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Es Todays goal
Differential-Graded- Lie algebra

1
. Introduce the DGLA which

governs
the joint deformation of IX. EO.

Cpxmfl Higgs bundl

2. When (X .
W) : Cpt kohler

· CE .
TE

,O) polystable with C.
= C=0

Han

(Kard10) = (KuryxKurza -
of

as germs of analytic space.



& Deformation of Cpt <pXmfd . (Kodaira-Spencer ,

X = Cpt <px mfc .

Karanishi
, ...

↑ () + X = 3AE : (A). 2) is an complex analytic family of X
if 1

. 7) = <x mfd .

2.E= holomorphic submersion .

3. + (01 = X
. A

~ 3 Xt := 11/10 family of <x refls
.

~ STAYAto GeAxT
a

T"Xa = T"y + "4")T*"X) To measure the difference of Xa und X
.



·To has the information of the cpx str of XA :

& is a hol-function of X*E (E - Yesd)f = 0
.

·Yo satisfies the Maurer-Cartan equation:

-

EEE+Centen
- Nijenhius bracket-We have the converse:

Let Ye A"IT"*X) and Exe+(4.9] su = 0
.

Then a defines a cyx str on X Sif,

f is a holomorphic function on Xe #15-4sd)f = 0

4) Maurer-Cartan elements parametrize <px str near to X



· We obtain a DGLA Cluter)
.

(L = A + A
*"(TX)

.
[ .To -

Eix)

↑
Since the Maurer-Cartan element of this DGLA

parametrize <pastr near to X,

We say
that

(L . 2 . Jon . Fix) governs
the deformation of X.

&



By using this DGLA ,
Karanishi constructed

· Kury < H
* /first cohomology of (A

*

"IT"X) .Eix)) analytic space
Kurranishi space

· ESTYAckory Yee A"I"*XI
. Exte + &Cate] su = 0

.

Karanishi family

Kuranishi /Space) containis all information
ofCpx str near to X.:

Let X 1 = near <px mfd to X

then Efekurx Sif, X = Xea1



S Joint deformation problem 1

.

X : Cp+ apx mfc.

# A Higgs bundle (E, EF.
O) over X is a pair s.

f
.

1. CE . EEl : holomorphic bundle over X
.

2. OEA LEndEl
, JENEO = 0 , and OrO = 0

.

El

We are interested in
the joint deformation problem of

(X . EE
,
07

.



We are interested in the joint deformation problem of

(X . EE
,
07

.

1
.e. We want to study what happens

-X

if we simultaneously deform

Cpx Str of X.

E Higgs bundle Str of (GE.P).
-)

- Find the governing DGLA

· Study the structure of Karanishi Space.



& Homotopy invariance of Karanishi Space .

DetDifferentialGradedLie Algebr IDAL
1

.
L= DizzL" is a Z-Graded -Vector Space .

2. [
,J = LXL-1 L is a bilinear map . Sf.

2.. 1
.
CL

,
LJ=Di (LiL:) (graded skew-symmetrich

2.2 . (11
**

[12Li . (*77 I graded Jucobi Identity) .

+ (- 15 : [Li
.
((& (1]] + 1-17* [L& [LiLi]] =0



3
.

d = L- L is a -linear map

St
.
3

. 1 dod= o

3
.
2 &(i) Lit

3
.
3 & (((i]) = CdLi Lis+1* CLidLi] B

Let Let /L ,
/

.3 ,
d) be a DGLA-

Then the Maurer-Cartan equation of h is

da + &(aa] = 0 aeL
.

MC(L) : =3 acLt , data.
a] = 0 7 .

Ma



· General Picture.

X : Some Particular Object.
(comple mil , sol of Gange theorifices . !

Deformation Problem of X

~ Find a DGLA
*

(L
.
(

.
]

.
d) st

X' : object near to X CMC(L)
· Sazli da+ flaat =o)

* Lo-alg , these days



Deformation Problem of X

~ Find a DGLA (L
.
(

.
]

.
d) st

X : object near . X (MC(L) : Sael datflaato)

ex) · X : cpt <px mil.

~ DGLA (ACT'x1 :DA
:"(TX)

,
C

.
Ton ,
Eixl

· (E .
JE

.
01 = High bundle

~ PGLA (AlEndEl = RiA" (EndE)
,
1 .7 .

GE +Ol
.

SA
.
BT = ArB-(IdestS BrA.



We go
back to introduce

some objects related
To DGLA

.

# Let (L1
.
[ :]z ,

d . ) .
1Lzt

.

dal be DGLAS
-

f = (1 - 22 is a morphism of DGLA
if 1 . f is X-linear .

2 . f(L) < L:

3
. dzof = fod ,

4 . f([] ) = [f ., f Je
is

Let (L .
C

,3 . d) : DGLA - Hill) : 2-th cohomology of Ch,d)
.



& Let (La ( ,] , da) , /(2 .
[ :Jida) be DELAs

.

· Let f : L, La : morphism of DGLA
.

f is a quasi-isomorphism if
- it z HiH1 : HiLE, Hilla

· (L1 .
[i] ,del ,

(12
.
/ .3 dal is quasi-isomorphic if

↳ and L2 are connected by a zigzag of quasi-isomorphisms

"I .e.
E (Wi .

( .] ,
dil = DGLAsfi = morphisms of DGLA.

Wn-z
S .f . * ↳*Wi--Wufhl. .

* - i is a quasi-isomorphism for be
We denote as 12 .

/ .7 ,
dil = g-iso 122 .

1 .Tandel
Hl

S



Let (L .
<

.3 ,
d) : DGLA is called analytic

if v
: L"has a norm 11 . /l :

· d
.

C .] are continuous went morms.

· dim Hol
.
I'llo

· ["I completion ofL"wort I-10 . ) has "Hodge decomposition"
I

For analytic DGLAs, (L
,
d) are life "elliptic complex"

· 11 : Ili are like "Soboler norms . "

Ex) (E
.
Ol : Higg bundle .

(D : A"lEndEl
,
C.J .

CEtOl

X = Cpx mfd LA : A""(TX) , C ,Tsu fix)

are analytic DGLAs .

1 : Soboler norms and Hodge decomposition.I



Goldman - Milson generalized the technique of Kuranishi :

- (L · C .]
,
d) = Analytic DGLA

they constructed an analytic germ (Kary .
01

. (KurycHF

(L)

-* It12 .
2

.] di = /@A
*
" *XI

,
C ,Tso ,

Eix) then
, Kury: Kury -

#m /Goldman-Milson 1901 .

Let (L1
.
C

.Janda) ,
(12

.
C .J

.
del be analytic DGLAs.

I 12 ..
C. 71 dal =giso (La-1 .72 ,

dal

then
, Char ,

01 = (kur .

o

as
gerus of analytic spaces.l



#m /Goldman-Milson 1901 .

Let (L1
.

C
.Janda) ,

(12
.

C .J
.
del be analytic DGLAs.

I 12 ..
C. 71 dal =giso (La-1 .72 ,

dal

then
, Char ,

01 = (kur .

o

as
gerus of analytic spaces.l

Very Suprising !

· ) L =
g-iso La

E(Wi . ( .T ,
dil = DGLAs

F
fi = morphisms of DGLA.

Wn-z
S.f . ·WW--Wfhl.

· fi is a quasi-isomorphism for be



& Joint deformation problem 2

X :

<x mfl .

(E
.
EE

,
Ol : Higgs bundle oneX.

Again ,

We are interested in the joint deformation, of

(X
,
GE

,
Ol .

~ I next page! .



We are interested in the joint deformation problem of

(X . EE
,
07

.

1
.e. We want to study what happens

-X

if we simultaneously deform

Cpx Str of X.

E Higgs bundle Str of (GE.
P)

Wehow
T

-)
- Find the governing DGLA answerthis

.

· Study the structure of Karanishi Space.



I want to introduce the DGLA which governs

I the deformation. of (X
,
LEGOII

.

/L .
(

,
]

, d)
S f

z-Graded Bracket" Differential
.

Vect Sp

LetoK = Hermition metric of E -

· 2K = (1 .
01 - part of the Chern connection wirt EE ,

K
.

· OE : formal adjoint of 0 Writ K
- k(Our = Flu-Otv)(



Graded Vector Space.
L" == A"lEndEle A""*

X 1
,
L = = AL

:

Bracket

(A.
e) eL"

, (13
.
4) Li

[ (A .
e) .
(B .41] <

: =

(38
-454A - (1)36x- 454B - [A

,
B]

&[9- 4] su

32n -3r) : = 21 (45) - 11452A(Generalization of Lie derivative /

2A ,
B] = AnB- F11TBrA



Differential

Let Ba , Cx = A**"X) -> ALEndEl be D-linear maps

S.
A

. For e A
*

(T" *X)
,

B+ (4) = = (13) Ed ,
da(bl == 37t ,4570 .

CGA+ GER

We define do := Lit as

d= = = (EEndEBE +OO

#(L ,
C ,]c , dr) is a DGLA

.

Ea



(L .
[i] zeda) governs

the deformation of (X .
(E

,
GE

,
Ol) :

Ihm(0)
· IX . CEte'O'll triple near to IX . IEEE.

Oll.

Then En=M((L) = 34th : dont typ =07
.

· Let yeM(() .

Ify small (in Soboler norm/

then o defines a triple (Xy.(EEEn-On)1.



#w Let yeM((2)(i . e. ye' diy+ & 1.9] -
= 01 .

Ifa small (in Soboler now) then u defines (Xg.
E

. Eig.Ot]
outline of proof) Letm=(A.3) = L =AlEndEltA"It"X I .

Step 1 . Construction of XM

Since din+ y(y,y = 0 = Exe+e.97 su= 0
·

Thena defines a <px Stron X
- Xy
.

Step2 .

Construction of Eg.

Let D = = Je + 35t
,
3) + A% (D= P= 0

·

By New lander- Nirenberg Theorem
,
KarD"generates AlE) locally.

(i .e.Sel :local frame of Es.

A
.
SencKerDo)



For the local frame Sehc KerD" ,

We define EEy(feel == Eyfae (En : E -operator of Xyl

EEy is well-defined.

-(E , JEy) = holomorphic bundle over Xy. Ey
.

Step3. Construction of OM
We sef On = = 0+ Al+ 4s(A +A

+

1
.

Then · One AlEndEl
· JeyOy = 0

.

· One On = 0
.

(We can check them by calculation.

- (Xy .En . Oy) is a /(xmf. Higgs bundled



The same deformation problem

was studied by
Elena Martinengo·



(L . C . Tn d) is an analytic DGLA

by Soboler norms.

- (Kurced:=Kary , 0
9
GoldmanMilson. 1) What kind of

structure does it have?



Harmonic bundless metrics

Let o (X
,
w) : Cpt Kihler mfc.

· (EEE
,
Ol = Higgs bundle

.

· K = Hermitian metric of E.

we set Di =k + Oi
,
D"= Je+ O .

Let I is a harmonic metric if

D = = D + D" is a flut connection .

We call (E .
GE

,
O

, E) : Harmonic bundle
, i



Ihm (Hitchin
, Simpson /

CE
.
EE

.

Ol admits a harmonic metric #
iff
CE

.
FE

,
O) is polystable with CEL: CLETO

From a Harmonic bundle (E .
ED .#1

, we obtain a DGLA

(AlEndE) := A : A "(EndE)
, L ,

D")
Ac A"(EndEl

,
BEAlEndEl

-

&A ,
Bl= A rB-#BrA

.

Moreover ,
this is an analytic DGLA want Soboler norms.

and Hodge decomposition.
Hence We obtain an analytic germ

(Kurce o -
01

-



⑤Main Theorem

&all (X .
E

.
Ol : Triple of <x whl+Higgs bundle.

Then · L:= AllEndEl@A"IT"*X )
,
L = A : Li

1 .
]c = bracket

· de =

JEEndE HesFa) + 10 3G IG JTx

& L . C.c .
d) forms a DGLA and governs the deformation of (X.

E
.
O 1.
Th

Recall /Goldman-Milson (

(L=. ( .], di) ,
(LzLkdal : Analytic DGLAs

.

If (2%z di) Egiso (12-12 .
dal

then (Kurz ,
01 = Karna :

01
⑭



In Let · (X
.
w) : apt Kahler,

· IE
.
GE

,
O . #) Harmonic bundle

.

+ O
Then Y

(2 , [ .
Jz

. da) Egio (AlEndEl ,
S.T .
DIALA*"XI , [ .Jso ,

Exx)
ED

MainThm Lef · (X.w) = Cpt Kahler ,

· IE
,
FE

,
O) is polystable with C.IEl=ClEl = 0

.

Then,

1. (2 . [ .Zudal giso (AlEndEl ,
C .T .
D"@1A"IT"XI . [i] so.Eix)

2. (Kur(xEd ,
01 = (Karax Kurx

,
of as germot analytic space in

pf) 1 . Hitchin-Simpson (K-H corres) + Formality + Thul
.

2 . In +Goldman - Milson
.

#



Let · M : Cp+ Riemann Surface of genus g32.

· (V .31 : Stable Higgs bundle of degree 0.
In this case , Kurm , Kunques are smooths.

and dim Kurm=g-3 , die Karen = 2+r(2g-2) .

& · Kurmwel is a complex refd

· dim Kurzwei = g(2r+31-2r-1 .

e

pf) Main Thm + Discussion above
.



⑤Formality
(X

.
w) = Cpt Kahler ,

IE
.
GEO .A) : Harmonic bundle

.

DE = 2+ GE
.
Di= Je + O

DDA*, ID'*= formal adjoint of DE
, D"writ-norm .

Kahler Identity (Simpson
(DA1* = Fl (Aw .

D"]
,
CD"l*= -Fl[Au

.
DeJ

.

⑭

DLD"- lemma (Simpson

Ker DEMKerD"n (ImDitInD"1 : Im DED" .

⑭

/ of . X: CptKahler . 1 KerbekerEnlind +Inl : Indt
.
)



Let (L .
C .T . d) be a DGLA.

We obtain a DGLA (H/Ll
.
C ,3 ,

01 HLl : Git(L1 .

Let (L , C .
3

,
d) is called formal

if (45
,
3

.
d) =

quiso (H) .
[

.3 .
0).

Prop.
Formality /Simpson92 ,

Goldman :Milson'881

Let (E.
GE

.
0 . Fl = Harmonic bundle

.

· (AlEndEl , [i] .
D"l is formal .

+ O

I



pfl Let Hi : 2 - the cohomology of LE : A"(EndEl ,
D"1 .

Let 2: KerDE- A"(EndEl) be the natural inclusiononq= KerD + Ha

Then 2. g are quasi-isomorphisms of the following DGLAs :

I = /KerDE . C
.J

.

D"1 - (AlEndEl ,
[

.T
.
D") ,

KerDrAlEndEl -

9 : (KerDE . ( .7 ,
D"1- (Hill .7 ,

0
.

( kuhlen Identity and DED'-lemma plays an essential role
.

1.

* Formality of Kahler manifold was proved
by Deligne-Griffiths-Morgan-Sullivan .



/ Let · (X .
w) (ptkuhler ,

a /E
.
Je

,
O

,
#) Harmonic bundle

&

Then (2
,
C .
Ju

. da) =
gio (AlEndEl ,

SiJ .
D' RLAMT"X1 , [ ,Js ,

Eix)

Pf
Let o (Hie .

S .]
,

01 be the DGLA

associated to (A(EndE)
,
1

.
J

, DE).
·i= KerDE-AFlEndE) inclusion

,

·

g = KenDr - His projection .

We can prove KerDInAlEndE)
· (KerDEA* T*XI

.
( ,Juda) is a DGLA

.

· (0) : /KerDiDA* IT") ,
(

,Tz,d) + 12
,
5

,32 , del

is a quasi-isomorphism of DGLA.



·

(%) = (KerDAITiX 1
,
Libe , del

-> (HDE .
( .] ,0 (A IT"X)

.
[ .Isn .
Eix)

· is a quasi-isomorphism of DGLA .

Then we have the following

(a
-12 .

[ibz . d) -giso (KerDE A IT"X) . S .T2 ,
dul

Ca
= giso (HiE .

( ,] , 01 (A IT"X1
.
[ .7sr .Zix)

LEgisu (KerDE .
( .] ,
D'A (A IT"X 1 .

[ .7sn.
Six

S1.Simpson,Milson=qi (AlEndEl ,Cit .
DIdlA*TiXI , CiJso ,

Ex) a



Thank You

for listening?



Why Japanese people

say Kobayashi-Hitchin
instead of Hitchin-Kobayashi ?

In alphabet order.

a ba defghijk ...

- Hitchin-Kobayashi is correct
.



Hirago ha

In 257Th (Japanese alphabet/
Kobayashi-Hitchin is
It"He -N :Sh .

25 Diff
... ⑪ & ②D In lstity order
It E I Di E

25C Kobayashi-Hitchin
.. c + ])1 2 i It I is correct

.

IE") I I'



25 Diff Y This might be
·. D

V

It to I feel strange
25 11 but..·. ! E ↓ -

1 2 I # I
· #

IE1) = I' *
S

He also -· ↓read by 1calcurated 11 # FT↑ = 3 .
16

.

178-139)
.

[E
.



Thank
you

for attention &


