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Why Open Quantum Systems?

In Matsue, there is a lake called Lake Shinji
Lake Shinji is not an isolated lake; it is connected to the ocean through Lake Nakaumi

I The salinity is about 10% of that of seawater, creating a unique ecosystem (e.g. Shijimi)
A unique nonequilibrium steady state is realized
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Why Open Quantum Systems?

In Matsue, there is a lake called Lake Shinji
Lake Shinji is not an isolated lake; it is connected to the ocean through Lake Nakaumi

Lake
Shinji

Lake
Nakaumi Ocean

I The salinity is about 10% of that of seawater, creating a unique ecosystem (e.g. Shijimi)
A unique nonequilibrium steady state is realized
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And Why Open Quantum Systems?

In some systems, the coupling to the environment is inevitable
I Brownian motion
I Quarkonium in Quark-Gluon Plasma
I Primordial fluctuations during inflation

In other systems, the coupling to environment can be engineered
I Cavity QED
I Trapped ions
I Cold atoms
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Brief Introduction to Quarkonium Suppression

I Quark-Gluon Plasma (QGP) is a deconfined matter made of quarks and gluons
I J/ψ is no longer bound in QGP → Suppression signals the QGP creation? [Matsui-Satz (86)]
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parameters of both CB functions for a given state are kept the 
same, as these are not affected by the detector resolution. The 
mass parameter of the ground state is left free to allow for possible 
shifts in the absolute momentum calibration of the reconstructed 
tracks. For the excited states (ϒ(2S) and ϒ(3S)), the yields can vary 
while all other fit parameters are fixed to be identical to those for 
the ground state except for the mean and width which are fixed 
to values found by multiplying those for ϒ(1S) by the ratio of the 
published masses of the states [41]. In the pp data fits, the two 
radiative-tail parameters and the parameter for the ratio of the 
two widths are allowed to vary within a Gaussian probability den-
sity function (PDF). The mean and the width of the constraining 
Gaussian function represent the average and its uncertainty, re-
spectively, from the fits in all the rapidity bins of the analysis with 
no fixed parameters. In the PbPb fits, in addition, the parameter 
for the fraction of the two CB functions is also constrained. In this 
case, the mean and the width of the constrained parameters rep-
resent the corresponding parameter values and their uncertainties 
from the pp fits for each kinematic region. The background PDF 
is an error function multiplied by an exponential, with the yield, 
the error function’s two parameters, and the decay parameter of 
the exponential all allowed to vary in the final fit. For bins with 
pT > 6 GeV, an exponential without the error function provides 
the best fit, and was used for the nominal result.

Fig. 1 shows the dimuon invariant mass distributions in pp 
and PbPb collisions along with the fits using the model described 
above, for the kinematic range pµ+µ−

T < 30 GeV and |yµ+µ− | <
2.4.

4.2. Corrections

In order to obtain the normalized cross sections, the yields ex-
tracted from the fits to the dimuon invariant mass spectra are cor-
rected for acceptance and efficiency, and scaled by the integrated 
luminosity. The acceptance corresponds to the fraction of dimuon 
events originating from ϒ mesons within the kinematic range of 
the analysis. The acceptance values for the considered kinematic 
region are 22.5% (ϒ(1S)), 27.8% (ϒ(2S)), and 31.0% (ϒ(3S)) for PbPb 
collisions and differ by < 1% from the corresponding pp data val-
ues, with the small difference being due to a small residual differ-
ence in the kinematic spectra after weighting the MC to data.

The dimuon efficiency is defined as the probability that a muon 
pair within the acceptance is reconstructed offline, satisfies the 
trigger condition, and passes the analysis quality criteria described 
in Section 3. The dimuon efficiency is calculated using MC. The in-
dividual components of the efficiency (track reconstruction, muon 
identification and selection, and triggering) are also measured us-
ing single muons from J/ψ meson decays in both simulated and 
collision data, with the tag-and-probe (T&P) method [30]. For the 
muons used in this analysis, data and MC efficiencies are seen to 
differ only in the case of the trigger efficiency, and there only 
by !1%. For this case, scaling factors (SF), calculated as the ra-
tio of data over simulated efficiencies as function of pµ

T and ηµ , 
are applied to each dimuon on an event-by-event basis. The other 
components of the T&P efficiency are used only for the estima-
tion of systematic uncertainties. The average efficiencies integrated 
over the full kinematic range are 73.5% (ϒ(1S)), 74.4% (ϒ(2S)), and 
75.0% (ϒ(3S)) in PbPb collisions, and they are 8–9% higher for pp 
collisions.

The integrated luminosity of 28.0 pb−1 with an uncertainty of 
2.3% [42] is used to normalize the yields for pp data. For PbPb
collisions, the number of minimum bias collision events sampled 
by the trigger (NMB), together with the average nuclear overlap 
function (TAA), are used for the normalization. The overlap func-
tion TAA is given by the number of binary NN collisions divided 

Fig. 1. Invariant mass distribution of muon pairs in pp (top) and PbPb (bottom) 
collisions, for the kinematic range pµ+µ−

T < 30 GeV and |yµ+µ− | < 2.4. In both 
figures, the results of the fits to the data are shown as solid blue lines. The separate 
yields for each ϒ state in pp are shown as dashed red lines in the top panel. The 
dashed red lines in the bottom panel are derived from the fits to PbPb (blue solid 
line). In order to show the suppression of all three ϒ states, the amplitudes of the 
corresponding peaks are increased above those found in the fit by the inverse of 
the measured RAA for the corresponding ϒ meson.

by the inelastic NN cross section, and can be interpreted as the 
NN-equivalent integrated luminosity per heavy ion collision. Val-
ues of TAA are calculated with a Glauber model MC simulation [43,
44], which is also used to obtain the average number of partic-
ipating nucleons, ⟨Npart⟩. This latter number is highly correlated 
with the impact parameter of the collision, and is used as the 
abscissa when plotting results as a function of PbPb collision cen-
trality.

4.3. Systematic uncertainties

Point-to-point systematic uncertainties arise from the choices 
of signal and background PDFs and of the central value in the fit 
constraints, as well as from acceptance and efficiency corrections. 
Larger relative uncertainties are obtained when the background 
level is higher (at lower pT or more forward y regions), and, in 
particular for the ϒ(3S), when the absolute yield is small.

J/ψ and Υ is an open quantum system in QGP environment
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Experimental Data and Simulations
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Figure 5: The dependence of RAA of ⌥ mesons on Npart for Pb–Pb at 5.02 TeV and Au-Au collisions
at 200 GeV, measured at midrapidity (left) and forward rapidity (right).

challenging to obtain from lQCD). The question of regeneration, especially in the case of multiple
quark pairs, has not been addressed yet at a level suitable for phenomenological applications. The
equilibration of a single pair has been studied in Ref. [84] and in semiclassical limits for multiple pairs
in Refs. [85, 86]. All of these considerations will figure in the model descriptions given in Sec. 4.

3.2 Lattice QCD Results

Lattice-QCD calculations can provide first-principles input into theoretical modeling of quarkonium
production in heavy-ion collisions. Many quantities of interest, like in-medium quarkonium masses and
widths, or transport coe�cients, are encoded in the spectral functions, defined as the imaginary part
of the retarded meson correlation functions [4, 87]. For example, the in-medium widths of quarkonia
are closely related to the reaction rates used in transport models. If the widths are reasonably small,
quarkonium states can be identified by peaks in the spectral functions. As temperature increases, the
peaks become broader and ultimately can no longer be used to identify quarkonium states. For ex-
ample, if the width of the peak is much larger than the energy splitting between di↵erent quarkonium
states it is no longer possible to extract well defined quarkonium states. Obtaining the spectral func-
tions from lQCD is challenging because the latter is formulated in Euclidean time, and the correlation
functions are given in terms of integrals over spectral functions. Temporal correlation functions are re-
lated to spectral functions via a Laplace transformation, while spatial correlation functions are related
to spectral functions via a double integral transformation [4]. Lattice QCD calculations can also be
combined with EFT approaches. For example, information about quarkonium spectral function can
be obtained using a lattice formulation of NRQCD [88–93]. In this way one avoids large discretization
e↵ects due to HQ masses An additional benefit arises from the fact that meson correlators in NRQCD
do not obey periodic boundary conditions, which e↵ectively implies that information on meson correla-
tors can be obtained from doubling the temporal extent in the Euclidean time direction. Heavy-Quark
E↵ective Theory (HQET) can be used for lQCD calculations of the HQ di↵usion coe�cient [94–96].

Most lattice studies of quarkonium spectral functions use point meson operators, i.e., meson oper-
ators with the quark and antiquark field located at the same spatial point. It turns out that temporal
meson correlation functions with point meson operators have limited sensitivity to the in-medium
properties of quarkonia [1, 4]. This is due to large contributions from the continuum part of the spec-
tral function to the correlators of point meson operators, as well as the rather small temporal lattice
extent at high temperatures [97, 98]. Therefore, no conclusive results on the in-medium properties
of the quarkonium states could be obtained from the temporal correlation functions of point meson
operators. There only seems to be a consensus that the 1S bottomonium state can survive in the
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Figure 6: The dependence of RAA of ⌥ mesons on pT for 0-90% Pb–Pb collisions at 5.02 TeV, at
midrapidity.

QGP for T > 400 MeV, with a small mass shift [89, 90, 99]. The study of spatial meson correlation
functions is not limited to small separations, rendering them more sensitive to the in-medium prop-
erties of quarkonia [100–102]. In particular, indications were found that 1S charmonia states may
dissolve for temperatures of 200-300MeV [100, 101], while 1S bottomonium states will dissolve for
temperatures above 500MeV [102]. The latter finding is consistent with the analysis of bottomonium
spectral function in lattice NRQCD.

Correlators of extended meson operators, i.e., meson operators with quark and antiquark fields
separated by some spatial distance, are more sensitive to the in-medium modification of quarkonia,
since the contribution of the continuum part to the spectral function is reduced. Using NRQCD with
extended operators it was possible to analyze in-medium masses and widths of di↵erent bottomonium
states [91, 92]. Interestingly, it was found that the in-medium mass shift of all bottomonium states is
small and compatible with zero within estimated errors. The in-medium width of di↵erent bottomo-
nium states was found to increase with temperature, and that the magnitude of the width follows a
hierarchy in the sizes of the di↵erent states [91, 92].

The in-medium modification of QQ̄ interactions in QGP has been traditionally studied in terms
of the free energy and singlet free energy of a static QQ̄ pair. The latter quantity can be defined in
Coulomb gauge. State-of-the-art calculations in 2+1 flavor QCD with physical quark masses suggest
that color screening in the free energy sets in at distances r ' 0.3/T [103]. Previous studies of the QQ̄

free energy for two [104] and three [105] degenerate quark flavors with unphysical masses have been
used as input potentials in some phenomenological models.

The QQ̄ free energy characterizes the interactions at time scales much larger than the inverse
temperature. For quarkonia physics, it is more relevant to consider a complex potential defined in
terms of Wilson loops [106]. The first calculation of the complex potential along these lines with
2+1 flavor QCD with unphysical quark masses found [107] that the real part of the potential is
screened. A parametrization of these results using a generalized Gauss law model [108] has also
been used in some phenomenological models. The corresponding lattice calculations are performed on
N⌧ = 12 lattices and with limited statistics. Another lattice study that also uses N⌧ = 12 lattices, but
with much larger statistics, extracted a di↵erent result [109]. Here, simple but physically motivated
parametrizations of the spectral functions were used to obtain the real and imaginary parts of the
potential: the real part of the potential turns out not to be screened in general [109]. The only way to
obtain a screened potential from the lattice results of Ref. [109] is to use a perturbative HTL inspired
representation of the spectral function [109]. However, it turns out that, although HTL results for the
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Figure 18: Left: RAA as a function of Npart for ⌥(1S), pT-integrated; right: RAA as a function of pT
for 0-10% centrality. For the TAMU model the regeneration component is shown separately (dotted
line) and also summed to the suppression component (dashed line). The results of the SHM, included
in the left plot for the case of 50% thermalized bottom quarks, constitute pure generation at Tpc.

cf. Fig. 7, while Tsinghua has a smaller initial temperature in central collisions but a larger one at
”intermediate” centralities which could explain the stronger suppression in more peripheral collisions.
The Saclay and the Munich-KSU results are closest to each other, which may be due to due to longer
lifetime in the Bjorken model (Saclay) and escape e↵ects in the Munich-KSU which render the latter’s
RAA higher in peripheral but lower in central collisions where the initial temperature is higher. Both
models generate a stronger suppression than TAMU, which is largely consistent with the temperature
evolution shown in Fig. 7.

5.7 Quarkonium Formation Time E↵ects

To study the impact of quarkonium formation times calculations were performed starting from a
“realistic” initial QQ state (the one used in the respective dynamical model, usually reported as a
”point-like initial state” in the OQS and the ground state in semiclassical approaches). This state was
evolved in a QGP at fixed temperature T=300 MeV, neglecting regeneration. The models provided
the ”survival” probability as a function of time to find this QQ pair at p=0 in an eigenstate of the
in-medium potential.

Figure 19 illustrates how suppression mechanisms underlying the calculations of the decay rate are
realized in a basic time evolution scenario at constant T . We focus the discussion on the bottomonium
case which was addressed by most of the groups. In the TAMU approach, where the initial state is an
in-medium ⌥(1S) state and regeneration mechanisms were discarded for the purpose of this study, one
finds as expected a survival probability = exp(��t), where � agrees with the reaction rate displayed in
Fig. 9 (including the gluo-dissociation mechanism); the inclusion of a formation time typically delays
the evolution, with an o↵set of ⇡ 0.05 fm/c. The same exact agreement with the exponential decay
law is obtained in the Saclay calculation as the regeneration was not considered in this implementation
of the model. In the Duke approach the regeneration component was not removed, leading to a slight
deviation with respect to the exponential decay initiated with a vacuum state of the ⌥(1S)3, of the
order of 5% after 8 fm/c. In the Munich-KSU calculation, the evolution starts from a compact state
close to a Dirac �-function peak. While the evolution of the survival probability of the in-medium state
decreases nearly exponentially, the associated decay rate is found to be twice the imaginary part of the
eigenvalue (⇡ 8.95 � 0.017i GeV) corresponding to the fundamental eigenstate of the non-hermitian

3Note that ”in-medium states” are not defined in the Duke approach owing to the � ⌧ Eb hierarchy.

42

Some of the simulations are based on Stochastic Unraveling of Lindblad equation
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Theoretical Results

Thermalization
[Miura et al (22)]
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Strong Symmetry
[Akamatsu et al (22)]
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Let us share the common tools and concepts across the fields!
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Basics of Open Quantum Systems
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Reduced Density Matrix

System + Environment

Htot = HS ⊗HE , Htot = HS + HE + HSE , ρtot =
∑
α

wα|α〉〈α|

System observables OS ⊗ IE → Reduced density matrix ρS := TrEρtot

〈OS ⊗ IE〉 = Trtot [ρtot (OS ⊗ IE)] = TrS
[
(TrEρtot)︸ ︷︷ ︸

=: ρS

OS
]
= TrS [ρSOS ]

Time evolution of ρS

ρtot(t) = e−iHtottρtot(0)eiHtott −→ ρS(t) = TrE
[
e−iHtottρtot(0)eiHtott]

Everything well-defined at the level of the total closed system
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Dynamical Map and Kraus Representation

Initial condition: no correlation, fixed ρE(0), and arbitrary ρS(0)
I A dynamical map Vdyn(t) : ρS(0)→ ρS(t)

𝜌! 0 ⊗ 𝜌" 0 = 𝜌#$# 0

𝜌#$# 𝑡

𝜌! 0

𝜌! 𝑡

Tr!

Tr!

Unitary evolution Dynamical map 
𝒱"#$(𝑡)

Kraus representation for the dynamical map Vdyn(t)

ρS(t) =
∑
µ

Kµ(t)ρS(0)K †
µ(t),

∑
µ

K †
µ(t)Kµ(t) = IS

I Can be explicitly proved by diagonalizing ρE(0)
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What Characterizes the Kraus Representation?

ρS(t) =
∑
µ

Kµ(t)ρS(0)K †
µ(t),

∑
µ

K †
µ(t)Kµ(t) = IS

Kraus representation guarantees
I Trace preservation

TrS [ρS(t)] = TrS [ρS(0)] = 1

I Preservation of Hermiticity and positivity

ρS(0) = ρ†S(0) −→ ρS(t) = ρ†S(t)
ρS(0) ≥ 0 −→ ρS(t) ≥ 0

The converse is not true
I e.g., ρS(0)→ ρS(0)T satisfies both conditions, but does not admit a Kraus representaion
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Complete Positivity

System EnvironmentAncilla
HSEHSA=0

can be 
entangled

Consider extending the system by adding an ancilla

Htot = HS ⊗HE −→ H′
tot = (HS ⊗HA)⊗HE

Htot = HS + HE + HSE −→ H ′
tot = (HS + HA)︸ ︷︷ ︸

no interaction

+HE + HSE

Extended dynamical map V ′dyn(t) (for HA = 0)

V ′dyn(t) = Vdyn(t)⊗ e−iHAt [·]eiHAt = Vdyn(t)⊗ IA Positive for any ancilla

I This property indicates that Vdyn(t) is “Completely Positive”

Dynamical map is completely positive and trace preserving (CPTP)
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Relations among Dynamical Maps, Kraus Representations, and CPTP Maps

Kraus 
Representation

CPTP

Dynamical Map

Choi-Kraus theorem

Stinespring dilation theorem
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Quantum Master Equation

Dynamical map and Kraus representation

ρS(t) = Vdyn(t)[ρS(0)] =
∑
µ

Kµ(t)ρS(0)K †
µ(t),

∑
µ

K †
µ(t)Kµ(t) = IS

Markov approximation
I Assumes a separation of time scales: τE � τR
τE = environment correlation time, τR = system relaxation time

Dynamical maps form a semigroup

∀t1, t2 ≥ 0, Vdyn(t1 + t2) = Vdyn(t1)Vdyn(t2) −→ Vdyn(t) = eLt︸ ︷︷ ︸
generator

Quantum master equation

ρS(t + dt) = Vdyn(t + dt)[ρS(0)] = Vdyn(dt)[ρS(t)] = eLdt [ρS(t)],
d
dt
ρS(t) = L[ρS(t)]
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Lindblad Equation

Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation, or Lindblad equation
[Gorini-Kossakowski-Sudarshan (76), Lindblad (76)]

d
dt
ρS(t) = −i[H ′

S , ρS ] +
∑
µ

LµρSL†
µ −

1
2

L†
µLµρS −

1
2
ρSL†

µLµ

I Lindblad equation generates a CPTP semigroup
Conversely, every Markovian CPTP semigroup has a generator of Lindblad form

I In general, H ′
S = HS +∆HS , where ∆HS is the Lamb-shift correction

I Decomposition into non-Hermitian effective Hamiltonian and jump terms

d
dt
ρS(t) = −iHeffρS + iρSH †

eff +
∑
µ

LµρSL†
µ︸ ︷︷ ︸

jump

Heff = H ′
S −

i
2
∑
µ

L†
µLµ︸ ︷︷ ︸

non-Hermitian
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Perturbative Derivation of the Lindblad
Equation
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Master Equation in the Born-Markov Approximation (I)

1. Hamiltonian

Htot = HS ⊗ IE + IS ⊗HE +
∑

V (i)
S ⊗V (i)

E︸ ︷︷ ︸
≡ V

, ρtot(0) = ρS(0)⊗ ρE(0)︸ ︷︷ ︸
∝ e−βHE

2. von Neumann equation in the interaction picture

d
dt
ρtot(t) = −i[V (t), ρtot(t)]

3. Substitute the formal solution to the right-hand side

ρtot(t) = ρtot(0)− i
∫ t

0
ds[V (s), ρtot(s)],

d
dt
ρtot(t) = −i[V (t), ρtot(0)]−

∫ t

0
ds[V (t), [V (s), ρtot(s)]]
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Master Equation in the Born-Markov Approximation (II)

4. Trace out environment, Born & Markov approximations (Redfield equation)

d
dt
ρS(t) ' −

∫ ∞

0
dsTrE [V (t), [V (t − s), ρS(t)⊗ ρE(0)]]

=
∑
i,j

∫ ∞

0
ds
〈

V (i)
E (s)V (j)

E (0)
〉

︸ ︷︷ ︸
environment correlator

[
V (j)

S (t − s)ρS(t)V
(i)
S (t)−V (i)

S (t)V (j)
S (t − s)ρS(t)

]
+ h.c.

I Assume TrE(ρE(0)V (i)
E (t)) = 0

I Born approximation: ρtot(s) ' ρS(s)⊗ ρE(0)
I Markov approximation (τE � τR): ρS(s) ' ρS(t),

∫ t
0 ds '

∫∞
0 ds

Close to but not the Lindblad equation
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Two Regimes for Master Equation

von Neumann
Equation

Redfield Equation
(not Lindblad)

Quantum Optical
Master Equation

Quantum Brownian 
Master Equation

Born-Markov 
Approximation

Rotating Wave 
Approximation

Derivative 
Expansion
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Quantum Optical Regime

Time scales for rotating wave approximation
I Markov approximation τE � τR
I Assumes another separation of scale τS � τR
τS = system time scale ∼ inverse of spectral difference (∼ energy gap)

I Rotating wave approximation: e−iτR∆ω ∼ e−iτR/τS ∼ 0

∆𝜔~1/𝜏!
𝜔

Transition
frequencies

𝜔"# 𝜔#$ 𝜔"$ 	…
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Jump Terms in Quantum Optical Regime

∆𝜔~1/𝜏!
𝜔

Transition
frequencies

𝜔"# 𝜔#$ 𝜔"$ 	…

Jump terms in the eigenbasis of the system (HS |n〉 = εn|n〉, ωnk = εn − εk)

〈n|V (j)
S (t − s)ρS(t)V

(i)
S (t)|m〉 =

∑
kl

ei(t−s)ωnk−itωml︸ ︷︷ ︸
∝ eit(ωnk−ωml) ∼ δωnk ,ωml

〈n|V (j)
S |k〉〈k|ρS(t)|l〉〈l|V

(i)
S |m〉

e.g. ρS = |1〉〈1| VS−−→ 1
2
(|2〉+ |3〉) (〈2|+ 〈3|) RWA−−−→ 1

2
(|2〉〈2|+ |3〉〈3|)

Jump operators are organized by discrete transition frequencies ω

V (i)
S (ω = ωnk) = |n〉〈n|V

(i)
S |k〉〈k|
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Quantum Optical Master Equation

Environmental correlator∫ ∞

0
dseiωs〈V (i)

E (s)V (j)
E (0)〉 = 1

2
γij(ω)︸ ︷︷ ︸

γ(ω) ≥ 0

+iSij(ω)

Lindblad equation

d
dt
ρS(t) = −i [∆HS , ρS ] +

∑
ω

∑
i,j
γij(ω)

[
V (j)

S (ω)ρSV (i)†
S (ω)− 1

2

{
V (i)†

S (ω)V (j)
S (ω), ρS

}]
∆HS ≡

∑
ω

∑
i,j

Sij(ω)V (i)†
S (ω)V (j)

S (ω)

I Lindblad equation is obtained after diagonalizing γij(ω)

I Steady state ρss
S ∝ e−βHS (∵ detailed balance γij(ω) = eβωγji(−ω))
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Quantum Brownian Regime

Time scales for derivative expansion
I Markov approximation τE � τR
I Assumes another separation of scale τE � τS
τS = system time scale ∼ inverse of spectral difference (∼ energy gap)

I Derivative expansion VS(t − s) ∼ VS(t)− sV̇S(t) + · · ·

∆𝜔~0
𝜔

Transition
frequenciesContinuum

𝜔 = 0
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Jump Terms in Quantum Brownian Regime

Derivative expansion of the jump term

V (j)
S (t − s)ρS(t)V

(i)
S (t) =

[
V (j)

S (t)− sV̇ (j)
S (t) + · · ·

]
ρS(t)V

(i)
S (t)

Convoluted with environmental correlator∫ ∞

0
ds〈V (i)

E (s)V (j)
E (0)〉sn =

(
−i d

dω

)n [1
2
γij(ω) + iSij(ω)

]
ω=0

I Assume γij(ω) is analytic around ω = 0 (no long-time tail ↔ finite τE)
I Kubo-Martin-Schwinger relation

γ′ij(0) =
1

2T
γij(0) (6= 0 for Ohmic bath)
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Quantum Brownian Master Equation

Lindblad equation up to first order derivative expansion

d
dt
ρS(t) = −i [∆HS , ρS ] +

∑
i,j
γij(0)

[
Ṽ (j)

S ρSṼ (i)†
S − 1

2

{
Ṽ (i)†

S Ṽ (j)
S , ρS

}]
∆HS ≡

∑
i,j

Sij(0)V (i)
S V (j)

S +
1

8T
∑
i,j
γij(0){V (i)

S , V̇ (j)
S }

Ṽ (i)
S = V (i)

S +
i

4T
V̇ (i)

S

I Lindblad equation is obtained after diagonalizing γij(0)
I Steady state is expected to be close to ρss

S ∝ e−βHS

I “Lindbladized” Caldeira-Legget master equation L ∝ x + i
4T p [Gao (97)]
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Quantum Brownian Master Equation for Quarkonium

Hamiltonian of quarkonium in the dipole limit

HS =
p2

M
−(N 2

c − 1)αs
2Ncr

|s〉〈s|+ αs
2Ncr

∑
a
|a〉〈a|︸ ︷︷ ︸

attractive (repulsive) for singlet (octet)

HI = −
∑
i,a

ri

[√ 1
2Nc

(|a〉〈s|+ |s〉〈a|)︸ ︷︷ ︸
singlet ↔ octet

+
1
2

dabc|b〉〈c|︸ ︷︷ ︸
octet ↔ octet

]
⊗ gEa

i (R)+(Ta
A)bc|b〉〈c| ⊗ gAa

0(R)︸ ︷︷ ︸
removed in “field redefinition”

I Lindblad operators take into account color-dependent potential energy ∆E = αsNc/2r

Ṽ so/os
S ∝ −

(
ri +

ipi
2MT

∓ Nc
8T

αsri
r

)
, Ṽ oo

S ∝ −
(

ri +
ipi

2MT

)
I For Nc = 2, dabc = 0 and HS + HI is invariant under ri → −ri , |s〉 → −|s〉, |a〉 → |a〉
→ ṼS is also invariant = strong symmetry
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Detailed Balance in Quantum Brownian Master Equation

Transition rates between system eigenstates |ε1〉 and |ε2〉

Γ1→2 = γ(0)
∣∣〈ε2|ṼS |ε1〉

∣∣2 = γ(0)
∣∣〈ε2|VS −

1
4T

[HS ,VS ]|ε1〉
∣∣2 ∝ (1− ε2 − ε1

4T

)2

Ratio of Γ1→2 and Γ2→1

Γ1→2
Γ2→1

=

(
1− ε2−ε1

4T
1− ε1−ε2

4T

)2

' e−(ε2−ε1)/T

∵

(
1− x/4
1 + x/4

)2
' 1− x +

1
2

x2 − 3
16︸︷︷︸

' 1/6

x3 + · · · ' e−x

I When the energy gap is small (. T) , detailed balance holds approximately
I Without i

4T V̇S correction of the jump operator, system reaches T =∞
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Stochastic Unraveling
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Stochastic Unraveling of the Lindblad Equation

Solution of the Lindblad equation by stochastic sampling of the states

ρS(t) = lim
Nsample→∞

1
Nsample

Nsample∑
i=1
|ψi(t)〉〈ψi(t)|

I ρS(t)→ {|ψi(t)〉} is not unique, so the stochastic dynamics is not unique
I Quantum trajectory [Dalibard-Castin-Mølmer (92), Dum-Zoller-Ritsch (92)] : Discontinuous
I Quantum state diffusion [Gisin-Percival (92)]: Continuous

Smooth Evolution 
with Discrete Jumps
on the Bloch Sphere

Random Walk
on the Bloch Sphere
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Density Matrix in Quantum Trajectory

One time step by Lindblad equation

ρS(t + dt) =
(

1− idtHeff

)
ρS(t)

(
1 + idtH †

eff

)
+ dt

∑
µ

LµρS(t)L†
µ

Heff = H ′
S −

i
2
∑
µ

L†
µLµ︸ ︷︷ ︸

= Γµ

= H ′
S −

i
2
∑
µ

Γµ︸ ︷︷ ︸
= Γ

= H ′
S −

i
2
Γ

Update of a pure state to a mixed state

ρS(t + dt) =
(

1− idtHeff

)
|ψ(t)〉〈ψ(t)|

(
1 + idtH †

eff

)
+ dt

∑
µ

Lµ|ψ(t)〉〈ψ(t)|L†
µ
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Pure State in Quantum Trajectory

Update of a pure state with probabilistic interpretation

ρS(t + dt) =
(

1− idtHeff

)
|ψ(t)〉〈ψ(t)|

(
1 + idtH †

eff

)
+ dt

∑
µ

Lµ|ψ(t)〉〈ψ(t)|L†
µ

1st term = (1− dt〈Γ〉ψ)︸ ︷︷ ︸
no-jump rate

(
1− idtHeff

)
|ψ(t)〉〈ψ(t)|

(
1 + idtH †

eff

)
1− dt〈Γ〉ψ

2nd term =
∑
µ

dt〈Γµ〉ψ︸ ︷︷ ︸
jump rate by Lµ

Lµ|ψ(t)〉〈ψ(t)|L†
µ

〈Γµ〉ψ

Quantum trajectory of |ψ〉
I Non-Hermitian evolution to ∝ (1− idtHeff)|ψ(t)〉 with probability (1− dt〈Γ〉ψ)
I Jump to ∝ Lµ|ψ(t)〉 with probability dt〈Γµ〉ψ
I Proportionality fixed by normalization 〈ψ|ψ〉 = 1
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Waiting Time Approach in Quantum Trajectory Algorithm

Norm of a state under non-Hermitian evolution

P(τ ;ψ) =
∥∥e−iHeffτ |ψ〉

∥∥2
= Probability to evolve until τ w/o jump

Waiting time algorithm (repeat 1 → 3)
1. Sample a uniform random number 0 < p < 1
2. Non-Hermitian evolution until P(τ ;ψ(t)) = p (waiting for a jump)

|ψ′(t + τ)〉 = e−iHeffτ |ψ(t)〉 normalize−−−−−→ |ψ(t + τ)〉

3. Jump by Lµ with a probability 〈Γµ〉ψ(t+τ)/〈Γ〉ψ(t+τ)

|ψ′(t + τ + dt)〉 = Lµ|ψ(t + τ)〉 normalize−−−−−→ |ψ(t + τ + dt)〉
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La Roja (Spain National Football Team) Plays a Beautiful Quantum Trajectory

Dribble → Pass → Dribble → Pass → · · ·

Champions at Soccer World Cup 2026

The ball jumps from one player to another

Evolution→ Jump→ Evolution→ Jump→ · · ·

Smooth Evolution 
with Discrete Jumps
on the Bloch Sphere
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Basic Idea of Quantum State Diffusion

1. Determine a pure state (drift term) closest to the Lindblad evolution
2. Randomly distribute around the pure state by Gaussian noise

Random Walk
on the Bloch Sphere

Lindblad

Drift + Noise
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Drift in the Quantum State Diffusion

Minimize the distance to the Lindblad step by Hilbert-Schmidt norm [Gisin-Rigo (95)]

min
δψ
‖Pψ+δψ −Pψ − dtL[Pψ]︸ ︷︷ ︸

Lindblad step

‖HS, Pψ = |ψ〉〈ψ|

−→ δPψ = Pψ+δψ − Pψ = [Pψ, [Pψ,L[Pψ]]]dt

Evolution of the optimized pure state

d
dt
|ψ〉 =

[
L[|ψ〉〈ψ|]− 〈L[|ψ〉〈ψ|]〉ψ︸ ︷︷ ︸

c-number

]
|ψ〉 =

[
−iHeff +

∑
µ

〈L†
µ〉ψLµ + c-number︸ ︷︷ ︸

to keep the norm

]
|ψ〉

I Relation to pointer state by einselection is discussed [Busse-Hornberger (09)]
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Nonlinear Stochastic Schrödinger Equation for Quantum State Diffusion

Add Gaussian noise term to reproduce the Lindblad evolution (Ito discretization)

d|ψ(t)〉 =
[
−iHeff +

∑
µ

〈L†
µ〉ψLµ

]
|ψ〉dt +

∑
µ

Lµ|ψ〉dξµ + [(random) c-number]|ψ〉︸ ︷︷ ︸
to keep the norm

〈dξ∗µdξν〉 = δµνdt

Quantum state diffusion with unnormalized states

d|φ(t)〉 =
[
−iHeff +

∑
µ

〈L†
µ〉φLµ

]
|φ〉dt +

∑
µ

Lµ|φ〉dξµ, 〈L†
µ〉φ =

〈φ|L†
µ|φ〉

〈φ|φ〉

I Normalize the state |φ(t)〉 when calculating density matrix and expectation values
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Diego Maradona Played a Fantastic Quantum State Diffusion

Dribble → Dribble → Dribble → · · ·

Goal of the Century

The ball never leaves Maradona’s feet

Random evolution lead by the drift

Random Walk
on the Bloch Sphere

37 / 50
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Steady States and Symmetry Breaking
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Long-Time Behavior of Reduced Density Matrix

Lindbladian L is a linear superoperator in the operator space B(H) = H⊗H∗

L : B(H) −→ B(H)

What is the spectrum of the Lindbladian L?

L[σa] = λaσa

I Steady state (zero eigenmode) in thermal environment
I Quantum optical master equation ρss = e−βHS/TrS [e−βHS ]
I Quantum Brownian master equation suggests ρss ' e−βHS/TrS [e−βHS ]

I Properties of spectrum and eigenmodes
I Phase transition in a dissipative environment
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Lindbladian as a Non-Hermitian Matrix

Lindbladian using the basis |i〉 of H:

(L[ρ])ij =
∑

kl
Lij,klρkl ,

Lij,kl = −i(H ′
S)ikδlj + iδik(H ′

S)lj︸ ︷︷ ︸
anti-Hermitian

+
∑
µ

(Lµ)ik(L†
µ)lj︸ ︷︷ ︸

mixed

−1
2
(L†

µLµ)ikδlj −
1
2
δik(L†

µLµ)lj︸ ︷︷ ︸
Hermitian

I L is neither Hermitian nor anti-Hermitian Lij,kl 6= ±L∗kl,ij
I Eigenvalues of non-Hermitian operators are complex and eigenmodes are not orthogonal∑

ij
(σa)

∗
ij(σb)ij = TrS

[
σ†aσb

]
6= δab

I Non-Hermitian operator is not always diagonalized → Jordan blocks
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Spectral Properties of the Lindbladian

Lindbladian is a CPTP map
I Preserves the Hermiticity (L[ρ])† = L[ρ†]

L[σi ] = λiσi , L[σ†i ] = λ∗i σ
†
i −→ Eigenvalues are paired (λi , λ

∗
i )

Can choose Hermitian modes for real eigenvalues

I Preserves the trace TrS(L[ρ]) = 0

λiTrS [σi ] = 0 −→ TrS [σi ] = 0 for non-zero modes λi 6= 0

I Contraction property of CPTP (Trace norm TrS
√
σ†σ decreases for Hermitian operators)

I Real part of λi is nonpositive (Reλi ≤ 0)
I Subspace for zero modes is diagonalizable (No Jordan blocks)

I There is at least one zero mode for finite systems: long-time average

ρ̄ = lim
T →∞

1
T

∫ T

0
dτeLτρ
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Schematic Spectrum of a Lindbladian

Im	𝜆

Re	𝜆Paired

Trσ=1
Trσ=0

Steady state(s)

Spectral gap

Symmetry classifications
I Hermitian systems = 10 fold

[Altland-Zirnbauer (97)]

I non-Hermitian systems = 38 fold
[Kawabata et al (19)]

I Lindbladian open systems = 38 fold
[Kawabata et al (23)]

42 / 50

https://doi.org/10.1103/PhysRevB.55.1142
https://doi.org/10.1103/PhysRevX.9.041015 
https://doi.org/10.1103/PRXQuantum.4.030328


Dissipative Phase Transition by the Steady State of Open Many-Body Systems
[Minganti et al (18)]

Definition of the M -th order dissipative phase transition

lim
ζ→ζc

∥∥∥∥ ∂M

∂ζM lim
N→∞

ρss(ζ,N )

∥∥∥∥ =∞

Typical spectral change at 1st order phase transition
−Re	𝜆

𝜁 − 𝜁!

Steady state 𝜎"

Lowest gap 𝜎#

𝜌$ 𝜌%

Continuous at 𝜁!

Discontinuous at 𝜁!

𝜎# 𝜁 ≃ 𝜎# 𝜁!
∝ 𝜌% 𝜁! − 𝜌$(𝜁!)
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https://doi.org/10.1103/PhysRevA.98.042118


Symmetry of a Lindbladian

Symmetry transformation by a unitary operator U (g) with g ∈ G

U(g)[ρ] = U (g)ρU (g)†

Lindbladian L has a (weak) symmetry G when it commutes with all U(g)

L[U (g)ρU (g)†] = U (g)L[ρ]U (g)† ←→ LU(g) = U(g)L

I L is block diagonal in the irreducible representations R of G

L = LR1 ⊕ LR2 ⊕ LR3 ⊕ · · ·

I U(g) preserves the trace

TrS [U(g)[σ
[R]
a ]] =

∑
b
[D(g)][R]

ab TrS [σ
[R]
b ] = TrS [σ

[R]
a ]

−→ Traceful zero modes must be in trivial representation
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Symmetry Breaking in Dissipative Phase Transition: Zn as an example

Steady states in broken phase

Breaking 𝑍! with 
a small perturbation

𝜌"

𝜌#

𝜌$

𝜌!%#

𝜌&&

TrS [ρk ] = 1

Zero modes in each representation

σj ∝
∑

k
(z∗j )kρk , Zn[σj ] = zjσj , zj = ei2πj/n

TrS [σ0] 6= 0︸ ︷︷ ︸
traceful

, TrS [σj 6=0] = 0

Unbroken phase
I Only one zero mode σ0 ∝ ρss

I The other modes σ1, σ2, · · · , σn−1 are gapped
I Steady state is continuous because
ρ0 ≈ ρ1 ≈ · · · ≈ ρn−1 near the phase transition
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Schwinger-Keldysh Effective Field Theory for Open Quantum Systems

Effective action on a closed-time path Seff(φ1, φ2)

I Unitarity condition
I Dynamical Kubo-Martin-Schwinger symmetry (for thermal initial condition)
I Symmetry of the microscopic theory

Symmetries for open systems
I Weak symmetry Gdiag: environment degrees of freedom also have the charge

L[U (g)ρU (g)†] = U (g)L[ρ]U (g)†

I Strong symmetry G1 ×G2: environment degrees of freedom do not have the charge

L[U (g1)ρU (g2)
†] = U (g1)L[ρ]U (g2)

†

I Symmetry for a closed total system is always strong: Ltot = −i[Htot, ∗]
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Symmetry Breaking in Open Quantum Systems [Gu et al (2025)]

Strong symmetry is always broken, at least to weak symmetry (strong-to-weak SSB)

e.g., U(1) case: ρss =
∑
n1n2

cn1n2 |n1〉〈n2|, N |n〉 = n|n〉, cn1n2 = c∗n2n1

eiθ1Nρsse−iθ2N︸ ︷︷ ︸
U(1)1 × U(1)2

=
∑
n1n2

cn1n2eiθ1n1−iθ2n2 |n1〉〈n2| 6= ρss

Symmetry breaking patters for continuous symmetries

Pattern of SSB Low-energy dynamics
G1 ×G2 → Gdiag Charge conservation (diffusion)
G1 ×G2 → Hdiag Dissipative NG modes with charge conservation (diffusion)
Gdiag → Hdiag Dissipative NG modes without charge conservation
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Summary
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Summary

I talked about
I Lindblad equation as a CPTP generator
I Perturbative derivation of the Lindblad equation
I Stochastic unraveling for simulating the Lindblad equation
I Spectral properties of the Lindbladian and dissipative phase transitions

Topics that I did not cover are
I Entropy production and relation to information theory
I Non-Markovian dynamics
I Petz recovery map
I · · ·
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The END
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Strong Symmetry for Nc = 2 [Kajimoto’s PhD Thesis, Akamatsu et al (22)]

Relative wave function of a quarkonium

Ψj
i(r, t) =

〈
ψi(r/2)χj†(−r/2)

∣∣∣Ψ(t)
〉

Gluons cannot distinguish color and anti-color due to the pseudo-reality of SU(2)

Ψj
i(r, t)

same for gluons←−−−−−−−−→ −εikεjlΨk
l (−r, t) ≡ ΨSj

i (r, t), S2 = 1 ∴ S = ±1

I “Spinor conjugation” S = CeiπT2 c.f. G-parity G = CeiπI2

Symmetry transformations on density matrix
ρij,kl(r, r ′, t) = ρS

ij,kl(r, r ′, t) = ρS∗

ij,kl(r, r ′, t)︸ ︷︷ ︸
strong symmetry

= ρSS∗

ij,kl(r, r ′, t)︸ ︷︷ ︸
weak symmetry

I Initially, singlet ground state → S = −1 conserved (singlet = parity +, triplet = parity −)
I Off-diagonal element remains ρ ∼ “X”

ρs(r, r ′, t) = ρs(−r, r ′, t) = ρs(r,−r ′, t)︸ ︷︷ ︸
singlet

, ρt(r, r ′, t) = −ρt(−r, r ′, t) = −ρt(r,−r ′, t)︸ ︷︷ ︸
triplet 51 / 50
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