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What hydrodynamics does is



What hydrodynamics does is



Hydrodynamics is

Hydro: {β(x), "v(x)}

' '

http://www.bnl.gov/rhic/news2/news.asp?a=1403&t=pr

Quark-Gluon Plasma

http://newsoffice.mjitugenn.edu/2012/model-bursting-star-0302

Neutron Star
10�12 cm

T � 1012 K � � 1012 kg/cc

10 km

• Effective theory for macroscopic dynamics 

• Universal description, not depending on details 

• Only conserved quantity  symmetry=

http://www.bnl.gov/rhic/news2/news.asp?a=1403&t=pr
http://newsoffice.m
http://jitugenn.edu/2012/model-bursting-star-0302
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How can we derive  
hydrodynamics from micro?
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Micro(QFT)�and�Macro(Hydro)

EnlargeEnlarge

Enlarge

Micro description: QFT Macro description: hydro

？'<latexit sha1_base64="I5I7e63Rr/rEi69dEI6BGWou/Hs="></latexit><latexit sha1_base64="I5I7e63Rr/rEi69dEI6BGWou/Hs="></latexit><latexit sha1_base64="I5I7e63Rr/rEi69dEI6BGWou/Hs="></latexit><latexit sha1_base64="I5I7e63Rr/rEi69dEI6BGWou/Hs="></latexit>



Hydro�as�Nonequilibrium

Thermodynamics：No time-evolution

Classical theory: Classical mechanics 

Quantum theory: QM/QFT (e.g., QCD)

Hydro：Time-evolution of charges

Eq. Stat. Mech.
Noeq. Stat. Mech.

Effective 
theory }

Fundamental 
theory}

How can we relate 
micro and macro descriptions?

Q.

Q.  What is the problem?

A. I would like to relate effective theory and fundamental theory!
(Macro) (Micro)

Macro

micro

Scale



「Nonlinear」hydrodynamics
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◆ Nonrelativistic Navier-Stokes eq.

(1) Conventional hydrodynamics

- Dynamics of Avg. of conserved charge densities

- EOM ＝ Nonlinear deterministic PDE!{
(2) Fluctuating hydrodynamics

- Dynamics of n-pt fcn. of  charge densities

- EOM ＝ Nonlinear stochastic PDE!

(Nonlinear hydro fluctuation)

{

In terms of QFT

Classical Yang-Mills 
equation of motion 

is nonlinear!

Quantum fluctuation 
coming from 

nonlinear interaction 
of Yang-Mills theory

＝Nonlinear!



Outline:�Hydro�from�QFT

Part 2. Fluctuating hydrodynamics

Part 1. Conventional hydrodynamics [Ref. Hayata-Hidaka-MH-Noumi,(2015), 
           MH .(2017)]

[Ref. Crossley-Glorioso-Liu, (2017) 
           Delacretaz, 2606.02391 ]

{
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Part�1.�Question�part�

What�is�hydro？



Main Question in Part 1
Tµ⌫ = (e+ p)uµu⌫ + pgµ⌫ + · · ·
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Q. Why ?

Answer 1.

Answer2. Part 1 of My talk



Hydrodynamic equation?



Hydrodynamic equation?
　   Conservation laws 

∇µ〈T̂µ�(x)〉 = 0, ∇µ〈Ĵµ(x)〉 = 0



Prototype:�Energy�diffusion

(2) Constitutive relation: ~JE = �DE
~re

<latexit sha1_base64="+bzQAPC0zcyi8Ddc48KgCgMuNwI="></latexit>

(3) Physical properties: Value of diffusion constant DE
<latexit sha1_base64="AF0VnM25k5W3emI4eSWhbM9EwrU="></latexit>

(1) Conservation law: @te+ ~r · ~JE = 0
<latexit sha1_base64="P/3diABks+J766xqdNr7fgwkVG4="></latexit>

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="></latexit>

e(x)
<latexit sha1_base64="5ixi+CYpVnapxODv4Twe/IkJNqs="></latexit>

~JE / �~re(x)
<latexit sha1_base64="O18Skn2qmh0ftzLNicWJiS45yBc="></latexit>

◆Bulding blocks of hydrodynamic equation

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="></latexit>

e(x)
<latexit sha1_base64="5ixi+CYpVnapxODv4Twe/IkJNqs="></latexit>Diffusion eq.

@te�DEr2e = 0
<latexit sha1_base64="Ml9cU2dtzN2zXx7GkT/uOOIg0ac="></latexit>

Diffusion mode
! = �iDEk

2
<latexit sha1_base64="L8t0SIYUm/0cDhgI/66BMGSj6ZY="></latexit>



Hydrodynamic equation?

　   Constitutive relations 

Avg. of current op. is determined by charge density!

〈T̂µ�(x)〉 = Tµ� [T 0� , J0] = Tµ� [�� , �]

〈Ĵµ(x)〉 = Jµ[T 0� , J0] = Jµ[�� , �]

 　  Physical properties 

p = p[T 0� , J0] = p[�� , �]Equation of State (static): 

Trasport coeff. (dynamic): Li = Li[T
0� , J0] = Li[�

� , �]

 　  Conservation laws 

∇µ〈T̂µ�(x)〉 = 0, ∇µ〈Ĵµ(x)〉 = 0

Given



Non-equilibrium 

S tatistical Mechanics in a Nutshell
(4 pages)



Time evo.

Ex. Relaxation by shear viscosity

How to treat dissipation?

Friction-like phenomena between velocity gradient 
From the 2nd law Entropy⤴ 
How the 2nd law is derived for equilibrium?



2nd law: Kelvin’s principle

�(t)
H(�) =

∑

i

!p 2
i

2m
+ V (!r1, · · ·!rN ; ν)

� = (!r1, · · · ,!rN , !p1, · · · , !pN )
�(t) : �(0)����

�0

= �(�)����
�1

Consider a operation s.t.

When the system evolves as 　　　　　with the Hamilton EoM,

work defined by

satisfies for equilibrium state〈W (�)〉 ≥ 0

� � �t

W (�) � H�1(�t) � H�0(�)

�



Derivation of Kelvin’s principle
〈W (�)〉 ≥ 0 is satisfiedFor equilibrium state �

∫
d�

1

Z
e��H�0 (�)W (�) � 0

1

Z�,�0

∫
d�e��W (�)e��H�0 (�) =

1

Z�,�0

∫
d�e��(H�1 (�t)�H�0 (�))e��H�0 (�)

=
1

Z�,�0

∫
d�t

∣∣∣∣
d�t

d�

∣∣∣∣
︸ ︷︷ ︸

e��H�1 (�t) =
Z�,�1

Z�,�0

= 1

〈e��W (�)〉 = 1 ≥ 1 − �〈W (�)〉

Proof.

〈W (�)〉 ≥ 0

{For canonical ensamble 3 �



1

Z�,�0

∫
d�e��W (�)e��H�0 (�) =

1

Z�,�0

∫
d�e��(H�1 (�t)�H�0 (�))e��H�0 (�)

=
1

Z�,�0

∫
d�t

∣∣∣∣
d�t

d�

∣∣∣∣
︸ ︷︷ ︸

e��H�1 (�t) =
Z�,�1

Z�,�0

Supplement: Jarzynski equality
Z�,� = e��F (�,�)Recalling 　　　　　　　　leads to

〈e��W (�)〉 = e��(F (�,�1)�F (�,�0))

[Jarzynski, 1997]

Proof.



Prepare an appropriate initial ensamble 
which describes local thermodynamics

Lesson from simple exercise



Part�1.�Answer�part�

Deriving�hydro�from�QFT

[Refs.  Hayata-Hidaka-MH-Noumi, PRD(2015),  MH Ann. Phys.(2017)]



Prepare an appropriate initial ensamble! 
→ Quench from initial local thermal state 

Lesson from noneq. stat-phys



Global thermal equilibrium:

Gibbs distribution: T = const.

�̂G = e��Ĥ��[�], �[�] � log Tre��Ĥ

Local Gibbs (LG) distribution:

K̂ = �
∫

d3x
(
�µ(x)T̂ 0

µ(x) + �(x)Ĵ0(x)
)

�̂LG = e�K̂��[�µ(x),�(x)]

How to describe local thermal equil.

T = const.

Local thermal equilibrium:

{β(x), "v(x)}

Localize



What is Local Gibbs distribution?
Gibbs distribution Local Gibbs distribution

What is the state with maximizing 
information entropy: S(⇢̂) = �Tr⇢̂ log ⇢̂

under constraints:under constraints:

What is the state with maximizing 
information entropy: S(⇢̂) = �Tr⇢̂ log ⇢̂

hĤi = E = const., hN̂i = N = const. hT̂ 0
µ(x)i = pµ(x), hĴ0(x)i = n(x)

 Answer: 

 Lagrange multipliers: 

⇢̂G = e��Ĥ�⌫N̂� [�,⌫]

⇤a = {�, ⌫ = �µ}

 Answer: 
⇢̂LG = e�

R
dd�1x(�µT̂ 0

µ+⌫Ĵ0)� [�µ,⌫]

 Lagrange multipliers: �a(x) = {�µ(x), ⌫(x)}



t

x

t = const.

K̂ = �
∫

d3x
(
�µ(x)T̂ 0

µ(x) + �(x)Ĵ0(x)
)

 Flat spacetime 

Introducing background metric

① Formulation becomes manifestly covariant{ ② Background metric plays a role as external field coupled to Tµ�

t

x

t̄(x) = const.

�t̄

K̂ = �
∫

d�t̄�

(
�µ(x)T̂ �

µ(x) + �(x)Ĵ�(x)
)

 Curved spacetime 

gµ̄�̄

d�µ � �µt̄

�µ�

d�µ � (1,0)



Dissipative part



Difficulty of problem

t

x

hT̂µ⌫i =?

t̄0

�µ(x)LG dist. with 

[Sasa  PRL (2014), Hayata, Hidaka, MH, Noumi PRD (2015)]

Initial density operator: ⇢̂(t̄0) = ⇢̂LG[t̄0;�] ⌘ exp
h
�Ŝ[t̄0;�]

i

Taking Heisenberg picture: hÔ(x)i = Tr⇢̂(t̄0)Ô(x)

Naive perturbation breaks down due to time evolution!!



Renormalized/optimized perturbation
When we cannot solve problem exactly  

  & naive perturbation breaks down

Choosing an appropriate “Variational State”  
& reorganizing perturbation often works!!

＝ Renormalized/optimized perturbation



Idea of RPT/OPT: 1-dim. integral

=
1p
2⇡g2

e
1

4g2 K1/4

✓
1

4g2

◆

<latexit sha1_base64="VT1ClitqirAnN/nuU7soxpicjBk="></latexit>

Z(g2) =
1p
2⇡

Z 1

�1
dxe�

1
2x

2� g2

8 x4

<latexit sha1_base64="8fF4lm38imB2gL1ZUfbyZ2jwHVY="></latexit>

◆ Naive perturbation (Expansion w.r.t. g2)

 divergent!!

Z(g2) =
1p
2⇡

Z 1

�1
dxe�

1
2x

2
1X

n=0

1

n!

✓
�g2

8
x4

◆n

<latexit sha1_base64="cPYDYGdB2FQWJqMeUGFAsebfnz4="></latexit>

= 1� 3

8
g2 +

105

128
g4 + · · ·
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Exact
O(g4)-Naive PT

0.0 0.5 1.0 1.5 2.0 2.5 3.0 g
20.6

0.8

1.0

1.2

Z(g2)

Exact
O(g4)-Naive PT



Idea of RPT/OPT: 1-dim. integral

=
1p
2⇡g2

e
1

4g2 K1/4

✓
1

4g2

◆
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Z(g2) =
1p
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Z 1

�1
dxe�

1
2x

2� g2

8 x4
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Z(g2) =
1p
2⇡

Z 1

�1
dxe�

m2

2 x2+m2�1
2 g2� g2

8 x4
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=
1p
2⇡

Z 1

�1
dxe�

m2

2 x2
1X

n=0

1

n!

✓
�m2

2
g2 � g2

8
x4

◆n
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◆ Optimized/renormalized perturbation

' 1

m
+

�m2

2m3
� 3g2

8m5
⌘ ZLO(g

2,m)
<latexit sha1_base64="TMNlqSJyd/0HbTLxym7f8RD1NIU="></latexit>

Condition  
to fix m : @ZLO(g2,m)

@m
= 0

<latexit sha1_base64="EPbLQ2ydGCN1/FlNhXAy+ZQdx0I="></latexit>

m = m⇤(g)
<latexit sha1_base64="SvI7Xb01hK4c82vC/StH+hixMfs="></latexit>

Z(g2) ' ZLO

�
g2,m⇤(g)

�
<latexit sha1_base64="kZdYDGs/46GU76hzJqI7ZOH9ZKc="></latexit>

(Principle of Minimal Sensitivity)

“Ground state” Perturbative



Idea of RPT/OPT: 1-dim. integral

=
1p
2⇡g2

e
1

4g2 K1/4

✓
1

4g2

◆
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Z(g2) =
1p
2⇡

Z 1

�1
dxe�

1
2x

2� g2

8 x4
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◆ Comparison of naive and optimized perturbation

0.0 0.5 1.0 1.5 2.0 2.5 3.0 g
20.6

0.8

1.0

1.2

Z(g2)
Exact
O(g4)-Naive PT
LO-Optimized PT
LO-Auxiliary
FRG
Naive Pade [1,1]
Pade-Borel [1,1]



Renormalized/optimized perturbation
When we cannot solve problem exactly  

  & naive perturbation breaks down

Choosing an appropriate “Variational State”  
& reorganizing perturbation often works!!

＝ Renormalized/optimized perturbation

In the case of hydrodynamics,  
 an appropriate “Variational State” is 

  Local thermal equilibrium!!



t

x

t̄
t̄0

�̂(t̄0) = �̂LG[t̄0; �] � exp
[
�Ŝ[t̄0; �]

]

= exp
[
�Ŝ[t̄; �] + (Ŝ[t̄; �] � Ŝ[t̄0; �])

]{LG dist. with �(t̄) {: Deviation from LG�̂[t̄, t̄0]

= �̂LG[t̄; �]Û [t̄, t̄0], Û [t̄, t̄0] � T� exp

(∫ 1

0
d� �̂� [t̄, t̄0]

)

〈Ô(x)〉 = 〈ÛÔ(x)〉LG
t̄

hT̂µ⌫i =?

RPT/OPT for Time evolution

(“Variational state”) (“Perturbation”)



Condition to determine parameters

〈Ô(x)〉 = 〈ÛÔ(x)〉LG
t̄ ←Parameter？

hÛ�Ĵ 0̄
a(x)iLGt̄ = 0 , hĴ 0̄

a(x)i = hĴ 0̄
a(x)iLGt̄

Fastest Apparent Convergence (FAC)
Corrections for conserved charges should be minimized!

Determine new parameters　　　　    on �t̄�µ(x), �(x)

 Avg. of current is calculable !! (in principle)



Entropy production and 2nd law

〈�̂[t̄, t̄0]〉 ≥ 0 ⇔ 〈Ŝ[t̄, �]〉 − 〈Ŝ[t̄0, �]〉 ≥ 0

 - Quantum fluctuation theorem & 2nd law of thermodynamics

(�Ô ≡ Ô − 〈Ô〉LG
t̄ )�̂[t̄, t̄0] � Ŝ[t̄; �] � Ŝ[t̄0; �]

= −
∫ t̄

t̄0

d4x
[
(∇µ��)�T̂µ

� + (∇µ�)�Ĵµ
]

 Entropy production operator 

 -  　 is proportional to derivatives: �̂

Û = T�e
∫ 1
0 d��̂� [t̄,t̄0]“Expansion of                                          ” = Derivative expansion

〈Ô(x)〉 = 〈ÛÔ(x)〉LG
t̄



Dissipative derivative expansion
〈T̂µ�(x)〉 = 〈Û T̂µ�(x)〉LG

t̄

= 〈T̂µ�(x)〉LG
t̄ +

∫ 1

0
d�〈T� �̂� [t̄, t̄0]T̂

µ�(x)〉LG
t̄ + · · ·

= 〈Ĵµ(x)〉LG
t̄ +

∫ 1

0
d�〈T� �̂� [t̄, t̄0]Ĵ

µ(x)〉LG
t̄ + · · ·

〈Ĵµ(x)〉 = 〈Û Ĵµ(x)〉LG
t̄

≡ 〈�T̂µ�(x)〉(0,1)

≡ 〈�Ĵµ(x)〉(0,1)



Constitutive relation & Kubo formula

 Kubo formulae 

� = �(x)

∫ t̄

−∞
d4x′

∫ 1

0
d�〈eK̂� �̃p̂(x′)e−K̂� �̃p̂(x)〉LG

t̄

� =
�(x)

(d + 1)(d − 2)

∫ t̄

−∞
d4x′

∫ 1

0
d�〈eK̂� �̃�̂µ�(x′)e−K̂� �̃�̂��(x)〉LG

t̄ hµ�(x)h��(x)

� =
�(x)

d − 1

∫ t̄

−∞
d4x′

∫ 1

0
d�〈eK̂� �̃Ĵµ(x′)e−K̂� �̃Ĵ�(x)〉LG

t̄ hµ�(x)

 Constitutive relations 

〈�T̂µ�(x)〉(0,1) = − �

�
hµ�h��∇��� − 2

�

�
hµ�h��∇〈���〉

〈�Ĵµ(x)〉(0,1) = −�

�
hµ�∇�� (hµ�n� = 0)



Non-dissipative part
〈T̂µ�(x)〉 = 〈Û T̂µ�(x)〉LG

t̄

= 〈T̂µ�(x)〉LG
t̄ +

∫ 1

0
d�〈T� �̂� [t̄, t̄0]T̂

µ�(x)〉LG
t̄ + · · ·

= 〈Ĵµ(x)〉LG
t̄ +

∫ 1

0
d�〈T� �̂� [t̄, t̄0]Ĵ

µ(x)〉LG
t̄ + · · ·

〈Ĵµ(x)〉 = 〈Û Ĵµ(x)〉LG
t̄

≡ 〈�T̂µ�
(1)(x)〉

≡ 〈�Ĵµ
(1)(x)〉

??

??



Preliminaries for  
Non-dissipative part



�[t̄; �] � log Tr exp

[∫
d�t̄�

(
�µ(x)T̂ �

µ(x) + �(x)Ĵ�(x)
)] Massieu-Planck functional 

= log Tr exp

[
�

∫
d3x̄

�
�g

(
�µ̄(x̄)T̂ 0̄

µ̄(x̄) + �(x̄)Ĵ 0̄(x̄)
)]

Local thermodynamic functional
t

x

�t̄

t̄(x) = const.

LG distribution w/ � = {�µ, �}

d�µ � �µt̄

 Variation formula in “hydrostatic gauge” 

hT̂µ⌫(x)iLGt̄ =
2p
�g

�

�gµ⌫(x)
 [t̄;�], hĴµ(x)iLGt̄ =

1p
�g

�

�Aµ(x)
 [t̄;�]

[Banerjee et al. (2012), Jensen et al. (2012), Haehl et al. (2015), MH (2017)]



Q. How can we calculate� � log Z ?



Thermal QFT in a Nutshell 

T = const.

Global equil. �0

Gibbs dist.: �̂G =
e��(Ĥ�µN̂)

Z
= e��(Ĥ�µN̂)��[�,�]

 Thermodynamic potential with Euclidean action

�[β, ν] = log Tr e��(Ĥ�µN̂) = log

∫
dϕ〈±ϕ|e��(Ĥ�µN̂)|ϕ〉

SE [ϕ] =

∫ �

0
dτ

∫
d3x LE(ϕ, ∂µϕ)= log

∫

ϕ(β)=±ϕ(0)
Dϕ e+SE [ϕ],

x

�0d�

�0

Thermal QFT (Matsubara formalism)

Path int.

[ Matsubara, 1955 ]

QFT in the 
flat spacetime 

           with size



QFT for local thermal equilibrium?
Local equil. {β(x), "v(x)} Local Thermal QFT

Path int.



L = �gµ̄�̄

2
∂µ̄φ∂�̄φ � V (φ)

Case study: Scalar field

=

∫ �0

0
dτ

∫
d3x̄

√
�g̃

[
� g̃µ̄�̄

2
∂µ̄φ∂�̄φ � V (φ)

]

= log

∫
Dφ exp (SE [φ, g̃])

S[φ, βµ] =

) �0

0
dτ

)
d3x̄

�
�ge�u0̄

[
� e�2�

2u0̄u0̄

(iφ̇)2 � �e��uī

u0̄u0̄

(iφ̇)∂īφ � 1

2

]
γ īj̄ +

uīuj̄

u0̄u0̄

)
∂īφ∂j̄φ � V (φ)

]

(e�(x̄) � �(x̄)/�0)

= log

∫
Dφ exp (SE [φ, βµ])

T̂µ� � 2�
�g

δS

δgµ�
= ∂µφ̂∂� φ̂ + gµ�L(φ̂, ∂�φ̂)

 [t̄;�] = log Tr exp


�
Z

dd�1x̄
p
�g�µ(x)T̂ 0̄

µ(x)

�



(e�(x̄) � �(x̄)/�0)

g̃µ̄�̄ =

(
�e2� e�uj̄

e�uī �īj̄

)

g̃µ̄�̄ =

�

���

e�2�

u0̄u0̄

�e��uj̄

u0̄u0̄

�e��uī

u0̄u0̄

� īj̄ +
uīuj̄

u0̄u0̄

�

���

 Thermal metric 

Ψ in terms of Thermal metric

 Inverse thermal metric 

 [t̄;�] = log

Z
D� exp (SE [�, ; g̃])

(aī � e−�uī, �′
īj̄ � �īj̄ + uīuj̄ , dt̃ = �id�)

is described by QFT in ”curved spacetime” s. t.�[t̄; �]
 Interpretation of above result 

ds̃2 = �e2�(dt̃+ aīdx
ī)2 + �0

īj̄dx
īdxj̄



Local Thermal QFT

Local equil. {β(x), "v(x)}

T = const.

Global equil. �0

x

�0d�

�0

Thermal QFT (Matsubara formalism)

Path int.

[ Matsubara, 1955 ]

QFT in the 
flat spacetime 

           with size

�(x)

x

d�

QFT in the 
“curved spacetime” 
 with “line element”

Path int.

Local Thermal QFT
[ Hayata-Hidaka-MH-Noumi PRD(2015) ] 
[ MH, Ann. Phys. (2017) ]

ds̃2 = ds̃2(�,~v)



 Symmetry of “curved spacetime”

Symmetry of Local Thermal QFT

�(x)

x

d�

(aī ⌘ �e��uī, �0
īj̄ ⌘ �īj̄ + uīuj̄ , dt̃ ⌘ �id⌧)

( 1 ) Spatial diffeomorphism： 
　　Physics does not depend on the choice of Spatial coordinate system!!

( 2 ) Imaginary time tran. & Kaluza-Klein gauge： 
　　Parameters　  (e.g. T) does not depend on imaginary time!!�

cf. “Hydrostatic" partition function 
 Banerjee et al.(2012), Jensen et al.(2012), MH (2017)

should respect the above symmetries!! [�] = log

Z
D ̄D eS[ , ̄,ẽ]

ds̃2 = �e2�(dt̃+ aīdx
ī)2 + �0

īj̄dx
īdxj̄



Spatial diffeomorphism symmetry

x̄ � x̄′(x̄)
(Mercator projection) (Mollweide projection)

�
�, �īj̄ , · · ·

d3x̄
�

�, · · ·!�(0)[βµ, ν] =

∫
Dφe�S[φ,g̃]



Parameters　 don’t depend on 
imaginary time      .

�
�

!
aī, aīa

ī, · · ·

f īj̄fīj̄ , · · ·

(fīj̄ � �īaj̄ � �j̄aī)

�(x)

x

d�

ẽ µ
µ̄ (�µ)

 [�] = log

Z
D ̄D eS[ , ̄,ẽ]

Kaluza-Klein gauge symmetry
(dt̃ = �id⌧)

“Kaluza-Klein” gauge tr.�
��

��

t̃ � t̃ + �(x̄)

x̄ � x̄

aī(x̄) � aī(x̄) � �ī�(x̄)

ds̃2 = �e2�(dt̃+ aīdx
ī)2 + �0

īj̄dx
īdxj̄



Short Summary: Local Thermal QFT

�[t̄; �] � log Tr exp

[∫
d�t̄�

(
�µ(x)T̂ �

µ(x) + �(x)Ĵ�(x)
)]

Symmetry = Spatial diffeomorphism + Kaluza-Klein gauge

① plays a role as the generating functional: [�] hT̂µ⌫(x)iLG =
2p
�g

�

�gµ⌫(x)
 [�]

is written in terms of QFT in curved spacetime [�]②
ds̃2 = �e2�(dt̃+ aīdx

ī)2 + �0
īj̄dx

īdxj̄

Local equil. {β(x), "v(x)}

�(x)

x

d�

QFT in the 
“curved spacetime” 
 with “line element”

Path int.

Local Thermal QFT
[ Hayata-Hidaka-MH-Noumi PRD(2015) ] 
[ MH Ann. Phys. (2017) ]

ds̃2 = ds̃2(�,~v)



Q. How can we calculate� � log Z ?

A. Derivative expnasion based on
symmetry  of  = logZ

<latexit sha1_base64="pEYFuhmJmK96I2SPiQde4hL/bqA="></latexit>
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�̂LG(t̄0) = �̂LG(t̄)
(
1 + O(�) + O(�2) + · · ·

)

Dissipative correction (viscosity etc.)

Double derivative expansion
 ( 1 ) Dissipative derivative expansion 

 ( 2 ) Non-dissipative derivative expansion

�[�µ, �] = �(0)[�µ, �] + �(1)[�µ, �, �] + O(�2) + · · ·



Parity-even system= 0
Symmetry property

� �p

Derivative expansion of Ψ
 (2) Derivative expansion of ψ 

�[�µ, �] = �(0)[�µ, �] + �(1)[�µ, �, �] + O(�2) + · · ·

= Tµ�
(0) [�(x)] + Tµ�

(1) [�(x), ∇�(x)] + · · ·

= Jµ
(0)[�(x)] + Jµ

(1)[�(x), ∇�(x)] + · · ·

〈T̂µ�(x)〉LG
t̄ =

2√
−g

�

�gµ�(x)
�[t̄; �]

〈Ĵµ(x)〉LG
t̄ =

2√
−g

�

�Aµ(x)
�[t̄; �]

 Non-dissipative constitutive relation 

= 0



Parity-even case

µR = µL



Recipe for Masseiu-Planck fcn.
[ Banerjee et al.(2012), Jensen et al.(2012) ] 

 Masseiu-Planck functional 

=  (0)[�] + (1)[�, @] +O(@2)

O(p0) O(p1)

- Symmetry：Spatial diffeo，Kaluza-Klein，Gauge

- Power counting scheme： � = O(p0)

fīj̄ ⌘ @īaj̄ � @j̄aī = O(p1) ff = O(p2)

�[λ] = log

∫
DφeS[φ,g̃]

：not Kaluza-Klein inv.Aī Āī ⌘ Aī � µaī

- Building blocks： � = {e�, aī, µ, Aī}



Ψ(0)：Order O(p0)

=  (0)[�] + (1)[�, @] +O(@2)

O(p0) O(p1)

- Building blocks： 

�[λ] = log

∫
DφeS[φ,g̃]

�(0)[�] =

∫ �0

0
d�

∫
d3x̄

√
�′e�p(�, µ)

� = {e�, aī, µ, Āī}

 Masseiu-Planck functional 

〈T̂µ�(x)〉LG
t̄ = (e + p)uµu� + p�µ�

〈Ĵµ(x)〉LG
t̄ = nuµ

 Perfect fluid 



Derivation of Navier-Stokes eq.

  　 Constitutive relations (1st order) 

 　 Physical properties

  　 Conservation laws 

∇µ〈T̂µ�(x)〉 = 0, ∇µ〈Ĵµ(x)〉 = 0

〈T̂µ�(x)〉 = (e + p)uµu� + pgµ� − �

�
hµ�h��∇��� − 2

�

�
∇〈µ��〉

〈Ĵµ(x)〉 = nuµ − �

�
hµ�∇��

etc.� = �(x)

∫ t̄

−∞
d4x′

∫ 1

0
d�〈eK̂� �̃p̂(x′)e−K̂� �̃p̂(x)〉LG

t̄

Static properties:

Dynamic properties:

�[λ] = log

∫
Dϕie

SE [ϕi;g̃] =

∫
d3x̄

√
γ′βp(β, µ)

Given



Part 2. Fluctuating hydrodynamics

Part 1. Conventional hydrodynamics [Ref. Hayata-Hidaka-MH-Noumi,(2015), 
           MH .(2017)]

[Ref. Crossley-Glorioso-Liu, (2017) 
           Delacretaz, 2606.02391 ]

- Extention of imaginary-time (Matsubara) formalism: 
   Local thermal equilibrium ＝ Quantum theory in “curved spacetime”

- Hydro ＝ Optimized perturbation with respect to real-time dynamics{

{
x

Outline:�Hydro�from�QFT



Part�2.�Question�part�

What�is�EFT�of�hydro?



Prototype:�Energy�diffusion

(2) Constitutive relation: ~JE = �DE
~re

<latexit sha1_base64="+bzQAPC0zcyi8Ddc48KgCgMuNwI="></latexit>

(3) Physical properties: Value of diffusion constant DE
<latexit sha1_base64="AF0VnM25k5W3emI4eSWhbM9EwrU="></latexit>

(1) Conservation law: @te+ ~r · ~JE = 0
<latexit sha1_base64="P/3diABks+J766xqdNr7fgwkVG4="></latexit>

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="></latexit>

e(x)
<latexit sha1_base64="5ixi+CYpVnapxODv4Twe/IkJNqs="></latexit>

~JE / �~re(x)
<latexit sha1_base64="O18Skn2qmh0ftzLNicWJiS45yBc="></latexit>

◆Bulding blocks of hydrodynamic equation

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="></latexit>

e(x)
<latexit sha1_base64="5ixi+CYpVnapxODv4Twe/IkJNqs="></latexit>Diffusion eq.

@te�DEr2e = 0
<latexit sha1_base64="Ml9cU2dtzN2zXx7GkT/uOOIg0ac="></latexit>

Diffusion mode
! = �iDEk

2
<latexit sha1_base64="L8t0SIYUm/0cDhgI/66BMGSj6ZY="></latexit>



Integrate out all degrees of freedom  
not important in low-energy (IR) region!

Microscopic theory

Any theory 
(QCD, NJL, Scaler …)

not T=0,  not equilibrium,  but with dissipation!

Relativistic hydro 
with fluctuation

Macroscopic EFT

◆ Hydrodynamics as EFT 

Real-time formalism!!

Refs 
 - Dubovsky et al. (2011) 
 - Haehl et al. (2015) 
 - Harder et al.  (2015) 
 - Crossley et al. (2015)

EFT�for�hydrodynamics



)

Effective Lagrangian (real-time formalism)

(corresponds to a construction of chiral Lagrangian in QCD)

Z[gµ⌫ , Aµ] =

Z
D⇡hydro exp (iSe↵ [⇡hydro])

<latexit sha1_base64="wRl8wT+oVgHtugft8IUC1ecs8rE="></latexit>

Goal�of�Part�2

[See Crossley et al. arXiv: 1511.03646 [hep-th], MH et al. unpublished]

Xµ(�0,�i)

<latexit sha1_base64="ZSEp5SNdp/btpy7mnSUDgyVCNHk="></latexit>

Hydrodynamics is low-energy EFT of 

a spacetime filling brane                        , 

enjoying emergent gauge symmetry:
<latexit sha1_base64="NW43CHXECTFLqsEdfm/E3wDGvDU="></latexit>(
�0 ! �0 + F 0(�0,�i)

�i ! �i + F i(�i)



Part�2.�Answer�part�

Nonequilibrium�EFT



Top-down view from Keldysh

Hydrodynamics

Bottom-up view from Langevin



Top-down view from Keldysh

Hydrodynamics

Bottom-up view from Langevin



Non-equilibrium 

E ffective Field Theory in a Nutshell

1. Basic formulation

2. Application to fluctuating hydro
See e.g. 
Michael Crossley, Paolo Glorioso, Hong Liu [arXiv:1511.03646] 
Luca Delacretaz [arXiv: 2606.02391]



Non-equilibrium 

E ffective Field Theory in a Nutshell

1. Basic formulation

2. Application to fluctuating hydro
See e.g. 
Michael Crossley, Paolo Glorioso, Hong Liu [arXiv:1511.03646] 
Luca Delacretaz [arXiv: 2606.02391] 
Talks by Andrew and Toshifumi, …



Re t

ti tfJ(t)

Z[J ] = hvac|ÛJ |vaci
- Generating functional

- Observable：Transition amp.

hout|Ô|ini

S�↵ = h�|Ŝ|↵iEx.

QFT for T=0 

Re t

Im t

ti tfJ1(t)

J2(t)
⇢0

Z[J1, J2] = Tr
⇣
⇢̂0Û

†
J2
ÛJ1

⌘- CTP generating functional

- Observable：Average value
X

in

hin|Ô|ini

h'̂i = Tr (⇢̂0'̂)Ex.

Non-equilibrium QFT

Schwinger-Keldysh in a Nutshell



Z[J1, J2] = Tr
⇣
⇢̂0Û

†
J2
ÛJ1

⌘◆ CTP Generating Functional (CTPGF) 

Re t

Im t

ti tfJ1(t)

J2(t)
⇢0

◆ Basic properties of CTPGF

② Unitarity condition： Z[j1 = j, j2 = j] = 1

③ Reflectivity condition： Z[j1, j2]
⇤ = Z[j2, j1]

④ KMS condition (if initial state is thermal equilibrium)：
Z[j1(x), j2(x)] = Z[✏PTj j1(�x), ✏PTj j2(�x� i�)]

① Doubled symmetry： Z[j1, j2] = Z[j1 + ��1j1, j2 + ��2j2]

Properties of Closed-Time-Path GF



①’ Doubled symmetry：NG mode as a nonlinear realization

Z[j1, j2] =

Z
D'1D'2 e

i(S['1;j1]�S['2;j2])⇢0(')
<latexit sha1_base64="SCu9WJ2TQTj2mxx/GCkKscMoxAk="></latexit>

=

Z
D⇡1D⇡2 e

iSeff [⇡1,⇡2;j1,j2]

<latexit sha1_base64="huc2+J62VIpYd2xotAsrRN7Gj/c="></latexit>

“Integrate out UV mode 
and keep NG mode”

◆ Constraints on  Seff[π1, π2]

②’ Unitarity condition：Se↵ [⇡1 = ⇡,⇡2 = ⇡] = 0
<latexit sha1_base64="L2S+zVjnsHqtfvR7WYshaKjxHvs="></latexit>

③’ Reflectivity condition：Se↵ [⇡1,⇡2]
⇤ = �Se↵ [⇡2,⇡1]

<latexit sha1_base64="+z/ikF/jaOEBbxk0nLRnQSRApeM="></latexit>

③’’ Positivity condition： ImSe↵ [⇡1,⇡2] � 0
<latexit sha1_base64="Y+A7fh9zVRXloK4Q5SUhtY3ArSE="></latexit>

Recipe for effective action



Dynamical KMS condition

Z[j1(x), j2(x)] = Z[✏PTj j1(�x), ✏PTj j2(�x� i�)]

④’’ Dynamical KMS condition： ~ ! 0in

under

Seff[πR, πA] = Seff[π̃R, π̃A]
π̃R(x) = πR(−x), π̃A(x) = πA(−x) + iβ∂−tπR(−x)



Non-equilibrium 

E ffective Field Theory in a Nutshell

1. Basic formulation

2. Application to fluctuating hydro
See e.g. 
Michael Crossley, Paolo Glorioso, Hong Liu [arXiv:1511.03646] 
Luca Delacretaz [arXiv: 2606.02391] 
Talks by Andrew and Toshifumi, …



Stochastic�charge�

diffusion
SWSSB: U(1)strong × U(1)weak → U(1)weak



Doubled�U(1)�symmetry

Let us summarize the above result. We have derived the path-integral formula for the
generating functional of the electric current as

Z[AR

µ , AA

µ ] =

Z
DniniPeq[nini]

Z
DnD⇡A

J e
iS[n,⇡

A
;A

R
µ ,A

A
µ ]

with S =

Z
d
4xLcharge,

(2.10)

where we introduced the MSR effective Lagrangian Lcharge for the stochastic diffusion equa-
tion and corresponding Jacobian J as

Lcharge = �JµDµ⇡A
+ iT��ijDi⇡

ADj⇡
A,

J = det

����@0 + @i

✓
T��ij@j

�2Sth[n]

�n2

◆���� .
(2.11)

Here the electric current Jµ and covariant derivative of the auxiliary field Dµ⇡A are given
by

Jµ
=

0

B@
n

T��ij
✓

@j
�Sth[n]

�n
+ e�Ej

◆

1

CA , Dµ⇡A
= @µ⇡A

� eAA

µ . (2.12)

with the electric field defined by Ei ⌘ @iAR

0
� @0AR

i
. The entropy functional Sth[n] is

expanded by the charge density n as given in Eq. (2.3).
Before discussing the symmetry property, we first confirm that the MSR effective action

indeed describes the gapless charge diffusion by turning off the background gauge field.
Relying on the leading-order expression of the entropy functional (2.3), we obtain the
quadratic form of the MSR effective Lagrangian as

Lcharge = �n@0⇡
A

+ D�ij@in@j⇡
A

+ iT��ij@i⇡
A@j⇡

A

=
i

2

⇣
n ⇡A

⌘ 
0 i(@0 + Dr2

)

i(�@0 + Dr2
) �2T�r2

! 
n

⇡A

!
, (2.13)

where we performed the partial integration to obtain the second line, and introduced charge
diffusion constant D related to the conductivity and charge susceptibility � as � = �D.
Recalling that the path-integral average of the ⇡A-variation of the MSR effective action
results in the equation of motion for the charge density n, we can identify that the lower-
left component of the matrix in Eq. (2.13) gives the inverse retarded Green’s function: i. e.
[GR(!,k)]

�1
= �(!+iDk2

). We thus find that the retarded Green’s function in the Fourier
space possesses the pole at ! = �iDk2, which clearly shows the gapless diffusion of the
conserved charge density.

Doubled U(1) symmetry of the MSR effective theory We then discuss the sym-
metry property of the constructed MSR effective theory. First of all, it is worth noting
that we have two kinds of background gauge fields AR

µ and AA
µ . This implies that the

MSR effective theory is equipped with the doubled U(1) symmetry, which is quite natural
from the top-down view of the Schwinger-Keldysh formalism [24, 25]. We will refer to each

– 8 –

with

Let us summarize the above result. We have derived the path-integral formula for the
generating functional of the electric current as

Z[AR

µ , AA

µ ] =

Z
DniniPeq[nini]

Z
DnD⇡A

J e
iS[n,⇡

A
;A

R
µ ,A

A
µ ]

with S =

Z
d
4xLcharge,

(2.10)

where we introduced the MSR effective Lagrangian Lcharge for the stochastic diffusion equa-
tion and corresponding Jacobian J as

Lcharge = �JµDµ⇡A
+ iT��ijDi⇡

ADj⇡
A,

J = det

����@0 + @i

✓
T��ij@j

�2Sth[n]

�n2

◆���� .
(2.11)

Here the electric current Jµ and covariant derivative of the auxiliary field Dµ⇡A are given
by

Jµ
=

0

B@
n

T��ij
✓

@j
�Sth[n]

�n
+ e�Ej

◆

1

CA , Dµ⇡A
= @µ⇡A

� eAA

µ . (2.12)

with the electric field defined by Ei ⌘ @iAR

0
� @0AR

i
. The entropy functional Sth[n] is

expanded by the charge density n as given in Eq. (2.3).
Before discussing the symmetry property, we first confirm that the MSR effective action

indeed describes the gapless charge diffusion by turning off the background gauge field.
Relying on the leading-order expression of the entropy functional (2.3), we obtain the
quadratic form of the MSR effective Lagrangian as

Lcharge = �n@0⇡
A

+ D�ij@in@j⇡
A

+ iT��ij@i⇡
A@j⇡

A

=
i

2

⇣
n ⇡A

⌘ 
0 i(@0 + Dr2

)

i(�@0 + Dr2
) �2T�r2

! 
n

⇡A

!
, (2.13)

where we performed the partial integration to obtain the second line, and introduced charge
diffusion constant D related to the conductivity and charge susceptibility � as � = �D.
Recalling that the path-integral average of the ⇡A-variation of the MSR effective action
results in the equation of motion for the charge density n, we can identify that the lower-
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conserved charge density.
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that we have two kinds of background gauge fields AR

µ and AA
µ . This implies that the
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,

<latexit sha1_base64="j7X20g2oyJTy9Nh/WEzLZwJyFm0="></latexit>

Lcharge = �nD0⇡
A � T��ijDi⇡

A
⇣
@j

�Sth

�n
+ e�Ej

⌘
+ iT��ijDi⇡

ADj⇡
A

◆ Effective Lagrangian for stochastic charge diffusion

This Lagrangian enjoys doubled U(1) symmetry!

-  symmetry: U(1)w
<latexit sha1_base64="brs62iW4VVIB9w3nsf/uKgatV2c="></latexit>

n(x) ! n(x), AR
µ (x) ! AR

µ (x) + @µ↵
R(x)

of U(1) symmetry attached to AR
µ and AA

µ gauge fields as U(1)A and U(1)R symmetry,
respectively2.

The crucial observation is that the auxiliary field appears in the special combination
with the background gauge field as Dµ⇡A

= @µ⇡A
� eAA

µ . This shows that the auxiliary
field ⇡A nonlinearly realizes the U(1)R symmetry, whose local transformation with a gauge
transformation parameter ↵A

(x) acts on them as

⇡A
(x) ! ⇡A

(x) + e↵A
(x), AA

µ (x) ! AA

µ (x) + @µ↵A
(x), (2.14)

so that Dµ⇡A is U(1)R gauge invariant. This nonlinear realization motivates us to call ⇡A

as the Nambu-Goldstone (NG) field attached to U(1)R symmetry. On the other hand, the
MSR effective theory is manifestly U(1)A gauge invariant. This is because the effective
action contains the gauge-invariant field strength tensor of AR

µ , and all other fields are inert
under the U(1)A symmetry.

While the MSR effective Lagrangian (2.11) in terms of dynamical variables n and ⇡A is
useful enough for the practical calculation, there is another possible variable which enables
us to treats the dynamical variables on an equal footing; a redundant phase variable ⇡R

instead of the charge density n. The field redefinition helps us not only to clarify the
symmetry structure of the MSR effective theory but also to consider the superfluid phase
in the next subsection.

To rewrite the MSR effective theory with the help of another variable, we first recall
that the definition of the charge chemical potential µ is followed from the variation of the
entropy functional as

�Sth[n]

�n(x)
= ��µ(x). (2.15)

Then, we introduce a new dynamical variable ⇡R defined through “Josephson equation” for
the chemical potential as

µ = �D0⇡
R

with Dµ⇡R
⌘ @µ⇡R

� eAR

µ . (2.16)

The combination of these equation enables to rewrite the constitutive relation as

J i
= T��ij

⇥
@j(�D0⇡

R
) + e�(@jA

R

0 � @0A
R

j )
⇤

= ��ij
⇥
@j(@0⇡

R
� eAR

0 ) + e(@jA
R

0 � @0A
R

j )
⇤

= ��ij@0Dj⇡
R

Furthermore, in the linearized regime, which is the main concern of the current paper, we
can replace the charge density as n = �µ = ��D0⇡R. As a result, we can rewrite the
effective Lagrangian using ⇡R as follows:

Lcharge = �D0⇡
AD0⇡

R
� ��ijDi⇡

A@0Dj⇡
R

+ iT��ijDi⇡
ADj⇡

A (2.17)

2We assigned a symmetry group to a little confusing interchanged indices in order to match the indices
of the conserved charge. This is because the physical (auxiliary) current Jµ

R (Jµ
A) is obtained by taking the

variation of the generating functional with respect to AA
µ (AR

µ ).

– 9 –

{ -  symmetry: U(1)s
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Spectrum�in�linearized�model

Let us summarize the above result. We have derived the path-integral formula for the
generating functional of the electric current as

Z[AR

µ , AA

µ ] =

Z
DniniPeq[nini]

Z
DnD⇡A

J e
iS[n,⇡

A
;A

R
µ ,A

A
µ ]

with S =

Z
d
4xLcharge,

(2.10)

where we introduced the MSR effective Lagrangian Lcharge for the stochastic diffusion equa-
tion and corresponding Jacobian J as

Lcharge = �JµDµ⇡A
+ iT��ijDi⇡

ADj⇡
A,

J = det

����@0 + @i

✓
T��ij@j

�2Sth[n]

�n2

◆���� .
(2.11)

Here the electric current Jµ and covariant derivative of the auxiliary field Dµ⇡A are given
by

Jµ
=

0

B@
n

T��ij
✓

@j
�Sth[n]

�n
+ e�Ej

◆

1

CA , Dµ⇡A
= @µ⇡A

� eAA

µ . (2.12)

with the electric field defined by Ei ⌘ @iAR

0
� @0AR

i
. The entropy functional Sth[n] is

expanded by the charge density n as given in Eq. (2.3).
Before discussing the symmetry property, we first confirm that the MSR effective action

indeed describes the gapless charge diffusion by turning off the background gauge field.
Relying on the leading-order expression of the entropy functional (2.3), we obtain the
quadratic form of the MSR effective Lagrangian as

Lcharge = �n@0⇡
A

+ D�ij@in@j⇡
A

+ iT��ij@i⇡
A@j⇡

A

=
i

2

⇣
n ⇡A

⌘ 
0 i(@0 + Dr2

)

i(�@0 + Dr2
) �2T�r2

! 
n

⇡A

!
, (2.13)

where we performed the partial integration to obtain the second line, and introduced charge
diffusion constant D related to the conductivity and charge susceptibility � as � = �D.
Recalling that the path-integral average of the ⇡A-variation of the MSR effective action
results in the equation of motion for the charge density n, we can identify that the lower-
left component of the matrix in Eq. (2.13) gives the inverse retarded Green’s function: i. e.
[GR(!,k)]

�1
= �(!+iDk2

). We thus find that the retarded Green’s function in the Fourier
space possesses the pole at ! = �iDk2, which clearly shows the gapless diffusion of the
conserved charge density.

Doubled U(1) symmetry of the MSR effective theory We then discuss the sym-
metry property of the constructed MSR effective theory. First of all, it is worth noting
that we have two kinds of background gauge fields AR

µ and AA
µ . This implies that the

MSR effective theory is equipped with the doubled U(1) symmetry, which is quite natural
from the top-down view of the Schwinger-Keldysh formalism [24, 25]. We will refer to each
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◆ Effective Lagrangian for stochastic charge diffusion

where we assumed that the system is initially in thermal equilibrium and enjoys trans-
lational invariance. From the MSR effective Lagrangian (2.20), we read off a set of the
Green’s function as

GRA
(!,k) =

i

�!(! + iDk2)
= �iGR

(!,k),

GAR
(!,k) =

i

�!(! � iDk2)
= �iGA

(!,k),

GRR
(!,k) =

2T�k2

�2!2[!2 + (Dk2)2]
=

T

!
⇢(!,k),

(2.22)

where we defined the retarded and advanced Green’s functions GR
(!,k) and GA

(!,k)

together with the spectral function ⇢(!,k). The direct comparison leads to

2 Im GR
(!,k) = ⇢(!,k) =

!

T
GRR

(!,k), (2.23)

which is identified as the fluctuation-dissipation relation in the classical stochastic regime.
Figure 1 shows the dispersion relation and the symmetric Green’s function GRR

(!,k) for
the physical diffusion mode. One sees that the dispersion relation is pure imaginary, which
corresponds to the absence of the propagating mode in the normal phase.

-1.0 -0.5 0.5 1.0 k

-1.0

-0.8

-0.6

-0.4

-0.2

ω(k)

Re ω(k) Im ω(k)

(a) Dispersion relation (b) Symmetric Green’s function

(a) Dispersion relation (b) Symmetric Green’s function

-1.0 -0.5 0.5 1.0 k

-0.5

0.5

ω(k)

Re ω(k) Im ω(k)

Figure 1. (a) Dispersion relations and (b) symmetric Green’s function in the normal phase.

Fluctuation-dissipation symmetry There is another crucial ingredient in the MSR
effective theory; that is, discrete Z2 symmetry called e. g. thermal symmetry, detailed
balance symmetry, or the dynamical Kubo-Martin-Schwinger (KMS) symmetry depend-
ing on references [24, 25, 29–32]. Since they are indeed the same symmetry all related to
the fluctuation-dissipation relation, we will refer to this Z2 symmetry as the fluctuation-
dissipation symmetry in this paper. We here demonstrate how the MSR effective theory
realizes the fluctuation-dissipation symmetry. Besides, we present some consequences re-
sulting from the fluctuation-dissipation symmetry: the Ward-Takahashi identity for the
generating functional, the second law of thermodynamics, and the fluctuation-dissipation
relation for the Green’s function.

– 11 –



Z2�symmetry�from�FDR

To get motivated to introduce the fluctuation-dissipation symmetry, let us first turn our
attention to the low-energy coefficient; the charge susceptibility �, and the conductivity �.
From the effective field theoretical viewpoint, all the low-energy coefficients in the effective
Lagrangian should be, in principle, regarded as all independent parameters, which we need
to fix from experimental data or microscopic calculations (the matching condition will be
discussed shortly). Nevertheless, the key observation is that two different terms share
the common low-energy coefficient � originated from the assumed fluctuation-dissipation
relation (2.2).

As a manifestation of this peculiar property of the low-energy coefficients, we find that
the MSR effective action in the original expression with n and ⇡A enjoys invariance under
the following Z2 transformation defined by the entropy functional:

8
>>>>>><

>>>>>>:

n(x) ! n0
(x) = n(�x),

⇡A
(x) ! ⇡A0

(x) = �⇡A
(�x) � i

�Sth[n]

�n(�x)
,

AR
µ (x) ! AR

µ

0
(x) = AR

µ (�x),

AA
µ (x) ! AA

µ

0
(x) = AA

µ (�x) � i�[@0AR
µ (�x) � @µAR

0
(�x)].

(2.24)

Note that @µ does not act on the argument �xµ of the transformed variable but rather
does xµ. We can directly confirm that this gives Z2 transformation since repeating another
transformation reproduces the original variable. Introducing the derivative operator acting
on �xµ as @�µ = �@µ together with the reversed variables D�µ⇡A

(�x) ⌘ @�µ⇡A
(�x) �

eAA
µ (�x) and reversed four electric field Eµ(�x) = @�µAR

0
(�x) � @�0AR

µ (�x), we can
compactly express the transformation rule of Dµ⇡A as

�
Dµ⇡A

(x)
�0

= D�µ⇡A
(�x) + i

✓
@�µ

�Sth[n]

�n(�x)
+ e�Eµ(�x)

◆
. (2.25)

We then see the Z2 transformed MSR effective action S
0
⌘ S[n0, ⇡A0

; AR
µ

0
, AA

µ

0
] is given by

S
0
=

Z
d
4x


�n0

(D0⇡
A
)
0
� T��ij(Di⇡

A
)
0

✓
@j

�Sth[n]

�n0
+ e�E0

j

◆
+ iT��ij(Di⇡

A
)
0
(Dj⇡

A
)
0

�

=

Z
d
4x


� n

✓
D0⇡

A
+ i@0

�Sth[n]

�n

◆
+ T��ij

✓
Di⇡

A
+ i

✓
@i

�Sth[n]

�n
+ e�Ei

◆◆✓
@j

�Sth[n]

�n
+ e�Ej

◆

+ iT��ij
✓

Di⇡
A

+ i

✓
@i

�Sth[n]

�n
+ e�Ei

◆◆✓
Dj⇡

A
+ i

✓
@j

�Sth[n]

�n
+ e�Ej

◆◆�

=

Z
d
4x


� nD0⇡

A
� T��ijDi⇡

A

✓
@j

�Sth[n]

�n
+ e�Ej

◆
+ iT��ijDi⇡

ADj⇡
A

�
� i

Z
d
4xn@0

�Sth[n]

�n
.

= S � i

Z
d
4xn@0

�Sth[n]

�n
,

(2.26)

which looks non-invariant due to the second term in the last line. To resolve this ap-
parent difficulty, we recall that the MSR Lagrangian (2.11) is obtained by performing
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◆ Ward-Takahashi identity for Z2 symmetry

Let us then consider how the fluctuation-dissipation symmetry acts on the boundary-fixed
generating functional. Using n0

ini
= nfin, n0

fin
= nini coming from the Z2-transformation

(2.24), we find the fluctuation-dissipation symmetry acts on Eq. (2.30) as

Z[AR0

µ , AA0

µ ; n0

ini, n
0

fin
] =

Z
nini

nfin

Dn0
D⇡A0

e
iS[n

0
,⇡

A0
;A

R
µ
0
,A

A
µ
0
]

=

Z
nfin

nini

DnD⇡A
e
iS[n,⇡

A
;A

R
µ ,A

A
µ ]�Sth[nini]+Sth[nfin]

= e
�Sth[nini]+Sth[nfin]

Z
nfin

nini

DnD⇡A
e
iS[n,⇡

A
;A

R
µ ,A

A
µ ],

(2.33)

where we assumed the absence of the anomaly, or invariance of the integration measure.
We thus obtain the following Ward-Takahashi identity3:

e
�Sth[nini]Z[AR

µ , AA

µ ; nini, nfin] = e
�Sth[nfin]Z[AR0

µ , AA0

µ ; n0

ini, n
0

fin
]. (2.37)

Taking the ensemble average on the initial and final configurations and recalling Peq[n] =

e
�Sth[n], we eventually obtain the Ward-Takahashi identity associated with the fluctuation-

dissipation symmetry for the original generating functional as

Z[AR

µ , AA

µ ] = Z[AR0

µ , AA0

µ ]. (2.38)

From the Schwinger-Keldysh formalism, this condition is regarded as a classical stochastic
limit of the KMS symmetry for the generating functional derived in Refs. [24, 25].

Based on Eq. (2.38), we now derive the fluctuation theorem and the second law of
thermodynamics. To make it easy to use Eq. (2.38), we first eliminate the right-hand-side
by tuning AA

µ (x) to satisfy AA
µ

0
(x) = 0. The transformation rule (2.24) then fixes the A-

type background field of the left-hand-side as AA
µ (x) = i�[@µAR

0
(x) � @0AR

µ (x)] = i�Eµ(x),
where we used the four-electric field Eµ. Then, the identity (2.38) leads to

Z[AR

µ , i�Eµ] = 1. (2.39)

This is the so-called the nonequilibrium identity known as the integral fluctuation theorem.
To see this, we recall the definition of the generating functional (2.5), which enables us to

3 This identity (2.37) can also be regarded as an extension of the detailed balance condition in the
presence of the background fields AR

µ and AA
µ . To show this, turning off the background A-type field, we

define the transition probability from n(tini,x) = nini(x) to n(tfin,x) = nfin(x) as

W[nfin|nini;A
R
µ ] ⌘ Z[AR

µ , A
A
µ = 0;nini, nfin]. (2.34)

Thanks to Eq. (2.32), one can check this quantity indeed satisfies an essential property of the transition
probability as Z

DnfinW[nfin|nini;A
R
µ ] = 1. (2.35)

Then, noting that there is no transformed AA
µ field in the absence of AA

µ , we see that the identity (2.37)
reproduces the familiar detailed balance condition:

Peq[nini]W[nfin|nini;A
R
µ ] = Peq[nfin]W[nini|nfin;A

R0
µ ]. (2.36)
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,

<latexit sha1_base64="qjcGvI4HKDK1/0quKB02DoDwPvc="></latexit>

) Z[AR
µ , A

A
µ = i�Eµ] = 1

express (2.39) as

1 =

Z
DniniPeq[nini]hexp (�⌃)i⇠ with ⌃ =

Z
d
4xe�EµJ̌µ

(ňos), (2.40)

where we introduced the entropy production due to the Joule heating as ⌃. As a corol-
lary, the Jensen’s inequality e

�x
� �x + 1 immediately leads to the second law of the

thermodynamics: Z
DniniPeq[nini]h⌃i⇠ � 0. (2.41)

In summary, we establish that the Ward-Takahashi identity for the Z2 fluctuation-dissipation
symmetry results in the nonequilibrium identity, which contains the second law of thermo-
dynamics. From the field-theoretical viewpoint, Eq. (2.39) is most useful to derive a set of
the identity between the Green’s function. We will later apply this Ward-Takahashi identity
to derive the fluctuation-dissipation relation for the current-current correlation function.

In the (⇡R, ⇡A
)-expression of the MSR effective action, the above fluctuation-dissipation

symmetry reproduces the classical stochastic limit of the so-called dynamical KMS symme-
try [24, 25]. To see this, recalling Eqs. (2.15)-(2.16) together with the linearized relation
n = ��D0⇡R, we identify the transformation rule for ⇡R and ⇡A as

(
⇡R

(x) ! ⇡R0
(x) = �⇡R

(�x),

⇡A
(x) ! ⇡A0

(x) = �⇡A
(�x) + i�D0⇡R

(�x).
(2.42)

As a result, we can express the transformation rule for the U(1) invariant combination
Dµ⇡R and Dµ⇡A in a simple manner as

(
Dµ⇡R

(x) !
�
Dµ⇡R

(x)
�0

= D�µ⇡R
(�x),

Dµ⇡A
(x) !

�
Dµ⇡A

(x)
�0

= D�µ⇡A
(�x) � i�@0D�µ⇡R

(�x),
(2.43)

where we introduced D�µ⇡R
(�x) ⌘ @�µ⇡R

(�x)�eAR
µ (�x) in the same manner as D�µ⇡A

(�x).
This transformation precisely matches with that of the dynamical KMS symmetry in the
classical stochastic limit [24, 25]. As a consequence of the Z2 symmetry, we here show the
fluctuation-dissipation relation between the Green’s function. For that purpose, we turn off
the background gauge field, which yields

S[⇡R, ⇡A
] = S[⇡R0

, ⇡A0
] + (surface) (2.44)

Taking ⇡A0
= 0 simplifies the right-hand-side of this equality, which also fixes the A-type

field in the left-hand-side as ⇡A
(x) = �i�@0⇡R

(x). Then, the above equality becomes
S[⇡R, �i�@0⇡R

] = (surface) with

S[⇡R, �i�@0⇡
R
] =

i

2

Z
d
4x
⇣
⇡R

�i�@0⇡R

⌘ 
0 i[GA

]
�1

i[GR
]
�1

[GR
]
�1

[GA
]
�1GRR

! 
⇡R

�i�@0⇡R

!

=
i�

2

Z
d
4x⇡R

[GR
]
�1

[GA
]
�1
�
GR

� GA
+ �GRR@0

�
@0⇡

R.

(2.45)
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Corollary 1. Fluctuation theorem

Corollary 2. The 2nd law of thermodynamics

express (2.39) as

1 =

Z
DniniPeq[nini]hexp (�⌃)i⇠ with ⌃ =

Z
d
4xe�EµJ̌µ

(ňos), (2.40)

where we introduced the entropy production due to the Joule heating as ⌃. As a corol-
lary, the Jensen’s inequality e

�x
� �x + 1 immediately leads to the second law of the

thermodynamics: Z
DniniPeq[nini]h⌃i⇠ � 0. (2.41)

In summary, we establish that the Ward-Takahashi identity for the Z2 fluctuation-dissipation
symmetry results in the nonequilibrium identity, which contains the second law of thermo-
dynamics. From the field-theoretical viewpoint, Eq. (2.39) is most useful to derive a set of
the identity between the Green’s function. We will later apply this Ward-Takahashi identity
to derive the fluctuation-dissipation relation for the current-current correlation function.

In the (⇡R, ⇡A
)-expression of the MSR effective action, the above fluctuation-dissipation

symmetry reproduces the classical stochastic limit of the so-called dynamical KMS symme-
try [24, 25]. To see this, recalling Eqs. (2.15)-(2.16) together with the linearized relation
n = ��D0⇡R, we identify the transformation rule for ⇡R and ⇡A as

(
⇡R

(x) ! ⇡R0
(x) = �⇡R

(�x),

⇡A
(x) ! ⇡A0

(x) = �⇡A
(�x) + i�D0⇡R

(�x).
(2.42)

As a result, we can express the transformation rule for the U(1) invariant combination
Dµ⇡R and Dµ⇡A in a simple manner as

(
Dµ⇡R

(x) !
�
Dµ⇡R

(x)
�0

= D�µ⇡R
(�x),

Dµ⇡A
(x) !

�
Dµ⇡A

(x)
�0

= D�µ⇡A
(�x) � i�@0D�µ⇡R

(�x),
(2.43)

where we introduced D�µ⇡R
(�x) ⌘ @�µ⇡R

(�x)�eAR
µ (�x) in the same manner as D�µ⇡A

(�x).
This transformation precisely matches with that of the dynamical KMS symmetry in the
classical stochastic limit [24, 25]. As a consequence of the Z2 symmetry, we here show the
fluctuation-dissipation relation between the Green’s function. For that purpose, we turn off
the background gauge field, which yields

S[⇡R, ⇡A
] = S[⇡R0

, ⇡A0
] + (surface) (2.44)

Taking ⇡A0
= 0 simplifies the right-hand-side of this equality, which also fixes the A-type

field in the left-hand-side as ⇡A
(x) = �i�@0⇡R

(x). Then, the above equality becomes
S[⇡R, �i�@0⇡R

] = (surface) with

S[⇡R, �i�@0⇡
R
] =

i

2

Z
d
4x
⇣
⇡R

�i�@0⇡R

⌘ 
0 i[GA

]
�1

i[GR
]
�1

[GR
]
�1

[GA
]
�1GRR

! 
⇡R

�i�@0⇡R

!

=
i�

2

Z
d
4x⇡R

[GR
]
�1

[GA
]
�1
�
GR

� GA
+ �GRR@0

�
@0⇡

R.

(2.45)
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Corollary 3. Fluctuation-dissipation relation
This equality S[⇡R, �i�@0⇡R

] = (surface) holds if we put a condition for the Green’s func-
tion in the Fourier space as

2 Im GR
(!,k) =

!

T
GRR

(!,k), (2.46)

which matches the fluctuation-dissipation relation directly found before. We thus see the
Z2 symmetry is indeed associated with the fluctuation-dissipation relation4.

Matching condition for low-energy coefficient As is the case with any low-energy
effective theory, the MSR effective action also contains some low energy coefficients—the
charge susceptibility � and conductivity �—which we could not determine within the ef-
fective theory. In contrast to the universal form of the effective action determined solely
by symmetry, values of the low-energy coefficients themselves depend on underlying micro-
scopic dynamics of ultraviolet (UV) theory. To determine them, we need other information
such as experimental data, or microscopic calculations based on UV theory. We here demon-
strate that the matching condition for the low-energy coefficients is indeed a well-known
linear response relation such as the Green-Kubo formula [43–45].

The matching condition is regarded as a consistency for the correlation function calcu-
lated by the underlying theory and MSR effective theory. Since the electric current operator
is easily identified even in the UV theory, we use the correlation function of the current
operator to match the low-energy coefficient. In other words, we will evaluate connected
Green’s function of the current operator defined by

i
�1

log Z =

Z
d
4xhJµ

(x)ic�Aµ(x)+
i

2

Z
d
4xd

4yhJµ
(x)J⌫

(y)ic�Aµ(x)�A⌫(y)+ · · · , (2.47)

where we suppressed the (R, A)-indices both for the current operator and background gauge
field. Here, we define the gauge current Jµ

a (x) with the explicit (R, A)-indices as

Jµ

R
(x) ⌘

�S

�AA
µ (x)

and Jµ

A
(x) ⌘

�S

�AR
µ (x)

. (2.48)

Among all the connected Green’s functions, we will, in particular, focus on the following
two-point function

hJµ

a (x)J⌫

b
(y)ic ⌘

1

i2

�2 log Z

�Ab
⌫(y)�Aa

µ(x)

����
Aµ=0

with a, b = R or A, (2.49)

where we turn off both of the background gauge fields after taking the variation. Note that
this correlation function is different from the simple path-integral average

hJµ

a (x)J⌫

b
(y)i

0

c ⌘
1

Z

Z
D⇡R

D⇡A
J det(@0)e

iS[⇡
R
,⇡

A
;A

R
µ ,A

A
µ ]�Jµ

a (x)�J⌫

b
(y)

���
Aµ=0

, (2.50)

4There is an interesting alternative way to implement the fluctuation-dissipation symmetry using the
fermionic symmetry such as the BRST symmetry and supersymmetry. Although we will not use that in the
subsequent analysis, we present related materials in Appendix C. Those who are interested in that formal
development can refer to the appendix.
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Redundant�description
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Lcharge = �nD0⇡
A � T��ijDi⇡

A
⇣
@j

�Sth

�n
+ e�Ej

⌘
+ iT��ijDi⇡

ADj⇡
A

◆ Effective Lagrangian for stochastic charge diffusion

NG field for  symmetry can be introduced by U(1)w

Josephson equation: 

of U(1) symmetry attached to AR
µ and AA

µ gauge fields as U(1)A and U(1)R symmetry,
respectively2.

The crucial observation is that the auxiliary field appears in the special combination
with the background gauge field as Dµ⇡A

= @µ⇡A
� eAA

µ . This shows that the auxiliary
field ⇡A nonlinearly realizes the U(1)R symmetry, whose local transformation with a gauge
transformation parameter ↵A

(x) acts on them as

⇡A
(x) ! ⇡A

(x) + e↵A
(x), AA

µ (x) ! AA

µ (x) + @µ↵A
(x), (2.14)

so that Dµ⇡A is U(1)R gauge invariant. This nonlinear realization motivates us to call ⇡A

as the Nambu-Goldstone (NG) field attached to U(1)R symmetry. On the other hand, the
MSR effective theory is manifestly U(1)A gauge invariant. This is because the effective
action contains the gauge-invariant field strength tensor of AR

µ , and all other fields are inert
under the U(1)A symmetry.

While the MSR effective Lagrangian (2.11) in terms of dynamical variables n and ⇡A is
useful enough for the practical calculation, there is another possible variable which enables
us to treats the dynamical variables on an equal footing; a redundant phase variable ⇡R

instead of the charge density n. The field redefinition helps us not only to clarify the
symmetry structure of the MSR effective theory but also to consider the superfluid phase
in the next subsection.

To rewrite the MSR effective theory with the help of another variable, we first recall
that the definition of the charge chemical potential µ is followed from the variation of the
entropy functional as

�Sth[n]

�n(x)
= ��µ(x). (2.15)

Then, we introduce a new dynamical variable ⇡R defined through “Josephson equation” for
the chemical potential as

µ = �D0⇡
R

with Dµ⇡R
⌘ @µ⇡R

� eAR

µ . (2.16)

The combination of these equation enables to rewrite the constitutive relation as
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Furthermore, in the linearized regime, which is the main concern of the current paper, we
can replace the charge density as n = �µ = ��D0⇡R. As a result, we can rewrite the
effective Lagrangian using ⇡R as follows:

Lcharge = �D0⇡
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R
� ��ijDi⇡

A@0Dj⇡
R

+ iT��ijDi⇡
ADj⇡

A (2.17)

2We assigned a symmetry group to a little confusing interchanged indices in order to match the indices
of the conserved charge. This is because the physical (auxiliary) current Jµ

R (Jµ
A) is obtained by taking the

variation of the generating functional with respect to AA
µ (AR

µ ).
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{ -   symmetry: U(1)w

-  symmetry: U(1)s

with the decoupled Jacobian J = det
��@0 � Dr2

��. Note that local U(1)A symmetry with
a gauge parameter ↵R acts on ⇡R and AR

µ as

⇡R
(x) ! ⇡R

(x) + e↵R
(x), AR

µ (x) ! AR

µ (x) + @µ↵R
(x), (2.18)

and thus, Dµ⇡R is U(1)A gauge invariant by definition.
By construction, the effective Lagrangian now consists of the gauge-invariant building

blocks Dµ⇡R and Dµ⇡A on an equal footing. Moreover, the (⇡R, ⇡A
)-description shows

emergent gauge invariance (or redundancy) under the following position-dependent trans-
formation:

⇡R
(t,x) ! ⇡R

(t,x) + ↵(x) or Di⇡
R
(t,x) ! Di⇡

R
(t,x) + @i↵(x). (2.19)

This gauge redundancy comes from the fact that the effective Lagrangian contains ⇡R

only through the charge density n = ��D0⇡R (or equivalently, chemcal potential). Notice
that the emergent gauge symmetry is not gauged U(1)A symmetry since it acts on Di⇡R

as if it is an associated gauge field [recall that Di⇡R is U(1)A gauge invariant thanks to
the transformation of AR

i
, which is absent in Eq. (2.19)]. Then, one can characterize the

stochastic charge diffusion in the normal phase as the effective theory described by a pair
of the NG fields (⇡R, ⇡A

) with the emergent gauge symmetry (2.19).
The effective Lagrangian (2.17) coincides with the classical stochastic limit of the

Schwinger-Keldysh effective field theory of the charge diffusion discussed in Ref. [24, 25].
It should be, however, worthwhile emphasizing that there is no need to use the redundant
NG field ⇡R attached to the U(1)A symmetry in the normal diffusion case. This is because
that U(1)A symmetry is not broken in contrast to U(1)R symmetry, which is broken due to
the presence of the density operator at the initial time (See the end of this subsection). In
contrast, it is necessary to use the NG field ⇡R to describe stochastic charge dynamics in
the superfluid phase with spontaneous U(1)A symmetry breaking, which will be discussed
in the next subsection.

There is one remark on the above expression of the MSR effective Lagrangian related
to the apparent presence of the unphysical mode. With the new field variable ⇡R and ⇡A,
turning off the background gauge field leads to the following effective Lagrangian

Lcharge =
i

2

⇣
⇡R ⇡A

⌘ 
0 i�@0(@0 + Dr2

)

i�@0(@0 � Dr2
) �2T�r2

! 
⇡R

⇡A

!
(2.20)

which contains the unphysical ! = 0 pole in addition to the physical diffusion pole ! =

�iDk2. This is coming from the above field redefinition from the charge density n to another
redundant variable ⇡R. From the path-integral viewpoint, the redefinition procedure is
accomplished by inserting the identity 1 =

R
D⇡R

det(@0)�(n+�D0⇡R
) and performing the

trivialized path integral for n after replacing all n with ��D0⇡R. It is now clear that the
decoupled Jacobian det(@0) cancells out the above unphysical pole, as is expected from its
origin.

For later convenience, we here summarize the Green’s functions for ⇡R and ⇡A in the
Fourier space defined by

Gab
(!,k) =

Z
d
4xe

i!(t�t
0
)�ik·(x�x0

)
h⇡a

(t,x)⇡b
(t0,x0

)i with a, b = R or A, (2.21)

– 10 –

with the decoupled Jacobian J = det
��@0 � Dr2

��. Note that local U(1)A symmetry with
a gauge parameter ↵R acts on ⇡R and AR

µ as

⇡R
(x) ! ⇡R

(x) + e↵R
(x), AR

µ (x) ! AR

µ (x) + @µ↵R
(x), (2.18)

and thus, Dµ⇡R is U(1)A gauge invariant by definition.
By construction, the effective Lagrangian now consists of the gauge-invariant building

blocks Dµ⇡R and Dµ⇡A on an equal footing. Moreover, the (⇡R, ⇡A
)-description shows

emergent gauge invariance (or redundancy) under the following position-dependent trans-
formation:

⇡R
(t,x) ! ⇡R

(t,x) + ↵(x) or Di⇡
R
(t,x) ! Di⇡

R
(t,x) + @i↵(x). (2.19)

This gauge redundancy comes from the fact that the effective Lagrangian contains ⇡R

only through the charge density n = ��D0⇡R (or equivalently, chemcal potential). Notice
that the emergent gauge symmetry is not gauged U(1)A symmetry since it acts on Di⇡R

as if it is an associated gauge field [recall that Di⇡R is U(1)A gauge invariant thanks to
the transformation of AR

i
, which is absent in Eq. (2.19)]. Then, one can characterize the

stochastic charge diffusion in the normal phase as the effective theory described by a pair
of the NG fields (⇡R, ⇡A

) with the emergent gauge symmetry (2.19).
The effective Lagrangian (2.17) coincides with the classical stochastic limit of the

Schwinger-Keldysh effective field theory of the charge diffusion discussed in Ref. [24, 25].
It should be, however, worthwhile emphasizing that there is no need to use the redundant
NG field ⇡R attached to the U(1)A symmetry in the normal diffusion case. This is because
that U(1)A symmetry is not broken in contrast to U(1)R symmetry, which is broken due to
the presence of the density operator at the initial time (See the end of this subsection). In
contrast, it is necessary to use the NG field ⇡R to describe stochastic charge dynamics in
the superfluid phase with spontaneous U(1)A symmetry breaking, which will be discussed
in the next subsection.

There is one remark on the above expression of the MSR effective Lagrangian related
to the apparent presence of the unphysical mode. With the new field variable ⇡R and ⇡A,
turning off the background gauge field leads to the following effective Lagrangian

Lcharge =
i

2

⇣
⇡R ⇡A

⌘ 
0 i�@0(@0 + Dr2

)

i�@0(@0 � Dr2
) �2T�r2

! 
⇡R

⇡A

!
(2.20)

which contains the unphysical ! = 0 pole in addition to the physical diffusion pole ! =

�iDk2. This is coming from the above field redefinition from the charge density n to another
redundant variable ⇡R. From the path-integral viewpoint, the redefinition procedure is
accomplished by inserting the identity 1 =

R
D⇡R

det(@0)�(n+�D0⇡R
) and performing the

trivialized path integral for n after replacing all n with ��D0⇡R. It is now clear that the
decoupled Jacobian det(@0) cancells out the above unphysical pole, as is expected from its
origin.

For later convenience, we here summarize the Green’s functions for ⇡R and ⇡A in the
Fourier space defined by

Gab
(!,k) =

Z
d
4xe

i!(t�t
0
)�ik·(x�x0

)
h⇡a

(t,x)⇡b
(t0,x0

)i with a, b = R or A, (2.21)

– 10 –

The description with           has gauge symmetry (redundancy)
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◆ Matching condition

due to the contact term contribution proportional to the second variation of the MSR
effective action (�O ⌘ O � hOi is introduced to give a proper definition of the connected
Green’s function). The direct calculation shows their relation as

hJµ

a (x)J⌫

b
(y)ic = hJµ

a (x)J⌫

b
(y)i

0

c + i
�1

D �2S

�Ab
⌫(y)�Aa

µ(x)

E����
Aµ=0

. (2.51)

Assuming translational invariance of the correlation function (or the initial state is equilib-
rium) in the absence of the background field, we will consider the two-point function in the
Fourier space:

Gµ⌫

ab
(!,k) ⌘

Z
d
4xe

i!t�ik·x
hJµ

a (x)J⌫

b
(0)ic. (2.52)

In the following, we will extract the low-energy coefficients (� and �) from the appropriate
hydrodynamics limit of Eq. (2.52).

Relying on (⇡R, ⇡A
)-representation of the MSR effective action, we find the R-type and

A-type gauge currents (2.48) are given as follows:

Jµ

R
= e

 
��D0⇡R

��ij(@0Dj⇡R
� 2iTDj⇡A

)

!
, Jµ

A
= e

 
��D0⇡A

���ij@0Dj⇡A

!
. (2.53)

From this expression together with the Green’s function summarized in Eq. (2.22), we can
directly evaluate the hydrodynamic limit of Eq. (2.52). As a result, one sees that the
appropriate hydrodynamic limit of the first term in Eq. (2.51) all vanishes, and only the
contact term contribution survives [MH: See Appendix D for the explicit calculation.], which
yields

lim
k!0

G00

RA(! = 0,k) = i
�1e2�,

lim
!!0

1

!
Gij

RA
(!,k = 0) = e2��ij ,

Gij

RR
(! = 0,k = 0) = 2e2T��ij .

(2.54)

Recalling that the retarded Green’s function is given by GR(!,k) = iGRA(!,k), one sees
that the first two equations are rewritten as

lim
k!0

G00

R (! = 0,k) = e2�, lim
!!0

1

!
Im Gij

R
(!,k = 0) = e2��ij , (2.55)

which is nothing but the result obtained by the linear response theory—in particular, the
second equation is the well-known Green-Kubo formula for the electric conductivity. Fur-
thermore, we can directly see the following relation is satisfied

2 Im Gij

R
(!,k) =

!

T
Gij

RR
(!,k), (2.56)

which represents the fluctuation-dissipation relation in the classical stochastic regime.
Instead of the direct comparison, we can also show the fluctuation-dissipation relation

from the Ward-Takahashi identity (2.39):

i
�1

log Z[AR

µ , i�Eµ] = 0. (2.57)
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In the following, we will extract the low-energy coefficients (� and �) from the appropriate
hydrodynamics limit of Eq. (2.52).

Relying on (⇡R, ⇡A
)-representation of the MSR effective action, we find the R-type and

A-type gauge currents (2.48) are given as follows:

Jµ

R
= e

 
��D0⇡R

��ij(@0Dj⇡R
� 2iTDj⇡A

)

!
, Jµ

A
= e

 
��D0⇡A

���ij@0Dj⇡A

!
. (2.53)

From this expression together with the Green’s function summarized in Eq. (2.22), we can
directly evaluate the hydrodynamic limit of Eq. (2.52). As a result, one sees that the
appropriate hydrodynamic limit of the first term in Eq. (2.51) all vanishes, and only the
contact term contribution survives [MH: See Appendix D for the explicit calculation.], which
yields

lim
k!0

G00

RA(! = 0,k) = i
�1e2�,

lim
!!0

1

!
Gij

RA
(!,k = 0) = e2��ij ,

Gij

RR
(! = 0,k = 0) = 2e2T��ij .

(2.54)

Recalling that the retarded Green’s function is given by GR(!,k) = iGRA(!,k), one sees
that the first two equations are rewritten as

lim
k!0

G00

R (! = 0,k) = e2�, lim
!!0

1

!
Im Gij

R
(!,k = 0) = e2��ij , (2.55)

which is nothing but the result obtained by the linear response theory—in particular, the
second equation is the well-known Green-Kubo formula for the electric conductivity. Fur-
thermore, we can directly see the following relation is satisfied

2 Im Gij

R
(!,k) =

!

T
Gij

RR
(!,k), (2.56)

which represents the fluctuation-dissipation relation in the classical stochastic regime.
Instead of the direct comparison, we can also show the fluctuation-dissipation relation

from the Ward-Takahashi identity (2.39):

i
�1

log Z[AR

µ , i�Eµ] = 0. (2.57)
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<latexit sha1_base64="hQQEzn9TQRY9gJNWmpZHB0x3Y4o="></latexit>

{�,�}

◆ Effective Lagrangian for stochastic charge diffusion
<latexit sha1_base64="j7X20g2oyJTy9Nh/WEzLZwJyFm0="></latexit>

Lcharge = �nD0⇡
A � T��ijDi⇡

A
⇣
@j

�Sth

�n
+ e�Ej

⌘
+ iT��ijDi⇡

ADj⇡
A

of U(1) symmetry attached to AR
µ and AA

µ gauge fields as U(1)A and U(1)R symmetry,
respectively2.

The crucial observation is that the auxiliary field appears in the special combination
with the background gauge field as Dµ⇡A

= @µ⇡A
� eAA

µ . This shows that the auxiliary
field ⇡A nonlinearly realizes the U(1)R symmetry, whose local transformation with a gauge
transformation parameter ↵A

(x) acts on them as

⇡A
(x) ! ⇡A

(x) + e↵A
(x), AA

µ (x) ! AA

µ (x) + @µ↵A
(x), (2.14)

so that Dµ⇡A is U(1)R gauge invariant. This nonlinear realization motivates us to call ⇡A

as the Nambu-Goldstone (NG) field attached to U(1)R symmetry. On the other hand, the
MSR effective theory is manifestly U(1)A gauge invariant. This is because the effective
action contains the gauge-invariant field strength tensor of AR

µ , and all other fields are inert
under the U(1)A symmetry.

While the MSR effective Lagrangian (2.11) in terms of dynamical variables n and ⇡A is
useful enough for the practical calculation, there is another possible variable which enables
us to treats the dynamical variables on an equal footing; a redundant phase variable ⇡R

instead of the charge density n. The field redefinition helps us not only to clarify the
symmetry structure of the MSR effective theory but also to consider the superfluid phase
in the next subsection.

To rewrite the MSR effective theory with the help of another variable, we first recall
that the definition of the charge chemical potential µ is followed from the variation of the
entropy functional as

�Sth[n]

�n(x)
= ��µ(x). (2.15)

Then, we introduce a new dynamical variable ⇡R defined through “Josephson equation” for
the chemical potential as

µ = �D0⇡
R

with Dµ⇡R
⌘ @µ⇡R

� eAR

µ . (2.16)

The combination of these equation enables to rewrite the constitutive relation as

J i
= T��ij

⇥
@j(�D0⇡

R
) + e�(@jA

R

0 � @0A
R

j )
⇤

= ��ij
⇥
@j(@0⇡

R
� eAR

0 ) + e(@jA
R

0 � @0A
R

j )
⇤

= ��ij@0Dj⇡
R

Furthermore, in the linearized regime, which is the main concern of the current paper, we
can replace the charge density as n = �µ = ��D0⇡R. As a result, we can rewrite the
effective Lagrangian using ⇡R as follows:

Lcharge = �D0⇡
AD0⇡

R
� ��ijDi⇡

A@0Dj⇡
R

+ iT��ijDi⇡
ADj⇡

A (2.17)

2We assigned a symmetry group to a little confusing interchanged indices in order to match the indices
of the conserved charge. This is because the physical (auxiliary) current Jµ

R (Jµ
A) is obtained by taking the

variation of the generating functional with respect to AA
µ (AR

µ ).
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What�is�superfluid?

Micro：Selecting vacuum

https://en.wikipedia.org/wiki/Superfluidity#/
media/File:Liquid_helium_Rollin_film.jpg

Macro：Superfluid

◆ Superfluid = fluid with spontaneous symmetry breaking

◆ How to characterize the superfluid phase (generalized rigidity)

h[iQ̂a, �̂i(x)]i ⌘ Tr
�
⇢̂[iQ̂a, �̂i(x)]

�
6= 0such that9 �̂(x)

Q̂a(1 ) Nonvanishing order parameter for a conserved charge          

(2 ) Nonvanishing current-current correlation

The superfluid phase is a state where the remaining U(1)A symmetry is spontaneously
broken. According to the Nambu-Goldstone theorem [54–56], the system inevitably con-
tains the gapless NG mode. Since we have already introduced such NG fields ⇡R through a
Josephson equation (2.16), even in the normal phase, we need to identify how we distinguish
the superfluid phase from the normal phase. For that purpose, we recall that the salient fea-
ture of the symmetry broken phase is that the system (or the NG field) acquires generalized
rigidity [57], which corresponds to the presence of the nonvanishing static current-current
correlation6. As we clarified in the previous section, information on the static correlation
is implemented in the zero-frequency part of the Gij

RA
(!,k). We thus define the superfluid

phase by the nonvanishing static current-current correlation, or

Condition of SSB : lim
k!0

Gij

RA
(! = 0,k) = e2�f2

6= 0, (2.65)

where we put the charge susceptibility just for the normalization.
Based on the above discussion, we here specify the MSR effective Lagrangian describing

the superfluid phase. It is now clear that the MSR effective theory for the superfluid phase
should be equipped with another U(1)-invariant term proportional to �ijDi⇡ADj⇡R. This
term is manifestly gauge-invariant since it is composed of the gauge-invariant combination
Di⇡R and Dj⇡A. The reason why the MSR effective theory (2.17) lacks this term is that its
coefficient is proportional to the condensate f2 in Eq. (2.65), which vanishes in the normal
phase. Taking account of that term, we identify the leading effective Lagrangian for the
superfluid phonon in a medium as

LNG = �D0⇡
AD0⇡

R
� �f2�ijDi⇡

ADj⇡
R

� ��ijDi⇡
A@0Dj⇡

R
+ iT��ijDi⇡

ADj⇡
A, (2.66)

where we assigned the coefficient �f2 to make consistent with Eq. (2.65). Note that the
diffusion term now becomes the higher-derivative contribution compared to the new term.
From the global symmetry viewpoint, we can characterize the superfluid phase by the
reduced symmetry: while the normal phase enjoys the position-dependent shift ⇡R

!

⇡R
+ ↵R

(x), the superfluid phase only enjoys the constant shift symmetry ⇡R
! ⇡R

+ ↵R

0
,

which allows the new term proportional to f2.
Taking the variation of the MSR effective action with respect to the gauge fields, we

find the gauge currents in the superfluid phase as

Jµ

R
= e

 
��D0⇡R

�ij [�f2Dj⇡R
+ �(@0Dj⇡R

� iTDj⇡A
)]

!
, Jµ

A
= e

 
��D0⇡A

�ij [�f2Dj⇡A
� �@0Dj⇡A

]

!
.

(2.67)
6In the field-theoretical language, this means that the effective (or thermodynamic) potential �[⇡] has

the flat direction along with the constant shift of the NG field so that its leading ⇡-dependence is identified
as

�[⇡] =
f2

2

Z
d3x�ij@i⇡@j⇡ + · · · , (2.64)

where the ellipsis stands for the higher-derivative correction. Then, recalling that the introduction of the
background field Ai leads to the replacement of @i⇡ with the gauge-invariant combination Di⇡ = @i⇡�eAi,
we see that the nonvanishing static current-current correlation, or the condensate f2, characterizes the
occurrence of spontaneous symmetry breaking.
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◆ Effective Lagrangian for stochastic charge diffusion
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Lcharge = �nD0⇡
A � T��ijDi⇡

A
⇣
@j

�Sth

�n
+ e�Ej

⌘
+ iT��ijDi⇡

ADj⇡
A

of U(1) symmetry attached to AR
µ and AA

µ gauge fields as U(1)A and U(1)R symmetry,
respectively2.

The crucial observation is that the auxiliary field appears in the special combination
with the background gauge field as Dµ⇡A

= @µ⇡A
� eAA

µ . This shows that the auxiliary
field ⇡A nonlinearly realizes the U(1)R symmetry, whose local transformation with a gauge
transformation parameter ↵A

(x) acts on them as

⇡A
(x) ! ⇡A

(x) + e↵A
(x), AA

µ (x) ! AA

µ (x) + @µ↵A
(x), (2.14)

so that Dµ⇡A is U(1)R gauge invariant. This nonlinear realization motivates us to call ⇡A

as the Nambu-Goldstone (NG) field attached to U(1)R symmetry. On the other hand, the
MSR effective theory is manifestly U(1)A gauge invariant. This is because the effective
action contains the gauge-invariant field strength tensor of AR

µ , and all other fields are inert
under the U(1)A symmetry.

While the MSR effective Lagrangian (2.11) in terms of dynamical variables n and ⇡A is
useful enough for the practical calculation, there is another possible variable which enables
us to treats the dynamical variables on an equal footing; a redundant phase variable ⇡R

instead of the charge density n. The field redefinition helps us not only to clarify the
symmetry structure of the MSR effective theory but also to consider the superfluid phase
in the next subsection.

To rewrite the MSR effective theory with the help of another variable, we first recall
that the definition of the charge chemical potential µ is followed from the variation of the
entropy functional as

�Sth[n]

�n(x)
= ��µ(x). (2.15)

Then, we introduce a new dynamical variable ⇡R defined through “Josephson equation” for
the chemical potential as

µ = �D0⇡
R

with Dµ⇡R
⌘ @µ⇡R

� eAR

µ . (2.16)

The combination of these equation enables to rewrite the constitutive relation as

J i
= T��ij

⇥
@j(�D0⇡

R
) + e�(@jA

R

0 � @0A
R

j )
⇤

= ��ij
⇥
@j(@0⇡

R
� eAR

0 ) + e(@jA
R

0 � @0A
R

j )
⇤

= ��ij@0Dj⇡
R

Furthermore, in the linearized regime, which is the main concern of the current paper, we
can replace the charge density as n = �µ = ��D0⇡R. As a result, we can rewrite the
effective Lagrangian using ⇡R as follows:

Lcharge = �D0⇡
AD0⇡

R
� ��ijDi⇡

A@0Dj⇡
R

+ iT��ijDi⇡
ADj⇡

A (2.17)

2We assigned a symmetry group to a little confusing interchanged indices in order to match the indices
of the conserved charge. This is because the physical (auxiliary) current Jµ

R (Jµ
A) is obtained by taking the

variation of the generating functional with respect to AA
µ (AR

µ ).
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-  symmetry: U(1)w

-  symmetry: U(1)s

with the decoupled Jacobian J = det
��@0 � Dr2

��. Note that local U(1)A symmetry with
a gauge parameter ↵R acts on ⇡R and AR

µ as

⇡R
(x) ! ⇡R

(x) + e↵R
(x), AR

µ (x) ! AR

µ (x) + @µ↵R
(x), (2.18)

and thus, Dµ⇡R is U(1)A gauge invariant by definition.
By construction, the effective Lagrangian now consists of the gauge-invariant building

blocks Dµ⇡R and Dµ⇡A on an equal footing. Moreover, the (⇡R, ⇡A
)-description shows

emergent gauge invariance (or redundancy) under the following position-dependent trans-
formation:

⇡R
(t,x) ! ⇡R

(t,x) + ↵(x) or Di⇡
R
(t,x) ! Di⇡

R
(t,x) + @i↵(x). (2.19)

This gauge redundancy comes from the fact that the effective Lagrangian contains ⇡R

only through the charge density n = ��D0⇡R (or equivalently, chemcal potential). Notice
that the emergent gauge symmetry is not gauged U(1)A symmetry since it acts on Di⇡R

as if it is an associated gauge field [recall that Di⇡R is U(1)A gauge invariant thanks to
the transformation of AR

i
, which is absent in Eq. (2.19)]. Then, one can characterize the

stochastic charge diffusion in the normal phase as the effective theory described by a pair
of the NG fields (⇡R, ⇡A

) with the emergent gauge symmetry (2.19).
The effective Lagrangian (2.17) coincides with the classical stochastic limit of the

Schwinger-Keldysh effective field theory of the charge diffusion discussed in Ref. [24, 25].
It should be, however, worthwhile emphasizing that there is no need to use the redundant
NG field ⇡R attached to the U(1)A symmetry in the normal diffusion case. This is because
that U(1)A symmetry is not broken in contrast to U(1)R symmetry, which is broken due to
the presence of the density operator at the initial time (See the end of this subsection). In
contrast, it is necessary to use the NG field ⇡R to describe stochastic charge dynamics in
the superfluid phase with spontaneous U(1)A symmetry breaking, which will be discussed
in the next subsection.

There is one remark on the above expression of the MSR effective Lagrangian related
to the apparent presence of the unphysical mode. With the new field variable ⇡R and ⇡A,
turning off the background gauge field leads to the following effective Lagrangian

Lcharge =
i

2

⇣
⇡R ⇡A

⌘ 
0 i�@0(@0 + Dr2

)

i�@0(@0 � Dr2
) �2T�r2

! 
⇡R

⇡A

!
(2.20)

which contains the unphysical ! = 0 pole in addition to the physical diffusion pole ! =

�iDk2. This is coming from the above field redefinition from the charge density n to another
redundant variable ⇡R. From the path-integral viewpoint, the redefinition procedure is
accomplished by inserting the identity 1 =

R
D⇡R

det(@0)�(n+�D0⇡R
) and performing the

trivialized path integral for n after replacing all n with ��D0⇡R. It is now clear that the
decoupled Jacobian det(@0) cancells out the above unphysical pole, as is expected from its
origin.

For later convenience, we here summarize the Green’s functions for ⇡R and ⇡A in the
Fourier space defined by

Gab
(!,k) =

Z
d
4xe

i!(t�t
0
)�ik·(x�x0

)
h⇡a

(t,x)⇡b
(t0,x0

)i with a, b = R or A, (2.21)
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Lcharge =
i

2

⇣
⇡R ⇡A

⌘ 
0 i�@0(@0 + Dr2

)

i�@0(@0 � Dr2
) �2T�r2

! 
⇡R

⇡A

!
(2.20)

which contains the unphysical ! = 0 pole in addition to the physical diffusion pole ! =

�iDk2. This is coming from the above field redefinition from the charge density n to another
redundant variable ⇡R. From the path-integral viewpoint, the redefinition procedure is
accomplished by inserting the identity 1 =

R
D⇡R

det(@0)�(n+�D0⇡R
) and performing the

trivialized path integral for n after replacing all n with ��D0⇡R. It is now clear that the
decoupled Jacobian det(@0) cancells out the above unphysical pole, as is expected from its
origin.

For later convenience, we here summarize the Green’s functions for ⇡R and ⇡A in the
Fourier space defined by

Gab
(!,k) =

Z
d
4xe

i!(t�t
0
)�ik·(x�x0

)
h⇡a

(t,x)⇡b
(t0,x0

)i with a, b = R or A, (2.21)
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- Gauge symmetry (redundancy):

◆ Symmetries and redundancy

Nonvanishing current-current correlation 

The superfluid phase is a state where the remaining U(1)A symmetry is spontaneously
broken. According to the Nambu-Goldstone theorem [54–56], the system inevitably con-
tains the gapless NG mode. Since we have already introduced such NG fields ⇡R through a
Josephson equation (2.16), even in the normal phase, we need to identify how we distinguish
the superfluid phase from the normal phase. For that purpose, we recall that the salient fea-
ture of the symmetry broken phase is that the system (or the NG field) acquires generalized
rigidity [57], which corresponds to the presence of the nonvanishing static current-current
correlation6. As we clarified in the previous section, information on the static correlation
is implemented in the zero-frequency part of the Gij

RA
(!,k). We thus define the superfluid

phase by the nonvanishing static current-current correlation, or

Condition of SSB : lim
k!0

Gij

RA
(! = 0,k) = e2�f2

6= 0, (2.65)

where we put the charge susceptibility just for the normalization.
Based on the above discussion, we here specify the MSR effective Lagrangian describing

the superfluid phase. It is now clear that the MSR effective theory for the superfluid phase
should be equipped with another U(1)-invariant term proportional to �ijDi⇡ADj⇡R. This
term is manifestly gauge-invariant since it is composed of the gauge-invariant combination
Di⇡R and Dj⇡A. The reason why the MSR effective theory (2.17) lacks this term is that its
coefficient is proportional to the condensate f2 in Eq. (2.65), which vanishes in the normal
phase. Taking account of that term, we identify the leading effective Lagrangian for the
superfluid phonon in a medium as

LNG = �D0⇡
AD0⇡

R
� �f2�ijDi⇡

ADj⇡
R

� ��ijDi⇡
A@0Dj⇡

R
+ iT��ijDi⇡

ADj⇡
A, (2.66)

where we assigned the coefficient �f2 to make consistent with Eq. (2.65). Note that the
diffusion term now becomes the higher-derivative contribution compared to the new term.
From the global symmetry viewpoint, we can characterize the superfluid phase by the
reduced symmetry: while the normal phase enjoys the position-dependent shift ⇡R

!

⇡R
+ ↵R

(x), the superfluid phase only enjoys the constant shift symmetry ⇡R
! ⇡R

+ ↵R

0
,

which allows the new term proportional to f2.
Taking the variation of the MSR effective action with respect to the gauge fields, we

find the gauge currents in the superfluid phase as

Jµ

R
= e

 
��D0⇡R

�ij [�f2Dj⇡R
+ �(@0Dj⇡R

� iTDj⇡A
)]

!
, Jµ

A
= e

 
��D0⇡A

�ij [�f2Dj⇡A
� �@0Dj⇡A

]

!
.

(2.67)
6In the field-theoretical language, this means that the effective (or thermodynamic) potential �[⇡] has

the flat direction along with the constant shift of the NG field so that its leading ⇡-dependence is identified
as

�[⇡] =
f2

2

Z
d3x�ij@i⇡@j⇡ + · · · , (2.64)

where the ellipsis stands for the higher-derivative correction. Then, recalling that the introduction of the
background field Ai leads to the replacement of @i⇡ with the gauge-invariant combination Di⇡ = @i⇡�eAi,
we see that the nonvanishing static current-current correlation, or the condensate f2, characterizes the
occurrence of spontaneous symmetry breaking.
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should be present!!

This term respects U(1) symmetry, but not gauge symmetry!
(The superfluid phase loses the above gauge symmetry)
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◆ Effective Lagrangian for superfluid (T≠0)

The superfluid phase is a state where the remaining U(1)A symmetry is spontaneously
broken. According to the Nambu-Goldstone theorem [54–56], the system inevitably con-
tains the gapless NG mode. Since we have already introduced such NG fields ⇡R through a
Josephson equation (2.16), even in the normal phase, we need to identify how we distinguish
the superfluid phase from the normal phase. For that purpose, we recall that the salient fea-
ture of the symmetry broken phase is that the system (or the NG field) acquires generalized
rigidity [57], which corresponds to the presence of the nonvanishing static current-current
correlation6. As we clarified in the previous section, information on the static correlation
is implemented in the zero-frequency part of the Gij

RA
(!,k). We thus define the superfluid

phase by the nonvanishing static current-current correlation, or

Condition of SSB : lim
k!0

Gij

RA
(! = 0,k) = e2�f2

6= 0, (2.65)

where we put the charge susceptibility just for the normalization.
Based on the above discussion, we here specify the MSR effective Lagrangian describing

the superfluid phase. It is now clear that the MSR effective theory for the superfluid phase
should be equipped with another U(1)-invariant term proportional to �ijDi⇡ADj⇡R. This
term is manifestly gauge-invariant since it is composed of the gauge-invariant combination
Di⇡R and Dj⇡A. The reason why the MSR effective theory (2.17) lacks this term is that its
coefficient is proportional to the condensate f2 in Eq. (2.65), which vanishes in the normal
phase. Taking account of that term, we identify the leading effective Lagrangian for the
superfluid phonon in a medium as

LNG = �D0⇡
AD0⇡

R
� �f2�ijDi⇡

ADj⇡
R

� ��ijDi⇡
A@0Dj⇡

R
+ iT��ijDi⇡

ADj⇡
A, (2.66)

where we assigned the coefficient �f2 to make consistent with Eq. (2.65). Note that the
diffusion term now becomes the higher-derivative contribution compared to the new term.
From the global symmetry viewpoint, we can characterize the superfluid phase by the
reduced symmetry: while the normal phase enjoys the position-dependent shift ⇡R

!

⇡R
+ ↵R

(x), the superfluid phase only enjoys the constant shift symmetry ⇡R
! ⇡R

+ ↵R

0
,

which allows the new term proportional to f2.
Taking the variation of the MSR effective action with respect to the gauge fields, we

find the gauge currents in the superfluid phase as

Jµ

R
= e

 
��D0⇡R

�ij [�f2Dj⇡R
+ �(@0Dj⇡R

� iTDj⇡A
)]

!
, Jµ

A
= e

 
��D0⇡A

�ij [�f2Dj⇡A
� �@0Dj⇡A

]

!
.

(2.67)
6In the field-theoretical language, this means that the effective (or thermodynamic) potential �[⇡] has

the flat direction along with the constant shift of the NG field so that its leading ⇡-dependence is identified
as

�[⇡] =
f2

2

Z
d3x�ij@i⇡@j⇡ + · · · , (2.64)

where the ellipsis stands for the higher-derivative correction. Then, recalling that the introduction of the
background field Ai leads to the replacement of @i⇡ with the gauge-invariant combination Di⇡ = @i⇡�eAi,
we see that the nonvanishing static current-current correlation, or the condensate f2, characterizes the
occurrence of spontaneous symmetry breaking.

– 21 –

Owing to the new term appearing in the superfluid phase, the current acquires the term
proportional to f2, which gives the leading-order contribution in the derivative expansion.
Introducing the superfluid velocity by the gradient of the NG field as uR/A

s,i
⌘ Di⇡R/A,

one immediately sees that the new term indeed gives the current induced by the superfluid
velocity, which is consistent with the familiar result.

Let us then investigate the low-energy spectrum in the superfluid phase by turning off
the background gauge field. After performing the integral by parts, we rewrite the effective
Lagrangian (2.66) as follows:

LNG =
i

2

⇣
⇡R ⇡A

⌘ 
0 i�[@2

0
+ Dr2@0 � f2r2

]

i�[@2

0
� Dr2@0 � f2r2

] �2T�r2

! 
⇡R

⇡A

!
, (2.68)

from which we can read off the retarded Green’s function as

GR
(!,k) = iGRA

(!,k) = �
1

�(!2 � f2k2 + iD!k2)
. (2.69)

Then, we find that the pole of the retarded Green’s function is located at

! =
±

p
4f2k2 � D2k4 � iDk2

2
' ±cs|k| �

i

2
Dk2

+ O(k3
) with cs ⌘ f. (2.70)

As is expected, spontaneous symmetry breaking allows the NG field to acquire the prop-
agating nature, whose propagating speed is identified with the value of the condensate7.
Taking the imaginary part, we further obtain the spectral function proportional to the
symmetric Green’s function:

⇢(!,k) = 2 Im GR
(!,k) =

2D!k2

�2[(!2 � f2k2)2 + (D!k2)2]
=

!

T
GRR

(!,k). (2.71)

Figure 2 shows the dispersion relation and symmetric Green’s function. In comparison
to the normal phase (See Fig. 1), the dispersion relation supports the finite real part, and
equivalently, the symmetric Green’s function shows the two peak structure. We thus see the
stochastic charge dynamics in the superfluid phase shows the gapless propagating-diffusive
behavior.

In the same way as the normal phase, one can also show the Z2 fluctuation-dissipation
symmetry and the matching condition for the superfluid MSR effective theory. The MSR
effective theory (2.66) enjoys the Z2 fluctuation-dissipation symmetry, which has already
been given in Eq. (2.43) as the dynamical KMS symmetry. The new term induces an
additional contribution to the surface variation, which is identified as the entropy difference
owing to the superfluid part. [MH: I haven’t checked this.] Furthermore, one can regard
the condition for spontaneous symmetry breaking (2.65) as the new matching condition in
the superfluid phase. We will use the quadratic MSR effective theory (2.66) to describe the
Anderson-Higgs mechanism at the classical stochastic limit in the subsequent section.

7 Since we do not take into account the energy-momentum sector here, we only have the propagating
NG mode corresponding to the second sound. In other words, when we consider the dynamics of the
energy-momentum density, the mixing between the NG mode and the transverse sound takes place, and
the resultant mode will be the first and second sounds [1].
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Figure 2. (a) Dispersion relations and (b) symmetric Green’s function in the superfluid phase.

3 Coupled stochastic dynamics of charge and electromagnetism

Based on the Martin-Sigga-Rose’s (MSR) path-integral formalism (or classical stochastic
limit of the Schwinger-Keldysh effective theory) on stochastic charge dynamics, we inves-
tigate coupled dynamics of the electric charge density, originally describing the gapless
hydrodynamic mode, and dynamical electromagnetic fields. After considering coupled dy-
namics in the normal phase discussed in the introduction, we extend our discussion to the
superconducting (Higgs) phase. Moreover, we also discuss the interpolation from the hy-
drodynamic regime to the kinetic regime relying on the Maxwell-Cattaneo model of the
diffusion, which capgures the delayed (relaxational) response.

3.1 Analogue of the Anderson-Higgs mechanism in normal phase

We here demonstrate that the mixing of the diffusion mode and the dynamical electro-
magnetic field results in opening the pure imaginary gap for the diffusion mode. In the
same spirit as the analysis on the Anderson-Higgs mechanism, we add the Maxwell term
to the MSR effective action and consider their coupled dynamics. Considering the long-
time (hydrodynamic) regime, we assume that the charged matter sector stays near thermal
equilibrium, which allows us to use the same hydrodynamic constitutive relation.

In this hydrodynamic regime, we investigate dynamics described by the effective action

Stot ⌘ Scharge[Dµ⇡R, Dµ⇡A
] + SMax[A

R

µ + AA

µ /2] � SMax[A
R

µ � AA

µ /2], (3.1)

where we added the doubled Maxwell term for the gauge field:

SMax[Aµ] = �
1

4

Z
d
4x⌘µ⌫⌘⇢�Fµ⇢F⌫� with Fµ⌫ ⌘ @µA⌫ � @⌫Aµ, (3.2)

with the mostly-plus convention for the Minkowski metric: ⌘µ⌫ = diag(�1, +1, +1, +1).
Here the Schwinger-Keldysh viewpoint is helpful to understand the Maxwell part since the
doubled action is simply SMax[A1

µ] � SMax[A2
µ] expressed in the so-called Keldysh-basis AR

µ
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Owing to the new term appearing in the superfluid phase, the current acquires the term
proportional to f2, which gives the leading-order contribution in the derivative expansion.
Introducing the superfluid velocity by the gradient of the NG field as uR/A

s,i
⌘ Di⇡R/A,

one immediately sees that the new term indeed gives the current induced by the superfluid
velocity, which is consistent with the familiar result.

Let us then investigate the low-energy spectrum in the superfluid phase by turning off
the background gauge field. After performing the integral by parts, we rewrite the effective
Lagrangian (2.66) as follows:
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As is expected, spontaneous symmetry breaking allows the NG field to acquire the prop-
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Figure 2 shows the dispersion relation and symmetric Green’s function. In comparison
to the normal phase (See Fig. 1), the dispersion relation supports the finite real part, and
equivalently, the symmetric Green’s function shows the two peak structure. We thus see the
stochastic charge dynamics in the superfluid phase shows the gapless propagating-diffusive
behavior.

In the same way as the normal phase, one can also show the Z2 fluctuation-dissipation
symmetry and the matching condition for the superfluid MSR effective theory. The MSR
effective theory (2.66) enjoys the Z2 fluctuation-dissipation symmetry, which has already
been given in Eq. (2.43) as the dynamical KMS symmetry. The new term induces an
additional contribution to the surface variation, which is identified as the entropy difference
owing to the superfluid part. [MH: I haven’t checked this.] Furthermore, one can regard
the condition for spontaneous symmetry breaking (2.65) as the new matching condition in
the superfluid phase. We will use the quadratic MSR effective theory (2.66) to describe the
Anderson-Higgs mechanism at the classical stochastic limit in the subsequent section.

7 Since we do not take into account the energy-momentum sector here, we only have the propagating
NG mode corresponding to the second sound. In other words, when we consider the dynamics of the
energy-momentum density, the mixing between the NG mode and the transverse sound takes place, and
the resultant mode will be the first and second sounds [1].
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◆ Effective Lagrangian for superfluid (T≠0)

The superfluid phase is a state where the remaining U(1)A symmetry is spontaneously
broken. According to the Nambu-Goldstone theorem [54–56], the system inevitably con-
tains the gapless NG mode. Since we have already introduced such NG fields ⇡R through a
Josephson equation (2.16), even in the normal phase, we need to identify how we distinguish
the superfluid phase from the normal phase. For that purpose, we recall that the salient fea-
ture of the symmetry broken phase is that the system (or the NG field) acquires generalized
rigidity [57], which corresponds to the presence of the nonvanishing static current-current
correlation6. As we clarified in the previous section, information on the static correlation
is implemented in the zero-frequency part of the Gij

RA
(!,k). We thus define the superfluid

phase by the nonvanishing static current-current correlation, or

Condition of SSB : lim
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where we put the charge susceptibility just for the normalization.
Based on the above discussion, we here specify the MSR effective Lagrangian describing

the superfluid phase. It is now clear that the MSR effective theory for the superfluid phase
should be equipped with another U(1)-invariant term proportional to �ijDi⇡ADj⇡R. This
term is manifestly gauge-invariant since it is composed of the gauge-invariant combination
Di⇡R and Dj⇡A. The reason why the MSR effective theory (2.17) lacks this term is that its
coefficient is proportional to the condensate f2 in Eq. (2.65), which vanishes in the normal
phase. Taking account of that term, we identify the leading effective Lagrangian for the
superfluid phonon in a medium as
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R
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ADj⇡
R

� ��ijDi⇡
A@0Dj⇡

R
+ iT��ijDi⇡

ADj⇡
A, (2.66)

where we assigned the coefficient �f2 to make consistent with Eq. (2.65). Note that the
diffusion term now becomes the higher-derivative contribution compared to the new term.
From the global symmetry viewpoint, we can characterize the superfluid phase by the
reduced symmetry: while the normal phase enjoys the position-dependent shift ⇡R
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(x), the superfluid phase only enjoys the constant shift symmetry ⇡R
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which allows the new term proportional to f2.
Taking the variation of the MSR effective action with respect to the gauge fields, we

find the gauge currents in the superfluid phase as
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6In the field-theoretical language, this means that the effective (or thermodynamic) potential �[⇡] has

the flat direction along with the constant shift of the NG field so that its leading ⇡-dependence is identified
as

�[⇡] =
f2

2

Z
d3x�ij@i⇡@j⇡ + · · · , (2.64)

where the ellipsis stands for the higher-derivative correction. Then, recalling that the introduction of the
background field Ai leads to the replacement of @i⇡ with the gauge-invariant combination Di⇡ = @i⇡�eAi,
we see that the nonvanishing static current-current correlation, or the condensate f2, characterizes the
occurrence of spontaneous symmetry breaking.
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of U(1) symmetry attached to AR
µ and AA

µ gauge fields as U(1)A and U(1)R symmetry,
respectively2.

The crucial observation is that the auxiliary field appears in the special combination
with the background gauge field as Dµ⇡A

= @µ⇡A
� eAA

µ . This shows that the auxiliary
field ⇡A nonlinearly realizes the U(1)R symmetry, whose local transformation with a gauge
transformation parameter ↵A

(x) acts on them as

⇡A
(x) ! ⇡A

(x) + e↵A
(x), AA

µ (x) ! AA

µ (x) + @µ↵A
(x), (2.14)

so that Dµ⇡A is U(1)R gauge invariant. This nonlinear realization motivates us to call ⇡A

as the Nambu-Goldstone (NG) field attached to U(1)R symmetry. On the other hand, the
MSR effective theory is manifestly U(1)A gauge invariant. This is because the effective
action contains the gauge-invariant field strength tensor of AR

µ , and all other fields are inert
under the U(1)A symmetry.

While the MSR effective Lagrangian (2.11) in terms of dynamical variables n and ⇡A is
useful enough for the practical calculation, there is another possible variable which enables
us to treats the dynamical variables on an equal footing; a redundant phase variable ⇡R

instead of the charge density n. The field redefinition helps us not only to clarify the
symmetry structure of the MSR effective theory but also to consider the superfluid phase
in the next subsection.

To rewrite the MSR effective theory with the help of another variable, we first recall
that the definition of the charge chemical potential µ is followed from the variation of the
entropy functional as

�Sth[n]

�n(x)
= ��µ(x). (2.15)

Then, we introduce a new dynamical variable ⇡R defined through “Josephson equation” for
the chemical potential as

µ = �D0⇡
R

with Dµ⇡R
⌘ @µ⇡R

� eAR

µ . (2.16)

The combination of these equation enables to rewrite the constitutive relation as

J i
= T��ij

⇥
@j(�D0⇡

R
) + e�(@jA

R

0 � @0A
R

j )
⇤

= ��ij
⇥
@j(@0⇡

R
� eAR

0 ) + e(@jA
R

0 � @0A
R

j )
⇤

= ��ij@0Dj⇡
R

Furthermore, in the linearized regime, which is the main concern of the current paper, we
can replace the charge density as n = �µ = ��D0⇡R. As a result, we can rewrite the
effective Lagrangian using ⇡R as follows:

Lcharge = �D0⇡
AD0⇡

R
� ��ijDi⇡

A@0Dj⇡
R

+ iT��ijDi⇡
ADj⇡

A (2.17)

2We assigned a symmetry group to a little confusing interchanged indices in order to match the indices
of the conserved charge. This is because the physical (auxiliary) current Jµ

R (Jµ
A) is obtained by taking the

variation of the generating functional with respect to AA
µ (AR

µ ).
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-  symmetry: U(1)w

-  symmetry: U(1)s

with the decoupled Jacobian J = det
��@0 � Dr2

��. Note that local U(1)A symmetry with
a gauge parameter ↵R acts on ⇡R and AR

µ as

⇡R
(x) ! ⇡R

(x) + e↵R
(x), AR

µ (x) ! AR

µ (x) + @µ↵R
(x), (2.18)

and thus, Dµ⇡R is U(1)A gauge invariant by definition.
By construction, the effective Lagrangian now consists of the gauge-invariant building

blocks Dµ⇡R and Dµ⇡A on an equal footing. Moreover, the (⇡R, ⇡A
)-description shows

emergent gauge invariance (or redundancy) under the following position-dependent trans-
formation:

⇡R
(t,x) ! ⇡R

(t,x) + ↵(x) or Di⇡
R
(t,x) ! Di⇡

R
(t,x) + @i↵(x). (2.19)

This gauge redundancy comes from the fact that the effective Lagrangian contains ⇡R

only through the charge density n = ��D0⇡R (or equivalently, chemcal potential). Notice
that the emergent gauge symmetry is not gauged U(1)A symmetry since it acts on Di⇡R

as if it is an associated gauge field [recall that Di⇡R is U(1)A gauge invariant thanks to
the transformation of AR

i
, which is absent in Eq. (2.19)]. Then, one can characterize the

stochastic charge diffusion in the normal phase as the effective theory described by a pair
of the NG fields (⇡R, ⇡A

) with the emergent gauge symmetry (2.19).
The effective Lagrangian (2.17) coincides with the classical stochastic limit of the

Schwinger-Keldysh effective field theory of the charge diffusion discussed in Ref. [24, 25].
It should be, however, worthwhile emphasizing that there is no need to use the redundant
NG field ⇡R attached to the U(1)A symmetry in the normal diffusion case. This is because
that U(1)A symmetry is not broken in contrast to U(1)R symmetry, which is broken due to
the presence of the density operator at the initial time (See the end of this subsection). In
contrast, it is necessary to use the NG field ⇡R to describe stochastic charge dynamics in
the superfluid phase with spontaneous U(1)A symmetry breaking, which will be discussed
in the next subsection.

There is one remark on the above expression of the MSR effective Lagrangian related
to the apparent presence of the unphysical mode. With the new field variable ⇡R and ⇡A,
turning off the background gauge field leads to the following effective Lagrangian

Lcharge =
i

2

⇣
⇡R ⇡A

⌘ 
0 i�@0(@0 + Dr2

)

i�@0(@0 � Dr2
) �2T�r2

! 
⇡R

⇡A

!
(2.20)

which contains the unphysical ! = 0 pole in addition to the physical diffusion pole ! =

�iDk2. This is coming from the above field redefinition from the charge density n to another
redundant variable ⇡R. From the path-integral viewpoint, the redefinition procedure is
accomplished by inserting the identity 1 =

R
D⇡R

det(@0)�(n+�D0⇡R
) and performing the

trivialized path integral for n after replacing all n with ��D0⇡R. It is now clear that the
decoupled Jacobian det(@0) cancells out the above unphysical pole, as is expected from its
origin.

For later convenience, we here summarize the Green’s functions for ⇡R and ⇡A in the
Fourier space defined by

Gab
(!,k) =

Z
d
4xe

i!(t�t
0
)�ik·(x�x0

)
h⇡a

(t,x)⇡b
(t0,x0

)i with a, b = R or A, (2.21)
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◆ Symmetries

- WT identity for Z2 symmetry: 

Let us then consider how the fluctuation-dissipation symmetry acts on the boundary-fixed
generating functional. Using n0

ini
= nfin, n0

fin
= nini coming from the Z2-transformation

(2.24), we find the fluctuation-dissipation symmetry acts on Eq. (2.30) as

Z[AR0

µ , AA0

µ ; n0

ini, n
0

fin
] =

Z
nini

nfin

Dn0
D⇡A0

e
iS[n

0
,⇡

A0
;A

R
µ
0
,A

A
µ
0
]

=

Z
nfin

nini

DnD⇡A
e
iS[n,⇡

A
;A

R
µ ,A

A
µ ]�Sth[nini]+Sth[nfin]

= e
�Sth[nini]+Sth[nfin]

Z
nfin

nini

DnD⇡A
e
iS[n,⇡

A
;A

R
µ ,A

A
µ ],

(2.33)

where we assumed the absence of the anomaly, or invariance of the integration measure.
We thus obtain the following Ward-Takahashi identity3:

e
�Sth[nini]Z[AR

µ , AA

µ ; nini, nfin] = e
�Sth[nfin]Z[AR0

µ , AA0

µ ; n0

ini, n
0

fin
]. (2.37)

Taking the ensemble average on the initial and final configurations and recalling Peq[n] =

e
�Sth[n], we eventually obtain the Ward-Takahashi identity associated with the fluctuation-

dissipation symmetry for the original generating functional as

Z[AR

µ , AA

µ ] = Z[AR0

µ , AA0

µ ]. (2.38)

From the Schwinger-Keldysh formalism, this condition is regarded as a classical stochastic
limit of the KMS symmetry for the generating functional derived in Refs. [24, 25].

Based on Eq. (2.38), we now derive the fluctuation theorem and the second law of
thermodynamics. To make it easy to use Eq. (2.38), we first eliminate the right-hand-side
by tuning AA

µ (x) to satisfy AA
µ

0
(x) = 0. The transformation rule (2.24) then fixes the A-

type background field of the left-hand-side as AA
µ (x) = i�[@µAR

0
(x) � @0AR

µ (x)] = i�Eµ(x),
where we used the four-electric field Eµ. Then, the identity (2.38) leads to

Z[AR

µ , i�Eµ] = 1. (2.39)

This is the so-called the nonequilibrium identity known as the integral fluctuation theorem.
To see this, we recall the definition of the generating functional (2.5), which enables us to

3 This identity (2.37) can also be regarded as an extension of the detailed balance condition in the
presence of the background fields AR

µ and AA
µ . To show this, turning off the background A-type field, we

define the transition probability from n(tini,x) = nini(x) to n(tfin,x) = nfin(x) as

W[nfin|nini;A
R
µ ] ⌘ Z[AR

µ , A
A
µ = 0;nini, nfin]. (2.34)

Thanks to Eq. (2.32), one can check this quantity indeed satisfies an essential property of the transition
probability as Z

DnfinW[nfin|nini;A
R
µ ] = 1. (2.35)

Then, noting that there is no transformed AA
µ field in the absence of AA

µ , we see that the identity (2.37)
reproduces the familiar detailed balance condition:

Peq[nini]W[nfin|nini;A
R
µ ] = Peq[nfin]W[nini|nfin;A

R0
µ ]. (2.36)
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◆ Matching condition for                     

due to the contact term contribution proportional to the second variation of the MSR
effective action (�O ⌘ O � hOi is introduced to give a proper definition of the connected
Green’s function). The direct calculation shows their relation as

hJµ

a (x)J⌫

b
(y)ic = hJµ

a (x)J⌫

b
(y)i

0

c + i
�1

D �2S

�Ab
⌫(y)�Aa

µ(x)

E����
Aµ=0

. (2.51)

Assuming translational invariance of the correlation function (or the initial state is equilib-
rium) in the absence of the background field, we will consider the two-point function in the
Fourier space:

Gµ⌫

ab
(!,k) ⌘

Z
d
4xe

i!t�ik·x
hJµ

a (x)J⌫

b
(0)ic. (2.52)

In the following, we will extract the low-energy coefficients (� and �) from the appropriate
hydrodynamics limit of Eq. (2.52).

Relying on (⇡R, ⇡A
)-representation of the MSR effective action, we find the R-type and

A-type gauge currents (2.48) are given as follows:

Jµ

R
= e

 
��D0⇡R

��ij(@0Dj⇡R
� 2iTDj⇡A

)

!
, Jµ

A
= e

 
��D0⇡A

���ij@0Dj⇡A

!
. (2.53)

From this expression together with the Green’s function summarized in Eq. (2.22), we can
directly evaluate the hydrodynamic limit of Eq. (2.52). As a result, one sees that the
appropriate hydrodynamic limit of the first term in Eq. (2.51) all vanishes, and only the
contact term contribution survives [MH: See Appendix D for the explicit calculation.], which
yields

lim
k!0

G00

RA(! = 0,k) = i
�1e2�,

lim
!!0

1

!
Gij

RA
(!,k = 0) = e2��ij ,

Gij

RR
(! = 0,k = 0) = 2e2T��ij .

(2.54)

Recalling that the retarded Green’s function is given by GR(!,k) = iGRA(!,k), one sees
that the first two equations are rewritten as

lim
k!0

G00

R (! = 0,k) = e2�, lim
!!0

1

!
Im Gij

R
(!,k = 0) = e2��ij , (2.55)

which is nothing but the result obtained by the linear response theory—in particular, the
second equation is the well-known Green-Kubo formula for the electric conductivity. Fur-
thermore, we can directly see the following relation is satisfied

2 Im Gij

R
(!,k) =

!

T
Gij

RR
(!,k), (2.56)

which represents the fluctuation-dissipation relation in the classical stochastic regime.
Instead of the direct comparison, we can also show the fluctuation-dissipation relation

from the Ward-Takahashi identity (2.39):

i
�1

log Z[AR

µ , i�Eµ] = 0. (2.57)

– 17 –

due to the contact term contribution proportional to the second variation of the MSR
effective action (�O ⌘ O � hOi is introduced to give a proper definition of the connected
Green’s function). The direct calculation shows their relation as

hJµ

a (x)J⌫

b
(y)ic = hJµ

a (x)J⌫

b
(y)i

0

c + i
�1

D �2S

�Ab
⌫(y)�Aa

µ(x)

E����
Aµ=0

. (2.51)

Assuming translational invariance of the correlation function (or the initial state is equilib-
rium) in the absence of the background field, we will consider the two-point function in the
Fourier space:

Gµ⌫

ab
(!,k) ⌘

Z
d
4xe

i!t�ik·x
hJµ

a (x)J⌫

b
(0)ic. (2.52)

In the following, we will extract the low-energy coefficients (� and �) from the appropriate
hydrodynamics limit of Eq. (2.52).

Relying on (⇡R, ⇡A
)-representation of the MSR effective action, we find the R-type and

A-type gauge currents (2.48) are given as follows:

Jµ

R
= e

 
��D0⇡R

��ij(@0Dj⇡R
� 2iTDj⇡A

)

!
, Jµ

A
= e

 
��D0⇡A

���ij@0Dj⇡A

!
. (2.53)

From this expression together with the Green’s function summarized in Eq. (2.22), we can
directly evaluate the hydrodynamic limit of Eq. (2.52). As a result, one sees that the
appropriate hydrodynamic limit of the first term in Eq. (2.51) all vanishes, and only the
contact term contribution survives [MH: See Appendix D for the explicit calculation.], which
yields

lim
k!0

G00

RA(! = 0,k) = i
�1e2�,

lim
!!0

1

!
Gij

RA
(!,k = 0) = e2��ij ,

Gij

RR
(! = 0,k = 0) = 2e2T��ij .

(2.54)

Recalling that the retarded Green’s function is given by GR(!,k) = iGRA(!,k), one sees
that the first two equations are rewritten as

lim
k!0

G00

R (! = 0,k) = e2�, lim
!!0

1

!
Im Gij

R
(!,k = 0) = e2��ij , (2.55)

which is nothing but the result obtained by the linear response theory—in particular, the
second equation is the well-known Green-Kubo formula for the electric conductivity. Fur-
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�1

log Z[AR
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The superfluid phase is a state where the remaining U(1)A symmetry is spontaneously
broken. According to the Nambu-Goldstone theorem [54–56], the system inevitably con-
tains the gapless NG mode. Since we have already introduced such NG fields ⇡R through a
Josephson equation (2.16), even in the normal phase, we need to identify how we distinguish
the superfluid phase from the normal phase. For that purpose, we recall that the salient fea-
ture of the symmetry broken phase is that the system (or the NG field) acquires generalized
rigidity [57], which corresponds to the presence of the nonvanishing static current-current
correlation6. As we clarified in the previous section, information on the static correlation
is implemented in the zero-frequency part of the Gij

RA
(!,k). We thus define the superfluid

phase by the nonvanishing static current-current correlation, or

Condition of SSB : lim
k!0

Gij

RA
(! = 0,k) = e2�f2

6= 0, (2.65)

where we put the charge susceptibility just for the normalization.
Based on the above discussion, we here specify the MSR effective Lagrangian describing

the superfluid phase. It is now clear that the MSR effective theory for the superfluid phase
should be equipped with another U(1)-invariant term proportional to �ijDi⇡ADj⇡R. This
term is manifestly gauge-invariant since it is composed of the gauge-invariant combination
Di⇡R and Dj⇡A. The reason why the MSR effective theory (2.17) lacks this term is that its
coefficient is proportional to the condensate f2 in Eq. (2.65), which vanishes in the normal
phase. Taking account of that term, we identify the leading effective Lagrangian for the
superfluid phonon in a medium as

LNG = �D0⇡
AD0⇡

R
� �f2�ijDi⇡

ADj⇡
R

� ��ijDi⇡
A@0Dj⇡

R
+ iT��ijDi⇡

ADj⇡
A, (2.66)

where we assigned the coefficient �f2 to make consistent with Eq. (2.65). Note that the
diffusion term now becomes the higher-derivative contribution compared to the new term.
From the global symmetry viewpoint, we can characterize the superfluid phase by the
reduced symmetry: while the normal phase enjoys the position-dependent shift ⇡R

!

⇡R
+ ↵R

(x), the superfluid phase only enjoys the constant shift symmetry ⇡R
! ⇡R

+ ↵R

0
,

which allows the new term proportional to f2.
Taking the variation of the MSR effective action with respect to the gauge fields, we

find the gauge currents in the superfluid phase as

Jµ

R
= e

 
��D0⇡R

�ij [�f2Dj⇡R
+ �(@0Dj⇡R

� iTDj⇡A
)]

!
, Jµ

A
= e

 
��D0⇡A

�ij [�f2Dj⇡A
� �@0Dj⇡A

]

!
.

(2.67)
6In the field-theoretical language, this means that the effective (or thermodynamic) potential �[⇡] has

the flat direction along with the constant shift of the NG field so that its leading ⇡-dependence is identified
as

�[⇡] =
f2

2

Z
d3x�ij@i⇡@j⇡ + · · · , (2.64)

where the ellipsis stands for the higher-derivative correction. Then, recalling that the introduction of the
background field Ai leads to the replacement of @i⇡ with the gauge-invariant combination Di⇡ = @i⇡�eAi,
we see that the nonvanishing static current-current correlation, or the condensate f2, characterizes the
occurrence of spontaneous symmetry breaking.
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{�,�, f2}

In the similar manner, we can construct the EFT for non-Abelian superfluid 
based on the coset construction (Callan-Coleman-Wess-Zumino method)!
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A Fluctuating hydrodynamics meets gravity

In this section, we generalize our analysis to the stochastic dynamics of the energy-momentum
density, or fluctuating hydrodynamics coupled with the graivty. We first clarify the struc-
ture of the MSR effective theory of the dissipative fluid in the curved background by putting
emphasis on some new ingredients. We then investigate the coupled dynamics with the lin-
earized gravity on the top of flat Minkowski background.

A.1 Effective field theory for fluctuating hydrodynamics

Setup of the problem 1: Dynamics. Let us consider the stochastic dynamics of a
dissipative fluid in the presence of the gravitational background. The conservation law,
constitutive relation, and the fluctuation-dissipation relation for a relativistic Navier-Stokes
fluid are given by

rµŤµ⌫
= 0 with

(
Ťµ⌫

= (ě + p̌
�
ǔµǔ⌫

+ p̌gµ⌫
R

� T̄⌘µ⌫⇢�r⇢�̌� + ⇠̌µ⌫ ,

h⇠̌µ⌫(t,x)⇠̌⇢�(t0,x0
)i⇠ = 2T̄⌘µ⌫⇢��(t � t0)�(3)(x � x0

).
(A.1)

Here, we introduced energy density and pressure of the fluid ě = e(�̌) and p̌ = p(�̌) together
with the stochastic fluid four-vector:

�̌µ
(x) = �̌(x)ǔµ

(x) with gRµ⌫ ǔ
µǔ⌫

= �1, (A.2)

which defines the local inverse temperature as �̌(x) = 1/Ť (x) ⌘

q
�gRµ⌫(x)�̌µ(x)�̌⌫(x).

Here, gRµ⌫ (gµ⌫
R

) denotes the R-type background (inverse) metric, which defines the associated
covariant derivative rµ, e.g. rµ�⌫

⌘ rµ�⌫
+(�

⌫
µ⇢)

R�⇢. We assume that the system stays
near local thermal equilibrium, and the energy density and pressure p(�) are both given
functions of the local inverse tempearture � in accordance with local thermodynamics. As
a result, the pressure p is related to the energy density e as p(e), and and vice versa (the
explicit relation is available by solving e = �@(�p)/@�).

In contrast to the simplified analysis on the stochastic U(1) charge dynamics, we here
allow the stochastic variable �̌µ to have finite background values; e.g., the averaged fluid
vector does not vanish as h�̌µ

i⇠ 6= 0. Then, we decompose the fluid four-vector �̌µ
(x) into

the background and fluctuation parts as

�̌µ
(x) = �̄µ

(x) + ��̌µ
(x) with �̄µ

(x) ⌘ h�̌µ
(x)i⇠, ��̌µ

= �
1

p
�gR

�Sfluc[�Ť 0
µ]

�(�Ť 0
µ)

. (A.3)

Here, we introduced the determinant of the R-type metric gR = det gRµ⌫ , and the c-number
given function �̄µ

(x) specifying the background flow configulation. Note that h��̌µ
(x)i⇠ = 0

is satisfied by definition. For instance, the simplest situation, or the static equilibrium
background with the constant temperature T0 = 1/�0, is realized by �̄µ

eq = �0�
µ

0
. We also

introduced the entropy functional Sfluc[�T 0
µ] responsible for the fluctuation as

Sfluc[�T
0

µ] = �

Z
d
3x

p
�gR


�̄(x)

2
�µ⌫

(x)�T 0

µ(x)�T 0

⌫(x) + · · ·

�
, (A.4)
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◆ Fluctuating relativistic hydrodynamics

where we introduced the inverse susceptiblity tensor �µ⌫ under the background fluid flow �̄µ

with the local inverse temperature �̄(x) defined by �̄(x) ⌘

q
�gRµ⌫(x)�̄µ(x)�̄⌫(x). The elip-

siss in Sfluc[�T 0
µ] stands for higher-order terms with respect to the energy-momentum den-

sity fluctuation �T 0
µ. In the quadratic regime of Eq. (A.4), one sees the energy-momentum

fluctuation �Ť 0
µ satisfies h�Ť 0

µi = 0 according to h��̌µ
i = 0.

In Eq. (A.1), we again assumed the fluctuation-dissipation relation, whose noise magni-
tude is controlled by the background local temperature T̄ (x) ⌘ 1/�̄(x). As usual, we shall
perform the tensor decomposition to express the viscosity tensor ⌘µ⌫⇢�. For that purpose, it
is useful to note that we have implicitly chosen our coordinate system, so that there appears
the explicit 0-index representing the time-component. Based on this, we use the geometric
quantities based on the (3 + 1)-decomposition of spacetime; the time-vector tµ = Nvµ, and
normal vector nµ satisfying vµnµ = �1 and gµ⌫,Rnµn⌫ = �1, where N denotes the so-
called lapse function. The normal vector nµ defines the isochronous hypersurfaces, and the
time-vector tµ does the local time direction11. Using these vectors, we define the projection
matrix Pµ

⌫ , �µ⌫ , and �µ⌫ as

Pµ

⌫ ⌘ �µ⌫ + vµn⌫ , �
µ⌫

⌘ Pµ

⇢ P ⌫

� g⇢�,R and �
µ⇢
�⇢� = Pµ

⌫ . (A.5)

Thanks to Pµ
⌫ nµ = 0 = Pµ

⌫ vµ, we obtain spatial indices when we contruct spacetime indices
(µ, ⌫, · · · ) with the projection matrices Pµ

⌫ , �µ⌫ and �µ⌫ . By the use of these, we perform
the tensor decomposition and express the viscosity tensor ⌘µ⌫⇢� as

⌘µ⌫⇢� = ⌘

✓
1

2
(�

µ⇢
�

⌫�
+�

µ�
�

⌫⇢
) �

1

3
�

µ⌫
�

⇢�

◆
+ ⇣�µ⌫

�
⇢�, (A.6)

with the shear and bulk viscosities ⌘ and ⇣. Since our stochastic model contains the non-
linear fluctuation, these trasnsport coefficients should be regarded the bare transport co-
efficient, in general. However, if we linearize the above model by neglecting the nonlinear
fluctuation, they will be the renormalized ones.

Setup of the problem 2: Initial distribution. As a second point, we shall clarify
the initial probablity weight. In short, we shall use Pleq[�T 0

µ] = e
Sfluc[�T

0µ
] as the initial

probability distribution for the fluctuation [74]. Although this conclusion is enough simple,
there is a little complicated structure from a micrscopic viewpoint. To eliminate a potential
misunderstanding, we here provide a detailed discussion on how we identify Pleq[�T 0

µ] as
the initial probablity weight.

In order to describe the nontrivial background flow, it is helpful to employ the statistical
mechanical approach for the locally equilibrium fluid. Microscopicallly, such a probability
distribution, describing the system in local thermal equilibrium, is identified as the local
Gibbs distribution [75, 76]:

⇢̂LG[t; �µ

t
] = e

�Ŝ[t;�̄
µ
t ] with Ŝ[t; �̄µ

t
] ⌘ �

Z
d
3x

p
�gRT̂ 0

µ(t,x)�̄µ
(t,x) + [�µ

t
]. (A.7)

11We will explain more on the spacetime decomposition around Eq. (??), so one can for now just accept
the existence of these vectors and move forward without diving into the detail.
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A Fluctuating hydrodynamics meets gravity
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of the auxiliary NG field Dµ⇡A

⌫ as

Tµ⌫
⌘ (e + p)uµu⌫

+ pgµ⌫
R

� T̄⌘µ⌫⇢�r⇢��,

Dµ⇡A

⌫ ⌘ rµ⇡A

⌫ + r⌫⇡
A

µ � gAµ⌫ .
(A.20)

It is worth emphasizing that the present theory contains a nonlinear fluctuation (or interac-
tion vertex) resulting from the convective term even though we assumed the quadratic form
of the entropy functional. This is in a sharp contrast to the stochastic U(1) charge dynamics
discussed in the previous section. As a result, when evaluating correlation functions, we
generally encounter with the hydrodynamic loop contribution, which leads to the famous
long-time tail. This hydrodynamic loop contribution is the origin of the renoralization of
the various quantities such as the transport coefficients [26].

Note that ⇡A
µ always appears in the special combination Dµ⇡A

⌫ accompanied by the
A-type metric gAµ⌫ but with the R-type covariant derivative (recall rµ is composed of
the R-type metric). Thus, one sees that the MSR effective action (A.19) enjoys R-type
diffeormophism—which we call Di↵R—acting on fields ⇡A

µ and gAµ⌫ as follows14 :
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As we mentioned in the stochastic diffusion case, from the Schwinger-Keldysh top-down
viewpoint, the appearance of the NG field ⇡A

µ is a manifestation of the symmetry break-
ing pattern, (Di↵1 ⇥ Di↵2)/Di↵A, due to the presence the boundary condition (or the

14Strictly speaking, Di↵R is not good terminology as SU(Nf )A is the case with the axial part of the chiral
symmetry [recall that SU(Nf )A does not form a group]. The readers who prefer the legitimate terminology
should call our Di↵R as (Di↵1 ⇥ Di↵2)/Di↵A, where Di↵1 and Di↵2 are the doulbed Schwinger-Keldysh
diffeomorphisms.
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It is worth emphasizing that the present theory contains a nonlinear fluctuation (or interac-
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of the entropy functional. This is in a sharp contrast to the stochastic U(1) charge dynamics
discussed in the previous section. As a result, when evaluating correlation functions, we
generally encounter with the hydrodynamic loop contribution, which leads to the famous
long-time tail. This hydrodynamic loop contribution is the origin of the renoralization of
the various quantities such as the transport coefficients [26].
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What�is�NG�field�

From elastic theory, we know
NG field for a solid = displacement vector 

(2) Introduce a fluid particle position:
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Figure 9. Definition of the R-type Nambu-Goldstone field ⇡µ,R for the hydrodynamics.

by demanding

xµ̂
(t, xi

)
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= X̄ µ̂
(t, xi

) ) tµ̂(t, xi
)|
hs

= @0x
µ̂
(t, xi

) = �̄µ̂/�0. (A.50)

Since the average fluid velocity �̄µ̂ is now matched with the time vector, the system looks
like the hydrostatic in average. However, we emphasize that the system is not static in
average at all unless the average fluid vector �̄µ̂ is a Killing vector. In other words, the
average dynamics of the fluid is compensated by the dynamics of the geometric object like
the time vector tµ̂.

The coordinate system specified by Eq. (A.50) is nothing but the material coordinate
system often used in the theory of elasticity [81]. In the material coordinate system, the
coordinate xµ̂

(x) gives as an average position of fluid particles, and the NG field charac-
terizes a fluctution on the top of the avarage flow, that is, the displacement. This becomes
obvious from the expression of the fluid particle position X µ̂,R in the average hydrostatic
gauge:

X µ̂,R
(t) = xµ̂

(x) � ⇡µ̂,R
(x). (A.51)

As a result, we find that the NG field ⇡µ̂,R nonlinearly realizes Di↵A as the local xµ̂-
translation symmetry, in general. Namely, X µ̂,R remains invariant under the simultaneous
transformation xµ̂

! xµ̂
� ⇠µ̂,R and ⇡µ̂,R

! ⇡µ̂,R
� ⇠µ̂,R. While this transformation could

be nonlinear if we express it in the (t, xi
)-coordinate system, one sees that ⇡µ̂,R indeed

represents the NG field attached to Di↵A symmetry for the arbitrary background flow
�̄µ̂

= �0@0X̄ µ̂.
When we consider the coupled dynamics of the fluid and gravity, there is more useful

gauge; that is, an analogue of the unitary gauge. In fact, thanks to the local xµ̂-translation
invariance, one can further eliminate the NG field itself. This is a full hydrostatic gauge
beyond the average flow, in which we put the gauge fixing condition given by

xµ̂
(x)

��
hs

= X µ̂,R
(x). (A.52)

This gauge is not so useful in the analysis of the hydrodynamics in the absence of the
dynamical gravity. In contrast, it will be useful when we investigate the couled dynamics
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◆ Lagrangian specification of flow

(1) Assign a label to each fluid particle:
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◆ Physical interpretation of gauge symmetry

Gauge symmetry: 
(redundancy) or
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Xµ,R(�0�i) ! Xµ,R(�0�i) + Fµ(�i)
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�0 ! �0 + F 0(�0,�i), �i ! �i + F i(�i)

Dynamics of the fluid is unchanged  
        - if we reparameterize the time of each fluid particle, and 
        - if we reshuffle the label of the fluid particles

Xµ(�0,�i)
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Hydrodynamics is low-energy EFT of 

a spacetime filling brane                        , 

enjoying emergent gauge symmetry:
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�0 ! �0 + F 0(�0,�i)

�i ! �i + F i(�i)
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Xµ,R(�0�i) ! Xµ,R(�0�i) + Fµ(�i)Redundancy:
can be regarded as (noncompact) Kaluza-Klein gauge symmetry

◆ Variation formula for a nondissipative part

appearance of a new term composed of the spatial derivative of the particle-position
field X µ̂,R. It is now inevitable to use the field X µ̂,R since one cannot express this new term
by using local terms composed of the fluid-vector field �µ. Note also that the appearancde
of the new term reduces the emergent gauge symmetry of fluids (A.42) down to the position-
independent one:

Do we have a good expression for £�gµ⌫ in terms of ⇡µ,R, or the fluid metric Gµ⌫?
Does Eq. (A.55) serve as that? To describe the solid phase, we may have

Ssolid =

Z
d
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j @kX
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l
, (A.84)

where for the isotropic solid µijkl contains two constants known as the Lame constant. Is
this correct?
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A.3 Coupled dynamics of dissipative hydrodynamics with gravity

As we found, the MSR effective action for fluuctuating hydrodynamics is

Sfluid[X
µ,R, ⇡A

⌫ ] =

Z
d
4x

p
�GR


�

1

2
HA

µ⌫

2

�0

p
�GR

�

�Gµ⌫

 �
1

4
T⌘µ⌫⇢�(£�G⇢�)HA

µ⌫ +
i

4
T⌘µ⌫⇢�HA

µ⌫H
A

⇢�

�
,

(A.87)
where the thermodynamic functionals for the fluid and solid are given by
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with a reference constant temperature �0. By taking the functoinal derivative, we find the
nondissipative part of the energy-momentum tensor as
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Normal fluid is described by 
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◆ Induced metric for worldvolume
Choosing                       ,  we introduce
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�µ = xµ

Di↵2 manifest in the microscopic theory. From our bottum-up construction, it simply
comes from our field redefinition. In fact, this gauge invariance is just the redundancy
in the descripion with X µ̂,R, which is absent in the description with �µ (or T 0

µ). From
the Schwinger-Keldysh top-down approach, the emergent gauge symmetry (A.42) or (A.43)
defines “what is the fluid” in the effective field-theoretical language. In other words, we
define fluid mechanics as the low-energy effective theory composed of the spacetime filling
brane X µ̂,R enjoying the gauge symmetry (A.42). As a result, the effective theory of the
fluid cannot have terms like @iX µ̂,R without the time derivative. This is a basic philosophy
taken in Refs. [24, 25] to construct the effective Lagrangian of the dissipative fluid. As will
be shown below, the effective theory of the solid only shows the reduced redundancy, or the
position-independent transformation, so that the situation becomes different.

Let us clarify the consequence of the emergent gauge symmetry. For that purpose, we
introduce an induced metric (or pull-back) associated with the fluid-particle position as

GR
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Recall that X µ̂,R
(x) is tied to the fluid-vector �µ̂ through Eq. (A.41). In other words, the

time-vector for the target fluid space is fixed to be �µ̂
(x)/�0, and thus, a part of the fluid

metric Gµ⌫(x) is inherently related to the fluid vector �µ̂.
The induced metric (A.44) serves as a useful building block for the effective field theory

of the fluid since it transforms as a usual tensor under the change of basis for (t, xi
).

However, we need to pay attention to the restriction coming from the emergent gauge
symmetry. The second redundancy in Eq. (A.43) simply means that we can only use the
spatial diffeomorphism invariant quantity while the first one leads to the (noncompact)
Kaluza-Klein gauge symmetry. To see this, we note that the time reparametrization acts
on the lower spatial and upper time components. For instance, arbitrary vectors Aµ and
Bµ transform in the following manner:

(
A0 ! A0,

Ai ! Ai � A0@iF 0,
and

(
B0

! B0
+ Bi@iF 0,

Bi
! Bi.

(A.45)

This transfomration rule motivates us to employ the Kaluza-Klein decomposition of the
induced metric Gµ⌫ as follows:
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The usefulness of the Kaluza-Klein decompositions comes from the fact that e
2� and �0

ij

remains invariant under the time-reparametrization, while ai transforms as the gauge field:

ai ! ai � @iF
0. (A.47)

Except that the time-direction is not compactified, this is indeed the Kaluza-Klein gauge
transformation. This will be more explicit if we express the line element as follows
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◆ Effective Lagrangian for a dissipative fluid/solid

appearance of a new term composed of the spatial derivative of the particle-position
field X µ̂,R. It is now inevitable to use the field X µ̂,R since one cannot express this new term
by using local terms composed of the fluid-vector field �µ. Note also that the appearancde
of the new term reduces the emergent gauge symmetry of fluids (A.42) down to the position-
independent one:

Do we have a good expression for £�gµ⌫ in terms of ⇡µ,R, or the fluid metric Gµ⌫?
Does Eq. (A.55) serve as that? To describe the solid phase, we may have

Ssolid =

Z
d
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R

l
, (A.84)

where for the isotropic solid µijkl contains two constants known as the Lame constant. Is
this correct?
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A.3 Coupled dynamics of dissipative hydrodynamics with gravity

As we found, the MSR effective action for fluuctuating hydrodynamics is
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where the thermodynamic functionals for the fluid and solid are given by
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with a reference constant temperature �0. By taking the functoinal derivative, we find the
nondissipative part of the energy-momentum tensor as
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Di↵2 manifest in the microscopic theory. From our bottum-up construction, it simply
comes from our field redefinition. In fact, this gauge invariance is just the redundancy
in the descripion with X µ̂,R, which is absent in the description with �µ (or T 0

µ). From
the Schwinger-Keldysh top-down approach, the emergent gauge symmetry (A.42) or (A.43)
defines “what is the fluid” in the effective field-theoretical language. In other words, we
define fluid mechanics as the low-energy effective theory composed of the spacetime filling
brane X µ̂,R enjoying the gauge symmetry (A.42). As a result, the effective theory of the
fluid cannot have terms like @iX µ̂,R without the time derivative. This is a basic philosophy
taken in Refs. [24, 25] to construct the effective Lagrangian of the dissipative fluid. As will
be shown below, the effective theory of the solid only shows the reduced redundancy, or the
position-independent transformation, so that the situation becomes different.

Let us clarify the consequence of the emergent gauge symmetry. For that purpose, we
introduce an induced metric (or pull-back) associated with the fluid-particle position as
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Recall that X µ̂,R
(x) is tied to the fluid-vector �µ̂ through Eq. (A.41). In other words, the

time-vector for the target fluid space is fixed to be �µ̂
(x)/�0, and thus, a part of the fluid

metric Gµ⌫(x) is inherently related to the fluid vector �µ̂.
The induced metric (A.44) serves as a useful building block for the effective field theory

of the fluid since it transforms as a usual tensor under the change of basis for (t, xi
).

However, we need to pay attention to the restriction coming from the emergent gauge
symmetry. The second redundancy in Eq. (A.43) simply means that we can only use the
spatial diffeomorphism invariant quantity while the first one leads to the (noncompact)
Kaluza-Klein gauge symmetry. To see this, we note that the time reparametrization acts
on the lower spatial and upper time components. For instance, arbitrary vectors Aµ and
Bµ transform in the following manner:

(
A0 ! A0,

Ai ! Ai � A0@iF 0,
and
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B0

! B0
+ Bi@iF 0,

Bi
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This transfomration rule motivates us to employ the Kaluza-Klein decomposition of the
induced metric Gµ⌫ as follows:
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Except that the time-direction is not compactified, this is indeed the Kaluza-Klein gauge
transformation. This will be more explicit if we express the line element as follows
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(1) Dynamical degrees of freedom = 
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,

(2) Diffeomorphism is nonlinearly realized with NG fields
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appearance of a new term composed of the spatial derivative of the particle-position
field X µ̂,R. It is now inevitable to use the field X µ̂,R since one cannot express this new term
by using local terms composed of the fluid-vector field �µ. Note also that the appearancde
of the new term reduces the emergent gauge symmetry of fluids (A.42) down to the position-
independent one:

Do we have a good expression for £�gµ⌫ in terms of ⇡µ,R, or the fluid metric Gµ⌫?
Does Eq. (A.55) serve as that? To describe the solid phase, we may have
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where for the isotropic solid µijkl contains two constants known as the Lame constant. Is
this correct?
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A.3 Coupled dynamics of dissipative hydrodynamics with gravity

As we found, the MSR effective action for fluuctuating hydrodynamics is
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where the thermodynamic functionals for the fluid and solid are given by
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with a reference constant temperature �0. By taking the functoinal derivative, we find the
nondissipative part of the energy-momentum tensor as
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(3) Thermodynamic functional Ψ controls whether SSB occurs or not

appearance of a new term composed of the spatial derivative of the particle-position
field X µ̂,R. It is now inevitable to use the field X µ̂,R since one cannot express this new term
by using local terms composed of the fluid-vector field �µ. Note also that the appearancde
of the new term reduces the emergent gauge symmetry of fluids (A.42) down to the position-
independent one:

Do we have a good expression for £�gµ⌫ in terms of ⇡µ,R, or the fluid metric Gµ⌫?
Does Eq. (A.55) serve as that? To describe the solid phase, we may have
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where for the isotropic solid µijkl contains two constants known as the Lame constant. Is
this correct?
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A.3 Coupled dynamics of dissipative hydrodynamics with gravity
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with a reference constant temperature �0. By taking the functoinal derivative, we find the
nondissipative part of the energy-momentum tensor as
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(4) Z2 symmetry implements the fluctuation-dissipation relation

(5) Matching condition = Linear response (e.g. Green-Kubo) formula



)

2. Effective Lagrangian (real-time formalism)

(corresponds to a construction of chiral Lagrangian in QCD)

Z[gµ⌫ , Aµ] =

Z
D⇡hydro exp (iSe↵ [⇡hydro])
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Xµ(�0,�i)
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Hydrodynamics is low-energy EFT of 

a spacetime filling brane                        , 

enjoying emergent gauge symmetry:
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[See Crossley et al. arXiv: 1511.03646 [hep-th], MH et al. unpublished]



Beyond Hydrodynamics 
Diffusive NG modes in open system



NG modes at  and beyond?T ≠ 0
Q. How NG modes behave in a more general setup?

Total system

Closed System  
(T ≠ 0)

Closed Systems at T ≠ 0
Total system

Environment

Open  
System

loss

pump

Noneq. open system

Minami-Hidaka, 1509.05042, 1907.08241  
MH-Kim-Noumi-Ota, 1805.06240, 1907.08609 
Sieberer-et al, 1512.00637, Akyuz-Penco: 2503.22840

Landry, 1912.12301, 2008.11725 
Akyuz-Goon-Penco, 2306.17232 
Delacrétaz et al.: 2111.13459, MH et al, 2411.08016

Type-A: Diffusive propagation
Type-B: Diffusive precession{ Type-A: Diffusion (+ gapped damp.)

Type-B: Diffusive precession{



Doubled symmetry structure
◆ Dynamical degrees of freedom

= System          + Environment{'}
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is invariant under   G1 × G2 = GR × GA

can be only invariant under GASsys['1]� Ssys['2] + �['1,'2]
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◆ Doubled symmetry structure in total & open systems

= N

Z
D'1D'2e

i(Ssys['1]�Ssys['2])+i�['1,'2]⇢0(')
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strong

weak (diag.)

We can consider the SSB of  (weak) symmetry in open systems!GA



Type-A limit Type-B limit

 (i) Overdamping 
(ii) Damped oscillation

 (ii)  (ii) (iii)

Fixed endType-A

+air resistance

 (i) 

low-momentum region, while the type-B NGmode has that.
Besides, the dispersion relation of the type-ANGmode has a
special point jkj ¼ fγ=2, beyond which it acquires a real
part. This is in sharp contrast to the type-BNGmode because
they do not have such a special point [compare Figs. 2(a),
2(b) and2(c)]. The reasonwhy the type-BNGmodedoes not
have the special point is that its kinetic term is first order in
time derivative and not negligible compared to the dissipa-
tion term even in the low-energy limit. It is worthwhile
emphasizing that the presence of the special point for the
type-A NG mode is a universal prediction following from
our EFT although it depends on the model whether it really
stays in the low-energy observable regime or not. More
explicitly, its position in the momentum space depends on
thevalue of both the condensate f and diffusive coefficient γ.
Figure 2 also demonstrates how the spectrum of type-A and
type-BNGmodes is connected by changing the parameterm
from m ¼ 0 [Fig. 2(a)] to m ≠ 0 [Figs. 2(b) and 2(c)].
Perhaps, it is instructive to draw an analogy between the

diffusive NG modes and damped harmonic oscillators.
Indeed, the behavior shown in Fig. 2(a) allows a following
simple interpretation: jkj ≤ fγ=2 and jkj ≥ fγ=2 for the
type-A correspond to the overdamping and the under-
damping, respectively, and the special point at jkj ¼ fγ=2
corresponds to the critical damping. It is also possible to
understand the behavior of the type-B NG mode in analogy
to the damped harmonic oscillator. One can regard the type-
B NG mode as an electrically charged damped harmonic
oscillator in the two-spatial dimension under homogeneous
background magnetic fields (applied perpendicular to the
two-spatial direction).
Let us then specify the matching condition for low-

energy coefficients in ρab and gab based on the linearized
effective Lagrangian (21). In contrast to SSB in the ground
state, we generally have new couplings peculiar to non-
equilibrium open systems: ρab can have symmetric com-
ponents whereas gtab and gsab can have antisymmetric
components. To clarify the matching condition, noting that
the leading infinitesimal transformation of the NG fields is
given by πbR;A → πbR;A þ ϵaA;RðδAa;Ra

πbR;A þOðϵ; πÞÞ with

δAa
πbR ¼ Fδba; δAa

πbA ¼ 0; and

δRa
πbR ¼ 0; δRa

πbA ¼ Fδab; ð25Þ

we turn our attention to the leading part of Noether currents
attached to the GA;R transformations:

Jμa;A ¼
!
Fðgtba∂0πbA − ρbaπbAÞ

−Fgsba∇πbA

"
þ % % % ;

Jμa;R ¼
!
Fðf−2gab∂0πbR −mα0fα0abπbRÞ

−Fgab∇πbR

"
þ % % % ; ð26Þ

where the ellipses stand for higher-order terms with respect
to πR;A. Here J

μ
a;R is defined by the GR-invariant part of the

effective Lagrangian [corresponding to the first three terms
in Eq. (20)], and hence, not conserved in open systems.
Using these, we can identify the matching conditions,
which are sorted into the first category also present in the
closed system (see Appendix B for derivation)

hδAa
πbRijπ¼0 ¼ Fδba; hδRa

J0b;Aijπ¼0 ¼ −F2ρab;

GJ0a;RJ
0
b;A
ðω; k ¼ 0Þjω¼0 −

F2

ω
mI0fI0ab ¼ i

F2

f2
gab; ð27Þ

and the second one peculiar to the open system

C0
abðω; k ¼ 0Þjω¼0 ¼ −iF2γgab;

∂ωC0
abðω; k ¼ 0Þjω¼0 ¼ −F2ζI

0
t fI0ab;

∂kiCi
abðω ¼ 0; kÞjk¼0 ¼ −F2ζI

0
s fI0ab; ð28Þ

where we defined

GJμa;RJ
ν
b;A
ðω; kÞ≡

Z
ddxeiωt−ik·xhJμa;RðxÞJνb;Að0Þi;

Cν
abðω; kÞ≡

Z
ddxeiωt−ik·xh∂μJ

μ
a;RðxÞJνb;Að0Þi: ð29Þ

FIG. 2. Dispersion relations for (a) type-A NG mode and (b) and (c) type-B NG modes with vanishing ζ terms.
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(iii) Damped precession

Type-B

+air resistance
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~B

Fixed end

−

ex:  Driven-dissipative BEC Dissipative ferri magnon Dissipative ferro magnon

NG�mode�in�open�system
Minami-Hidaka, 1509.05042, 1907.08241 , MH-Kim-Noumi-Ota, 1805.06240, 1907.08609 Sieberer-et al, 1512.00637, Akyuz-Penco: 2503.22840



Summary:�Hydro�from�QFT

Part 2. Fluctuating hydrodynamics

Part 1. Conventional hydrodynamics [Ref. Hayata-Hidaka-MH-Noumi,(2015), 
           MH .(2017)]

[Ref. Crossley-Glorioso-Liu, (2017) 
           Delacretaz, 2606.02391 ]

- Extention of imaginary-time (Matsubara) formalism: 
   Local thermal equilibrium ＝ Quantum theory in “curved spacetime”

- Hydro ＝ Optimized perturbation with respect to real-time dynamics{

- Effective Lagrangian for nonlinearly fluctuating hydrodynamics
- How to formulate low-energy EFT for nonequilibium systems{

(cf. Chiral perturbation in QCD)
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