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Traversable wormhole

De Sitter Holography



●The fact that black holes (BHs) possess entropy 

➔ A fundamental key feature that distinguishes 

the theory of gravity from other physical theories.

●BH entropy is a coarse-grained entropy, like thermal entropy. 

➔ does not distinguish between pure and mixed states.

●Then what is the fine-grained entropy in gravity ? 

➔ Holographic entanglement entropy !

(e.g. crucial to resolve BH information problem )

① Introduction



Black hole Entropy

ABH = Surface Area      ⇒ Geometry
GN = Newton constant  ⇒ Gravity
ℏ ＝ Planck constant   ⇒ Quantum Mechanics
kB = Boltzmann const.   ⇒ Stat.Mech., Quantum Info.

Quantum
Gravity!

[Bekenstein, Hawking, 1972-1976]

?Black hole (BH)

 BH entropy is proportional to the area !

 BH has the entropy even in classical gravity !

BH is thermodynamical !

Holography !



Gravity

Gravity on M      ＝   Quantum Matter on ∂M

=

M
a

tte
r

[’t Hooft 1993, Susskind 1994]

Holography
Boundary of M

BH entropy(∝Area)= Thermal Entropy of Matter (∝Volume)

BH entropy leads us to the idea of holography:

Degrees of freedom   
in GravityBH Entropy ∝ Area



Gauge/Gravity Duality (AdS/CFT)

(Quantum) Gravity on 
d+1 dim. Anti-de Sitter Space

d dim.  Gauge theory
(or Conformal field theory)

Gauge/Gravity Duality: best known example of holography

=
Conformal Field Theory
(CFT)
➔ d dim. gapless system 
at quantum critical point

[Maldacena 1997]

Anti-de Sitter space (AdS)
➔ Universe with 
negative curvature
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Type Holography Central charge 

AdS
Λ<0

dS
Λ>0

Flat
Λ=0

CFT
Emergent Space

AdS

Emergent
Time

dS

CFT

AdS/CFT
Gravity in 
d+1 dim. AdS
= d dim. CFT 

on R1,d

For d=2,

For d=3,
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Classification of Maximally Symmetric Spacetimes and Holography

Anti de Sitter 
Space

de Sitter Space

Flat

Flat Space Holography
Gravity in 
d+1 dim. Flat space

= d dim. CCFT on Null×Sd-1

dS/CFT
Gravity in 
d+1 dim. dS
= d dim. CFT  

on Rd [No time !]

Non-Unitary
CFT

Non-Unitary
CFT

Unitary CFT

S(E)

E

C>0

S(E)

E

C<0

For d=2, S(E)

E

Maximally
entangled



Fine-Grained Entropy ➔ Entanglement Entropy (EE)

An amount of quantum entanglement (for pure states) 
is measured by   

First we decompose the Hilbert space:

We introduce the reduced density matrix 

by tracing out B:

The entanglement entropy (EE)         is defined by

A

.   BAtot HHH =

A BExample：Spin-chain

AS

Entanglement Entropy (EE) .

]logTr[ AAAS −=
＃ of Bell Pairs 

between A and B∝



Measurement of EE in Experiments 

Ex.1: EE from Ultracold
bosonic atoms

Ex3. Topological EE
in superconducting qubits

Ex4. Holographic EE  from Trapped-ion
arXiv:2607.12047

Ex2:  EE from Trapped-ion 
quantum simulator



Holographic Entanglement Entropy 
[Ryu-TT 2006, Hubeny-Rangamani-TT 2007]

A generic Lorentzian asymptotic AdS spacetime is dual to 
a time dependent state |Ψ(t)〉 in the dual CFT.

The time-dependent entanglement entropy 

is computed from an extremal surface area: 

𝜌𝐴 𝑡 = Tr𝐵[| ۧΨ(𝑡) Ψۦ 𝑡 |] 𝑆𝐴 𝑡 .

𝑆𝐴 𝑡 = MinΓ𝐴
ExtΓ𝐴

𝐴(Γ𝐴)

4𝐺𝑁
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HEE implies ∃ a Bell pair for each Planck length area !  

B

A

A

Planck length

Spacetime may emerge from entangled Qubits !

 ➔ Emergent Spacetime from Quantum Entanglement 

𝑺𝑨 =
𝐀𝐫𝐞𝐚(Γ𝑨)

𝟒𝒍𝒑𝒍
𝑫−𝟏

∼1065 qubits per 1cm2 !

Bell pair

= Planck scale 
mini Universe

A B

[Swingle, Raamsdonk 2009, ….]



Quantum Entanglement        Space-like correlation 

In this talk, we generalize EE to time-like situations.

Emergent Space in Gravity

Question: How about time ?

What ?            Time-like correlation

(Causal Influence) 

Emergent time in Gravity ?

A B

A

B

Time

Space
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(2-1) Definition of Pseudo (Renyi) Entropy

For two quantum states         and         , we define the transition matrix:

We decompose the Hilbert space as

Introduce the reduced transition matrix:

ۧ|𝜓 ۧ|𝜑

𝜏
𝜓|𝜑

=
ۧ|𝜓 |𝜑ۦ

|𝜑ۦ ۧ𝜓
.

𝜏𝐴
𝜓|𝜑

= Tr𝐵 𝜏
𝜓|𝜑

.

.   BAtot HHH =

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

=
1

1 − 𝑛
logTr 𝜏𝐴

𝜓|𝜑 𝑛
.

𝑆 𝜏𝐴
𝜓|𝜑

= −Tr 𝜏𝐴
𝜓|𝜑

log𝜏𝐴
𝜓|𝜑

.Pseudo Entropy

Renyi Pseudo Entropy

② Pseudo Entropy and Holography

Generally, entropies for non-Hermitian density matrices are called pseudo entropy.  

[Nakata-Taki-Tamaoka
-Wei-TT, 2020]



𝑆 𝜏𝐴
𝜓|𝜑

= MinΓ𝐴

𝐴(Γ𝐴)

4𝐺𝑁

(2-2) Holographic Pseudo Entropy (HPE) Formula

We can generalize this to a time-dependent setups. 
In such general cases, the HPE is given by extremizing the area.

The HPE is expected to describe general setups where the 
“density matrices” are non-Hermitian. Time-like entanglement
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In Euclidean time dependent setups, 
the minimal surface area coincides 
with the pseudo entropy.

Initial 
State

Final 
State



Comments on Integration Contours

[1] Holographic EE    [2] Pseudo entropy   [3] Time-like EE

Real time

Imaginary time

ۧ|𝜓

ۧ|𝜓

t

𝜌(𝑡)𝑎,𝑏

ۧ|𝜓

t

ۧ|𝜑

𝜏
𝜓|𝜑

(𝑡)𝑎,𝑏

ۧ|𝜓

t

ۧ|𝜓

𝜏(𝑡)𝑎𝑝,𝑏𝑞

a

b

a

b

a b
p q



③  Time-like Entanglement Entropy

Consider a time-like version of entanglement entropy by 
rotating the subsystem A into a time-like one:

CFT on an infinite line Holographic calculation

𝑺𝑨 =
𝑪

𝟑
𝐥𝐨𝐠

𝑳

𝜺

𝑺𝑨 =
𝑪

𝟑
𝐥𝐨𝐠

𝑻

𝜺
+

𝝅

𝟔
𝒊𝑪

𝑳 → 𝒊𝑻
𝑳

𝑻

A

A

[Doi-Harper-Mollabashi-Taki-TT 2022]

T/2

-T/2

/2

/2

Poincare AdS Global AdS

Imaginary 
part ! [ For a systematic analysis of hol TEE, 

refer to Heller-Ori-Sereantes 2023
➜ Use of complex extremal surfaces]



We can find an essentially same phenomenon in a more standard 
setup of entanglement entropy for double intervals:

u1

u2

v1

v2
e.g.  Free Dirac fermion CFT  c=1

If this interval is time-like, 
entropy gets complex valued !

The imaginary part of TEE is explained by the time-like geodesic in AdS.

           is not Hermitian            A and B are causally connected 

[Kawamoto-Maeda-Nakamura-TT 25, refer also to Parzygnat-Fullwood 22]

𝝆𝑨𝑩



A Toy Example: Coupled Harmonic Oscillators

T

ABAB  †

0)( ABS  mixed=AB

Purification 
needs extra 
Hilbert space



Recently, a clear theorem was shown by [Milekhin-Adamska-Preskill 2025] 

 
2

AB

22
2

AB

)(),0(

dim

1 ††
AB

BA

BA

AB

A OO

tOO

H
 −


−

  ])Tr[()(),0( BAB OOtOO AABBA

† −=

( ) =
''

AB

ba

ab


Interactions between A and B



AdS

AdS

z

Glue

Negative tension brane (ANEC)

Consider a simple model of 
traversable AdS wormhole:

CFT1

CFT2

CFT1
CFT2

x

z

0 z0 2z0

④ Traversable Wormhole and Time-like Entanglement

(4-1) General argument

z=z0



Two constructions of AdS Traversable wormhole

 No interactions 
between A and B

 H is non-hermitian

 ∃Interactions 
between A and B

 H is hermitian

Non-traversable
=Eternal BH

Traversable

[Maldacena 2001]
[Kawamoto-Maeda
-Nakamura-TT 2025] [Gao-Jafferis-Wall 2016]

BH entropy = EE



Pseudo entropy (Time-like entanglement entropy) 

A B
CFT1

CFT2

How does SAB look like ?

ΓAB
(0,0)

x

t

(b,t)

SAB becomes complex valued because                          .
Thus, SAB should be regarded as pseudo entropy.

ABAB  †

ΓAB can be time-like in a traversable wormhole.

When     𝒃𝟐 − 𝒕𝟐 + 𝟒𝒛𝟎
𝟐 > 𝟎,

𝑺𝑨𝑩 =
𝑪

𝟑
𝐥𝐨𝐠

𝒃𝟐−𝒕𝟐+𝟒𝒛𝟎
𝟐

𝟒𝜺𝒛𝟎
. 

When     𝒃𝟐 − 𝒕𝟐 + 𝟒𝒛𝟎
𝟐 < 𝟎,

𝑺𝑨𝑩 =
𝑪

𝟑
𝐥𝐨𝐠

𝒕𝟐−𝒃𝟐−𝟒𝒛𝟎
𝟐

𝟒𝜺𝒛𝟎
+

𝝅

𝟑
𝒊𝑪.



(4-2)  Double trace deformation  of External BH (Model B)

CFT1 CFT2

U1

O2
Inject Excitation

AdS wormhole

➜ Add interactions H12 =

Htot=H1+H2+H12

Non-vanishing due to the interactions 
ABAB  †

න 𝒅𝒙𝒅𝒚𝝀(𝒙, 𝒚)𝑶𝟏 𝒙 𝑶𝟐(𝒚)

𝐒𝐭𝐚𝐫𝐭 𝐰𝐢𝐭𝐡 ۧ|𝑻𝑭𝑫 = 𝑵 σ𝒏 𝒆−𝜷𝑯𝒕𝒐𝒕/𝟒 ۧ|𝒏 𝟏 ۧ|𝒏 𝟐

𝑼𝟏 = 𝒆𝒊𝝀𝑶𝟏
t1

t2

𝝆𝟐 = 𝐓𝐫 𝒆−𝒊𝒕𝟐𝑯𝒕𝒐𝒕 𝒆𝒊𝒕𝟏𝑯𝒕𝒐𝒕𝑼𝟏𝒆−𝒊𝒕𝟏𝑯𝒕𝒐𝒕 ۧ|𝑻𝑭𝑫 ൻ𝑻𝑭𝑫| 𝒆𝒊𝒕𝟏𝑯𝒕𝒐𝒕𝑼𝟏
†𝒆−𝒊𝒕𝟏𝑯𝒕𝒐𝒕 𝒆𝒊𝒕𝟐𝑯𝒕𝒐𝒕 .

𝑶𝟐 = 𝐓𝐫 𝑶𝟐𝝆𝟐 ≈ 𝑻𝑭𝑫|𝑶𝟐ۦ ۧ|𝑻𝑭𝑫 + 𝒊𝝀ۦ𝑻𝑭𝑫|[𝑶𝟏(𝒕), 𝑶𝟐] ۧ|𝑻𝑭𝑫 + 𝑶(𝝀𝟐)



Janus deformation  =  asymmetric exactly marginal        

perturbations in a pair of CFTs

(4-3)  Wormhole via Janus deformation (Model A)

)(1

)0(

CFT1CFT xOdxSS d

+= 

)(2

)0(

CFT2CFT xOdxSS d

−= 

We consider the TFD state of the doubled CFT for d=2.

In the standard Janus deformation,  γ is real valued.
We will extend γ to imaginary values. 

γ -γ

x
t

β/4β/4

[Harper-Kawamoto-Maeda-Nakamura-TT 2026]

[Bak-Gutperle-Hirano 03]



Explicit construction from Janus deformation

We start with  3D Janus BH solutions in [Bak-Gutperle-Hirano 2007].

γ is Janus 
deformation
Parameter.

CFT1 CFT2

μ=μ0μ=-μ0

We now extend this solution to imaginary γ.

[See also Nakaguchi-Ogawa
-Ugajin 2014 for HEE analysis]



Traversable
wormhole

BTZ black hole
(BH entropy = EE)

Janus 
black hole

μ=-μ0 μ=μ0

τ=-π/2

τ=π/2

μ0>π/2

μ0<π/2

μ0=π/2

C
FT1 C

FT
2

γ=0



Entanglement between CFT1 and CFT2

Area of throat Monotonically 
decreasing 
function of γ2

In the dual CFT, this is dual to the PE/EE in the deformed TFD state:

S1 becomes its maximum at θ=π/4 (i.e. no deformation) and 
decreases as γ2 gets larger.  For imaginary γ, it increases.
This is consistent with the gravity dual.

CFT1 CFT2

𝒂𝒊
† 𝒃𝒊

†

2

01 211
6




−+= crS

𝜃 ≡
𝜋

4
+ 𝛾



The Hamiltonians H1 and H2 of CFT1  and CFT2 for γ=imaginary 
becomes non-Hermitian:

They have different eigen-vectors with complex eigen-values:

where we introduce their (Hermitian) conjugations by

They satisfy 

This motivates us to define the modified conjugation ‡ by

Why traversable without interactions ?

21

*

0201 such that    ,      , H HVHHVHH =+=+= †

,       , *

21 −−++ == nEnHnEnH nn

.  = nn
†

.1  ,,  == 

n

mn nn   mn  

. 
*

−+−+ = nOmmOn ‡

,         , 1

*

2 nn EnHnEnHn −−++ ==



CFT1 CFT2

U1

O2

Excitation

AdS wormhole

.   TFD

,   TFD

)(
4

21

21

)(
4

21

21

HH

n

n

HH

enn

nne

+−

−−

++

+−





=

=





The initial and final TFD state look like

TFDTFD=  †

 =‡
The density matrix                                    is not Hermitian               . 

However, it satisfies               , implying ‡ is good for the conjugation.

i|ɤ|
-i|ɤ|

An observer in CFT2 probes the state:

When the CFT1 is excited by                           ,  the CFT2 observer sees 

We have [O1,O2]=0,  but this is non-vanishing !



A Sketch of dS/CFT [Strominger 2001, Witten 2001, Maldacena 2002,….]

d+1 dim. Lorentzian                         Euclidean d. dim CFT                 

de-Sitter   spacetime on Sd

Dual

Time

Ψ[dS gravity]＝Z [CFT]

t=∞

de Sitter 

Space-like bdy

Lorentzian 
time

Euclidean 
time

𝒅𝒔𝟐 = 𝑳𝒅𝑺
𝟐 (−𝒅𝒕𝟐 + 𝐂𝐨𝐬𝐡𝟐𝒕 𝒅𝜴𝟐)

𝒅𝒔𝟐 = 𝑳𝒅𝑺
𝟐 (𝒅𝜽𝟐 + 𝐒𝐢𝐧𝟐𝜽𝒅𝜴𝟐)

Semi sphere Time emerges from 
Euclidean CFT !

⑤ De Sitter Holography and Time-like Entanglement



Why dS/CFT is much more difficult than AdS/CFT ?

[1] Dual Euclidean CFTs should be exotic and non-unitary !

A “standard” Euclidean CFTs  is dual to  gravity on hyperbolic space.

e.g.  dS3/CFT2 ➔ Imaginary valued central charge                     !                          

[2] Time should emerge from Euclidean CFT !

From a usual Euclidean CFT, a space-like direction will emerge as RG scale.

How does a time-like direction emerge from a Euclidean CFT ? 

[3]  “Entanglement entropy” looks complex valued !

Extremal surfaces in dS which end on its boundary are time-like !

➜ Necessity of time-like EE  (or pseudo entropy)

𝒄 ≈ 𝒊
𝟑𝑳𝒅𝑺

𝟐𝑮𝑵

[Doi-Ogawa-Shimyo-Suzuki-TT 2024]Unsual conjugation: 𝑳𝒏
† = −𝟏 𝒏+𝟏 ෪𝑳𝒏



Non-unitary CFT dual of 3 dim. dS
[Hikida-Nishioka-Taki-TT, 2021]

Large c limit of SU(2)k×SU(2)-k WZW model (a 2dim. CFT)

= Einstein Gravity on 3 dim. de Sitter (radius 𝑳𝒅𝒔)

𝒄 =
𝟑𝒌

𝒌 + 𝟐
≈ 𝒊

𝟑𝑳𝒅𝑺

𝟐𝑮𝑵

k≈ −𝟐 +
𝟒𝒊𝑮𝑵

𝑳𝒅𝑺

Central chargeLevel

𝒁 𝑺𝟑, 𝑹𝒋 = 𝑺𝒋
𝟎 𝟐

≈ 𝒆
𝝅𝑳𝒅𝒔
𝟐𝑮𝑵

𝟏−𝟖𝑮𝑵𝑬

CFT partition function De Sitter Entropy

This non-unitary CFT is equivalent to  the Liouville CFT 

at .
NG

i
b

4

2 −

The same Liouville CFT appears in [Verlinde-Zhang 2024] via DSSYK.
→Why two different holographic constructions lead to the same CFT ?

𝑰𝑪𝑭𝑻 𝝓 = න 𝒅𝟐𝒙
𝟏

𝟒𝝅
𝝏𝒂𝝋𝝏𝒂𝝋 + 𝝁𝒆𝟐𝒃𝝋 .

complex ![Hikida-Nishioka-Taki-TT, 2022]



Holographic Entanglement Entropy in dS3/CFT2 ?

In dS3/CFT2, the geodesic 𝚪𝑨 becomes time-like and we find:

𝑺𝑨 =
L(𝚪𝑨)

𝟒𝑮𝑵
= 𝒊

𝑪𝒅𝒔

𝟑
𝐥𝐨𝐠

𝟐

𝝐
𝐒𝐢𝐧

𝜽

𝟐
+

𝑪𝒅𝑺

𝟔
𝝅.

Time-like geodesics length
➔imaginary part !

SdS/2

[Doi-Harper-Mollabashi-Taki-TT 2022]

𝜽
𝒕

Space-like geodesic length 
➔Real part

S2

dS3 𝚪𝑨

Complex valued entropy !
➜ More properly, this should be regarded as pseudo entropy.

A

Note: the emergent time coordinate = imaginary part of PE. 



But, the de Sitter space has two boundaries !

Future Boundary t=∞

Past Boundary t=-∞

We can send signals
between boundaries !
∃Causal influence !

Can we understand this as quantum entanglement ?
This has been called Cosmic ER=EPR [Cotler-Strominger 2023].

We argue that it is explained by time-like entanglement
and that the dual CFT lives on a Lorentzian torus.

[Fujiki-Kohara-Moreno-Shinmyo-TT 2026]



dS/CFT as time-like entangled TFD state
[Fujiki-Kohara-Moreno-Shinmyo-TT 2026]

Consider the three dimensional de Sitter space (dS3):   

and perform the following coordinate transformation:
This leads to the following spacetime with “two times”: 

The asymptotic boundary η=∞
Is given by a Lorentzian torus. 



Our claim: The CFT dual to dS lives on a Lorentzian torus (φ, φ).

➜ The quantum state is described by the TFD state 
with imaginary temperature:  

|𝑻𝑭𝑫ۦ = σ𝒏 𝒆−𝜷𝑬𝒏/𝟐 ൻ𝒏|𝟏ۦ𝒏|𝟐 .

ۧ|𝑻𝑭𝑫 = σ𝒏 𝒆−𝜷𝑬𝒏/𝟐 ۧ|𝒏 𝟏 ۧ|𝒏 𝟐 ,

𝜷 = 𝟐𝝅𝒊,

Not hermitian conjugation !

Future (CFT1)
and Past (CFT2)
are time-like entangled 
with each other !

Lorentzian Torus

Note: Time-like entanglement in CFT explains the causal influence in dS.



Derivation of dS entropy

• If we apply the Cardy formula for 2d CFTs:                                 ,

with the gravity dual values  

then we can reproduce the known dS entropy:

𝑺𝑪𝑭𝑻 =
𝟐𝝅𝟐𝒄

𝟑𝜷

𝑺𝒅𝑺 =
𝟐𝝅

𝟒𝑮𝑵
.

𝒄 =
𝟑𝒊

𝟐𝑮𝑵
, 𝜷 = 𝟐𝝅𝒊.

• If we look this analysis more closely,  the density of CFT states is

where we set 

𝒄𝒅𝑺

𝟏𝟐

𝑺 𝑬 = 𝐥𝐨𝐠 𝝆(𝑬) ≈ 𝟐𝝅
𝒄𝒅𝑺

𝟑

𝒄𝒅𝑺

𝟏𝟐
− 𝑬 , 

S(E)

E𝒄𝒅𝑺 ≡
𝟑

𝟐𝑮𝑵
.

This analysis can be generalized to dS3 BH and higher dim.

←Lorentzian torus



Key ideas

 Universe ＝ Collection of Qubits

Holography

Emergence

⑥ Conclusions 

Is gravity the fastest “quantum computer” ?
➔New insights into quantum matter, quantum computation
and quantum cryptography

Does gravitational spacetime emerge from qubits？
➔New approach to quantum gravity

In this talk we discussed a time-like extension of entanglement.
• Time-like EE has a clear gravity dual via holography.
• It is a useful when “non-hermitian density matrices” appear:
e.g.  wormholes, de Sitter spaces, open systems, etc.

Imaginary part of Time-like EE➔ Emergence of Time, Traversability

Future and Past infinity of dS ➔ Time-like Entanglement



Thank you !



Basic Properties of Pseudo Entropy (PE)

• In general,            is not Hermitian. Thus PE is complex valued.

(More generally,  we call               pseudo entropy when      

is not  hermitan. )                

• If either        or        has no entanglement (i.e. direct product state) , 
then

• We can show

• We can show

ۧ|𝜓 ۧ|𝜑

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 0.

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 𝑆(𝑛) 𝜏𝐴
𝜑|𝜓 †

.

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 𝑆(𝑛) 𝜏𝐵
𝜓|𝜑

.

→“SA=SB”
This implies a local holographic formula ! 

𝜏𝐴
𝜓|𝜑

𝑆 𝜏𝐴
𝜏𝐴



This is because the reduced density matrix 𝝆𝑨 is not Hermitian ! 

~ න 𝑫𝝋 𝒆−𝑰𝑪𝑭𝑻[𝝋]

➔ 𝝆𝑨 ≠ 𝝆𝑨
†

A

S2

𝝆𝑨=

A

A

ۧ|𝝍

|𝝋ۦ

Different states !

Note: the emergent time coordinate = imaginary part of PE. 

This entropy is more properly considered as pseudo entropy (PE).

𝑺+
𝟐

~ න 𝑫𝝋 𝒆−𝑰𝑪𝑭𝑻[𝝋]

𝑺−
𝟐

𝑰𝑪𝑭𝑻 𝝓 = 𝒊
𝑪𝒅𝒔

𝟐𝟒𝝅
න 𝒅𝟐𝒙[(𝝏𝒂 𝝓)𝟐 + 𝒆𝟐𝝓].

2D CFT on the space with the metric: 𝒉𝒂𝒃 = 𝒆𝟐𝝓𝜹𝒂𝒃,
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   𝜌 A  ( t ) =   Tr B [ |   Ψ ( t ) ⟩  ⟨  Ψ  ( t ) | ]


   S A  ( t )


   S A  ( t ) =   Min   Γ A   Ext   Γ A  [    A (  Γ A )  4  G N ]


   𝑺 𝑨 =   𝐀 𝐫 𝐞 𝐚 (  Γ 𝑨 )  𝟒  𝒍  𝒑 𝒍  𝑫 − 𝟏


    | 𝜓 ⟩


    | 𝜑 ⟩


                𝜏   𝜓 | 𝜑 =     | 𝜓 ⟩  ⟨  𝜑 |   ⟨  𝜑 |  𝜓 ⟩


   𝜏 A  𝜓 | 𝜑 =   Tr B  [   𝜏   𝜓 | 𝜑 ]


   S  ( n )  (   𝜏 A  𝜓 | 𝜑 ) =  1  1 − n logTr  [     (   𝜏 A  𝜓 | 𝜑 ) n ] .


  S  (   𝜏 A  𝜓 | 𝜑 ) = − Tr  [   𝜏 A  𝜓 | 𝜑 log  𝜏 A  𝜓 | 𝜑 ] .


  S  (   𝜏 A  𝜓 | 𝜑 ) =   Min   Γ A  [    A (  Γ A )  4  G N ]


    | 𝜓 ⟩


    | 𝜓 ⟩


    𝜌 ( t )  a , b 


    | 𝜓 ⟩


    | 𝜑 ⟩


     𝜏   𝜓 | 𝜑 ( t )  a , b


    | 𝜓 ⟩


    | 𝜓 ⟩


    𝜏 ( t )  a p , b q


   𝑺 𝑨 =  𝑪 𝟑 𝐥 𝐨 𝐠  [   𝑳 𝜺 ]


   𝑺 𝑨 =  𝑪 𝟑 𝐥 𝐨 𝐠  [   𝑻 𝜺 ] +  𝝅 𝟔 𝒊 𝑪


  𝑳 → 𝒊 𝑻


  𝑳


  𝑻


   𝝆  𝑨 𝑩


   𝒃 𝟐 −  𝒕 𝟐 + 𝟒  𝒛 𝟎 𝟐 > 𝟎 ,    


   𝑺  𝑨 𝑩 =  𝑪 𝟑 𝐥 𝐨 𝐠  [     𝒃 𝟐 −  𝒕 𝟐 + 𝟒  𝒛 𝟎 𝟐  𝟒 𝜺  𝒛 𝟎 ] .


   𝒃 𝟐 −  𝒕 𝟐 + 𝟒  𝒛 𝟎 𝟐 < 𝟎 ,    


   𝑺  𝑨 𝑩 =  𝑪 𝟑 𝐥 𝐨 𝐠  [     𝒕 𝟐 −  𝒃 𝟐 − 𝟒  𝒛 𝟎 𝟐  𝟒 𝜺  𝒛 𝟎 ] +  𝝅 𝟑 𝒊 𝑪


  ∫  𝒅 𝒙 𝒅 𝒚 𝝀 ( 𝒙 , 𝒚 )  𝑶 𝟏  ( 𝒙 )  𝑶 𝟐 ( 𝒚 )


  𝐒 𝐭 𝐚 𝐫 𝐭   𝐰 𝐢 𝐭 𝐡           | 𝑻 𝑭 𝑫 ⟩ = 𝑵  ∑ 𝒏   𝒆  − 𝜷  𝑯  𝒕 𝒐 𝒕 / 𝟒


      | 𝒏 ⟩ 𝟏     | 𝒏 ⟩ 𝟐


   𝑼 𝟏 =  𝒆  𝒊 𝝀  𝑶 𝟏


   𝝆 𝟐 = 𝐓 𝐫  [   𝒆  − 𝒊  𝒕 𝟐  𝑯  𝒕 𝒐 𝒕  (   𝒆  𝒊  𝒕 𝟏  𝑯  𝒕 𝒐 𝒕  𝑼 𝟏  𝒆  − 𝒊  𝒕 𝟏  𝑯  𝒕 𝒐 𝒕 )   | 𝑻 𝑭 𝑫 ⟩  ⟨  𝑻 𝑭 𝑫 |  (   𝒆  𝒊  𝒕 𝟏  𝑯  𝒕 𝒐 𝒕  𝑼 𝟏 †  𝒆  − 𝒊  𝒕 𝟏  𝑯  𝒕 𝒐 𝒕 )  𝒆  𝒊  𝒕 𝟐  𝑯  𝒕 𝒐 𝒕 ]


   ⟨   𝑶 𝟐 ⟩ = 𝐓 𝐫  [   𝑶 𝟐  𝝆 𝟐 ] ≈  ⟨  𝑻 𝑭 𝑫 |  𝑶 𝟐   | 𝑻 𝑭 𝑫 ⟩ + 𝒊 𝝀  ⟨  𝑻 𝑭 𝑫 |   [  𝑶 𝟏 ( 𝒕 ) , 𝑶 𝟐 ]   | 𝑻 𝑭 𝑫 ⟩ + 𝑶 (  𝝀 𝟐 )


   𝒂 𝒊 †


   𝒃 𝒊 †


  𝜃 ≡  𝜋 4 + 𝛾


    𝒅 𝒔 𝟐 =  𝑳  𝒅 𝑺 𝟐 (   − 𝒅 𝒕 𝟐 +   𝐂 𝐨 𝐬 𝐡 𝟐 𝒕   𝒅  𝜴 𝟐 )


    𝒅 𝒔 𝟐 =  𝑳  𝒅 𝑺 𝟐 (   𝒅 𝜽 𝟐 +   𝐒 𝐢 𝐧 𝟐 𝜽 𝒅  𝜴 𝟐 )


  𝒄 ≈ 𝒊   𝟑  𝑳  𝒅 𝑺  𝟐  𝑮 𝑵


     (   𝑳 𝒏 ) † =    (  − 𝟏 )  𝒏 + 𝟏    𝑳 𝒏 ~


   𝑳  𝒅 𝒔


  𝒄 =   𝟑 𝒌  𝒌 + 𝟐 ≈ 𝒊   𝟑  𝑳  𝒅 𝑺  𝟐  𝑮 𝑵


  ≈ − 𝟐 +   𝟒 𝒊  𝑮 𝑵   𝑳  𝒅 𝑺


  𝒁  [   𝑺 𝟑 ,  𝑹 𝒋   ] =    |   𝑺 𝒋 𝟎 | 𝟐 ≈  𝒆    𝝅  𝑳  𝒅 𝒔  𝟐  𝑮 𝑵   𝟏 − 𝟖  𝑮 𝑵 𝑬


            𝑰  𝑪 𝑭 𝑻  [ 𝝓 ] = ∫   𝒅 𝟐 𝒙  [   𝟏  𝟒 𝝅  (   𝝏 𝒂 𝝋  𝝏 𝒂 𝝋 ) + 𝝁  𝒆  𝟐 𝒃 𝝋 ] .


   𝚪 𝑨


   𝑺 𝑨 =   L   ( 𝚪 𝑨 )  𝟒  𝑮 𝑵 = 𝒊    𝑪  𝒅 𝒔 𝟑 𝐥 𝐨 𝐠  (   𝟐 𝝐 𝐒 𝐢 𝐧  𝜽 𝟐 ) +    𝑪  𝒅 𝑺 𝟔 𝝅 .


  𝜽


  𝒕


   𝚪 𝑨


   ⟨    𝑻 𝑭 𝑫 - | =  ∑ 𝒏   𝒆  − 𝜷  𝑬 𝒏 / 𝟐  ⟨  𝒏  | 𝟏  ⟨  𝒏  | 𝟐     .


    | 𝑻 𝑭 𝑫 ⟩ =  ∑ 𝒏   𝒆  − 𝜷  𝑬 𝒏 / 𝟐


      | 𝒏 ⟩ 𝟏     | 𝒏 ⟩ 𝟐     ,


  𝜷 = 𝟐 𝝅 𝒊


   𝑺  𝑪 𝑭 𝑻 =   𝟐  𝝅 𝟐 𝒄  𝟑 𝜷


   𝑺  𝒅 𝑺 =   𝟐 𝝅  𝟒  𝑮 𝑵       .      


  𝒄 =   𝟑 𝒊  𝟐  𝑮 𝑵   ,


  𝜷 = 𝟐 𝝅 𝒊 .


     𝒄  𝒅 𝑺  𝟏 𝟐


  𝑺  ( 𝑬 ) = 𝐥 𝐨 𝐠   𝝆 ( 𝑬 ) ≈ 𝟐 𝝅      𝒄  𝒅 𝑺 𝟑  (     𝒄  𝒅 𝑺  𝟏 𝟐 − 𝑬 )


   𝒄  𝒅 𝑺 ≡  𝟑  𝟐  𝑮 𝑵    


    | 𝜓 ⟩


    | 𝜑 ⟩


   S  ( n )  (   𝜏 A  𝜓 | 𝜑 ) = 0 .


   S  ( n )  (   𝜏 A  𝜓 | 𝜑 ) =    [   S  ( n )  (   𝜏 A  𝜑 | 𝜓 ) ] † .


   S  ( n )  (   𝜏 A  𝜓 | 𝜑 ) =  S  ( n )  (   𝜏 B  𝜓 | 𝜑 ) .


   𝜏 A  𝜓 | 𝜑


  S  (   𝜏 A )


   𝜏 A


   𝝆 𝑨


  ~ ∫  𝑫 𝝋  𝒆  −  𝑰  𝑪 𝑭 𝑻 [ 𝝋 ]


   𝝆 𝑨 ≠  𝝆 𝑨 †


   𝝆 𝑨


    | 𝝍 ⟩


   ⟨  𝝋 |


   𝑺 + 𝟐


  ~ ∫  𝑫 𝝋  𝒆  −  𝑰  𝑪 𝑭 𝑻 [ 𝝋 ]


   𝑺 − 𝟐


   𝑰  𝑪 𝑭 𝑻  [ 𝝓 ] = 𝒊    𝑪  𝒅 𝒔  𝟐 𝟒 𝝅 ∫   𝒅 𝟐 𝒙 [   ( 𝝏 𝒂 𝝓  ) 𝟐 +  𝒆  𝟐 𝝓 ] .


   𝒉  𝒂 𝒃 =  𝒆  𝟐 𝝓  𝜹  𝒂 𝒃

