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What hydrodynamics does is
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What hydrodynamics does is




Hydrodynamics is

» Effective theory for macroscopic dynamics

» Universal description, not depending on details

 Only conserved quantity = symmetry
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Hydrodynamics is

How can we derive

hydrodynamics from micro?
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Micro description: QFT Macro description: hydro



Thermodynamics - No time-evolution } Effective

Hydro : Time-evolution of charges theory

Q.

Eq. Stat. Mech.

How can we relate
micro and macro descriptions?

Noeq. Stat. Mech.

Fundamental
theory

Classical theory: Classical mechanics
Quantum theory: QM/QFT (e.g., QCD)

A.Iwould like to relate effective theory and fundamental theory!
(Macro) (Micro)



hydrodynamics

¢ Nonrelativistic Navier-Stokes eq. —Nonlinear!

1 1
<Q+v-v>v:——Vp+ﬂAfv+(£+—Q> V(V.-v)+ K
ot p p p o 3p

In terms of QFT
Yang-Mills

equation of motion

(1) hydrodynamics

{- EOM = Nonlinear PDE!

- Dynamics of of conserved charge densities is

(2) Fluctuating hydrodynamics

Quantum fluctuation

nonlinear interaction

{ - EOM = Nonlinear stochastic PDE! coming from

- Dynamics of n-pt fcn. of charge densities

f Yang-Mills th
(Nonlinear hydro fluctuation) O1 lang-iVLILS theory



Hydro from QFT

. [Ref. Hayata-Hidaka-MH-Noumi,(2015),
Part 1. hydrodynamics ™\

Pa]_‘t p thl‘OdvnamiCS [Ref. Crossley-Glorioso-Liu, (2017)

Delacretaz, 2606.02391 |



Hydro from QFT

. [Ref. Hayata-Hidaka-MH-Noumi,(2015),
Part 1. hydrodynamics ™\




Part 1 100._par

What is hydro ?




Main Question in Part 1
Q Why T" = (e + p)u"u” + pg"” + -+ 2

Answer I.

Landau and 1 quhHT
Course o f Theoretical Physics
Volume 6

L.D. Landau and E.M. Lifshitz
st tuto Jf Progscal Prosters, UOOR Acedary of Jaercey, Moaoow

Answer2. Part 1 of My talk




Hydrodynamic equation?




Hydrodynamic equation?

— Conservation laws

V(1" (2)) =0, Vu(J*(z)) =0




Prototype: Energy diffusion

¢ Bulding blocks of hydrodynamic equation

(1) Conservation law: ore + 6 - j g =0

(2) Constitutive relation: Jrp = —DgVe

(3) Physical properties:  Value of diffusion constant Dg




Hydrodynamic equation?

— Conservation laws

V(1" (2)) =0, Vu(J*(z)) =0

—B \/ Constitutive relations

Avg. of current op. is determined by charge density!
(T () = T[T, J°) = (8", 0]
(Ji(x)) = JH[T, J%) = T3, v

— %/ Physical properties
Equation of State (static): P = p[TOV, J O] = p|BY, V|
Trasport coeft. (dynamic): [; = L, [TOV, J O] = L;|8", V|




Non-equilibrium
tatistical Mechanics in a Nutshell

(4 pages)



How to treat dissipation?

Ex. Relaxation by shear viscosity

Friction-like phenomena between velocity gradient

From the 2nd law Entropy_/

How the 2nd law is derived for equilibrium?



2nd law: Kelvin’s principle

E .2
EH(F) — 2;71 V(7T )

\l . Consider a operation s.t.

[
. v(t): v(0) =v(r)
, PN : =

|40 V1

When the system evolvesas ' — I’y with the Hamilton EoM,
work definedby W (I') = H,, (I';) — H,,(T")
satisfies (W (I')) > 0 for equilibrium state T°




Derivation of Kelvin’s principle

For equilibrium state I"  (W/(I')) > 0 is satisfied

 _—

For canonical ensamble > I

1
/ dr— e~ "o IW(T) > 0
/
Proof.
! / dle BW (L) o =BHy (1) — 1 / JTe—B(Huy (D)= Hoo (1)) ;= BHug (T)
ZBJ/O Zﬁ)yo

1 dl’; Z
_ AT, | 2ot | o= BH, (T) _ Bvi _
/ tlar | © Zowe




Supplement: Jarzynski equality

Recalling Z3, = e PEBY) Jeads to

[Jarzynski, 1997]

(e PW )Y — = AF(B11)=F(B.w0))

Proof,
! / dle BW (L) o =BHy (1) — 1 / JTe—B(Huy (D)= Hoo (1)) ;= BHug (T)
ZB’VO Zﬁﬂ/o

1 dl’y Z
_ A, |22t o=BHL, (T) _ 2B
/ tlar | © Z 5w




Lesson from simple exercise

Prepare an appropriate initial ensamble
which describes local thermodynamics




Part 1., Answer _part

Deriving hydro from QKT

[Refs. Hayata-Hidaka-MH-Noumi, PRD(2015), MH Ann. Phys.(2017)]



Lesson from nonegq. stat-phys

Prepare an appropriate initial ensamble!
— Quench from initial local thermal state




How to describe local thermal equil.

Global thermal equilibrium:

Gibbs distribution:

1" = const.

A

PG = 6_51&_\1;[5]7 U[3] = log Tre P#

Localize

Local thermal equilibrium:

Local Gibbs (LG) distribution:

bre = e~ KvIB (@)v(@)

K = —/d?’x (BM(w)TOM(w) — V(w)jo(az)>




What is Local Gibbs distribution?

Gibbs distribution

What is the state with maximizing
information entropy: S(p) = —Trplog p

- under constraints: cc-ccccecccccccaaa- :

+ (H) = I/ = const., (N) = N = const. s
Answer: ) )
laG _ 6—5H—VN—\IJ[B,V]

Lagrange multipliers: A = {3, v = Bu}

—Local Gibbs distribution —

What is the state with maximizing
information entropy: S(p) = —Trplog p

- under constraints: ccccccccccccccaan- :

(19,(2)) = pu(z), (J°(2)) = n(z)

Answer:

dLg = e J AT RN T Fr )Wt V]

Lagrange multipliers: \“(z) = {5"(z),v(z)}




Introducing background metric

Flat spacetime Curved spacetime
t Jav t

d¥,, o 0,t

t = const.

K= [ & (@)1 @)+ vi@) @) | | & == [y (8@ @) + v(@) (@)

(D Formulation becomes manifestly covariant

ad

(2) Background metric plays a role as external field coupled to T




Dissipative part



Difficulty of problem

[Sasa PRL (2014), Hayata, Hidaka, MH, Noumi PRD (2015)]

Initial density operator: A(to) = pralto; A| = exp [—S to; A]}

Taking Heisenberg picture: (O(z)) = Trj(to)O(z)

LG dist. with 38" (x)

=) Naive perturbation breaks down due to time evolution!!



Renormalized/optimized perturbation

When we cannot solve problem exactly

& naive perturbation

' Choosing an appropriate

& reorganizing perturbation often works!!

— Renormalized/optimized perturbation




Idea of RPT/OPT: 1-dim. integral

¢ Naive perturbation (Expansion W.rI.t. g?)

=1/ ¢ N\ 3, 105 ,
2 divergent!!

7 — Exact
1.2 — O(g")—Naive PT




Idea of RPT/OPT: 1-dim. integral

. Optimized/renormalized perturbation

Z(9%)

2 2
. 2 m=< —1 2 g7 4
—:13 + 5—J 5 L

\/ 2T / oo“Ground state” Perturbative

2 n
AL
m/ o ()

Condition = 0Z10(9%,m) 0
tofixm ° om B

(Principle of Minimal Sensitivity)

Z(g%) ~ Zro(g°,m*(g))




Idea of RPT/OPT: 1-dim. integral

¢ Comparison of naive and optimized perturbation

Z(g)
1.2
1.0

0.8

0.6

0.0

0.5

1.0

1.5

2.0

2.5

3.0 g

Exact
O(g*)—Naive PT
LO—-Optimized PT
LO-Auxiliary
FRG

Naive Pade [1,1]
Pade—Borel [1,1]




Renormalized/optimized perturbation

When we cannot solve problem exactly

& naive perturbation

' Choosing an appropriate

& reorganizing perturbation often works!!

— Renormalized/optimized perturbation

In the case of hydrodynamics,
an appropriate 1S

thermal equilibrium!!




RPT/OPT for Time evolution

A tA
p(to) = pralfo; N] = exp | —Slfo; Al .

— exp [—S[t_, Al + (S’[f, Al — S[EO; )‘])} /X\/,t
R/_J R/_J | x

LG dist. with (%) [, o] : Deviation from LG

(“Variational state”) (“Perturbation”)

1
— pualb N0, Ot =T e ([ arS i)
0

(O(x)) = (UO(x))¢“




Condition to determine parameters

A

(O(x)) = <ﬁ@(aﬁ)>|%g —Parameter ?

— Fastest Apparent Convergence (FAC)

Corrections for conserved charges should be minimized!

A

(UF%,(@)FC =0 & (0 (2)) = (J0(2))FC

= Determine new parameters 5" (z), v(z) on Yz

= Avg.of currentis calculable !! (in principle)



Entropy production and 2nd law

— Entropy production operator

A A A A

St to] = S[E N — S[to: A\ (60 = O — (0)E%)

= — /t d*x [(Vuﬁ”)(ﬁwy + (V,LV)(Sj“}

to

- Quantum fluctuation theorem & 2nd law of thermodynamics
(S[t,10]) >0 < (S[F,A]) — (S0, Al) >0

- Y is proportional to derivatives: <@(x)> = (U @(x)}%G

[ dr3,[E,t0] »

“Expansionof U = T e = Derivative expansion



Dissipative derivative expansion

(T4 (x)) = (UTH ()7




Constitutive relation & Kubo formula

Constitutive relations

<5TMV($)>((),1) — _%h/whpavpﬁa i Q%huphuav<pﬁa>
A K .
(0" (x))(0,1) = —Eh“ Vv (h*"n, = 0)

Kubo formulae

t 1 A .
c=p) [ ate’ [ are T ip)e K dpape

s 5(33) ' 4 1 ' Kriruv( I\ . —K758rpo L
= A+ 1) (d—2) /_Oodx/() dr{e™Tomt (z")e OT (x)}tGhup(x)hW(x)

KR =

5(33) ' 4 ./ : KT%7 N —Kr5 7 LG
T d*x dr{e”ToJH (x")e” " T0J" ()7 huw (%)
N — 00 0




Non-dissipative part

(TH (x)) = (UT* (x))7®

(T ()< /01 dr (T, [E, Fo| T (2))EC |+ - -

[ = (617} (x))

= <f“(x)>%G+/OldT<T 5 [E Fol I (2)) L0+ - .-

?7? = <5j(“1)(x)>



Preliminaries for
Non-dissipative part



Local thermodynamic functional
/ LG distribution w/ A = {6, v}

d¥,, o« 0,1t

Ut; A\] = log Trexp

— Variation formula in “hydrostatic gauge”
2 0 _ 2 1 0

= Uit A, (JH(x))EC =

/—_g5g,u1/(33) [ ] < ( )>t /—_gé*Alu(x)

[Banerjee et al. (2012), Jensen et al. (2012), Haehl et al. (2015), MH (2017)] =

(T ()€ Wt Al




Q. How can we calculateV = log £ ?



Thermal QFT in a Nutshell

—— Thermal QFT (Matsubara formalism) —

GlObal equil. BO [ Matsubara, 1955 |
QFT in the
" = const. Path int. dr 605 flat spacetime
; with size [
X
—B(H—pN) .
e
Gibbs dist.:. P = 7 — o PUH=—pN)=L[5.V]

—— Thermodynamic potential with Euclidean action

(B, v] = log Tre~ P -+ zlog/dw iplePH=1N) )

zlog/ Dye +Sele , / dT/dSZIS,CE p, 0,9)
p(B)==x¢(0)




QFT for local thermal equilibrium?

Local equil. {3(z), #(z)} Local Thermal QFT

~~~~~

4
.
---------

_--J
’4‘ Y

-y
~ '¢ P L o R N
------




Case study: Scalar field
gH
2

-

[ —

0z 0z — V()

2 0S5 N A
= 0"90" ¢ + g"" L(¢, 0p0)

N
vV — 4 59,LW

Ult; A] = log Trexp _—/dd_lijgﬁﬂ(x)Tou(x)_
— log/D¢exp (SE[¢7 5M]) — log/D¢exp (SE[(/bag])

6—20 —0,,1

Bo _ N . __ i,,7
St = [ ar [ day=gemi’ {— —(id)? - ==L (i)oo — - (w ¥ ““) 96056 — V()

04/~ 0,
2uug uug

U-"Uup

— /OBO d’]’/dgﬂ_?\/—_g [—% 5 P0sd — V(cb)] (7™ = B(z)/Bo)




W in terms of Thermal metric

W[E A = log / Dé exp (S5, 3)

Thermal metric , Inverse thermal metric
: —20 —0,,]
! e e U
s —e4° e’ uz\ = x
Juv = o, . L AU uOug ulug
¢ U Tij 9 = —0,,t i,
: e ‘u G, u u’
o(xr) — - : = Y | —
(7™ = B(z)/ o) g uVug udug

— Interpretation of above result
Wt; A] is described by QFT in "curved spacetime” s. t.

(a; = e us, 7;{3 = ;5 + uzu;, dt = —idr)




Local Thermal QFT

— Thermal QFT (Matsubara formalism) —

Global equil. 5 a1
QFT in the
Path int. dr 605 flat spacetime
i with size [
L
(), T(x)} Local Thermal QFT

[ Hayata-Hidaka-MH-Noumi PRD(2015) ]
[ MH, Ann. Phys. (2017) |

QFT in the

“curved spacetime”

with “line element”

ds* = d5*(B, V)




Symmetry of Local Thermal QFT

d5* = —e®7 (dt + agdazg)Q + %dmgdmi m"
(a; = —e %ug, 7;5 = ;7 + wju;z, dt = —sz
T

— Symmetry of “curved spacetime”

(1) Spatial diffeomorphism -

Physics does not depend on the choice of Spatial coordinate system!!

(2) Imaginary time tran. & Kaluza-Klein gauge -

Parameters A\ (e.g. T) does not depend on imaginary time!!

¥

U\ = log / D@bDwe | should respect the above symmetries!!

ct. “Hydrostatic" partition function
Banerjee et al.(2012), Jensen et al.(2012), MH (2017)




Spatial diffeomorphism symmetry




Kaluza-Klein gauge symmetry

~o

d3? = —e%7(dt + azda’)? + vfid:cgdajj (dt = —udT)

. Parameters \ don’t depend on
. imaginary time 7.

én (")




Short Summary: Local Thermal QFT

(), #(z)} Local Thermal QFT

[ Hayata-Hidaka-MH-Noumi PRD(2015) ]

Local equil. {3

[ MH Ann. Phys. (2017) |

.~~\,‘ ~~~~ ,r’_~“ "" \~~ ,"I‘\ QFT in the
i f Ry - “curved spacetime”
L 4 -Z with “line element”

Pt e > ds° = d5°(B,7)
Ult; A] = log Trexp /dZt,, (ﬁ“(w)f’/u(x) + V(x)j”(a:))
. 2 0

@ W[\ plays a role as the generating functional: (7" Y(x)" = /=9 6, (

)

2 v )\ is written in terms of QFT in curved spacetime
dS — O(dt —|— agdxz) —l— ’y@da??’d:l?]
Symmetry = Spatial diffteomorphism + Kaluza-Klein gauge




Q. How can we calculateV = log £ ?

A. Derivative expnasion based on

symmetry of W = log /!



Double derivative expansion

(1) Dissipative derivative expansion
prc(to) = pra(t) (1 + O(0) + O(0%) + - )

# Dissipative correction (viscosity etc.)

(2) Non-dissipative derivative expansion

\D[@M, y] — p(0) Wu) V] 4 qf(l)[ﬁ“, v, 3] 4 0(82) T



Derivative expansion of W

(2) Derivative expansion of |

vis", v]

~ (Bp

Symmetry property

Non-dissipative constitutive relation

07 LG _ 2 0 T\ = THY [\ (7
TH LG _ 2 0 T _ TH 7

:\IJ(O) B, V]]—I{\Il(l) 6", v, 3}}_ O0?) + - --

— (0 Parity-even system

(o
1)

I
Ji)

A(@), VA(z)]

A), VA(IL’)])




Parity-even case




Recipe for Masseiu-Planck fcn.

[ Banerjee et al.(2012), Jensen et al.(2012) ]

—— Masseiu-Planck functional

log/D¢e VO + TN 0]+ 0(6%)
O(p”)  Op')

- Building blocks : A = {e?, a;, u, Az}
- Symmetry - Spatial diffeo, Kaluza-Klein, Gauge
A; ¢ not Kaluza-Klein inv. » A = A: — pa;

- Power counting scheme : X = O(p°)

f@:({}a——@—a-— * ff O



Yo : Order O(p°)

—— Masseiu-Planck functional

log/D¢e = W[\
O(p°)

- Building blocks : \ = {e?, &%, p, A5}

Bo
ACUPY I /O dr / Bz/7' e p(B, 1)

— Pertect fluid

=) (T (2))§C = (e + p)uu” + pnt”

(4 (@)EC = nu




Derivation of Navier-Stokes eq.

— Conservation laws

V(I (2)) =0, V,(J*(z)) =0

—* Constitutive relations (1st order)

(T (@)) = (e + puu’ + pg™ = SHH7 8, — 207G
(JH(x)) = nut — gh“’/vyu
— Y Physical properties

Static properties: ¥[A] = log / Dp;e®rleidl = / A>T/~ Bp(B, 1)

t 1 . N
Dynamic properties: ¢ = A(z) [ a'a’ | dr(e  dpa)e 5 dpai o




Hydro from QFT

+ _ . [Ref. Hayata-Hidaka-MH-Noumi,(2015),

Part 1. hydrodynamics "¢ 3y ek Mi-Noumi o)

- Hydro = with respect to real-time dynamics
{ - Extention of formalism:

thermal equilibrium = Quantum theory in

—m
L

Pa]_‘t p thl‘OdvnamiCS [Ref. Crossley-Glorioso-Liu, (2017)

Delacretaz, 2606.02391 |




Part 2 100._par

What is EFT of hydro?




Prototype: Energy diffusion

¢ Bulding blocks of hydrodynamic equation

(1) Conservation law: ore + 6 - j g =0

(2) Constitutive relation: Jrp = —DgVe

(3) Physical properties:  Value of diffusion constant Dg




EFT for hydrodynamics

- Dubovsky et al. (2011)
- Haehl et al. (2015)

Integrate out all degrees of freedom

- Harder et al. (2015)
not important in low-energy (IR) region! | |- crossley et al. ors)

- ¢ Hydrodynamics as EFT ------------------------uunmuun---
E — Microscopic theory — Macroscopic EFT ——

5 Any theory q Relativistic hydro

E (QCD, NJL, Scaler ...) with fluctuation

: Refs

not T=0, not equilibrium, but with dissipation!

» Real-time formalism!!



Effective Lagrangian (real-time formalism)

Z[g,ul/a A,u] — / Dﬂ-hydro CXPp (iSeff [WhydroD

(corresponds to a construction of chiral Lagrangian in QCD)

Average trajectory of  Full trajectory X /-1

Hydrodynamics is low-energy EFT of  fluid particle X*

NG field (displacement)

. . ] iR = Xﬁ.R . X[z
a spacetime filling brane X*(¢", "), e ~_
//
enjoying emergent gauge symmetry: : ;
: -
. \\ —
o) — o’ + FY0Y, 0%) /// ég \\/7
o' — o'+ F'(c") n

[See Crossley et al. arXiv: 1511.03646 [hep-th], MH et al. unpublished]



Part 2. Answer _part

Nonequilibrium EFT




Hydrodynamics




Top-down view from Keldysh

Hydrodynamics




Non-equilibrium
ffective Field Theory in a Nutshell

1. Basic formulation

2. Application to fluctuating hydro

See e.g.
Michael Crossley, Paolo Glorioso, Hong Liu [arXiv:1511.03646]
Luca Delacretaz [arXiv: 2606.02391]



Non-equilibrium
ffective Field Theory in a Nutshell

1. Basic formulation

See e.g.

Michael Crossley, Paolo Glorioso, Hong Liu [arXiv:1511.03646]
Luca Delacretaz [arXiv: 2606.02391]

Talks by Andrew and Toshifumi, ...



in a Nutshell

QFT for T=0 Non-equilibrium QFT

- Observable : Transition amp. - Observable ¢ Average value

(out|O|in)

- CTP generating functional

Z[Jl, JQ] = Ir (ﬁoﬁ}QU{h)
Imt

- Generating functional

Z[J] = (vac|U;y|vac)

A
t J1(t) Ly

et

(?)




Properties of

¢ CTP Generating Functional (CTPGF) ~lm?
~ 7t 7 t; J1(1)
o (t

¢ Basic properties of CTPGF

(D Doubled symmetry :

(2 Unitarity condition :

/

AT

:jlan] — Z[Jl =+ 5X1j17j2 + 5X2j2]

1 =1J,72 =J] =

@Reﬂectivity condition - Z[jl,jg]* — Z[jz,jﬂ

(4) KMS condition (if initial state is thermal equilibrium) -

Zg1(x), jo(x)] = Zlepr, j1(—2), epT; Jo(— — 15))



Recipe for

Z\|j1, J2] = /7790177902 ¢! Plerinl=Slezinal) p, ()
[ DD st 4 g
¢ Constraints on S_4| 7, 7,]
(1’ Doubled symmetry : NG mode as a nonlinear realization
2> Unitarity condition - Seff [7T 1 — T, Ty — 7T] =0
(3 Reflectivity condition : Seft [7T 1,70 2]* = —Oeff [7T 2, T 1]

(3 Positivity condition : Im Seg|mq, 3| > 0



Dynamical condition

Zg1(x), j2(x)] = Zlepr, j1(—2), epT; Jo(— — 158))

4)” Dynamical KMS condition : in i — 0

Seff[ﬂR’ ﬂA] — Seff[ﬁ-k ﬁ-A]

under 7R(x) = mp(—x), 74(X) = my(—x) + if0_7mp(—X)




Non-equilibrium
ffective Field Theory in a Nutshell

2. Application to fluctuating hydro

See e.g.

Michael Crossley, Paolo Glorioso, Hong Liu [arXiv:1511.03646]
Luca Delacretaz [arXiv: 2606.02391]

Talks by Andrew and Toshifumi, ...



Stochastic charge

diffusion
SWSSB: U(1)ne X U(D e — U(1)

strong weak



U(1) symmetry

- ¢ Effective Lagrangian for stochastic charge diffusion

g 0S5
Lcharge = —nDor® — Tod¥ Dzt ((9]- 57;}1

with D7 = 9,7 —eA}, F; = §;AR — 9yAR.

| eﬁE]) 4 iTO'dijDiﬂ'ADjﬂ'A

This Lagrangian enjoys doubled U(1) symmetry!

- U(1),, symmetry: n(x) — n(x), AE(Q:) o Ag‘(x) + 0,0 ()

- U(1) symmetry: 7 (z) = 7(2) + ea™(z), A (z) = A (x) + Opa(2)

U(1), symmetry tells us that
“Auxiliary field 7 is identified as Nambu-Goldstone (NG) field!!”

* Can we also describe U(1), symmetry using NG field??



in linearized model

- ¢ Effective Lagrangian for stochastic charge diffusion

Leharge = —nOom™ + D&Y 0nd;n +iTod™ 0y 0;m™
— i ( A) 0 i(0py + DVQ) n
A i(—0y + DV?) —2ToV? A

(a) Dispersion relation (b) Symmetric Green’s function




from FDR

- ¢ Ward-Takahashi identity for Z, symmetry
(n(:v) —n/(z) =n(—x),
A A T@) A (@) =~ () — o]
Z[A57 A,u] — Z[A5,7 A,u/] y on(—z)
Aj(a) = AR () = Al (—a),
Al (@) = AR (x) = Ap (=) — B[ AR (—x) — B, A (—a)]
oo Corollary I. Fluctuation theorem s,

214, Ay = 1B =1 = / Dniini Peq[nini](exp (=X))e  with X = / A 2e S, W (ios)

~Corollary 2. The 2nd law of thermodynamics =

/Dninipeq[nini]<2>§ > 0.

g. ..... Corollary 3-. Fluctuation_dissipation relation ................................................... E
. 2Im GR(w, k) = %GRR(w, k)



description

NG field for U(1),, symmetry can be introduced by

Josephson equation: u = —Dor™ with D, = 9,7 — eAE‘.

- ¢ Effective Lagrangian for stochastic charge diffusion

7t eﬁEj) —I—iTJ(WDmADjWA

Lcharge = —nDor™ — Tod¥ D™ (83 S

— XDOWADOWR — U5ijDi7TA(90Dj7TR + iTU5ijDiWADjWA

" -U(),, symmetry: " (z) — 7%(2) 4+ ea’t(z), AE(:E) S A/I}(x) + 0,0 (z),

- U(l),symmetry: ©(z) = 7% (z) + ea™(z), Ap(z) = AQ(z) + O’ (z)

The description with 7% has gauge symmetry (redundancy)

7TR(t, xr) — WR(t, x) + a(x)




condition

- ¢ Effective Lagrangian for stochastic charge diffusion

Lcharge = XDOWADOWR — U5ijDi7TA80Dj7TR + iTU5ijDiWADjWA

- Charge susceptibility: X

Low-energy coeflicients: { , o
’ - Electric conductivity: 0

- ¢ Matching condition

lim Gy (w = 0,k) =i te?y, lim G Aw, k=0) = e’adv
k—0 w—0 W

lim wG A(w, k=0)=e’06" isidentified as Green-Kubo formulal!

As usual, consideration of nonlinear term leads to renormalization of { X, 7}



Stochastic dynamics

in superfluid phase
SSB: U(1)

strong X U(D)yeak = 10 unbroken symmetry



— & Superfluid = fluid with spontaneous symmetry breaking

Micro : Selecting vacuum Macro : Superfluid

- ¢ How to characterize the superfluid phase (generalized rigidity) —

(1) Nonvanishing order parameter for a conserved charge Q a
- (B(:E) such that <[i@a, CiDZ (:C)D = 1T (ﬁ[i@a, Ci% (x)]) ()
(2) Nonvanishing current-current correlation

lim G2, (w=0,k) = e2xf? #0
k1_>H10 RA(w 7) GXf#



https://en.wikipedia.org/wiki/Superfluidity#/media/File:Liquid_helium_Rollin_film.jpg
https://en.wikipedia.org/wiki/Superfluidity#/media/File:Liquid_helium_Rollin_film.jpg

— & Superfluid = fluid with spontaneous symmetry breaking

Micro : Selecting vacuum Macro : Superfluid

- ¢ How to characterize the superfluid phase (generalized rigidity) —

(2) Nonvanishing current-current correlation

lim G2, (w=0,k) = e2xf? #0
k1_>H10 RA(w 7) GXf#



https://en.wikipedia.org/wiki/Superfluidity#/media/File:Liquid_helium_Rollin_film.jpg
https://en.wikipedia.org/wiki/Superfluidity#/media/File:Liquid_helium_Rollin_film.jpg

To construct

- ¢ Effective Lagrangian for stochastic charge diffusion

Lcharge = XDOWADOWR — U5ijDi7TA80Dj7TR + iT05iijADj7TA

- ¢ Symmetries and redundancy

- U(1),, symmetry: 7% (z) — 77%(z) + ea™¥ (), Aﬁ(x) oy Al}}(x) + 0,0 (z),

-U(1), symmetry: 7 (z) — 7 () + e

z) + a(z)

D B . = e
B . =

] Gauge S mmetr ) . - - ,.“ et llast ==Y -»”" i ‘-:"*": "7_‘_

— —
p———

——

Nonvanishing current-current correlation llelil% Gpalw=0k) = e*xf? # 0

* xf26Y Df,;ﬂ'ADj?TR should be present!!

This term respects U(1) symmetry, but not gauge symmetry!

(The superfluid phase loses the above gauge symmetry)



EFT at finite T

- ¢ Effective Lagrangian for superfluid (T=0)

Lng = XDO7TADO7TR — Xf25ijDz'7TADj7TR — U(SijDﬂAaoDjﬂR + iTO'(SijDiWADjWA

i ( R A) 0 ix[05 + DV?20y — f*V?]\ [#F
= — |77
2 ix[05 — DV?29y — f*V?] —2ToV? mh
(a) Dispersion relation (b) Symmetric Green’s function

w(k)

+/4f2k? — D2k* — iDk? '
W= Vs 5 : ~ +cg|k| — %Dkz2 + O(k?)




EFT at finite T

- ¢ Effective Lagrangian for superfluid (T=0)

Lng = XDO7TADO7TR — Xf25ijDz'7TADj7TR — U(SijDﬂAaoDjﬂR + iTO'(SijDiWADjWA

- ¢ Symmetries
- U(1),, symmetry: 7% (z) — 77%(z) + ea™¥ (), AE(:C) S AE”(:U) + 9,0 (z),

-U(1),symmetry: 7" (z) — 7 (z) + ea®(z), Ay(z) = A} (z) + 0o (z)

- WT identity for Z, symmetry: Z [AE, Aﬁ‘] =/ [AE’, Aﬁ"]

- & Matching condition for {x,o, /*}

. . . 1 17 2 id . 17 2 2
I?E% Gialw=0,k) =i"te?y, il—% EGéA(w,k =0) =e“0d", llul_% Gpplw=0,k) =e*xf

In the similar manner, we can construct the EFT for non-Abelian superfluid

based on the coset construction (Callan-Coleman-Wess-Zumino method)!



Fluctuating hydrodynamics




Extension to relativistic hydro

- ¢ Fluctuating relativistic hydrodynamics
T T = (&4 p)ura” + pg” — T 7V o8 + €M,

vV, T" =0 with < (1 (t,2)EP7 (¢, &))e = 2T P78 (t — t')61) (x — ).
nuupa — 7 (%(AMPAVJ + A,uJAVp) o %A/M/Apa) 4+ CA/M/ApO'

—

- ¢ Path-integral formula for generating functional

gW,gW /DTO'LLPHUC 5T0'u /DTOMDT‘.AjehSﬂmd TO“ ,TT5, ’guv’guv]

111 111

1
Suaa = [ ey |- LD, F Dm0,

T" = (e + p)U“U” + pg{{” — Tn“””"vpﬁm
with

T is NG field with Diff : 7 — 72 4+ &2 g% = g 1V, +v,¢h



From elastic theory, we know

NG field for a solid = displacement vector

- ¢ Lagrangian specification of flow
Average trajectory of  Full trajectory X1

. : > i
fluid particle X NG field (displacement)

(1) Assign a label to each fluid particle: (¢°, ")

(2) Introduce a fluid particle position:
oxXHR

XHR(g0 o) satistying S, — =¥ e
do 2
xO.R

(3) Introduce displacement (NG) held:

_ X v,
Xl — xp 4 gl Té LR

Gauge symmetry: X" (o%") = X*R(o%") + F¥(o")

(redundancy) or 00 — g +FO(UO,0i), o' — o ‘|‘Fi((7i)




EFT for hydro

- ¢ Physical interpretation of gauge symmetry
Gauge symmetry: X" (%) = X*R(0%") + FF (o)

(redundancy) or 00 — g —I—FO(UO,Ui), o' — o ‘|‘Fi((7i)

Dynamics of the fluid is unchanged

- if we reparameterize the time of each fluid particle, and

- if we reshuffle the label of the fluid particles

Average trajectory of  Full trajectory X/%"

Hydrodynamics is low-energy EFT of fluid particle X

NG field (displacement)

. . . iR — Xﬁ.R - X[z
a spacetime filling brane X* (0", o), e -
~
enjoying emergent gauge symmetry: / = & ;
//
\\
; ~ T~
o) — o + FY(o", 0%) / é% \/ /
: 2 -

ot — o' + F'(o") _




gauge symmetry

— & Induced metric for worldvolume

Choosing g = r#, we introduce

OXHR (1) 0 XV R(x)
R — R R
G,uu (aj) — Ot OV g,&ﬁ (X (il?))

Redundancy: X*%(c%0%) — X*R (5% + FH (o)

can be regarded as (noncompact) Kaluza-Klein gauge symmetry

» Normal fluid is described by Goo = 5“5”951/ (Bo)® = =% (x)/ (o)

— & Variation formula for a nondissipative part

. 9 5‘I’[G5y] " <" Uhuid = /d3$50V—GP(50\/ —~Goo).
(o (T) = wit
) L Weolid = /d%ﬁov —Gp(Bov/—Goo, Gij).

 BoV/—GROGR (x




Summary of

— & Effective Lagrangian for a dissipative fluid/solid

1 2 ow 1 1
S g = d4 /_G __HA _ ZTpHvPo (L i HA -T ,LLI/,OJHA HA
fluid L R [ 9T 60\/_7% 5G/}}1/ A 4 ( B p ) [Ny + A n uv+ po

(1) Dynamical degrees of freedom = { X" 7,z }

OXFAR(z) XV R(z) g

R
G () QxH dzv

A _ A A A
(XR(QC)), Hyy = g — Vum, — =V,

(2) Diffeomorphism is nonlinearly realized with NG fields { 7", TuR}

(3) Thermodynamic functional W controls whether SSB occurs or not
Uguig = /dgazﬁox/—Gp(Bm/—Goo), Usolid = /d3$50\/—Gp(50\/ —Goo, Gij)

(4) Z, symmetry implements the fluctuation-dissipation relation

(5) Matching condition = Linear response (e.g. Green-Kubo) formula




of today’s talk

2. Effective Lagrangian (real-time formalism)

Z[g,ul/a A,u] — / Dﬂ-hydro CXPp (iSeff [WhydroD

(corresponds to a construction of chiral Lagrangian in QCD)

Average trajectory of  Full trajectory X /-1

Hydrodynamics is low-energy EFT of  fluid particle X*

NG field (displacement)

. . ] iR = Xﬁ.R . X[z
a spacetime filling brane X*(¢", "), e ~_
//
enjoying emergent gauge symmetry: : ;
: -
. \\ —
o) — o’ + FY0Y, 0%) /// ég \\/7
o' — o'+ F'(c") n

[See Crossley et al. arXiv: 1511.03646 [hep-th], MH et al. unpublished]



Beyond Hydrodynamics

Diftusive NG modes in open system




NG modes at 7 # 0 and beyond?

Q. How NG modes behave in a more general setup?

Closed Systems at 7" # 0 Noneq. open system

Total system Total system

e

/\ Open
Syst
v ystem

loss Environment

Closed System

(I # 0)

{ Type-A: Diffusive propagation { Type-A: Diftusion (+ gapped damp.)

Type-B: Diftusive precession Type-B: Diftusive precession

Landry, 1912.12301, 2008.11725 ! Minami-Hidaka, 1509.05042, 1907.08241
Akyuz-Goon-Penco, 2306.17232 : MH-Kim-Noumi-Ota, 1805.06240, 1907.08609
Delacrétaz et al.: 2111.13459, MH et al, 2411.08016 . Sieberer-et al, 1512.00637, Akyuz-Penco: 2503.22840



Doubled symmetry structure

¢ Dynamical degrees of freedom Total system

pump
To:a&l—isl}lf‘s,t)em = System {gﬁ} + Environment {0 } A Open{so}
) System
StOt [907 O-] — SSYS [gp] + Senv [J] + Sint [gp, O] Y Environmilclft}

¢ Doubled symmetry structure in total & open systems

7 _ /D%DWDQD@G@(SM[W,al]—stot[mm])po(%O)

_N / Doy Dol (Sevelipr]=Sevalipal +illoreal ()

strong
Stot|P1,01] — Stot |2, 02] is invariant under G; X G, = G, X G,
_ _ weak (diag.)
1] — Ssys wo| + T'w1, 2| can be only invariant under G,

mP We can consider the SSB of G, (weak) symmetry in open systems!



NG mode in

Minami-Hidaka, 1509.05042, 1907.08241 , MH-Kim-Noumi-Ota, 1805.06240, 1907.08609 Sieberer-et al, 1512.00637, Akyuz-Penco: 2503.22840

T}’pe- A Fixed end . Fixed end

(i) Overdamping

(ii) Damped oscillation (iii) Damped precession

+alr resista +alr resist

(a) Type-A NG mode: (f,v,m) = (1.0,1.0,0.0) (b) Type-B NG mode: (f,v,m) = (1.0,1.0,0.2) (c) Type-B NG mode: (f,v,m) = (1.0,1.0,0.5)
w(k) w(k) w(k)
(ii) ) (i) a PP (1)

1.0}

0.5}

Re w(k)
=Type-A limit Type-B limit ==p»

ex: Driven-dissipative BEC Dissipative ferri magnon Dissipative ferro magnon




Hydro from QFT

« __ [Ref. Hayata-Hidaka-MH-Noumi,(2015),

Part 1. hydrodynamics "¢ 3y ek Mi-Noumi o)

- Hydro = with respect to real-time dynamics
{ - Extention of formalism:

thermal equilibrium = Quantum theory in

—m
L

Pa]_‘t p thl‘OdvnamiCS [Ref. Crossley-Glorioso-Liu, (2017)

Delacretaz, 2606.02391 |

- How to formulate low-energy

- Effective Lagrangian for
(cf. Chiral perturbation in QCD)



