔gw,in(𝒙1)𝜔gw,in(𝒙2)

𝛿gw,in(𝒙1)𝛿gw,in(𝒙2)



Short modes: SIGW production

Long modes: energy-density modulation

Anisotropic Background: Initial Inhomogeneities

Inflation

Raidation 

Domination SIGW 

production

ҧ𝜌gw =
𝑚PL𝑒

2ΦL

16𝑎2(𝜂)
𝜕𝑙ℎ𝑖𝑗𝜕𝑙ℎ𝑖𝑗

4

Boltzmann equation

𝜔gw,in(𝒙1)𝜔gw,in(𝒙2)

𝛿gw,in(𝒙1)𝛿gw,in(𝒙2)



Short modes: SIGW production

Long modes: energy-density modulation

Anisotropic Background: Initial Inhomogeneities

Inflation

Raidation 

Domination SIGW 

production

ҧ𝜌gw =
𝑚PL𝑒

2ΦL

16𝑎2(𝜂)
𝜕𝑙ℎ𝑖𝑗𝜕𝑙ℎ𝑖𝑗

4

Boltzmann equation

𝛿gw,in(𝒙1, 𝒒1 )𝛿gw,in(𝒙2, 𝒒2)

𝜔gw,in(𝒙1, 𝒒1 )𝜔gw,in(𝒙2, 𝒒2)



Anisotropic Background: Two-point Angular Correlator

Scale-independent

Non-Gaussian bridge
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Anisotropic Background: Two-point Angular Correlator
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Anisotropic Background: Two-point Angular Correlator
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Anisotropic Background: Two-point Angular Correlator
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Anisotropic Background: Reduced Angular Power Spectrum

PNG-induced Inhomogeneity SW effect & NL-effect JL, S. Wang, Z.-C. Zhao, and K. Kohri, JCAP 10 (2023), 056

JL, S. Wang, Z.-C. Zhao, and K. Kohri, JCAP 06 (2024) 039

SW effect & NL-effect

Dominated by PNG-induced inhomogeneity



Anisotropic Background: Angular Power Spectrum

JL, S. Wang, Z.-C. Zhao, and K. Kohri, arXiv:2309.07792

SIGWs:

Astrophysical GWs:
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Astrophysical GWs:



Anisotropic Background: Angular Power Spectrum

JL, S. Wang, Z.-C. Zhao, and K. Kohri, arXiv:2309.07792

Parameter degeneracy breaking

SIGWs:

Astrophysical GWs:



Non-Gaussian Background: Angular Bispectrum and Trispectrum

JL, S. Wang, Z.-C. Zhao, and K. Kohri, JCAP 10 (2023), 056
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Non-Gaussian Background: Angular Bispectrum and Trispectrum
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Non-Gaussian Background: Angular Bispectrum and Trispectrum
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Non-Gaussian Background: Angular Bispectrum

JL, S. Wang, Z.-C. Zhao, and K. Kohri, JCAP 10 (2023), 056

PNG-induced Inhomogeneity SW effect & NL effect

Gaussian Gaussian SIGW
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Non-Gaussian Background: Angular Bispectrum
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Gaussian Gaussian SIGW



Non-Gaussian Background: Angular Trispectrum

PNG-induced Inhomogeneity

SW effect & NL effect 
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Non-Gaussian Background: Angular Trispectrum

PNG-induced Inhomogeneity
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Non-Gaussian Background: Angular Trispectrum

PNG-induced Inhomogeneity

SW effect & NL effect 

JL, S. Wang, Z.-C. Zhao, and K. Kohri, JCAP 10 (2023), 056



Entended Study: Primordial Trispectrum

𝑇𝜁 𝑘1, 𝑘2, 𝑘3, 𝑘4 =
54
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𝜏NL ≥
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2𝑃 1 𝑞 + 2 𝐹NL + 6𝐴𝑆𝐻NL

2𝑃 2 𝑞

+6𝐺NL
2 𝑃 3 𝑞 + 24𝐻NL

2 𝑃 4 𝑞
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Entended Study: Scale-Dependent PNG

Scale-independent



Summary 

What Have We Done?

⚫ Developed a “renormalized” diagrammatic approach to compute the energy-

density spectrum, angular power spectrum, bispectrum, and trispectrum of 

SIGWs for primordial non-Gaussianity up to arbitrary order, which enables the 

direct, automated generation of all necessary integrals for these spectra with 

only simple Python/Mathematica codes;  

⚫ Computed the numerical results for these observables for PNG up to hNL order.

Scientific Implications & Future Prospects

⚫ A supplementary probe for physics in the early universe that surpasses the 

reach of measurements from CMB and LSS;

⚫ A promising tool for the search for PBHs;

⚫ Extraction of SIGW signals from the stochastic background and inference of 

model parameters;

⚫ …

.

Summary

Thanks!


